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The Bayes Theorem

pBIA) . p(4)

AB) =
p(A|B) »(B)



The Bayes Theorem

p(BIA, C). p(4|C)

AB,C) =
p(A|B, C) H(BIC)




The Bayes Theorem

p(datal0, M) . p(6|M)
p(data|M)

p(Oldata, M) =



The Bayes Theorem

Likelihood . Prior

Posterior
Evidence



Competing models

datald, M : o\M
p(Oldata, M) = p(datal0, M) p(OIM )
p(datalM )
Does the data favour M, or M,?
And by how much?
p(datald, M,)) . p(6|M)

p(fldata, M) =
p(datalM,)



Competing models

The Bayes Factor
By what factor does the data
data|d, M) . oM Y
p(Odata, M) = L (dataj6), M)) POM)) favour M over M.?
p(datalM )

p(data|M )
5= p(data|M.)
p(Oldata, M) = © (daai6 M) - POV 2
’ p(data|M) Evidence ;

Evia’ence2



The Evidence

p(data|0,M) . p(6|M)

p(f|data,M) =

Probability density
1.e., normalized.

p(data|M)



The Evidence

p(data|M)
p(datalb) = | p(datald,M) . p(6M) dO
Evidence = / Likelihood . Prior d6

Computing this integral can be quite non-trivial, and often, intractable.



State of the art and their shortcomings
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State of the art and their shortcomings

Nested sampling':

Evidence estimated by iteratively computing the likelihood.
e Computationally intensive likelihood recalculation.
e Slow, CPU calculations, not parallelizable with GPUs.

®  Scalability issues for high dimensions
o Ex: 150 dimensions are computationally prohibitive

1. John Skilling “Nested Sampling,” 10.1063/1.1835238.
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State of the art and their shortcomings

Nested sampling':

Evidence estimated by iteratively computing the likelihood.

e Computationally intensive likelihood recalculation.

e Slow, CPU calculations, not parallelizable with GPUs.

®  Scalability issues for high dimensions

Other techniques:

1. k-nearest neighbours?, Laplace approx. - Less expressive: fails for large non-gaussianity.
2. Normalizing flow-based nested’/Gaussianized bridge* sampling - Requires likelihood re-calculation

1. John Skilling “Nested Sampling,” 10.1063/1.1835238.

2. A. Heavens, et al 2017 arXiv:1704.03472 [stat.CO]
3. Nested sampling with normalizing flows for gravitational-wave inference, 10.1103/PhysRevD.103.103006

4. Jia, He; Seljak, Uros, 2019 10.48550/arXiv.1912.06073
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State of the art and their shortcomings

Likelihood evaluation can be expensive.
These are pre-computed for MCMC samples in parameter estimation pipelines.
Why not use it?

Useful to have a fast, scalable, and expressive method that does not require extra
likelihood evaluations.
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A normalizing flow

Flows solves for a bijective map b/ the /atent Normal distribution and the real non-trivial distribution.

Known latent distribution Target real distribution

“ ®
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A normalizing flow

Flows solves for a bijective map b/ the /atent Normal distribution and the real non-trivial distribution.

Known latent distribution Target real distribution

“ ®
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A normalizing flow

Flows solves for a bijective map b/ the /atent Normal distribution and the real non-trivial distribution.

d tafq_5
e . ()

Target distribution p(x) — qg(x) Flow prediction = n(f, L(x))
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Theory behind floZ

Evidence = normalization constant of likelithood x prior
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Theory behind floZ

Evidence = normalization constant of likelithood x prior

Evidence A - :
X) +—> Likelihood .
Ground <7 C<w’¢) _ P( ) ikelihoo .przor |
Truth qd,(ac) = Unnormalized posterior
< | probability
/ v
Evidence floZ
Estimation = Normalized posterior

Distribution probability
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p(loge [Z/Zc1])

Expected output:

Evidence distribution

Ideally a delta function
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Implementation:

Loss Terms

1. Normalizing flow loss: A6Z predichion

7
L1(¢) = —;Ep(m) [log(ag())]

Expectation over posterior samples
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1.

Implementation:

Normalizing flow loss: floZ prediction

7
Li(¢) = —;Ep@c) [log(ag ()]

Expectation over posterior samples

Loss Terms

2. Reducing evidence estimation error:

Lo(¢p) =~ log oy
\

Standard deviation
of evidence estimation
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1.

3.

Implementation:

Normalizing flow loss: floZ prediction

7
Li(¢) = —;Ep@c) [log(ag ()]

Expectation over posterior samples

Identity evidence ratio of all pairs of
samples: Mean evidence ratio

4
L3.(¢p) = |log pg

Loss Terms

2. Reducing evidence estimation error:

L2(¢) ~ log oy,
\

Standard deviation
of evidence estimation
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1.

3.

Implementation:

Normalizing flow loss: floZ prediction

7
Li(¢) = —;Ep@) [log(ag ()]

Expectation over posterior samples

Identity evidence ratio of all pairs of
samples: Mean evidence ratio

/
L3a(¢) = [log pgl

Loss Terms

2. Reducing evidence estimation error:
Lo(p) ~ log 0‘\(1

Standard deviation
of evidence estimation

4. Reducing evidence ratio error:

Lay(¢) = logoy
\

Standard deviation of the
ratio of evidence
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1.

3.

Normalizing flow loss:

Implementation:

floZ prediction

114;(37))}

rior samples

Identity evidence ratio of all pairs of

samples:

£3a <¢> :

L

3a

idence ratio

Loss Terms

2. Reducing evidence estimation error:

Lo(¢p) ~1 L

2 viation
of evidence estimation

4. Reducing evidence ratio error:

£3b(¢) - L3b

Standard deviation of the
ratio of evidence
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Implementation:
Loss Scheduling

Solving the four losses simultaneously:
1) Weighted sum of losses.
2) Schedule the losses

25



Implementation:
Loss Scheduling

15
m— Training
10 = Validation
— L
. i — Ly
Solving the four losses simultaneously: 51 s
1) Weighted sum of losses. — L
2) Schedule the losses Q0 R ' | ' ‘
N M L _L l : LL




Implementation:
Dealing with sharp boundaries

Sharp Distribution

108 ;
7.51 JloZsharp samples B floZgpap ¢ 0.284 % 0.006
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101 J
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Implementation:
Dealing with sharp boundaries

Reflected Distribution

108 ;
7.5 - FloZRefiected samples B floZgpap ¢ 0.284 % 0.006
sl FloZnaectaa : 0.006 £+ 0.011
=
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N
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Alternatives?

Reweighting by fraction of outliers

Sharp Distribution

floZgsparp samples

p(loge [Z/Zcr])

10° ;
FloZrefiectea : 0.001 £ 0.018
- B floZsy., :0.451+0.024
flOZShzu‘p—Shift Z 0059 :t 0024
104 Yy
10°;
10+ . ; :
0.0 0.2 0.4

log, [Z/ Zenl
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Distributions for benchmarking

Mixture of five Gaussians 10

Single Gaussian
~ ee. 2o oF .
@
L }, °
[J
°
+ W ®
: : 0 50 0 50 100 4%
29 10: 15 dimensions < Exponential Rosenbrock 10 g
W

1072
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1500
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Benchmarking w/ SueOrTheAr

Single Gaussian

100 Mixture of five Gaussians

50

=50 °

0 50
Exponential

0 50
Rosenbrock

p— 100

102

Px)/max(p(x))

p(loge [Z/Zan])

p(loge [Z/Zcn])
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Single Gaussian

Mixture of five Gaussians

0 floZ: 0.001 + 0.002
ENN: -0.001 £ 0.010
NS: 0.010 £ 0.028

[ floZ: 0.001 + 0.008
ENN: -0.033 £ 0.010
NS: -0.023 £ 0.033

[

S e S

K1

Exponential

Rosenbrock

8 floZ: 0.000 = 0.005
kNN: 0.019 £ 0.010
NS: 0.015 £ 0.043

!

B floZ: -0.010 £ 0.013
ENN: -0.115 + 0.010
NS: -0.005 + 0.032

logc [Z/Z(;T]

—0.14—0.09—0.04 0.01 0.06 0.1=0.14—0.09—0.04 0.01 0.06 0.11

logc [Z/Z(,T]

kNN: k-Nearest Neighbours
NS: Nested Sampling
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Single Gaussian

0.3 E floZ
kNN
0.2 NS
0.1
0.0 @ * 4
—0.11
Exponential
2.5
0.0 +& - &
—2.5
0 flOZShsu‘p
- kxx.‘tharp
—T7.51 XSShar])
2 10 15
d

Benchmarking w/ SueOrTheAr

4 Distributions x {2,10,15} Dimensions

Mixture of five Gaussians

o Accurate:
floZ and NS are in good agreement.

w

| } Outperforms ANN
0o o e Scalable:
Rosenbrock 15d require no more than 10° samples.
0251 - - o Rapid
zfo’ It E 15d results of floZ obtained in ~ 20min on
. an A100 GPU
D ] 10 15
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High dimensional scalability

Single Gaussian

0.61 i
For the same number of samples (10°) & model complexity. 0.41
- S
5
X 0.2 s
* For complex distributions, we need a combination of more ﬁu o
samples, longer training time, and deeper networks. 2 0.0le } ..................... H——
—0.21 =

33



Varl

Var2

Var3

Applications: GW Ringdown

Bayes factor in favor of the presence of the higher 221 overtone in GW 150914

Fundamental Mode VS Fundamental Mode w/ Overtone
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102 i)

p(loge [Z/Zxs))

10

102

Applications: GW Ringdown

Fundamental Mode

QNl\IBO

Fundamental + Overtone

QNMygy + QNMoyy

101 J

100_

B floZ: 0.000 £ 0.029

ENN: 1.708 4+ 0.008
NS: 0.000 £ 0.141

11

B floZ: 0.141 £ 0.178
ENN: 2.408 £+ 0.007
NS: 0.000 £ 0.152

/\

LA P8 W

0
logc [Z/Z\]g]

D 0
loge [Z/ Zns]

O

Bayes factor in favor of the presence of the higher 221 overtone in GW 150914

Samples from a nested sampler:
CPNest !

35

I. W. Del Pozzo and J. Veitch, “CPNest: Parallel nested sampling.” Astrophysics source code library, record ascl:2205.021, May, 2022.



p(loge [Z/Zxs])

Applications: GW Ringdown

Bayes factor in favor of the presence of the higher 221 overtone in GW 150914

1014

QNMyq QNMgyy + QNM,y, Bayes factor s
= < = 10
B floZ: 0.000 £+ 0.029 B floZ: 0.141 £ 0.178 B floZ: 0.869 + 0.182
kNN: 1.708 + 0.008 kNN: 2.408 + 0.007 ENN: 1.490 £+ 0.015 102
NS: 0.000 £+ 0.141 NS: 0.000 £ 0.152 NS: 0.734 £+ 0.128
_101
/\ F10°
F10~
| 11 | | | n I | 0 -
—2 0 2 —2 0 0.0 0.5 1.0 1izhy 2.0

loge [Z/Zxs]

1

[Sv]

p(B)
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Applications: GW Ringdown

Bayes factor in favor of the presence of the higher 221 overtone in GW 150914

floZ estimates is compatible with nested sampling within
their 16 uncertainties.

Bayes factor

103
B floZ: 0.869 + 0.182
ENN: 1.490 + 0.015  F102
NS: 0.734 + 0.128
_101
_100
10~
I - L 1o-
0.5 1.0 1.5 2.0
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Applications: Pulsar Timing Array

Bayes factor in favor of the presence of Hellings-Downs relation in EPTA data

70 dimensional samples, with 1e5 samples.

floZ estimates is compatible with EPTA results within the 16 uncertainties.

Very non-gaussian distribution — Need more samples (ongoing analysis)

o CRN HD In Bayes factor
1 #- 1
floZ: 573284.827 floZ: 573286.716 mm( floz: 1900 33408 | [1°
. N
10° bl +2465 | || |- EPTA: 4.174
— :
Z :
N 1071 —
X o
0102 A
1073
= |[ : : "ﬂ - 0 : L1l IJ"[[ 1w’
573270 573280 573200 573300 573280 573290  573300-20 0 20
loge (Z/ Zxs] loge [Z/ Zxs) InB

Samples provided by the EPTA collaboration
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Convergence Test

How do we know that the flow is correct?
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Convergence Test

How do we know that the flow is correct?

u - o plot

Mapping to Latent space should be a gaussian
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