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Next level:
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inference

= individual source parameters⃗θ

p( ⃗θ |d) ∝ ℒ(d | ⃗θ )π( ⃗θ )
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Next level:

What are the properties of the underlying population of GW sources?

p( ⃗θ |d) ∝ ℒ(d | ⃗θ )π( ⃗θ )

= individual source parameters⃗θ

p({di} | ⃗λ ) =
∫ ℒ(d | ⃗θ ) p( ⃗θ | ⃗λ ) d ⃗θ

Pdet( ⃗λ )Population Likelihood

Single-event 
likelihood

Population 
model

[Thrane & Talbolt, 2018]

Not all sources are 
equally easy to detect



Detection number

Bin
ary

 m
as

se
s [

M
⊙

] Lowest level: 

What are the properties of individual GW sources?

Hierarchical Bayesian analysis for population studies

Next level:

What are the properties of the underlying population of GW sources?

p( ⃗θ |d) ∝ ℒ(d | ⃗θ )π( ⃗θ )

= individual source parameters⃗θ

p({di} | ⃗λ ) =
∫ ℒ(d | ⃗θ ) p( ⃗θ | ⃗λ ) d ⃗θ

Pdet( ⃗λ )

Pdet( ⃗λ ) = ∫ Pdet( ⃗θ )p(θ |λ)d ⃗θ

Population Likelihood

Single-event 
likelihood

Population 
model

Selection effects

Pdet( ⃗θ ) = ∫d>dth

ℒ(d | ⃗θ )dd

Detection probability:



Individual-event parameter estimation
Bayesian inference codes (BILBY, lalsimulation, PyCBC, RIFT, DINGO…)


Fisher codes (GWfast, GWbench, GWfish)

Population level parameter estimation
Bayesian inference codes (GWpopulation, BILBY, deep learning codes, non-parametric models…)


No fisher codes to make forecasts about the population properties that will be observed with 3G 
detectors

We are developing a user-friendly python code to estimate the parameters that 
characterize a population of GW events including selection effects

[Ashton et al, 2018]
[Henshaw et al, 2022]

[Dax et al, 2021]

[Branchesi et al, 2023]

[Iacovelli et al, 2022]
[Borhanian, 2021]
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+ (ΓIV)ij
+ (ΓV)ij]



(ΓI)ij
= − ∫

∂2 ln(p( ⃗θ | ⃗λ )/Pdet( ⃗λ ))
∂λi∂λ j

Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

(ΓII)ij
=

1
2 ∫

∂2 ln det(Γ + H)
∂λi∂λ j

Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

(ΓIII)ij
= −

1
2 ∫

∂2

∂λi∂λ j [(Γ + H)−1
kl ] Γkl

p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓIV)ij
= − ∫

∂2

∂λi∂λ j [Pk(Γ + H)−1
kl ] Dl

p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓV)ij
= −

1
2 ∫

∂2

∂λi∂λ j [Pk(Γ + H)−1
kl

Pl] Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

Population model:  p( ⃗θ | ⃗λ )1.

[Gair et al., 2023]

Population Fisher Matrix (Γλ)ij
≡ Ndet [(ΓI)ij

+ (ΓII)ij
+ (ΓIII)ij

+ (ΓIV)ij
+ (ΓV)ij]



[Gair et al., 2023]

Masses: Power law?1.

0 10 20 30 40 50 60
m [MØ]

10°7

10°5

10°3

10°1

101

p(m1)

p(m2) =
R

p(m1, m2)dm1

Population Fisher Matrix (Γλ)ij
≡ Ndet [(ΓI)ij

+ (ΓII)ij
+ (ΓIII)ij

+ (ΓIV)ij
+ (ΓV)ij]

(ΓI)ij
= − ∫

∂2 ln(p( ⃗θ | ⃗λ )/Pdet( ⃗λ ))
∂λi∂λ j

Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

(ΓII)ij
=

1
2 ∫

∂2 ln det(Γ + H)
∂λi∂λ j

Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

(ΓIII)ij
= −

1
2 ∫

∂2

∂λi∂λ j [(Γ + H)−1
kl ] Γkl

p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓIV)ij
= − ∫

∂2

∂λi∂λ j [Pk(Γ + H)−1
kl ] Dl

p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓV)ij
= −

1
2 ∫

∂2

∂λi∂λ j [Pk(Γ + H)−1
kl

Pl] Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ



[Gair et al., 2023]

Masses: power law + peak?1.
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3. Detection probability:
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p(d | ⃗θ )d ⃗θ

[Gair et al., 2023]

Pdet( ⃗λ ) = ∫ Pdet( ⃗θ )p(θ |λ)d ⃗θ

2. Selection effects:

Population model:  p( ⃗θ | ⃗λ )1.= Heaviside functionPdet( ⃗θ )
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+ (ΓIII)ij

+ (ΓIV)ij
+ (ΓV)ij]
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3. Detection probability:
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(ΓI)ij

= − ∫
∂2 ln(p( ⃗θ | ⃗λ )/Pdet( ⃗λ ))

∂λi∂λ j

Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

Single event Fisher matrix

with GWfast

Γ =4.

[Iacovelli et al, 2022]

(ΓII)ij
=

1
2 ∫
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Pdet( ⃗λ )
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3. Detection probability:
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= − ∫
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with GWfast

Γ =4.
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Errors on the single-event parameters 
 enter in the last four terms!⃗θ

(ΓII)ij
= ∫ B( ⃗θ ) Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

(ΓIII)ij
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Pdet( ⃗λ )
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(ΓIV)ij
= ∫ D( ⃗θ ) p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓV)ij
= ∫ E( ⃗θ ) Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ



[Gair et al., 2023]

Population Fisher Matrix (Γλ)ij
≡ Ndet [(ΓI)ij

+ (ΓII)ij
+ (ΓIII)ij

+ (ΓIV)ij
+ (ΓV)ij]
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3. Detection probability:

Pdet( ⃗θ ) = ∫d>dth

p(d | ⃗θ )d ⃗θ

Pdet( ⃗λ ) = ∫ Pdet( ⃗θ )p(θ |λ)d ⃗θ

2. Selection effects:

Population model:  p( ⃗θ | ⃗λ )1.
(ΓI)ij

= − ∫
∂2 ln(p( ⃗θ | ⃗λ )/Pdet( ⃗λ ))

∂λi∂λ j

Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

Single event Fisher matrix

with GWfast

Γ =4.

[Iacovelli et al, 2022]

(ΓII)ij
= ∫ B( ⃗θ ) Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

(ΓIII)ij
= ∫ C( ⃗θ ) p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓIV)ij
= ∫ D( ⃗θ ) p( ⃗θ | ⃗λ )

Pdet( ⃗λ )
d ⃗θ

(ΓV)ij
= ∫ E( ⃗θ ) Pdet( ⃗θ )

Pdet( ⃗λ )
p( ⃗θ | ⃗λ )d ⃗θ

If the single-event errors are small,

  is the dominant termΓI
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Astrophysical implications
What’s the formation, evolution, and distribution of BBHs in the universe?

[LVK, 2022]

Low (but non-zero) spin magnitudes

Mixture of aligned and misaligned spins

Weak precession

Mix of BBH formation channels (dynamical 
and isolated)

Lower mass end at ~  Field binaries

 Hierarchical mergers in dense 
environments

Peak at ~ Support for PISN mass gap between  
~

10M⊙ →

mmax ≃ 90M⊙ →

34M⊙ →

[40,60]M⊙
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Conclusions

Future work
   Exploring the correlations between parameters

   Adding cosmology

   Perform hierarchical test of GR

   Other ideas?

  We developed a (not yet public) Fisher code for population analysis with selection effects 
that enable the use of parametric (differentiable) models.


  Our forecast show the outstanding constraining power of 3G detectors

  After just a few years of observation, these detectors are projected to constrain 

hyperparameters with percent-level accuracy
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MCMC analysis for the same data set 
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