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Hierarchical Bayesian analysis for population studies
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O Next level:
What are the properties of the underlying population of GW sources?

O Ultimate goal: Figure out the formation pathways of compact binary systems

® how many formation channels?
® properties of each individual channel (common envelope, kicks...)
® merger rate for each channel

. .
many more open questions [Thrane & Talbolt, 2018]
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® merger rate for each channel

. .
many more open questions [Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies

g
mlﬂlﬂ ﬂ,, | fll L 5l
LT | P M

Il : . U

O Lowest level:
What are the properties of individual GW sources?

p(0|d) « L(d)| 0)n(6)

i1 | T
. 1 @ = individual source parameters

Binary masses [M ;|

Detection number

O Next level:
~ What are the properties of the underlying population of GW sources?
i I

Hierarchical Bayesian
inference

[Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies

tzwﬁ b dpe .
} ] i
10 li I II il ﬂd‘ut

I ’ i

O Lowest level:
What are the properties of individual GW sources?

p(0|d) « L(d)| 0)n(6)

| " " —>

. | B @ = individual source parameters

Binary masses [M ;|

Detection number

O Next level:
What are the properties of the underlying population of GW sources?

Single-event Population
likelihood model
. 2 e)p(e]1)de
p(ld))| 7)) =t T |
Population Likelihood Pdet( A ) _— Not all sources are

equally easy to detect
[Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies
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What are the properties of individual GW sources?
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O Next level:

What are the properties of the underlying population of GW sources?
Selection effects

Single-event Population
likelihood model pdet(f) _ J’Pdet(_))p(g‘/l)d_)
. [Zde)plo)))de
p({di}‘ A ) = H)# Detectio\n/probability:
Population Likelihood Pd@t( A ) P, (0)= J Z(d| 0)dd
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Individual-event parameter estimation
O (BILBY, lalsimulation, PyCBC, RIFT, DINGO...)
O (GWfast, GWbench, GWfish)

Population level parameter estimation

O (GWpopulation, BILBY, deep learning codes, non-parametric models...)

O to make forecasts about the population properties that will be observed with 3G
detectors

We are developing a user-friendly python code to estimate the parameters that
characterize a population of GW events including selection effects



Population Fisher Matrix | ('), = Ne: [(I),
PlIn(p(0 | 2)/P,. (2
(rl)..=—J (P01 1)/Pie 1)) Pool ) p(6| 2)d6
! 0A'0) P det( /1 )
1 (0°Indet(T'+ H) P,
<FH)ZJ — 5[ a;tlg/l] ) de( ) (9 ‘ /l)dé’
JFhe(’%)
I A - PO1A) =
(F )zj_ ZJaﬂidﬂj _<F+H)kl_ L Pdet(/l) do
_ [ ), PO =
<FIV)U_ - J ONidA] _Pk(F+H)kl | P P (T do
— I 02 -1 dd( ) >
<FV)U__5[ 0AIOM] PUT+H), Py Pael( 2) PO 148

[Gair et al., 2023]



Population Fisher Matrix | (1), =N (1), + (Tu), + (Tun) + (T), + ()|

Pn(p(0 | I)IP (7)) P @ Population model: (0| 1)
(FI)..=‘J ( (1) Pl ®) ) i W :
! 0404 P det( /1 )
1 (0*Indet(T+ H) P
(FI">..=—[ T+ H) Pue0) p(0'|7)do
Ty 2 040N/ Pde(/l)
1 0 nE 0 2
(Cy) = J " [(r+m)|r, 2 )9
’ 2 ) ortors 1 Pa(2)
0% nE 0 2
(rw).:—J — |P(T+H) | D, pLo| ) do
’ or'0A) 1 1 Pa(2)
1 0 g 1.1 P ;
(FV)“:__[ — |P(T+H)_ P, 0 0) p(0'] 2)d6
’ 2 ) ortors 1 o Pa(2)

[Gair et al., 2023]



Population Fisher Matrix (T3), = Naet |(T1)  + (Tur)  + (Tan), + (Try), + (Ty) | %

PIn(p(0| 1)/Pu(2)) P
(FI)..=—J l (D) Pul®) | 7\ 74
/ allla/l] P det( /1 )
1 (0°Indet(lC" + H) P
(Tn) =—[ I +H) Pul©) p(0'|7)do
y 2 040N/ Pde(/l)
1 [ o0 _y 02
(o), = J " [(c+m) |, 2L )e
’ 2 ) Aol L 1 Pu(2)
0* T _y 02
(rw).:—J — |P(T+H) | D, pLo| ) do
’ 0A'0A) L L Pa(2)
1 o0 4 1P :
(FV)“:__[ — |P(T+H)_ P, 0 0) p(0'] 2)d6
’ 2 ) oAod L o Pu(2)

[Gair et al., 2023]



Population Fisher Matrix (T3), = Naet |(T1)  + (Tur)  + (Tan), + (Try), + (Ty) | %

PIn(p(0| 1)/Pu(2)) P
(FI)..=—J l (D) Pul®) | 7\ 74
/ allla/l] P det( /1 )
1 (0°Indet(lC" + H) P
(FH)..=—[ T+ H) Pue0) p(0'|7)do
y 2 040N/ Pde(/l)
1 [ o0 _y 02
(o), = J " [(c+m) |, 2L )e
’ 2 ) Aol L 1 Pu(2)
0* T _y 02
(rw).:—J — |P(T+H) | D, pLo| ) do
’ 0A'0A) L L Pa(2)
1 o0 4 1P :
(FV)“:__[ — |P(T+H)_ P, 0 0) p(0'] 2)d6
’ 2 ) oAod L o Pu(2)

[Gair et al., 2023]



Population Fisher Matrix (T3), = Naet |(T1)  + (Tur)  + (Tan), + (Try), + (Ty) | %
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Monte Carlo integration

We approximate the equation for I'y, I'yy, I'yyp, 'y, I'y With Monte Carlo integrals

1 Ndraw
IA) = [ X(0, )Py, (0)dO =~ X, A
(A) J( WParaw(0) NdraWZ‘,( )

l

Mass distribution p_ (¢|1)=Power Law Plus Peak

61 — DPdraw(0) — DPpop(0])
10 {5 I RERAREEREEE
i O L o
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3G forecasts
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Mass distribution =Power Law Plus Peak
Redshift distribution = Madau Dickinson
Spin= Default distribution

Detectors: ET ET+2CE
SNR threshold=12

= Ddraw (0) = Ppop(0|A)
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Parameter Description Fiducial Value
Mass model: POWER LAw PLUs PEAK
Qm Spectral index for the power-law of the primary mass distribution. 3.4
By Spectral index for the power-law of the mass ratio distribution. 1.1
Mmin Minimum mass of the power-law component of the primary mass 9.1 Mgy
distribution.
Mmax Maximum mass of the power-law component of the primary mass 87 Mg
distribution.

Ap Fraction of binary BHs in the Gaussian component. 0.039
Lhm Mean of the Gaussian component in the primary mass distribution. 34
Om Width of the Gaussian component in the primary mass distribution. 3.6
o) Width of mass smoothing at the lower end of the mass distribution. 4.0
Oh Width of mass smoothing at the upper end of the mass distribution. 0.5



3G forecasts

seMass distribution =Power Law Plus Peak
s¢Redshift distribution = Madau Dickinson

seDetectors: ET+2CE
S<SNR threshold=12

Parameter Description Fiducial Value

Rate model: MADAU DICKINSON

Oz Power-law index governing the rise of the star formation rate at low 2.7
redshift.

B Power-law index governing the decline of the star formation rate at high 3.0
redshift.

2p Redshift at which the star formation rate peaks. 2.0




3G forecasts

seMass distribution =Power Law Plus Peak
seRedshift distribution = Madau Dickinson
s<Spin= Default distribution

seDetectors: ET ET+2CE
S<SNR threshold=12

Parameter Description Fiducial Value

Spin model: DEFAULT

Oy Shape parameter of the Beta distribution of the spin magnitudes. 1.6

By Shape parameter of the Beta distribution of the spin magnitudes. 4.12

¢ Mixing fraction of mergers from the truncated Gaussian component for 0.66
spin orientations.

Ot Width of the truncated Gaussian component for spin orientations, de- 1.5

termining the typical spin misalignment.

Spin tilts

1

p(cos 0;|¢, 01) = 9 (L=} C M—l,l] (cos8;;1,0¢).



Astrophysical implications
What's the formation, evolution, and distribution of BBHs in the universe?

s Lower mass end at ~ 10, — Field binaries
_ V . —ewes ] % m, ~90M, — Hierarchical mergers in dense
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L2f - GWIC? 1 2 Low (but non-zero) spin magnitudes
j % Mixture of aligned and misaligned spins
% Weak precession

w5 o5 10 Mixof BBH formation channels (dynamical
and isolated)

[LVK, 2022]



Forecasts for the mass and cut off hyperparameters with 3G detectors

ET ET+2CE
Ndet Ndet
163k 326k 488k 651k 10k 190k 371k 551k 732k
Mass hyperparameters Mass hyperparameters
8 790) - Hm
— By — Om
)\peak
Cut off hyperparameters Cut off hyperparameters
— Mmnin oy}
Mmax Oh
2 4 6 8 10 2 4 6 8 10
Tows [y1] Tobs |yr]

s No big difference between E

(the scale of the problem is t
detections!)

"and ET+2CE

ne number of

% a,and u, are the best measured parameters

o, is the worst measured

Relative errors after 10 years of observation

ox /A ET ET-+2CE
Qi 6.7-10"% 6.0-10"
By 3.3-107° 3.1-107°
Mmin 1.3-10"° 1.0-1073
Momax 2.0-107° 2.0-107°
Apeak 5.5-107° 4.7-107°
ol 3.1-10° 2.3-107°
o 1.5-102 1.5-102
Lim 4.4-1074 3.7-1074
Tm 4.0-107° 2.7-1073
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Relative errors after 10 years of observation
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oy 3.1-10° 2.3-107°
o 1.5-10"2 1.5-1072
Lo 4.4-10"* 3.7-107
OTm 4.0-1073 2.7-107°
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Variationof m_.. vs T, . = 6 months

Mmax [M GD]
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Variation of m,_,, vs T, . = 12 months

ET
Ndet
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Variationof m_,. vs T,,,,, = 5 years

ET ET+2CE
Ndet Ndet
1k 109k 218k 326k 435k 10k 138k 2067k 395k 524k
87 -
30 - - | Mmax = 50M;,
. C T Mmax — 6OM®
§ - i - . Mmax — 7OM@
._N. 70- i | | — Mmax = 80M®
@
= ' T [ Mmax = ST Mg
s
60 -
50 -
/} ‘ 1 2 3 4 5 1 2 3 4 5
&//® Tons |years| Tons |years|
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Variation of m_,.. vs T, = 10 years

ET ET+2CE
Ndet Ndet
1k 163k 326k 488k 651k 10k 190k 371k Holk 732k
87 - - -
o
=.70-
.
z : :
= +£0.1M, | +0.09M|
60 -
50 -
13 5 1T 0o 1 3 5 7 10
Tons |years| Tons |years|

Mmax = D0Ma
Mmax = 00Mg
Mmax = (0Mg
Mmax = SO0Mg
Mmax = ST Mg



Conclusions

0O We developed a (not yet public) Fisher code for population analysis with selection effects
that enable the use of parametric (differentiable) models.

0O Our forecast show the outstanding constraining power of 3G detectors

O After just a few years of observation, these detectors are projected to constrain
hyperparameters with percent-level accuracy

Future work

O Exploring the correlations between parameters
O Adding cosmology

0O Perform hierarchical test of GR

O Otherideas?
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Power law of SMBHs with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]
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Power law of SMBHs with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]
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Power law of SMBHs with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]

== 'y our code

1.0 [HEEEEEEEEEE NN Y ['\ analytic

[[;=22935 = Adge = A Ny} - ~10.18
0.3 ) mj
=291 CE N NV T 0018

1 parameter 0 = M,

.| * Thyperparameter A = a with a, ~ 0 |
% M i = 104M® '
*x Mmax — 107M®

1
O
T
N\
l
P

S

[

=

* d, =5x%x10°M,

|
I = —withoe =0.1
2

* NObS — 100
*x Ndet = 39




Power Law (PL) mass function with smoothing
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PowerLaw mass function with smoothing
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Population model with 2 parameters and 2 hyperparameters
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Population model with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]
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Population model with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]
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