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® The Big Picture: BH microstructure

® Topological Stars as toy models
Linear stability analysis:
o Regge-Wheeler-Zerilli perturbation scheme
o Linear response in t-domain: stability, echoes & QNM spectrum
e Summary & Follow-up



The big picture: BH microstructure

“classical” BH N Y

e The Fuzzball program: describing the BH microstructure
e BH as ensemble of many, regular and horizonless microstates

e (Catch B-H Entropy, Singularity and Information Paradox with one stone!

Mathur (2025)

Mathur (2023)
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e The Fuzzball program: describing the BH microstructure Mathur (2025)
e BH as ensemble of many, regular and horizonless microstates
e C(Catch B-H Entropy, Singularity and Information Paradox with one stone!
Mathur (2023)

e BUT: higher-D, complex topologies, supersymmetry, ...
e Topological Stars to the rescue!

e Still compact, regular, horizonless but simpler (5D GR+EM, highly symmetric)!
: P g " P ( 1By }éah&Heidlm?mn (2021)
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e BH as ensemble of many, regular and horizonless microstates
e C(Catch B-H Entropy, Singularity and Information Paradox with one stone!
Mathur (2023)

e BUT: higher-D, complex topologies, supersymmetry, ...
e Topological solitons to the rescue!

e Still compact, regular, horizonless but simpler (5D GR+EM, highly symmetric)!
: P g " P ( 1By }éah&Heidlm?mn (2021)

e Stability and dynamics are mostly unknown yet
Heidmann+ (2023a, 2023b);

Bianchi+ (2023)
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e BUT: higher-D, complex topologies, supersymmetry, ...

e Topological solitons to the rescue!

Bah & Heidmann (2021)

e Stability and dyn“\\m unknown yet
“““‘? . Heidmann+ (2023a, 2023b);

Bianchi+ (2023)

e Still compact, regular, hot'““Ess but simpler (5D GR+EM, highly symmetric)!



Topological Stars in 5D

5D Einstein+Maxwell: Se= /d“r’:z:\/—g <2—,1€2R - EFABFAB>
1
ds? = — fg(r)dt? + f(r)dy® + mdrz + r?d3 F = Psinfdf A dg

far)=1--2, fsr)=1-=, h(r)=fa()fs(r), P=if~€§1\/gr37‘s

Bah & Heidmann (2021)

e horizon rg

e end-of-spacetime 71pg



Topological Stars in 5D

5D Einstein+Maxwell: Se= /d“r’:l:\/—g <2—,1€2R - EFABFAB>
; 1
ds® = —fs(r)dt® + fe(r)dy® + h(_r)drz + r2dQ F = Psin0df A do
r T _ 3
fe(r)=1- 7—{37 fs(r)=1- 79 h(r) = f(r)fs(r), P==%kz"y TBTS

e Magnetized Black String: rp < rg

Bah & Heidmann (2021)



Topological Stars in 5D

5D Einstein+Maxwell: /d“’fr\/ < 2R— ZFABFAB>
s> = —fs(r)dt® + fa(r)dy® + e )dr + r2dQ3 F = Psinfdf Adg
T _ 3
fB(r )_1_737 fS(T):l_fa h(r) = fe(r)fs(r), PZiﬁsl\/?‘B?‘s
e

(]

e Magnetized Black String: rp < rg

e (Topological Star: rg >1rg




Topological Stars in 5D

3
57s = res 2rg

T(ph) =T'B
(unstable)
(R 7 <73 <
o rs <rp < 5?“5
3
T(ph) = 57ss T(ph) = TB
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Gregory-Laflamme instability:

rp < 57“5, rg > 2rg
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Kaluza-Klein reduction to 4D

KK reduction (assume no y-dependence):
_—— decouple!

ds? =e fq)ds4—|—e 5 dy—l—M/

F spdax?dz® = F,dz"dx” + (0,/=dx") N (dy + A, dx")

Einstein-Maxwell-scalar:

S'= /dq:4,/ [ (R— ~0,09"® ) _ %P{(I)F#,,F“V]

()2

Field equations:

1 2 1
G/“’ N (6/’(1)8 ® - gl”/a/’q)a (I)> + %P% <Fl1./)Fpu + Zg/wFpana) =
k2 o e
Odb — \2;24 e\c/bﬁF#.,,Fuu =B \v/4 (GT(PFHP) = [}



Topological Star in 4D

Compactified TS(/MBH):
. 3
dss = —fsfé/Qalt2 + 73 dr? 4+ r? 119/2d£2§ F=+2eQ,,sinf0dd Ndp &= g log B
SJB

2 1 /3
Mass and charge: M = _7;(27«5 +rg), Qm=—1\/=rsrg
K kg V 2

e Background for perturbation scheme
e Warning! Compactification introduces singularities!

e 5D solution implies regularity boundary conditions



Regge-Wheeler-Zerilli perturbation scheme

magnetic charge background — parity-mixing of perturbations

Type-I

axial gravitational + polar EM (1>1)

0 0 —ho(t,r)/sinfdy ho(t,r)sinfdp

podd _ Z 0 0 —hi(t,r)/sinfdy hi(t,r)sinfop
Hy i —ho(t,r)/sin00s —hy(t,r)/sinf0, 0 0
i ho(t, ) sin 6y hi(t,r)sin 00y 0 0

0 ) for(t:r)  Jox(t:7)0 fop(tr)0s
even __ _f()l(t! r 0 fl‘z(t-")(?(? f12(t‘ 7.)8‘1" A
f;w _12: —f0+2(t,r)09 _f1+2(t T‘)Oe 0 0 Yzm(9~0)
N\ = bt )0 —fi5(t,7)0s 0 0

) Yim(0,9)

F =+eQ,,sinfdb A do

See Perefiiguez (2021) for alternative approach
Type-II

polar gravitational + polar scalar + axial EM (1>0)

fsfy*Hot,r)  Hy () 0 0
even Hi(t,r)  f3'f5"2Hy(t,r) 0 0 ‘
hih = 5" w8 ol Yim(0, ¢
8 IZ 0 0 r2f2K (tr) 0 (8:0)
0 0 0 7"2f[lg/2 sin 02K (t,r)
0 0 foa(t, )/ sin 00y — fo(t, ) sin 00y
Gad. 0 0 fia(t,r)/sin@0, — fr5(t,7)sinfdy ;
' = 12: —foa(t,7)/sinBdy — fro(t,r)/sinBd, 0 fa3(t, ) sin@ Yim (6, 6)
B foa(t, ) sin 00y fia(t,7)sin@0p  — faz(t,r)sind 0

50 =3 280y 0,0)

r
Lm



Linear response in t-domain

Master equation for Type-I (I>=1) and Type-Il (1=0): ¥ = {¢;—¢, =1, Z1,1>1, Z24>1}

d? d?
[@ — P‘Fveff U(t,p) =0
Generalized tortoise coordinate: dpe 2 — dr
p= r=
i i gt flg/sz
Effective potentials:
. =0 __ (r—rs)(32r3—24r2r3—397‘%3rs+1'1'3(36r3—5r3))
=0 V:?ff - ( . 161‘54(7'—7'3) -, 5 )
. I=1. (r—rg)(189rp1rs+1287%(rp+2rg)+64r°rg(6rp+19rg)—167 T‘B(277’B+521‘5)—91‘7‘:133(97‘}3-}-927‘3)
I = 1, Type'I V;ﬂ' = ( 16m5(4r—3rg)2(r—rp)
(1,2) (r—rg) 167‘3A—r2(8r3+241'S+16ATB)+1'(117'23+60rBrS)—391'231154281'(1'—7'3)\/(27‘3—31'5)2+127'BTSA
l > 2’ Type_l V:aff _ 1675 (r—rp) )

Type-II (1>0)? Coming soon!



Linear response in t-domain
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Linear response in t-domain

Near-extremal MBH:
(type-I) gravitational-induced
perturbation

fixed mass (M=1)

ringdown + tail

2nd kind Top Star:

fixed mass (M=1)

very compact
eAQ/M~0.3%

initial BH-like ringdown
long-lived modes: echoes!
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Linear response in t-domain
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(type-I) gravitational-induced
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Linear response in t-domain

Near-extremal MBH:
(type-I) gravitational-induced
perturbation

fixed mass (M=1) : \
ringdown + tail —3 f

2nd kind Top Star: |
fixed mass (M=1)

very compact
eAQ/M~0.3%

initial BH-like ringdown
long-lived modes: echoes!

1st kind Top Star:

fixed mass (M=1)

star-like compactness
highly-damped, higher frequencies
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QNM Spectrum
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-« > Magnetized BH TS, second kind TS, first kind
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Summary & Follow-up

Topological Stars as toy models of BH microstate geometries

Two-parameter solution that interpolates between regular UCOs and BHs
Linear response in time (this talk) and frequency domain (attend Marco’s talk!)
Verified linear stability under Type-I perturbations and (radial) Type-II

QNM spectrum of MBH and Top Stars
o  BH-like QNMs
o Long-lived modes (echoes)
o Strongly-damped (w-modes)
Next steps:
o Type-II, 150
o Nonlinear stability and 3+1 dynamics
o More complex microstate geometries

AD, M. Melis, P. Pani, 2406.19327

and
I. Bena, G. Di Russo, J. F. Morales, and
A. Ruiperez Vicente, 2406.19330



