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Introduction

• Aim of talk is to highlight some of the key developments in recent years 

• Impossible to cover all work by the community over the past N+ years 

• Provide a broad overview of the key approaches  

• Signpost some of the talks throughout this week 

• Stimulate discussion during the coffee breaks!  

• Focus on inspiral-merger-ringdown (IMR) models 

• A lot of complementary work on perturbative approaches
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Why Waveform Modelling?
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• Key concept: gravitational-wave signal encodes 
astrophysical information  

• Bayesian inference key tool in inferring parameters 

• Likelihood ~ compares theoretical model against data 

p(✓ | d) = L(d | ✓)⇡(✓)
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Gravitational Waves
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LISA Massive Black Hole Binaries
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• Wealth of signals at low frequencies both distinct and complementary to ground-based detectors

LISA Definition Study Report - ESA-SCI-DIR-RP-002



The Morphology of Binary Black Hole Mergers
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Anatomy of an Inspiral…
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Anatomy of an Inspiral…
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Recent efforts have been working to relax this assumption! 
We will come back to this later…



The Parameter Space?
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Gravitational Waves: Cosmic Fingerprints
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• Key concept: gravitational-wave signal encodes astrophysical information  

from frequency evolution ~ infer masses

from amplitude and mass ~ infer distance

time of arrival, amplitude and phase at 
detectors ~ infer sky location

amplitude and phase modulations ~ infer spins, precession, eccentricity, …

<latexit sha1_base64="wgybWiHoTFRJcjn3n2wCFA+kV5E=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUnE10YoutBlBfuAJoTJdNIOncmEmYlQQr7Bjb/ixoUibl2582+ctllo64ELh3Pu5d57woRRpR3n2yotLC4tr5RXK2vrG5tb9vZOS4lUYtLEggnZCZEijMakqalmpJNIgnjISDscXo/99gORior4Xo8S4nPUj2lEMdJGCuyjKMg8yeFNO4eX0IskwpknOOmjqS5kmOeZl9A8sKtOzZkAzhO3IFVQoBHYX15P4JSTWGOGlOq6TqL9DElNMSN5xUsVSRAeoj7pGhojTpSfTV7K4YFRejAS0lSs4UT9PZEhrtSIh6aTIz1Qs95Y/M/rpjq68DMaJ6kmMZ4uilIGtYDjfGCPSoI1GxmCsKTmVogHyMSiTYoVE4I7+/I8aR3X3LPa6d1JtX5VxFEGe2AfHAIXnIM6uAUN0AQYPIJn8ArerCfrxXq3PqatJauY2QV/YH3+AGI6nfk=</latexit>

fGW =
!orb

⇡

<latexit sha1_base64="5NvzV1D5r769N8NoEB5g0BGouFM=">AAACFHicbVDLSgMxFM34rPVVdekmWAqCUGZ8b4SiC90IFewDOuOQSTNtaDIZk4xQhvkIN/6KGxeKuHXhzr8xfSy09cCFwzn3cu89Qcyo0rb9bc3Mzs0vLOaW8ssrq2vrhY3NuhKJxKSGBROyGSBFGI1ITVPNSDOWBPGAkUbQuxj4jQciFRXRre7HxOOoE9GQYqSN5Bf2XMFJB/mpKzkUMsjgGXTVvdQpdEOJcHoJr7NU3h1kMPMLRbtsDwGniTMmRTBG1S98uW2BE04ijRlSquXYsfZSJDXFjGR5N1EkRriHOqRlaIQ4UV46fCqDJaO0YSikqUjDofp7IkVcqT43F5c40l016Q3E/7xWosNTL6VRnGgS4dGiMGFQCzhICLapJFizviEIS2puhbiLTBba5Jg3ITiTL0+T+n7ZOS4f3RwWK+fjOHJgG+yAXeCAE1ABV6AKagCDR/AMXsGb9WS9WO/Wx6h1xhrPbIE/sD5/ABPBnjc=</latexit>

!orb =

r
GM

r3



IMR Waveform Models
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Breakdown of the Market?

• Flagship IMR models ~ grouped into 3 families 

• Pros and cons to each family 
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additional physics (GSF, scattering, …) 



Breakdown of the Market?

• Flagship IMR models ~ grouped into 3 families 

• Pros and cons to each family - cross-fertilisation of knowledge extremely successful
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Building and IMR Model…?

• Current models (broadly) follow the same schematic construction [e.g. Schmidt+ arXiv:1207.3088]
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• Current models (broadly) follow the same schematic construction [e.g. Schmidt+ arXiv:1207.3088]
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Building and IMR Model…?

• Current models (broadly) follow the same schematic construction [e.g. Schmidt+ arXiv:1207.3088]
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Building and IMR Model…?

• Current models (broadly) follow the same schematic construction [e.g. Schmidt+ arXiv:1207.3088]

36

<latexit sha1_base64="RP3wUOt2+d015buOUCZqsLGejWY="></latexit>

hinertial
`m =

X̀

m0=�`

D`⇤
mm0(↵,�, �)hcopr

`m

need a prescription for the final state



Building and IMR Model…?

• Current models (broadly) follow the same schematic construction [e.g. Schmidt+ arXiv:1207.3088]
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Surrogate Models
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Surrogate Models

• Data driven approach that ~ interpolate data across parameter space [NR, Waveforms, Dynamics] 

• Aims to reconstruct phenomenology of input data with no assumptions  

• Reduced order modelling has been a leading paradigm in the construction of surrogate models  
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Surrogate Models

• Data driven approach that ~ interpolate data across parameter space [NR, Waveforms, Dynamics] 

• Aims to reconstruct phenomenology of input data with no assumptions  

• Reduced order modelling has been a leading paradigm in the construction of surrogate models  

• So how does on schematically construct a surrogate model?
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Surrogate Models: Step 1

• Step 1: Build a reduced basis that represents function space in terms of N-dim orthonormal basis to a 
specified tolerance  

• Range of techniques to find orthonormal basis 

• Greedy algorithms, SVD, PCA, etc 

• Works best on smoothly/slowly varying data

σ
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Surrogate Models: Step 2

• Step 2: Build an empirical interpolant that compresses time/frequency dimension 

• Picks out values that are most representative  more nodes when data rapidly changing →
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• Step 2: Build an empirical interpolant that compresses time/frequency dimension 
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Surrogate Models: Step 2

• Step 2: Build an empirical interpolant that compresses time/frequency dimension 

• Picks out values that are most representative  more nodes when data rapidly changing →
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Surrogate Models: Step 3

• Step 3: Fit value of waveform at empirical nodes as function of parameters 
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Surrogate Models: Step 3

• Step 3: Fit value of waveform at empirical nodes as function of parameters 

• Parametric fit across parameter space [e.g. Varma+19] 

• Neural networks [e.g. Thomas+22 inc GP] 

• Gaussian process regression [e.g. Varma+19, Boschini+23] 
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Surrogate Models

• State-of-the-art precessing surrogate still NRSur7dq4 

• 1528 precessing NR simulations used to build surrogate 

• Calibrated to  and  

• But extrapolation up to  and  

q = 4 |χi | = 0.8

q ∼ 6 |χi | ∼ 0.99
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Surrogate Models

• State-of-the-art precessing surrogate still NRSur7dq4 

• 1528 precessing NR simulations used to build surrogate 

• Calibrated to  and  

• But extrapolation up to  and  

• Examples of recent surrogate models 

• Aligned-spin NR+PN/EOB [Varma+]  

• Memory effects using CCE waveforms [Yoo+23] 

• Extreme mass ratios [Islam+22] 

• Eccentric aligned-spin surrogate [Islam+22] 

• Remnant surrogate [Varma+19, Boschini+23]  

• Effective One Body [Thomas+22, Pompili+23] 

q = 4 |χi | = 0.8

q ∼ 6 |χi | ∼ 0.99
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Incorporating Numerical Information?
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Unphysical behaviour in amplitude and phase

• Numerical relativity allows us to incorporate full non-perturbative information in strong-field regime  

• Not free from systematics and couples to how models are informed and calibrated
Nagar+ inc GP



Incorporating Numerical Information?
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• Extrapolation of waveforms to  can introduce unphysical features 
[Chu+, Boyle+, Nagar (inc GP)+] 

• Mitigate with cauchy characteristic extrapolation (CCE) [Bishop+, 
Reisswig+, Taylor+, Barkett+, Moxon+] 

• Help reduce near-zone and gauge-effects on waveform 

• Recent work to understand impact of frame choice on waveform 

• Fix Poincaré (by mapping to center-of-mass) frame [Boyle+, 
Woodford+] 

• Use Poincaré charges and super translation charges to fix BMS 
frame [Mitman+] 

• Methodology increasingly important to meet accuracy 
requirements
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Phenomenological Waveform Models
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Phenomenological Models

• Phenomenological waveforms follow a data-driven approach to directly model the GW signal 

• Goal is an extreme compression of information into closed-form expressions 

• Implementations in both the time and frequency domain
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• Phenomenological waveforms follow a data-driven approach to directly model the GW signal 

• Goal is an extreme compression of information into closed-form expressions 

• Implementations in both the time and frequency domain 

• FD natural choice for GW data analysis 

• TD natural choice for modelling dynamics 

• Incorporate NR [or other] information via calibration 

• Fit ansatz to each dataset in a catalogue [local fit]
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• Phenomenological waveforms follow a data-driven approach to directly model the GW signal 

• Goal is an extreme compression of information into closed-form expressions 

• Implementations in both the time and frequency domain 

• FD natural choice for GW data analysis 

• TD natural choice for modelling dynamics 

• Incorporate NR [or other] information via calibration 

• Fit ansatz to each dataset in a catalogue [local fit] 

• Fit coefficients across parameter space [global fit] 
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Phenomenological Models

• Phenomenological waveforms follow a data-driven approach to directly model the GW signal 

• Goal is an extreme compression of information into closed-form expressions 

• Implementations in both the time and frequency domain 

• FD natural choice for GW data analysis 

• TD natural choice for modelling dynamics 

• Incorporate NR [or other] information via calibration 

• Fit ansatz to each dataset in a catalogue [local fit] 

• Fit coefficients across parameter space [global fit] 

• Methods to avoid under/over-fitting + deal with noisy data 

56
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Phenomenological Models

• Decompose GW signal into different regimes: inspiral, intermediate, merger-ringdown 
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• Inspiral from post-Newtonian theory 

• Balance equation can be used to derive the GW phase 
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Phenomenological Models

• Decompose GW signal into amplitude and phase 

h(f) = A(f) ei'(f)
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Phenomenological Models

• Decompose GW signal into amplitude and phase 

• Inspiral phase encodes a wealth of physics

h(f) = A(f) ei'(f)
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Phenomenological Models

• Decompose GW signal into amplitude and phase 

• Inspiral phase encodes a wealth of physics

h(f) = A(f) ei'(f)
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Phenomenological Models

• Decompose GW signal into amplitude and phase 

• Intermediate regime ~ phenomenological 

• Merger-ringdown ~ black hole perturbation theory

h(f) = A(f) ei'(f)
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Phenomenological Models

• Frequency domain: IMRPhenomXPHM [Pratten+, Garcia-Quiros+, Pratten+] 

• Time domain: IMRPhenomTPHM [Estelles+] 



Phenomenological Models

• Frequency domain: IMRPhenomXPHM [Pratten+, Garcia-Quiros+, Pratten+] 

• Time domain: IMRPhenomTPHM [Estelles+] 

• Recent developments 



Phenomenological Models

• Frequency domain: IMRPhenomXPHM [Pratten+, Garcia-Quiros+, Pratten+] 

• Time domain: IMRPhenomTPHM [Estelles+] 

• Recent developments 

• Implementation of PN spin dynamics following SpinTaylor [Colleoni+] 
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Phenomenological Models

• Frequency domain: IMRPhenomXPHM [Pratten+, Garcia-Quiros+, Pratten+] 

• Time domain: IMRPhenomTPHM [Estelles+] 

• Recent developments 

• Implementation of PN spin dynamics following SpinTaylor [Colleoni+] 

• Mode asymmetries [Ghosh+, Kolitsidou+] 

Capture precession-induced mode assymetry



Phenomenological Models

• Frequency domain: IMRPhenomXPHM [Pratten+, Garcia-Quiros+, Pratten+] 

• Time domain: IMRPhenomTPHM [Estelles+] 

• Recent developments 

• Implementation of PN spin dynamics following SpinTaylor [Colleoni+] 

• Mode asymmetries [Ghosh+, Kolitsidou+] 

• Calibration of precession dynamics against (single-spin) NR [Hamilton+] 



Phenomenological Models

https://arxiv.org/abs/2311.01300
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Effective One Body

• Map two-body dynamics onto dynamics of effective one body moving in deformed BH spacetime 

• Natural deformation parameter is the symmetric mass ratio  ν = μ/M
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Effective One Body

• Map two-body dynamics onto dynamics of effective one body moving in deformed BH spacetime 

• Natural deformation parameter is the symmetric mass ratio  ν = μ/M
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Buonanno and Damour 1999: arXiv:gr-qc/9811091 
Buonanno and Damour 2000: arXiv:gr-qc/0001013
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Significant freedom in construction of EOB model: 

Hamiltonian, PN information, gauge, resummation, coupling 
to spins, etc
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• An EOB is constructed from a number of key ingredients 
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• An EOB is constructed from a number of key ingredients 

• Hamiltonian encoding the conservative dynamics  
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Effective One Body: 

• An EOB is constructed from a number of key ingredients 

• Hamiltonian encoding the conservative dynamics  

• Radiation reaction force to account for loss of energy and angular momentum via emission of GWs 
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Effective One Body: 

• An EOB is constructed from a number of key ingredients 

• Hamiltonian encoding the conservative dynamics  

• Radiation reaction force to account for loss of energy and angular momentum via emission of GWs
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Effective One Body: 

• An EOB is constructed from a number of key ingredients 

• Hamiltonian encoding the conservative dynamics  

• Radiation reaction force to account for loss of energy and angular momentum via emission of GWs 

• Waveform modes that describe the inspiral, merger, and bringdown 
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Effective One Body: The Hamiltonian

• A key object is  encoding how higher-order analytical information enters framework Heff
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Effective One Body: The Hamiltonian

• A key object is  encoding how higher-order analytical information enters framework 

• The dynamics is encoded in the potentials  and  

Heff

Aν Dν
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Effective One Body: state-of-the-art?

• Currently two main EOB families: SEOBNR and TEOBResumS 

82
Pompili+, Khalil+, van de Meent+, Ramos-Buades+ 

+ many others

Bernuzzi+, Damour+, Gamba+, Messina+, Nagar+, Rettegno+,  
+ many others



Model Performance?
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Asessing Accuracy?

• Mismatch as one way to gauge (point-wise) level of agreement between models (and/or NR) 

• Overlap is the noise-weighted inner product - weighted by PSD of detector  

• Interested in the mismatch optimised over polarisation angle as well as time and phase (gauge) 

• Lot’s of different variations [e.g. sky-and-polarization averaged] 

• Treat as a measure of agreement between two waveforms at point in parameter space
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Mismatches Across the Parameter Space?

86

Ramos-Buades+ 
arXiv:2303.18046

• Compare semi-analytical models against the NR surrogate
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Mismatches Across the Parameter Space?
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Ramos-Buades+ arXiv:2303.18046

Largest differences at high(er) mass ratios and precession 



0.0 0.5 1.0 1.5 2.0 2.5 3.0
∂

100

10°1

10°2

10°3

10°4

10°5

1
°

M̄

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

q
=

m
2/

m
1

Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 

88

Face On Face Off

<latexit sha1_base64="VFTyI+0zvUEJsMRXBC2io9kFfjQ="></latexit>

M̄ = Mt0,'0, 0



0.0 0.5 1.0 1.5 2.0 2.5 3.0
∂

100

10°1

10°2

10°3

10°4

10°5

1
°

M̄

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

q
=

m
2/

m
1

Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 

89

Face On Face Off

<latexit sha1_base64="VFTyI+0zvUEJsMRXBC2io9kFfjQ="></latexit>

M̄ = Mt0,'0, 0

Detailed modelling 
of higher multipoles



0.0 0.2 0.4 0.6 0.8 1.0
¬p

100

10°1

10°2

10°3

10°4

10°5

1
°

M̄

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

q
=

m
2/

m
1

Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 

90

<latexit sha1_base64="VFTyI+0zvUEJsMRXBC2io9kFfjQ="></latexit>

M̄ = Mt0,'0, 0

Restrict to
 d

o
m

ain o
f valid

ity o
f N

R Surro
g

ate

effective precessing spin [Schmidt+]



0.0 0.2 0.4 0.6 0.8 1.0
¬p

100

10°1

10°2

10°3

10°4

10°5

1
°

M̄

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

q
=

m
2/

m
1

Mismatches Across the Parameter Space?

• Accuracy of models highly dependent on binary geometry, mass ratio, spins, etc 

91

<latexit sha1_base64="VFTyI+0zvUEJsMRXBC2io9kFfjQ="></latexit>

M̄ = Mt0,'0, 0

Restrict to
 d

o
m

ain o
f valid

ity o
f N

R Surro
g

ate

effective precessing spin [Schmidt+]

Detailed modelling 
of precession: 

mode asymmetries, 
co-precessing 

frame, NR tuning, 
higher multipoles, 

remnant, … 



Highlighting Some Challenges and Progress?
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Eccentricity
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Eccentricity

• Eccentricity as an excellent tracer for astrophysical formation channels 
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Eccentricity

• Eccentricity as an excellent tracer for astrophysical formation channels 

• Incorrect inference of eccentricity can bias reconstruction of astrophysical channels [Fumagalli+24] 

• Eccentricity introduces additional morphology into the waveform 
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• Eccentricity as an excellent tracer for astrophysical formation channels 
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• Eccentricity introduces additional morphology into the waveform 

• Need to models that incorporate full degrees of freedom: precession + eccentricity
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• Eccentricity as an excellent tracer for astrophysical formation channels 

• Incorrect inference of eccentricity can bias reconstruction of astrophysical channels [Fumagalli+24] 

• Eccentricity introduces additional morphology into the waveform 

• Need to models that incorporate full degrees of freedom: precession + eccentricity 

• Eccentricity not uniquely defined in GR - this is bad 

• Recent estimators with correct Newtonian limit using GW observables [Ramos-Buades+22] 

• Used to construct consistent initial data in Bonino+ 

• Significant progress on modelling eccentric binaries
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Scattering

• Analytical approximations traditionally carried out within post-Newtonian framework 

• Assumes weak field  and small velocities  [GM/(rc2)] ≪ 1 [v/c] ≪ 1
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Scattering

• Analytical approximations traditionally carried out within post-Newtonian framework 

• Assumes weak field  and small velocities  

• Recent interest in revisiting the post-Minkowski framework [Damour+16, Damour+17] 

• Only assumes weak fields  with causal constraints on velocity

[GM/(rc2)] ≪ 1 [v/c] ≪ 1
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