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→ → milli-Hz frequency milli-Hz frequency 
bandband
→ → New families of New families of 
sources (coalescing sources (coalescing 
binaries with large mass binaries with large mass 
asymmetries)asymmetries)

Golden probes: inspiral phase of EMRIsGolden probes: inspiral phase of EMRIs

q= μ
MBH

→ → Study of the Study of the 
environmentenvironment

Ncycles≃1/q≃105

MOTIVATION: WHY ASYMMETRIC BINARIES?MOTIVATION: WHY ASYMMETRIC BINARIES?

LISALISA EXTREME MASS-RATIO INSPIRALSEXTREME MASS-RATIO INSPIRALS SCIENCE CASESCIENCE CASE

MBH=(105−107)M
⊙

μ=(1−100)M
⊙

→ → Infer dark matter Infer dark matter 
propertiesproperties

MBH
μ

dark matter halodark matter halo

→ → precise measurement of source parametersprecise measurement of source parameters



  

BACKGROUND SPACETIME: BACKGROUND SPACETIME: GEOMETRY CONTENTGEOMETRY CONTENT

Primary Schwarzschild Black HolePrimary Schwarzschild Black Hole

Einstein Equations: Einstein Equations: 

Gμ ν
(0)=8πTμ ν

(0)env

ds2=gμ νdxμdxν=−a(r)dt2+
dr2

1−2m(r)/r
+r2 dΩ2
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BACKGROUND SPACETIME: BACKGROUND SPACETIME: MATTER CONTENTMATTER CONTENT

Dark Matter Halo ( Hernquist Profile  )Dark Matter Halo ( Hernquist Profile  )

Einstein equations: Einstein equations: 

Stress-energy tensorStress-energy tensor

Density profileDensity profile

Gμ ν
(0)=8πTμ ν

(0)env

Tμ ν
(0)env=diag(−ρ(r), 0 ,Pt(r),Pt(r))

ρ(r)=
MH(a0+2MBH)

2π r(r+a0)
3

(1−4
MBH

r
)
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BACKGROUND SPACETIME IN A SMALL EXPANSION IN  MBACKGROUND SPACETIME IN A SMALL EXPANSION IN  MHALOHALO  

CompactnessCompactness

Einstein equations: Einstein equations: 

solution at solution at O(MO(MHH))

C=
MH

a0

≃10−4

Gμ ν
(0)=8πTμ ν

(0)env

a(r)=1−
2MBH

r
+

2MH(2MBH−r)(a0
2−4MBH)(a0+r) log(a0+r)+4MBH(a0+r) log(r−2MBH)+6a0MBH+8MBH

2

r (a0+2MBH)
2(a0+r)

+O(MH
2 )

m(r)=MBH+MH(
a0

a0+2MBH

−
(a0+2MBH)(a0−4MBH+2 r)

(a0+r)2
)+O(MH

2 )
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EXTREME MASS-RATIO INSPIRALS IN DARK MATTER HALOSEXTREME MASS-RATIO INSPIRALS IN DARK MATTER HALOS

Secondary Stellar-Mass Compact ObjectSecondary Stellar-Mass Compact Object
moving along circular equatorial orbitsmoving along circular equatorial orbits

perturbation of the background spacetimeperturbation of the background spacetime

gμ ν=gμ ν
(0)+gμ ν

(1) Tμ ν
env=Tμ ν

(0)env+Tμ ν
(1)env

Gμ ν
(1)=8πTμ ν

(1)env+8πTμ ν
p
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ADIABATIC ORBITAL EVOLUTIONADIABATIC ORBITAL EVOLUTION

energy flux  (GW emission)energy flux  (GW emission)
particle orbital energyparticle orbital energy
particle orbital angular frequencyparticle orbital angular frequency

Radial evolutionRadial evolution Phase evolutionPhase evolution

fixed observation timefixed observation time

r plunge
r0

dr
dt
=−Ė dr

dEp

dΦ
dt

=ωp

Ė
Ep

ωp

⇒r (t),Φ(t)
t∈(t0 ,T)

r( t0)=r0

r(T)=rplunge=6MBH
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ENERGY FLUX COMPUTATIONENERGY FLUX COMPUTATION

Spherical symmetry of the background   Spherical symmetry of the background   decomposition ofdecomposition of   and   and 
  into into axialaxial and  and polarpolar modes modes
l + m = oddl + m = odd l + m = even l + m = even 

⇒ Ėtot=∑
l=2

∞

∑
m=−l

l
˙Elm
axial+ ˙Elm

polar

Ėlm
axial=

1
8 π

(l+2)!
(l−2)!

|Ψ(robs)|
2

d2Ψ lm
ax (r)

dt2
+(ω2−Vl

ax(r))Ψ lm
ax(r)=Slm

ax(r)

Ėlm
polar= lim

r→robs

1
32π

(l+2)!
(l−2)!

|K(r)|2

d Ψ⃗pol

dr
−α̂ Ψ⃗pol=S⃗pol

Ψ⃗pol={K(r) ,H0 (r),H1(r) ,W(r) ,δρ(r)}

gμ ν Tμ ν
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∀∀  configuration:configuration:

in vacuumin vacuum in a dark matter haloin a dark matter halo

 ⟾ ⟾ Detectability:Detectability:
    - dephasing- dephasing
    - faithfulness- faithfulness

SYSTEM CONFIGURATIONSSYSTEM CONFIGURATIONS

surrounded by three different halos: surrounded by three different halos: C=(10−3 ,10−4 ,10−5)

μ=10M
⊙

μ=50M
⊙

μ=10M
⊙

μ=50M
⊙

MBH=106M
⊙

MBH=106M
⊙

MBH=105M
⊙

MBH=105M
⊙
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DEPHASINGDEPHASING

C = 10C = 10-3-3 C = 10C = 10-4-4 C = 10C = 10-5-5

1 year1 year
observationobservation

6 months6 months
observationobservation

2(Φvacuum−Φmatter)
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FAITHFULNESSFAITHFULNESS
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T=6 months

hh11 = GW template of EMRI in vacuum = GW template of EMRI in vacuum
hh22 = GW template of EMRI in = GW template of EMRI in
              dark matter dark matter 

F[h1 ,h2]=max
{tc ,ϕc }

⟨h1
|h2⟩

√⟨h1
|h1⟩ ⟨h1

|h1⟩

⟨h1
|h2⟩=4ℜ[∫fmin

fmax
~h1(f )

~h2(f )

Sn(f )
df ]
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➢ Generalizing to eccentric orbits (currently working on it!)Generalizing to eccentric orbits (currently working on it!)

➢ Performing a more quantitative analysisPerforming a more quantitative analysis
➢ Studying other dark matter profilesStudying other dark matter profiles
➢ Adding the spin to the primary black holeAdding the spin to the primary black hole

WHAT COMES NEXT IN THE STORY?WHAT COMES NEXT IN THE STORY?

⟾⟾

S⃗
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BACK-UP SLIDESBACK-UP SLIDES



  

Expansion for small MExpansion for small MHH

Exact solution:Exact solution:

a(r)=1−
2MBH

r
exp (Υ)

Υ=−π√MH/ξ+2√MH /ξ arctan
r+a0−MH

√Mhξ

ξ=2a0−MH+4MBH



  

Expansion for small MExpansion for small MHH

First/second order comparisonFirst/second order comparison

Same compactness, but different values of MSame compactness, but different values of MH H and aand a00

axial sectoraxial sector

axial sectoraxial sector

polar sectorpolar sector

polar sectorpolar sector



  

Dependence on the CompactnessDependence on the Compactness
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Initial Radius and Flux RatioInitial Radius and Flux Ratio
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C = 10C = 10-3-3 C = 10C = 10-4-4

Total number of cycles:Total number of cycles:

(m1 ,m2)=(105 ,10)→N∼102×103 orbits
(m1 ,m2)=(105 , 50)→N∼58×103 orbits
(m1 ,m2)=(106 , 10)→N∼37×103 orbits
(m1 ,m2)=(106 , 50)→N∼26×103 orbits

m2=10
m2=10M⊙

m2=50M⊙



  

Stress-Energy Tensor of the environmentStress-Energy Tensor of the environment

Einstein Cluster approachEinstein Cluster approach: : 
Way of modeling a stationary BH surrounded Way of modeling a stationary BH surrounded 
by a collection of gravitation massesby a collection of gravitation masses

Equivalent to define a anisotropic stress-Equivalent to define a anisotropic stress-
energy tensorenergy tensor

Other DM profilesOther DM profiles

αα: dependence of the profile at large distances: dependence of the profile at large distances
: dβ: dβ ependence of the profile at small distancesependence of the profile at small distances
: γ: γ Sharpness of the transitionSharpness of the transition

( , , ) = (1,4,1) →  Hernquist (closed analytical form)α β γ( , , ) = (1,4,1) →  Hernquist (closed analytical form)α β γ
( , , ) = (1,3,1) →  Navarro-Frenk-Whiteα β γ( , , ) = (1,3,1) →  Navarro-Frenk-Whiteα β γ

EinastoEinasto

  (r) ρ(r) ρ must vanish at 2Rmust vanish at 2Rss::

ρ(r)=ρ(r /a0)
−γ [1+(r /a0)

α](γ−β)/ α

⟨Tμ ν⟩=
n
mp

⟨PμPν⟩

Tμν
(0)env=diag(−ρ(r),0 ,−Pt (r),−Pt (r))

ρ(r)→ρ(r)(1−4MBH /r)

ρ(r)=ρe exp{−dn[(r/ re)
1/n−1]}



  

Spikes in the dark matter densitySpikes in the dark matter density

Sadeghian et all. 2013Sadeghian et all. 2013


