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GOALS!
This course should  
teach you: 

• To construct a statistical 
model for your experiment 

• To consider how to test 
whether your data is 
compatible with your 
statistical model 

• To use your statistical model 
make statements about 
physics 

• And to interpret others’ 
statements
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Structure
Three lectures and 
exercise sessions

• TUE  1645-1830 

• Introduction 

• Hypothesis Testing 

• Goodness of Fit 

• WED  1115-1300 

• Example analyses 

• Look-Elsewhere-effect 

• Confidence Interval construction 

• THUR 1645-1830 

• Bayesian credible intervals 

•
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Resources

https://arxiv.org/pdf/
1006.3019 
- useful to think about 
the goodness-of-fit 
challenge 4

https://arxiv.org/pdf/1006.3019
https://arxiv.org/pdf/1006.3019
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• A random variable, or several are   

• The probability of an event  is  

• Parameters of a model are  

• Conditional probabilities are  

• The likelihood is  

• Expectation value(s) for counting experiments are  

• Expectation values, variance   

• best-fit parameters or point estimates are 

X, Xi, X

A P(A)

θ

P(A |B)

ℒ(θ |X) = P(X |θ)

μ, μ

E(X), V(X)

̂θ

Notation
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• Our measured data is a result of processes both 
truly and practically random (e.g. quantum 
processes, me reading a ruler crooked) 

• In some cases, the data itself is close to what we 
wish to measure, and we hardly think of ourselves 
doing statistics  

• However, in particular when looking for small or 
subtle effects, the random noise may be significant, 
and the relationship between physics parameters 
and the measured quantity less straightforward 

• You’ll need to make a statistical model for how 
your data came to be,  

• And methods to make sound conclusions 

Observed data is random variables

6
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• Any function of your observed data will be a 
random variable 

• By using the right function, we can gather all 
the information gathered into one number 

• E.g. estimators ( ) which directly give a 
measurement of some parameter 

• The tricky part will most often be to 

•  choose the function to give the most 
information from the data, and  

• Understand the distribution  of the test 
statistic

̂s

Test statistics are functions of your observations 

̂μ =
1
N ∑

i

xi

̂σ =
∑i (xi − ̂μ)2

1 − N
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• if X is a continuous 
variable, we may define a 
probability density function 
(PDF) to describe the 
distribution  

• The cumulative density 
function (CDF), , is 
often also useful 

• and its inverse!

F(X)

Probability distributions/densities

f(X) = Limϵ→0P(x0 < X < x0 + ϵ)/ϵ

F(X) = ∫
X

−∞
f(X′￼)dX′￼

P(X0 < X < X1) = F(X1) − F(X0)

8



24Expectation values, variance

the mean estimator  has the correct expectation ̂μ =
1
N ∑

i

xi,

E( ̂μ) = E(X)

as doers the variance estimator ̂σ2 =
∑i (xi − ̂μ)2

1 − N
, E( ̂σ2) = V(X)

and spread: V(X) = ∫
∞

−∞
(X − E(X))2 ⋅ f(X)dX

Linear: E(a ⋅ y(X) + b ⋅ z(X)) = a ⋅ E(y(X)) + b ⋅ E(z(X))

If  are identically distributed independent random variables: xi

Useful Summaries of location:  E(X) = ∫
∞

−∞
X ⋅ f(X)dX
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• If we are certain about the outcome, is 
it really an experiment? 

• Depending on what you measure, your 
distributions may be as simple or as 
complicated as can be imagined 

• However, for many problems, physical 
considerations or your experience may 
lead you to have a look at some of the 
most common ones used— they are 
useful building blocks!  

• Some (student T, F-test, ) are also 
useful because they describe the 
behaviour of some useful test statistics

χ2

Any number of distributions!
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• If you count events that 
happen in a certain period, 
you’ll end up with a Poisson 
distribution 

• Expectation value and 
variance are both μ

The Poisson distribution

P(N) =
μNe−μ

N!
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• If we count how many times 
each of a finite set of outcomes 
happens, we get the multinomial 
distribution 

•  total tries,  events in each 
category, with probability  

• And if the number of possible 
outcomes , we get the 
Binomial distribution 

• Examples: Histogram bin counts, 
classification

M ni
pi

k = 2

Bi/multi-nomial distributions
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• Turns up in e.g. 

• Spatial distribution of dark matter 
events? 

• But more importantly, it is often very 
often useful to convert another 
distribution into a uniform distribution 
(  here) between 0 and 1Y

Uniform distributions

<latexit sha1_base64="3dI2xOd7Yr2NB4DgoqTJm2Syy7o=">AAACFnicbVBNS8NAEN34bf2KevSyWMR6sCRS1ItQ9OJRwdpIW8Nms2mXbjZhdyKUkF/hxb/ixYMiXsWb/8Zt7UGtD5Z9vDfDzLwgFVyD43xaU9Mzs3PzC4ulpeWV1TV7feNaJ5mirEETkSgvIJoJLlkDOAjmpYqROBCsGfTPhn7zjinNE3kFg5R1YtKVPOKUgJF8e/+m4u3hE9zmEvx833wRDIrb3CtwVPF293A7JtBTcR4W2Nv17bJTdUbAk8QdkzIa48K3P9phQrOYSaCCaN1ynRQ6OVHAqWBFqZ1plhLaJ13WMlSSmOlOPjqrwDtGCXGUKPMk4JH6syMnsdaDODCVwyX1X28o/ue1MoiOOzmXaQZM0u9BUSYwJHiYEQ65YhTEwBBCFTe7YtojilAwSZZMCO7fkyfJ9UHVPazWLmvl+uk4jgW0hbZRBbnoCNXRObpADUTRPXpEz+jFerCerFfr7bt0yhr3bKJfsN6/AF/pnao=</latexit>

Y (X) =

∫ X

→↑
f(X ↓)dX ↓

<latexit sha1_base64="MDesAB5M10D+naov3m9akclA8i4="></latexit>

f(X) =

{
1

b→a if a < X < b

0 else
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• The Gaussian distribution is the limit 
of sums of random numbers with 
finite mean and variance— the Central 
Limit Theorem 

• E.g. — diffusion! 

• For this reason, it is often the 
“default” assumption for a continuous 
distribution 

• However, by using this (or many other 
analytical distributions) you may be 
assuming to know the behaviour for 
even very extreme outliers

The Gaussian distribution

 10
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f(X) =
1

2πσ2
⋅ e−(x−μ)2/(2σ2)

14

The industry default. AKA bell curve, normal distribution
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• The sum of the square of  standard 
normal distributed numbers is 
distributed according to the 
-distribution 

• We’ll see later that this means that 
you’ll encounter this distribution 
frequently when computing 
confidence intervals

ν

χ2

The -distributionχ2

f(X |ν) =
1

2ν/2Γ(ν/2)
Xν/2−1e−x/2

N

∑
i=1

(Xi − μi)2

σ2
i

∼ χ2
ν=N

15
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• If you wish to characterise the 
distribution of, for example, the 
distribution of energy deposited 
by electrons and photons in a 
calorimeter, or the total path 
length of all tracks, you may never 
find an analytical estimate 

• Higher dimensionality can 
challenge this approach 

• and you’ll need to check you have 
enough samples or include the 
uncertainty

Histograms as distribution estimates

Fitting using finite Monte Carlo 
samples (Barlow and Beeston)

16

https://doi.org/10.1016/0010-4655(93)90005-W
https://doi.org/10.1016/0010-4655(93)90005-W


24

• When using histograms to 
estimate the distribution, 
nuisance parameters are well-
named 

• To have a continuous nuisance 
parameter, “template 
morphing"-- linear interpolation 
between some points in 
parameter space is often used 

• Since this is computationally 
tricky, there will often be a 
divide between "rate 
parameters”-- those that only 
affect expectation values, and 
therefore are “easy” and "shape 
parameters”— those that 
require modifying the PDF of 
one or more signal/background 
model

Technical aside 1: Shape and Rate?
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• Another method to estimate 
densities, or too make a 
distribution estimate smoother 
is to use a kernel density 
estimate— adding a kernel, a 
PDF centred on each event in 
the sample 

• To choose the width of this 
kernel, you may have to 
split your dataset in a fit and 
validation dataset 

• If your distribution has sharp 
edges, or areas with very 
dissimilar densities, you may 
wish to use an adaptive KDE

KDEs  

scikit-learn provides 
extensive KDE functionality 18
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• The frequentist interpretation of probability is 
the relative frequency of some outcome in the 
limit of infinite number of repetitions 

• This limit needs only be in principle— valid 
frequentist inference can occur for a single 
experiment as long as that experiment is 
repeatable 

• Views the data as random outcomes of fixed 
processes 

• In some sense— a very particle physics way 
of looking at the world 

• Dominant in particle physics

Frequentist interpretation of probability

19
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• Frequentist hypothesis testing: 
make a decision between the 
two alternatives 

• You get to choose:  

• What test statistic you use to 
separate the two hypotheses!  

• And, the decision boundary, 
either explicitly 

• Or implicitly by 
demanding a certain 
probability to reject H0

Hypothesis testing

P(accept H0) P(accept H1)
H0 is true 1-α α (test size)
H1 is true β 1-β (power)

20
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• From the collected data, we wish to 
find a function of the data that 
expresses a direction or ordering of 
the data in a more H0 or H1 
direction 

• Typical examples; mean, median 
etc.  

• For the example to the right, y  
would be a poor test statistic if we 
wish to distinguish the two, x 
would be better, and a combination 
would provide very good separation

Test Statistics

x

y

21
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• Since we want to use the best test statistic for 
each case, we could have many ways of 
measuring agreement with a hypothesis 

• However, we can transform all our rulers into 
the same space by using p-values, which 
works with the integral of the distribution of T 

• all p-values are between 0 and 1, and are 
defined by deciding on:  

• a test statistic 

• and a decision of what direction that test 
statistic expresses more tension with  

• Under , p is uniformly distributed between 
0 and 1

H0

H0

What is a p-value?

p(Tobs) = ∫
∞

Tobs
f(T |H0)dT

22



p-values are the probability to observe a dataset 
equally or more extreme* than the one observed, 

given a certain (null) hypothesis

*ordering by a test statistic** 

**usually chosen to separate the null and alternative hypothesis as well as 
possible

23
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• As a yardstick for p-
values, you can often see 
“sigmas”, or  (or Z-
score) used. 

• “Five sigma”, or  
is the “standard” for 
discovery 

• Though you should 
consider what is the 
appropriate threshold 
in your field 

• Be wary that you often 
also see the 2-sided 
version!

σ

3 × 10−7

“Counting Sigmas”

σ = Φ−1(1 − p)

24



24Why 5?

https://arxiv.org/abs/
1310.1284, Louis Lyons

25
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• A very useful test statistic is likelihoods— 
the probability of the data given a model 

• Likelihoods are central to most of both 
Bayesian and Frequentist methods 

• As an example, the likelihood as a 
function of expected events for a counting 
experiment that sees 3 events is:  

• We often deal with independent events 
(e.g. number of events in different 
histogram bins); we can build up a total 
likelihood by multiplying (or, using 
logarithms, adding) terms 

•  The well-loved -statistic is what you 
get if you combine Gaussian likelihood 
terms

χ2

The Likelihood

L = P (data|H)
<latexit sha1_base64="SWFCE6WIeo8IO06J6SHCx56h1cw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdCMU3XThooJ9QBvKzWTaDp08mJkIJWbrxl9x40IRt/6BO//GSZqFth4YOHPOvdx7jxtxJpVlfRtLyyura+uljfLm1vbOrrm335ZhLAhtkZCHouuCpJwFtKWY4rQbCQq+y2nHnVxnfueeCsnC4E5NI+r4MArYkBFQWhqYuO+DGhPgyU2KL3Gzmv+Fn3igIH1onAzMilWzcuBFYhekggo0B+ZX3wtJ7NNAEQ5S9mwrUk4CQjHCaVrux5JGQCYwoj1NA/CpdJL8khQfa8XDw1DoFyicq787EvClnPqursz2lPNeJv7n9WI1vHASFkSxogGZDRrGHKsQZ7FgjwlKFJ9qAkQwvSsmYxBAlA6vrEOw509eJO3Tmm3V7NuzSv2qiKOEDtERqiIbnaM6aqAmaiGCHtEzekVvxpPxYrwbH7PSJaPoOUB/YHz+AMl0mb4=</latexit><latexit sha1_base64="SWFCE6WIeo8IO06J6SHCx56h1cw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdCMU3XThooJ9QBvKzWTaDp08mJkIJWbrxl9x40IRt/6BO//GSZqFth4YOHPOvdx7jxtxJpVlfRtLyyura+uljfLm1vbOrrm335ZhLAhtkZCHouuCpJwFtKWY4rQbCQq+y2nHnVxnfueeCsnC4E5NI+r4MArYkBFQWhqYuO+DGhPgyU2KL3Gzmv+Fn3igIH1onAzMilWzcuBFYhekggo0B+ZX3wtJ7NNAEQ5S9mwrUk4CQjHCaVrux5JGQCYwoj1NA/CpdJL8khQfa8XDw1DoFyicq787EvClnPqursz2lPNeJv7n9WI1vHASFkSxogGZDRrGHKsQZ7FgjwlKFJ9qAkQwvSsmYxBAlA6vrEOw509eJO3Tmm3V7NuzSv2qiKOEDtERqiIbnaM6aqAmaiGCHtEzekVvxpPxYrwbH7PSJaPoOUB/YHz+AMl0mb4=</latexit><latexit sha1_base64="SWFCE6WIeo8IO06J6SHCx56h1cw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdCMU3XThooJ9QBvKzWTaDp08mJkIJWbrxl9x40IRt/6BO//GSZqFth4YOHPOvdx7jxtxJpVlfRtLyyura+uljfLm1vbOrrm335ZhLAhtkZCHouuCpJwFtKWY4rQbCQq+y2nHnVxnfueeCsnC4E5NI+r4MArYkBFQWhqYuO+DGhPgyU2KL3Gzmv+Fn3igIH1onAzMilWzcuBFYhekggo0B+ZX3wtJ7NNAEQ5S9mwrUk4CQjHCaVrux5JGQCYwoj1NA/CpdJL8khQfa8XDw1DoFyicq787EvClnPqursz2lPNeJv7n9WI1vHASFkSxogGZDRrGHKsQZ7FgjwlKFJ9qAkQwvSsmYxBAlA6vrEOw509eJO3Tmm3V7NuzSv2qiKOEDtERqiIbnaM6aqAmaiGCHtEzekVvxpPxYrwbH7PSJaPoOUB/YHz+AMl0mb4=</latexit><latexit sha1_base64="SWFCE6WIeo8IO06J6SHCx56h1cw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdCMU3XThooJ9QBvKzWTaDp08mJkIJWbrxl9x40IRt/6BO//GSZqFth4YOHPOvdx7jxtxJpVlfRtLyyura+uljfLm1vbOrrm335ZhLAhtkZCHouuCpJwFtKWY4rQbCQq+y2nHnVxnfueeCsnC4E5NI+r4MArYkBFQWhqYuO+DGhPgyU2KL3Gzmv+Fn3igIH1onAzMilWzcuBFYhekggo0B+ZX3wtJ7NNAEQ5S9mwrUk4CQjHCaVrux5JGQCYwoj1NA/CpdJL8khQfa8XDw1DoFyicq787EvClnPqursz2lPNeJv7n9WI1vHASFkSxogGZDRrGHKsQZ7FgjwlKFJ9qAkQwvSsmYxBAlA6vrEOw509eJO3Tmm3V7NuzSv2qiKOEDtERqiIbnaM6aqAmaiGCHtEzekVvxpPxYrwbH7PSJaPoOUB/YHz+AMl0mb4=</latexit>

L(µ|N = 3) = Poisson(N = 3|µ)
<latexit sha1_base64="EeAJqBWJE69fuPSe5IZWsj0Eqw0=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCuykzKuimUHTjQqSCvUCnlEyatqG5DElGKNO+hhtfxY0LRVzqyrcxbWehrQcCP99/DjnnDyNGtfG8b2dpeWV1bT2zkd3c2t7Zdff2a1rGCpMqlkyqRog0YVSQqqGGkUakCOIhI/VwcDXx6w9EaSrFvRlGpMVRT9AuxchY1Ha9gCPTx4glN+N8wOPRbem0AEtwihVPKpJqLcU4b/nI+oW2m/OK3rTgovBTkQNpVdruZ9CROOZEGMyQ1k3fi0wrQcpQzMg4G8SaRAgPUI80rRSIE91KppeN4bElHdiVyj5h4JT+nkgQ13rIQ9s5WVjPexP4n9eMTfeilVARxYYIPPuoGzNoJJzEBDtUEWzY0AqEFbW7QtxHCmFjw8zaEPz5kxdF7aToe0X/7ixXvkzjyIBDcATywAfnoAyuQQVUAQaP4Bm8gjfnyXlx3p2PWeuSk84cgD/lfP0AVmqf3A==</latexit><latexit sha1_base64="EeAJqBWJE69fuPSe5IZWsj0Eqw0=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCuykzKuimUHTjQqSCvUCnlEyatqG5DElGKNO+hhtfxY0LRVzqyrcxbWehrQcCP99/DjnnDyNGtfG8b2dpeWV1bT2zkd3c2t7Zdff2a1rGCpMqlkyqRog0YVSQqqGGkUakCOIhI/VwcDXx6w9EaSrFvRlGpMVRT9AuxchY1Ha9gCPTx4glN+N8wOPRbem0AEtwihVPKpJqLcU4b/nI+oW2m/OK3rTgovBTkQNpVdruZ9CROOZEGMyQ1k3fi0wrQcpQzMg4G8SaRAgPUI80rRSIE91KppeN4bElHdiVyj5h4JT+nkgQ13rIQ9s5WVjPexP4n9eMTfeilVARxYYIPPuoGzNoJJzEBDtUEWzY0AqEFbW7QtxHCmFjw8zaEPz5kxdF7aToe0X/7ixXvkzjyIBDcATywAfnoAyuQQVUAQaP4Bm8gjfnyXlx3p2PWeuSk84cgD/lfP0AVmqf3A==</latexit><latexit sha1_base64="EeAJqBWJE69fuPSe5IZWsj0Eqw0=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCuykzKuimUHTjQqSCvUCnlEyatqG5DElGKNO+hhtfxY0LRVzqyrcxbWehrQcCP99/DjnnDyNGtfG8b2dpeWV1bT2zkd3c2t7Zdff2a1rGCpMqlkyqRog0YVSQqqGGkUakCOIhI/VwcDXx6w9EaSrFvRlGpMVRT9AuxchY1Ha9gCPTx4glN+N8wOPRbem0AEtwihVPKpJqLcU4b/nI+oW2m/OK3rTgovBTkQNpVdruZ9CROOZEGMyQ1k3fi0wrQcpQzMg4G8SaRAgPUI80rRSIE91KppeN4bElHdiVyj5h4JT+nkgQ13rIQ9s5WVjPexP4n9eMTfeilVARxYYIPPuoGzNoJJzEBDtUEWzY0AqEFbW7QtxHCmFjw8zaEPz5kxdF7aToe0X/7ixXvkzjyIBDcATywAfnoAyuQQVUAQaP4Bm8gjfnyXlx3p2PWeuSk84cgD/lfP0AVmqf3A==</latexit><latexit sha1_base64="EeAJqBWJE69fuPSe5IZWsj0Eqw0=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCuykzKuimUHTjQqSCvUCnlEyatqG5DElGKNO+hhtfxY0LRVzqyrcxbWehrQcCP99/DjnnDyNGtfG8b2dpeWV1bT2zkd3c2t7Zdff2a1rGCpMqlkyqRog0YVSQqqGGkUakCOIhI/VwcDXx6w9EaSrFvRlGpMVRT9AuxchY1Ha9gCPTx4glN+N8wOPRbem0AEtwihVPKpJqLcU4b/nI+oW2m/OK3rTgovBTkQNpVdruZ9CROOZEGMyQ1k3fi0wrQcpQzMg4G8SaRAgPUI80rRSIE91KppeN4bElHdiVyj5h4JT+nkgQ13rIQ9s5WVjPexP4n9eMTfeilVARxYYIPPuoGzNoJJzEBDtUEWzY0AqEFbW7QtxHCmFjw8zaEPz5kxdF7aToe0X/7ixXvkzjyIBDcATywAfnoAyuQQVUAQaP4Bm8gjfnyXlx3p2PWeuSk84cgD/lfP0AVmqf3A==</latexit>

L(~µ| ~N) =
Y

i

Poisson(Ni|µi)
<latexit sha1_base64="NX+uBjx1XPeX5GckZRNQPtLRjSI="></latexit><latexit sha1_base64="NX+uBjx1XPeX5GckZRNQPtLRjSI="></latexit><latexit sha1_base64="NX+uBjx1XPeX5GckZRNQPtLRjSI="></latexit><latexit sha1_base64="NX+uBjx1XPeX5GckZRNQPtLRjSI="></latexit>

log(L(~µ|~x,~�)) =
X

i

log(Gaussian(xi|µi,�i)) =

X

i

(
(xi � µi)2

�2
i

) +K
<latexit sha1_base64="GcSnOmjFk0Wz/JUhKPjISvOmJ/c="></latexit><latexit sha1_base64="GcSnOmjFk0Wz/JUhKPjISvOmJ/c="></latexit><latexit sha1_base64="GcSnOmjFk0Wz/JUhKPjISvOmJ/c="></latexit><latexit sha1_base64="GcSnOmjFk0Wz/JUhKPjISvOmJ/c="></latexit>
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• IFF  and  are completely 
specified, the likelihood ratio 
between the two turns out to be 
the solution to the test statistic 
problem— it is the uniformly 
most powerful test.  

• For example, the plot to the right 
shows the NP ratio between two 
Gaussian hypotheses, one with 

 = 0,1 and one 1,2. 

H0 H1

μ, σ

The Neyman-Pearson Lemma

� =
L(data|H1)

L(data|H0)
<latexit sha1_base64="9HwxRU5D/hR+yCyeFIBLmEgG8yg=">AAACOHicfVC7SgNBFJ2NrxhfUUubwSAkTdgVQRshaJNCMIJ5QDaEu7OzyZDZBzOzQlj3s2z8DDuxsVDE1i9wNkmhiXhg4HDOucy9x4k4k8o0n43c0vLK6lp+vbCxubW9U9zda8kwFoQ2SchD0XFAUs4C2lRMcdqJBAXf4bTtjC4zv31HhWRhcKvGEe35MAiYxwgoLfWL1zbXYRfwObY9ASSxfVBDAjy5SssTLvzEBQXpfb1vVdJ/fbOS9osls2pOgBeJNSMlNEOjX3yy3ZDEPg0U4SBl1zIj1UtAKEY4TQt2LGkEZAQD2tU0AJ/KXjI5PMVHWnGxFwr9AoUn6s+JBHwpx76jk9mqct7LxL+8bqy8s17CgihWNCDTj7yYYxXirEXsMkGJ4mNNgAimd8VkCLo/pbsu6BKs+ZMXSeu4aplV6+akVLuY1ZFHB+gQlZGFTlEN1VEDNRFBD+gFvaF349F4NT6Mz2k0Z8xm9tEvGF/fh3auDg==</latexit><latexit sha1_base64="9HwxRU5D/hR+yCyeFIBLmEgG8yg=">AAACOHicfVC7SgNBFJ2NrxhfUUubwSAkTdgVQRshaJNCMIJ5QDaEu7OzyZDZBzOzQlj3s2z8DDuxsVDE1i9wNkmhiXhg4HDOucy9x4k4k8o0n43c0vLK6lp+vbCxubW9U9zda8kwFoQ2SchD0XFAUs4C2lRMcdqJBAXf4bTtjC4zv31HhWRhcKvGEe35MAiYxwgoLfWL1zbXYRfwObY9ASSxfVBDAjy5SssTLvzEBQXpfb1vVdJ/fbOS9osls2pOgBeJNSMlNEOjX3yy3ZDEPg0U4SBl1zIj1UtAKEY4TQt2LGkEZAQD2tU0AJ/KXjI5PMVHWnGxFwr9AoUn6s+JBHwpx76jk9mqct7LxL+8bqy8s17CgihWNCDTj7yYYxXirEXsMkGJ4mNNgAimd8VkCLo/pbsu6BKs+ZMXSeu4aplV6+akVLuY1ZFHB+gQlZGFTlEN1VEDNRFBD+gFvaF349F4NT6Mz2k0Z8xm9tEvGF/fh3auDg==</latexit><latexit sha1_base64="9HwxRU5D/hR+yCyeFIBLmEgG8yg=">AAACOHicfVC7SgNBFJ2NrxhfUUubwSAkTdgVQRshaJNCMIJ5QDaEu7OzyZDZBzOzQlj3s2z8DDuxsVDE1i9wNkmhiXhg4HDOucy9x4k4k8o0n43c0vLK6lp+vbCxubW9U9zda8kwFoQ2SchD0XFAUs4C2lRMcdqJBAXf4bTtjC4zv31HhWRhcKvGEe35MAiYxwgoLfWL1zbXYRfwObY9ASSxfVBDAjy5SssTLvzEBQXpfb1vVdJ/fbOS9osls2pOgBeJNSMlNEOjX3yy3ZDEPg0U4SBl1zIj1UtAKEY4TQt2LGkEZAQD2tU0AJ/KXjI5PMVHWnGxFwr9AoUn6s+JBHwpx76jk9mqct7LxL+8bqy8s17CgihWNCDTj7yYYxXirEXsMkGJ4mNNgAimd8VkCLo/pbsu6BKs+ZMXSeu4aplV6+akVLuY1ZFHB+gQlZGFTlEN1VEDNRFBD+gFvaF349F4NT6Mz2k0Z8xm9tEvGF/fh3auDg==</latexit><latexit sha1_base64="9HwxRU5D/hR+yCyeFIBLmEgG8yg=">AAACOHicfVC7SgNBFJ2NrxhfUUubwSAkTdgVQRshaJNCMIJ5QDaEu7OzyZDZBzOzQlj3s2z8DDuxsVDE1i9wNkmhiXhg4HDOucy9x4k4k8o0n43c0vLK6lp+vbCxubW9U9zda8kwFoQ2SchD0XFAUs4C2lRMcdqJBAXf4bTtjC4zv31HhWRhcKvGEe35MAiYxwgoLfWL1zbXYRfwObY9ASSxfVBDAjy5SssTLvzEBQXpfb1vVdJ/fbOS9osls2pOgBeJNSMlNEOjX3yy3ZDEPg0U4SBl1zIj1UtAKEY4TQt2LGkEZAQD2tU0AJ/KXjI5PMVHWnGxFwr9AoUn6s+JBHwpx76jk9mqct7LxL+8bqy8s17CgihWNCDTj7yYYxXirEXsMkGJ4mNNgAimd8VkCLo/pbsu6BKs+ZMXSeu4aplV6+akVLuY1ZFHB+gQlZGFTlEN1VEDNRFBD+gFvaF349F4NT6Mz2k0Z8xm9tEvGF/fh3auDg==</latexit>

27



24

• We seldom have completely 
specified hypotheses 

• Our background and signal models 
have uncertainties, parameterised by 
nuisance parameters (theta below)  

• Unlike the Neyman-Pearson case, we 
are not guaranteed that this is the best 
possible test, but it very often 
performs well. 

Profiling Likelihoods
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• We are rarely (never) able to include 
every possible uncertainty in our 
inference frameworks 

• And it is not likely that every 
parameter is important 

• Need ways to decide which parameters 
are unimportant enough 

• To my knowledge, no standards or 
consistency in how these questions are 
treated.  

• To the right, two toy investigations in 
XENON1T— signal shape parameters 
often have very little impact on 
confidence intervals

Follow-up question:  
What parameters may be ignored?

29E. Aprile et. al (XENON). Dark Matter Search Results from a One Ton-Year Exposure of 
XENON1T. Phys. Rev. Lett., 121(11):111302, 2018. doi: 10.1103/Phys- RevLett.121.111302.

E. Aprile et. al (XENON). Search for Coherent Elastic Scattering of Solar 8B Neutrinos in the 
XENON1T Dark Matter Experiment. Phys. Rev. Lett., 126:091301, 2021. doi: 10.1103/
PhysRevLett.126.091301.
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• Estimators are test statistics we wish to use to 
understand some physical parameter.  

• The ideal estimator has zero bias ( ) and as low 
variance as possible 

• And most importantly, that it is consistent— that it 
converges to the true value with increasing 
observations 

• A simple method to construct an estimator is to compute 
the expected mean or higher moments of the 
distribution, and invert that expression  

• The maximum likelihood will, in the limit of a large 
sample be ideal: it is consistent, and is asymptotically 
normally distributed with the minimal possible variance

E( ̂θ) = θ

Estimators

δlogℒ( ̂θ)/δθj = 0;

30



From the earliest days of statistics, 
statisticians have begun their analysis by 
proposing a distribution for their observations, 
and then, perhaps with somewhat less 
enthusiasm, have checked whether this 
distribution is true 

- Ralph B. D’Angostino and Michael A. Stephens,  Goodness-of-Fit 
Techniques, 1986

31



24

• The conclusions we draw from our data 
depends on our statistical model 

• Unless we have a strong physical argument 
for a certain distribution to hold (e.g. Poission 
for counting events) we should probe the 
correctness of our model or fit to the data 

• Unlike other hypothesis testing, GOF tests 
must consider every possible other alternative 
as a competitor to the model we test 

• The conclusion to a failed goodness-of-fit test 
may therefore sometimes just be “worry 
more”

Goodness-of-Fit (GOF)
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• The sum of  standard normal-distributed 
numbers is -distributed 

• Often encountered fitting curves 

• If there are errors in both x and y, you may 
transform it into an effective total error on 
y 

• or histograms with large enough counts that 
they approach a Gaussian 

• If one or more parameters are fit, the 
effective number of degrees of freedom is 
reduced accordingly (this assumes that the 
parameters are independent)

ν
χ2

ν DOF

χ2

χ2 = ∑ (xi − E(Xi))2/σ2
i

number of observations - 

number of fitted parameters
ν ≈
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• Kolmogorov-Smirnov and Anderson-
Darling are two tests that rely on 
comparing the Empirical Distribution 
Function (the cumulative fraction of 
events) and the tested distribution 

• Useful since no binning is assumed 

• The KS test considers the maximal 
distance between the two, and manages 
to be distribution-free— the distribution 
of the test statistic does not depend on  

• Alternatives include the Cramér-von 
Mises test, which is also distribution-
free and Anderson-Darling which is not

F

KS and AD
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• Ideally, you should consider what sorts 
of mismodelling you are most worried 
about and choose goodness-of-fit tests to 
target these with the most power 

• Often, a projection on the dimension 
you care about will be a good start 

• Some neat ideas exist to try to tackle 
high dimensionality by considering an 
analogue of electrostatic energy between 
point clouds 

• One caution: the likelihood itself may 
seem tempting, but turns out to be a poor 
GOF test statistic

Other alternatives exist!

https://arxiv.org/abs/physics/0310167

https://arxiv.org/abs/hep-ex/0203010
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• Many event selections may 
be considered goodness-of-
fit tests— asking whether 
they are compatible with 
coming from a signal 

• Others are more standard 
hypothesis tests, if the 
background model is 
specified 

• But we often define some 
cuts first and only model 
what remains!

Cuts are often GOF tests!

36
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• What is the area of a circle? 

• Or, often equally importantly
— what is the distribution of 
our estimate for , or any 
other test statistic you can 
imagine? 

• In this case you can figure 
out the distribution,  

• But for many more 
complicated cases, you may 
either rely on approximations 
or simulated results

π

What are Toy Monte-Carlo methods?

37
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Searching for rare events is 
a matter of luck:

38
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Searching for rare events is 
a matter of luck:
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Questions?
Introduction to statistics

• We model our observations with a 
statistical model, usually in terms of 
probability distributions.  

• We choose test statistics that distil 
the information we wish to learn 
from the data 

• and often formulate questions in 
terms of hypothesis tests— given 
the data, should we favour one or 
the other? 

• A particularly important hypothesis 
test is whether your data agrees with 
the distribution you use! 

41



Summary of first topic

• We model our observations with a 
statistical model, usually in terms of 
probability distributions.  

• We choose test statistics that distil 
the information we wish to learn 
from the data 

• and often formulate questions in 
terms of hypothesis tests— given 
the data, should we favour one or 
the other? 

• A particularly important hypothesis 
test is whether your data agrees with 
the distribution you use! 
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SOME STATISTICAL MODELS

UNBINNED 
LIKELIHOODS

ℒ(s, ⃗θs , ⃗θb) = ℒsci(s, ⃗θs , ⃗θb) × ℒcal( ⃗θb) × ℒanc( ⃗θb)

CALIBRATION

OTHER 
MEASUREMENTS/
CONSTRAINTS

ℒsci(s, ⃗θs , ⃗θb) = Poisson(Nsci |μb( ⃗θb) + μs(s, ⃗θs , ⃗θb)) ×
Ns

∏
i=1 [ μs

μs + μb
fs( ⃗xi |s, ⃗θs , ⃗θb) +

μb

μs + μb
fb( ⃗xi | ⃗θb)]

  typically on the same form, while  contains ancillary measurements— often 
Gaussian terms like  but sometimes more complex functions, e.g. with correlations 
or with a different likelihood shape

ℒcal( ⃗θb) ℒanc( ⃗θb)
Gaussian( ̂θi |θi, σθi

)

BINNED 
LIKELIHOODS

ℒsci(s, ⃗θs , ⃗θb) =
Poisson(Nsci |μb( ⃗θb) + μs(s, ⃗θs , ⃗θb))  

ℒsci(s, ⃗θs , ⃗θb) =
Poisson(Nsci |μb( ⃗θb) + μs(s, ⃗θs , ⃗θb)) ×

Poisson(Ncal |α × μb( ⃗θb))

COUNTING

SEARCH DATA

ON-OFF 
LIKELIHOODS

ℒsci(s, ⃗θs , ⃗θb) =
Ns

∏
i=1

[Poisson(Ni |μb,i( ⃗θb) + μs,i(s, ⃗θs , ⃗θb))]

43



Counting Experiments

• “just” counting events— but the 
estimate of the background rate 
and acceptance can be as 
complicated as anything 

• If there is no signal/background 
overlap or complete overlap, this 
may be the optimal sensitivity  

• Otherwise, it might still be a 
worthwhile compromise if 
you’re worried about whether 
you can model your background 
correctly 

44

DarkSide-50 532-day https://
arxiv.org/pdf/1802.07198

ℒsci(s, ⃗θs , ⃗θb) =
Poisson(Nsci |μb( ⃗θb) + μs(s, ⃗θs , ⃗θb))



However, shapes often matter

45



On-Off likelihoods

• WIMP searches rarely get to 
turn off their signal 
completely  

• Directional dark matter 
searches and some axion 
searches, on the other hand 
can take representative data in 
a no/low signal and high 
signal state 

• Also common in indirect 
detection

46

 

ℒsci(s, ⃗θs , ⃗θb) =
Poisson(Nsci |μb( ⃗θb) + μs(s, ⃗θs , ⃗θb)) ×

Poisson(Ncal |α × μb( ⃗θb))



Binned Likelihood

• With more than  events 
in each bin, you can use 
computationally efficient 
methods to compute test 
statistic distributions 

• Eases visualisation and 
goodness-of-fit 

• And simpler to share results 

• Minimal sensitivity loss if the 
bin width is small compared 
to the detector resolution

∼ 5

47

ℒsci(s, ⃗θs , ⃗θb) =
Ns

∏
i=1

[Poisson(Ni |μb,i( ⃗θb) + μs,i(s, ⃗θs , ⃗θb))]
PandaX ionisation-only search, https://
arxiv.org/abs/2212.10067

https://arxiv.org/abs/2212.10067
https://arxiv.org/abs/2212.10067


Unbinned (extended) 
likelihood

• If the events are too few to fill 
bins, the unbinned likelihood 
promises the best performance 

• Might still have to rely on 
binned methods for goodness-
of-fit 

• if you rely on Monte Carlo 
methods to generate 
distributions, that can require 
a lot of statistics and be harder 
to validate

48

ℒsci(s, ⃗θs , ⃗θb) = Poisson(Nsci |μb( ⃗θb) + μs(s, ⃗θs , ⃗θb)) ×
Ns

∏
i=1 [ μs

μs + μb
fs( ⃗xi |s, ⃗θs , ⃗θb) +

μb

μs + μb
fb( ⃗xi | ⃗θb)]

XENONnT first WIMP search



Likelihoods can be 
composed

49

ℒ(s, ⃗θs , ⃗θb)Science run = ℒsci(s, ⃗θs , ⃗θb) × ℒcal( ⃗θb) × ℒanc( ⃗θb)

ℒ(s, ⃗θs , ⃗θb)tot = ℒ(s, ⃗θs , ⃗θb)tot × ℒ(s, ⃗θs , ⃗θb)tot × ℒshared(θ)



The likelihood relies on the 
model
• The validity of the inference relies on 

the underlying model 

• The signal model may be quite 
forgiving— if an excess is 10-20 
events, far tails are less significant 

• Experiments typically include 
uncertainties on background rates, but 
not always on the distribution used.  

• XENON1T added a “signal-like” 
background shape to its ER 
background model to lower the 
chance of overconstraining the model. 

• For XENONnT, this was replaced by 
a  more careful selection of nuisance 
parameter directions, and a stronger 
focus on pre-defined goodness-of-fit 
tests chosen for their power to 
discover mismodelling

50

N. Priel et al. A model independent safeguard against background 
mismodeling for statistical inference. 2017(05):013–013, may 2017. 
doi: 10.1088/1475-7516/2017/05/013.



Experimenter bias is a 
danger with few events

• The most common 
experimenter bias mitigation 
method is “blinding”— not 
showing the signal-like region 
of parameter space until the 
analysis has been frozen 

• LUX developed a “salting” 
procedure where synthetic 
signals were made by 
stitching together genuine S1 
and S2 signals into full events 
and placing them in the data

51
Tyler Anderson “Salting as a Bias Mitigation
Technique in LZ”, presentation at LIDINE 2021



Experimenter bias is a 
danger with few events

• With few events the effect can 
be drastic if you chance 
something in your analysis— 
the plot shows the 60% change 
in limit available to you 
between the best post-
unblinding and the worst post-
unblinding radial cut.  

• This is a necessary 
consequence of making your 
analysis sensitive to few 
events! 

• Further, with only some 
hundreds of events, and many 
variables, every event may well 
be an outlier in some space

52

Homeopathic poison
— the fewer events 
the greater danger


