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Theoretical models

GW signals are generally analyzed using different theoretical predictions, e.g.:

< NR surrogates;
<> phenomenological approximants;

<> EOB-based models.

I will focus on the latter, which are based on
the effective-one-body (EOB) approach, first
introduced by Buonanno and Damour [1, 2].

Both phenomenological and EOB models bring together analytical and
numerical GR solutions.
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Perturbation series

In order to solve Einstein’s equations analytically, we need to make use of
approximations, such as:

< Post-Newtonian (PN), assuming small velocities, ¥ < 1;

< Post-Minkowskian (PM), assuming weak fields, % < 1

< Gravitational Self-Force (GSF), assuming large mass ratios, % <L 1

and others ...

post-Minkowskian

periastron distance r,c?/GM
periastron distance r,c?/GM

credit: Khalil et al. [3]
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Post-Minkowskian

yM

The PM approximation [4, 5, 6], which only
assumes weak fields [GM/(rc?) < 1] and allows

for arbitrary large velocities, is particularly
4 suitable for describing scattering systems.

U
/M

It hopefully could help improving GW models for
eccentric and hyperbolic binaries signals.
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Recent advances

p’1 Pl
PM results have been computed through various
approaches, such as: scattering amplitudes;
eikonalization; effective field theory; and worldline

(classical or quantum) field theory.

P1 p2

For black hole (BH) binaries, 4P M- accurate [ j
results are available, both for conservative [
8] and radiation-reacted dynamics [6, 9, 10] i %

including spin-orbit terms [11, 12].
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Energy comparison

First attempts to use PM results to build EOB-based models for bound orbits
were a little disappointing (see, e.g. [13, 3]).

GW cycles before merger GW cycles before merger GW cycles before merger
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Scattering angle comparison

—1PM
x 2PM

o By, ~ 1.02258 sm cons|q
—3

45t = 4PM cons|]
The comparison against NR 4: = T#;M 1
simulations of nonspinning BBH
scattering [14] again showed

poor agreement [15, 3].

The PM-expansion of scattering angles

XnPM(7, ) ZQX’ ) _p0 ) oxe ()

holds for large angular momenta but loses accuracy in strong-field systems.
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EOB resummation

We first proposed a resummation of the PM scattering angles [15], making
use of an EOB gravitational potential of the form:

wnpm (T, ) = Zn: wl_(’Y) _ wl_(’Y) n wa () -

_ 7t 7 72
=1

This reformulation greatly improves the agreement with numerical data (see

also [16, 17, 18]):
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Spinning simulations

400 —§— E;, ~ 1.023
—§—E;, ~ 1.040 "
350 —— £, ~ 1.055 . .
0 o We performed equal-mass, nonspinning
= : simulations [16] at higher energies
S o ©  using the Einstein Toolkit [19)].
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We also computed scattering angles for < o e -
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Extension to spin

We could extend the EOB potential to take into account (aligned) spin effects:

2
EwrslPM (7,7) wiPM(Fv )

_ orb /—
UMJ’M(T,’Y,E, S’L) =w (’I",’Y) + 7,,2 + 7-2
- st -
Lwnpm(T,7) | Wapm(T,7)
+ = + 74 :

400 - - - - - - - T r T

- - -1PM ——1PM w‘”
w0l 2PM 2PM we®|

- - -3PM ——3PM w*®

- = =4PM ——4PM w*®
300 ——NR

5 250 n 2 1. 1 The 4PM EOB-resummed angles

are in excellent agreement with nu-
Feee merical data (see also [17]).
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Pi=P+ o P'1=.51—q—1

There are also issues in extracting

gravitational waveforms and fluxes from

numerical simulations [30].

Piero Rettegno - 1st TEONGRAV workshop

Waveforms

Leading-order PM waveform computed long
ago by Kovacs and Thorne [20].

One-loop computations O (G3) completed
recently [21, 22], but not yet in a form useful
for GW modelers.
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EOB-PM Hamiltonian: issue #1

It is possible to extract information about closed orbits from PM results [4, 23],
generally by informing a (local) Hamiltonian [13, 3, 24].

(59)-

1183) v

While PN terms greatly simplify in
the EOB frame [25, 26], PM ones
keep their convoluted dependence

on the effective energy (7). Sl o
2 2 22 . : e (3)
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) tog
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Hamiltonian potentials up to 4PN Hamiltonian contribution at 4PM

e A
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EOB-PM Hamiltonian: issue #?2

PM computations inherently contain open-orbit hereditary contributions.

A satisfactory 4PM-accurate splitting between local and nonlocal-in-time terms
has not yet been obtained [27, 28].

Bini and Damour [28] have obtained the last 4PM term in the local action up to
order p30.
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A possible EOB-PM Hamiltonian

Buonanno et al. [24] proposed an EOB-PM model for bound orbits:

< the spinning Hamiltonian is obtained by iteratively expressing v as a
function of phase-space variables (v — Hsenw + Hopu + . )

<> problematic factors in nonlocal terms are substituted by Well—deﬁned
quantities [log(y? — 1) — log(u), ...];

<> the nonspinning Hamiltonian is completed by 4PN terms, both local and
nonlocal (for bound orbits);

< the waveform is calibrated to NR simulations.
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A new approach to EOB

In an upcoming paper, Damour et al. [29] will propose a new way of solving the
EOB equations of motions.

Instead of solving the usual Hamilton’s equations

] dxi _Bﬁeff
de* - i dt ~ Op;
Sz, pu] = / {Pi% — Heg(x Jh‘)] dtest — . Z;H
= pi eff ]
dt oxt e

one can introduce a Lagrange multiplier er, and a constraint C such that

dz* . oc
- —=e, —
, dat . dr Opu
S[ZU 7pH7eL]: pu?*ELc(f apll«) dr — %__6 aic F
— L + 7
dr OxH
C=0
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Pro and cons

We can then avoid to invert the mass-shell condition (to determine

H.s = ) at the cost of solving one additional differential equation
(dy/dterr)-

In general, the EOB mass-shell constraint will look like

72 p2 p2u2
=g"pup, +1 =SS | S0 i2 1 =0.
C=9"pupp +1+0Q ATt e t1+Q=0

(Schwarzschild is recovered for A = B l'=1- 2u, C=1,Q=0)

If we can explicitly solve the constraint for H.g (e.g., the EOB potentials do
not depend on 7), these new Euler-Lagrange equations are equivalent to
Hamilton’s equations.

Naturally, PM-informed EOB potential depend in a complicated manner on ~y
and this approach simplifies computations. @
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Our choices

We decided to choice a gauge close to the Schwarzschild case, i.e.

A(v)=B(y™', C=1, Q=0.

Our constraint will be, including spin-orbit interaction:

[v— p<PG(’Y)S]2 2 2 2
C=—"——"—"T—-—"—+AMW)pr +pou" +1=0.
A7) e

We define A as
AR = A+ 240,
and
4 Alosal | is determined by matching the 4PM local scattering angle

prediction using the almost complete x'5&y [28];

¢ AAYN is obtained by imposing the complete bound-orbit 4PN
behavior.
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Results [preliminary]

With no NR calibration (up to merger), we are able
to reach a reasonable agreement with SXS waveforms
(mismatches ~ 1072 — see Andrea’s talk).

R{Was) v

i
(9.5,0,0), 4PH-4pN |

S0 1000 150 2000 2500 300 300 3650 5700 3750 3800

The agreement improves increasing the mass-ratio.

We are working on the inclusion of 8.5PN, 1GSF- <
accurate terms in the Hamiltonian to assess if we can = = o =0 on e
improve further.

L )
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Results [preliminary]

per==r
Adding a free 5PM-5PN parameter and fitting it | [—sa T
; -~ & L
we are able to reach a mismatch of 107*/1073 o \w
o
against all quasi-circular nonspinning SXS - L
waveforms. w00 1505500 0505600
b
10" ; 04
o2 o ww e S S o
t t
=
g .
810
S
w0t [Spinning waveforms almost ready].
4PM-4PN-NR

20 40 6 8 120 140 160 180 200

100
M/M,

Piero Rettegno - 1st TEONGRAV workshop



Post-Minkowskian Scattering Bound orbits Conclusions
0000000 00000 000000000

Conclusions

< High-order PM results, once recasted in a particular EOB form,
show excellent agreement with NR scattering simulations.

<> The first EOB-PM models applied to noncircular (nonprecessing)
bound orbits are under construction.

However, some things are still missing;:
@ more analytical information, be it PM, PN or GSF, could help to
build a fully analytical model;
® a PM-based description of the radiative sector is not yet usable;
® additional NR simulations (and waveforms) are necessary to
validate our models throughout the parameter space.
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Critical angular momentum

We first introduced [15] a resummation of the PM scattering angles that takes
into account the j-singularity due to the boundary between scattering and
plunge, such that

. jo\ . .
xepm(7,5) = £ (%) XnPM (7, 45 Jo) ,

with )
1 1 .nPM n =i
L(z)==In S and  joPM(y) = [T
B LS x1(7)
6
55 \ —— 1PM
g \E 2PM
sEN B ~ 1.02258 3PM cons
Wb " __3PM
CENOAT 4PM cons
AN = ——4PM
=35 N - - ~3PM L-resum . ]
g SN T Lo This procedure already improves the PM-

NR agreement.
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Critical j, predictions

O®0000

We can compare analytical and numerical predictions for the critical angular

momentum Jo, Jo

l/jo

B2 1+20(y-1)"

determining the boundary between scattering and plunge.

We were able to extend the parameter-
space covered by nonspinning numeri-
cal simulations.
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Comparison to EOB-NR models

w*” 4PM

EOBNR

=3

——3PM w*"-resum

This agreement is outstanding even
when compared to PN-based EOB-NR L e e resim 1
models such as TEOBResumS. i NR

o o
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(X — xnR)/XNR
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Inversion formula

The formula linking the EOB potential and the respective scattering angles is:

S

) ' Umax (7,5) di ] ~
7r+x(%1)=21/ - _ — , with a=
0 V% +w(@,y) - j2a

This means we can extract information about the underlying gravitational
potential if we know the scattering angles. In particular, we make use of
Firsov’s inversion formula:

In {1+w] _ E/f P (GY)

3 T Jopprnl V32— 72 P2(F,7)

Pz
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NR potential

05 T T T T T T

04f

03F

02¢ ]

(B =~ 1.02256, J;, ~ 1.100)]

= o1l
It is then possible to invert the proce- ’
dure and use the sequence of (constant- ~ 'f ]
energy) scattering angles to obtain an o02f 1
NR gravitational potential. P Y ST
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High E results

- - -1PM —— 1PM w*”

2PM 2PM w
- - -3PM ——3PM w*®
- - —4PM ——4PM w*
Nk

By, ~ 1.040

——-1PM — 1PM w*”
2PM 2PM we

Em ~1.055 - - -3PM 3PM w
- - -4PM ——4PM w**
4R

o
1 15 N 2 25 11 12 13 14 15 N 16 17 18 19 2
Lin Lin
15 T T T T T T 15 T T T T T
—— Schwarzschild ——Schwarzschild| -
3PM 3PM 1
——4PM ——4PM
1 APM + wit 1 APM + wit
—XR —NR
. . (B ~ 1,055, Ly ~ 1.225) -
= 05 (B ~ 1.040, Ly, ~ 1.159) 05
' \¥__
05 . . . , . , 05 : . . . .
2 3 4 5 6 7 0 1 2 3 4 5 6 7 @
[ 7

Piero Rettegno

1st TEONGRAV workshop

Ittt o s e

(VRGO



	Post-Minkowskian
	Scattering
	Bound orbits
	Conclusions
	Appendix
	
	


