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The money plot for light relics
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The money plot for light relics

Must account for additional effects 
if light relics are massive 

(and ALPs do have masses!)
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Cosmological phenomenology
2203.07377, credit: B. Wallisch

Damping tail suppression:  
theta_d~sqrt(H(Neff)) 

Shift of acoustic peak position: 
phi~Neff

Massless/highly relativistic
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Cosmological phenomenology

Amplitude from abundance: omega_a ~ma/g*s(Td) 

Suppression from free-streaming scale: kfs~ma g*s(Td)^1/3
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Massive/non-relativistic

2203.07377, credit: B. Wallisch

Damping tail suppression:  
theta_d~sqrt(H(Neff)) 

Shift of acoustic peak position: 
phi~Neff

Massless/highly relativistic
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Cosmological phenomenology
2203.07377, credit: B. Wallisch

Damping tail suppression:  
theta_d~sqrt(H(Neff)) 

Shift of acoustic peak position: 
phi~Neff
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Massless/highly relativistic

This effect propagates  
to all matter tracers 

including gravitational lensing of CMB
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Cosmological phenomenology

Thermally produced axions via coupling with gluons and photons in the early Universe
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Cosmological phenomenology

Thermally produced axions via coupling with gluons and photons in the early Universe

After rotation of the quark fields and explicit mass breaking:

Effective axion mass

Axion-gluon coupling

Axion-photon coupling
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Cosmological phenomenology

Thermally produced axions via coupling with gluons and photons in the early Universe

After rotation of the quark fields and explicit mass breaking:

Effective axion mass

Axion-gluon coupling

Axion-photon coupling

We want to constrain these parameters!
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Cosmological phenomenology

Thermally produced axions via coupling with gluons and photons in the early Universe 

Relic population established at freeze-out condition  

Decoupling temperature  sets axion abundance 

Γ(Td) = H(Td)

Td ωa
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Cosmological phenomenology
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Cosmological phenomenology

Depending on the ALP mass, 
we expect cosmological bounds 

to follow any of the white line
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Summary of cosmological results

Massless-like

Hot Cold

Bounds follow expectations 
in extreme regimes 

Need for dedicated numerical analysis 
in intermediate (~eV) regime
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Bounds on axion-photon coupling

Broader than CAST below eV 
Excludes viable region 

in the ~10eV mass range 

ma>20eV,  
account for radiative decay 

+current CMB small-scale:  
1.6x stronger bounds 

in the low-mass regime 

+future CMB: 
3x stronger bounds 

For light axions: 
From stellar evolution:  

2x stronger bounds 
From globular clusters: 

3x stronger bounds
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Bounds on axion-gluon coupling

Current cosmology: 

Complementary to astro bounds 

+current CMB small-scale:  
~6x stronger bounds 

in the low-mass regime 
  

+future CMB: 
>10x stronger bounds 

in low-mass regime 

KSVZ QCD axion: fa>2 10^7 GeV 
-> ma < 0.3 eV



QCD axion thermal 
production
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ℒ ⊃1
2 (∂μa)(∂μa) + αs

8π
a
fa

Ga,μνG̃a
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Solve Boltzmann 
equations

This formula may not be precise enough:
1. if the cross section depends on momentum, 

since different momenta will decouple at 
different times;

2. if the number of degrees of freedom 
decrease rapidly, higher momenta will be 
less diluted, leading to spectral distortions;

3. because production may be never in 
thermal equilibrium.
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ℒaπ ⊃ Caπ

fa fπ
∂μa (2∂μπ0π+ π− − π0∂μπ+ π− − π0π+ ∂μπ−)

LO: ∑ |ℳLO |2 = ( Caπ

fa fπ )
2

9
4 (s2 + t2 + u 2 − 3m4

π)
[Chang and Choi, hep-ph/9306216]

Caπ = 1
3 ( md − mu

md + mu
+ c0

d − c0
u )
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ℒaπ ⊃ Caπ

fa fπ
∂μa (2∂μπ0π+ π− − π0∂μπ+ π− − π0π+ ∂μπ−)

LO: ∑ |ℳLO |2 = ( Caπ

fa fπ )
2

9
4 (s2 + t2 + u 2 − 3m4

π)

NLO:
[Di Luzio, Martinelli and Piazza, 2101.10330]

Caπ = 1
3 ( md − mu

md + mu
+ c0

d − c0
u )

[Chang and Choi, hep-ph/9306216]
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Tππ = 1
3 (T0(s) + 3 T1(s) + 5 T2(s))

[Schenk, Phys. Rev. D 47 (1993) 11]

TI = 32π
∞

∑
ℓ= 0

(2ℓ + 1)Pℓ(cos θ)tI
ℓ(s)

tI
ℓ = s

s − 4m2π

e2iδI
ℓ(s) − 1
2i

expand into partial waves

Decompose amplitude into isospin channels:

unitarity implies (in the elastic region)

N
LO

LO

pheno



6

ℒ ⊃
∂μa
2fa

c0 q̄γμγ5q− q̄LMaqR + h . c .
Ma ≡(mu 0

0 md) ei a
2fa (1+ c3σ3)

[Notari, Rompineve and Villadoro, 2211.03799]
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ℒ ⊃
∂μa
2fa

c0 q̄γμγ5q− q̄LMaqR + h . c .
Ma ≡(mu 0

0 md) ei a
2fa (1+ c3σ3)

ℒχPT ⊃ f2
π

4 Tr[∂μU∂μU† + 2B0(MaU† + UM†
a)] + . . .

U ≡ei ⃗π ⋅ ⃗σ /fπ

at low energies

[Notari, Rompineve and Villadoro, 2211.03799]
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ℒ ⊃
∂μa
2fa

c0 q̄γμγ5q− q̄LMaqR + h . c .
Ma ≡(mu 0

0 md) ei a
2fa (1+ c3σ3)

π0 = cos(θaπ) π0
phys + sin(θaπ) aphys

ℳaπi→π jπk = θaπ ℳπ0πi→π jπk + / ( m2
π

s )

≃ π0
phys + θaπ aphys

ℒχPT ⊃ f2
π

4 Tr[∂μU∂μU† + 2B0(MaU† + UM†
a)] + . . .

U ≡ei ⃗π ⋅ ⃗σ /fπ

 mixing rotated away by orthogonal 

rotation with angle  

a − π0

θaπ ≃ fπ
2fa ( md − mu

md + mu
− c3)

at low energies

[Notari, Rompineve and Villadoro, 2211.03799]
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1.  final-state interactions are resonant:  for I=L=0,  for I=L=1
2. Chiral Perturbation theory cannot produce these resonances
3. the unitarity relation implies that the phase shifts of the ChPT 

axion amplitude and  amplitude are the same 

ππ σ ρ

ππ
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1.  final-state interactions are resonant:  for I=L=0,  for I=L=1
2. Chiral Perturbation theory cannot produce these resonances
3. the unitarity relation implies that the phase shifts of the ChPT 

axion amplitude and  amplitude are the same 

ππ σ ρ

ππ

[Di Luzio, Camalich, Martinelli, Oller and Piazza, 2211.05073]

LO
NLO
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AIJ(s) =
A(2)

IJ (s)
1 − A(4)

IJ (s)/A(2)
IJ (s)

Inverse 
Amplitude 
Method

[Di Luzio, Camalich, Martinelli, Oller and Piazza, 2211.05073]

LO
NLO
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[Bianchini, Grilli di Cortona and Valli 2310.08169]
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Neutrino cosmology 101

C!B
T~O(MeV)

T~m! (?)
Relativistic 

Non  
Relativistic 

Dolgov02,Lesgourgues&Pastor06,Hannestad10,Gerbino+23

 ((Hot) Axions ~ Neutrinos



Minimal  QCD Axion
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[Bianchini, Grilli, Valli `23]
ma ≤ 0.22 eV @ 95 %



arXiv: 2207.13133

BBN IS COMPETITIVE WITH CMB TO CONSTRAIN ΔNeff



4He
% level  

measurement

PDG  2021: YP = 0.245 ± 0.003

arXiv: 2005.12290



D % level  
measurement

arXiv: 1703.06656

astro-ph/9803071arXiv: 1710.11129

PDG  2021: (D/H) × 105 = 2.547 ± 0.025



BBN ERA IN �CDM

n+ νe ↔ p + e−

n+ e+ ↔ p + ν̄e (nn/np) |T≃MeV ≃1/6

(nn/np) |T≳MeV ≃exp(−Q/T )
mn−mp ≃1.3 MeV

Nucleosynthesis naively at MeV … BUT: Tnucl. ∼BD ≃2.2

Γ(n+ p → D + γ) ∼nB⟨σv⟩Dγ

Γ(n+ p ← D + γ) ∼nγ exp(−BD/Tγ)⟨σv⟩Dγ

i.e., it really starts at such that:   Tnucl. ηB ≃exp(−BD/Tnucl.)



BBN ERA IN �CDM
Deuterium “bottleneck” implies  MeV.  After that : Tnucl. ≃0.1

~ all neutrons into helium-4

(nn/np) |T ≃0.1MeV ≃1/7
p n

p

n
n

n
pp

n

p
p

n YP ≡ m4He

mB
≃ 4(nn/2)

nn+ np
≃0.25

Baryon mass fraction in helium-4

 residual amount of deuterium and helium-3 relative to . 

Lithium-7 “survives” in smaller relative abundance, .

0(10−5) p
0(10−10)



PRyMordial: BBN state-of-the-art predictions
[Burns, Tait, Valli `23]

github.com/vallima/PRyMordial

<latexit sha1_base64="Wi7dSc7ofnI16WZg7Jm0cECBCiE=">AAACEXicbZBLTgJBEIZ78IX4wsfOTUdi4sKQARN16WOjCxM0IiRASE1TYIeenkl3jYkSTuEF3OoN3Bm3nsALeA4bZKFgrf78fz1SXxAracn3P73U1PTM7Fx6PrOwuLS8kl1du7FRYgSWRaQiUw3AopIayyRJYTU2CGGgsBJ0Twd55Q6NlZG+pvsYGyF0tGxLAeSsZnajdHV+cXzNdSIUguEGCG0zm/Pz/rD4pCiMRI6NqtTMftVbkUhC1CQUWFtToFtWQIy7ezE1emBIuv39TD2xGIPoQgdrTmoI0TZ6wzf6fDuxQBGP0XCp+NDE3xM9CK29DwPXGQLd2vFsYP6X1RJqHzZ6UscJoRaDQyQVDg9ZYaTjg7wlDRLB4AXkUnMBDgWhkRyEcGbigGUcmMI4hklxU8wX9vP+ZTF3dDJClGabbIvtsAI7YEfsjJVYmQn2wJ7YM3vxHr1X7817/2lNeaOZdfanvI9vLZec8A==</latexit>

PRIMAT nuclear rates

<latexit sha1_base64="LWkwkLg0yT5gHMZ11KBncUFeZNk=">AAACEXicbZBLSgNBEIZ7fBtf8bFz0xgEFxImEdRlVAKuJIpJhBhCTaeiTXp6hu4aQYOn8AJu9QbuxK0n8AKew844C43W6uf/60F9QaykJd//8MbGJyanpmdmc3PzC4tL+eWVho0SI7AuIhWZiwAsKqmxTpIUXsQGIQwUNoP+0TBv3qCxMtLndBtjO4QrLXtSADmrk187OTg6q1a5ToRCMNwAoe3kC37RT4v/FaVMFFhWtU7+87IbiSRETUKBtS0FumsFxLi9E1N7AIak23+fu0wsxiD6cIUtJzWEaNuD9I17vplYoIjHaLhUPDXx58QAQmtvw8B1hkDXdjQbmv9lrYR6++2B1HFCqMXwEEmF6SErjHR8kHelQSIYvoBcai7AoSA0koMQzkwcsJwDUxrF8Fc0ysXSbtE/LRcqhxmiGbbONtgWK7E9VmHHrMbqTLA79sie2LP34L14r97bd+uYl82ssl/lvX8B+hyc0Q==</latexit>

NACREE nuclear rates

<latexit sha1_base64="+SYU+bfg+joMXgfftlsRvMeAkPE=">AAACD3icbVBLTgJBFOzBH+IPcemmIzFxYcgAibokaqJLTOSTACFvmgd26OmZdL8xEsIhvIBbvYE749YjeAHP4QyyULBWlapXeanyQiUtue6nk1paXlldS69nNja3tneyu7m6DSIjsCYCFZimBxaV1FgjSQqboUHwPYUNb3iR+I17NFYG+pZGIXZ8GGjZlwIolrrZXPXyqlTmPoKNDPqoyXazebfgTsEXSXFG8myGajf71e4FIkrCQoG1LQW6ZwWEeFwOqTMGQ1IonGTakcUQxBAG2IqpBh9tZzwtMeGHkQUKeIiGS8WnIv5OjMG3duR78aUPdGfnvUT8z2tF1D/rjKUOI0ItkkckFU4fWWFkvA7ynjRIBEkF5FJzAQaI0EgOQsRiFM+ViYcpzs+wSOqlQvGk4N6U8pXz2URpts8O2BErslNWYdesympMsAf2xJ7Zi/PovDpvzvvPacqZZfbYHzgf39p2nD8=</latexit>

PDG23 measurements

http://github.com/vallima/PRyMordial
http://github.com/vallima/PRyMordial
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CMB temperature measurements
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( Tdec < Tc)

ma ≤ 0.16 eV
@ 95 % HDI

30% improvement 

with respect to


[Notari, Rompineve,  
Villadoro`23 ]



Γa = ∫ d 4x eikx⟨1(x)1(0)⟩
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FIG. 1: Sphaleron rate for 2+1 full QCD at the physical point
as a function of temperature T (diamond points). Dashed
line and uniform shaded area represent best fit of our results
according to (15). Previous quenched determinations of the
rate are also shown: Refs. [7, 8] (square points), Ref. [10]
(round points) and Ref. [11] (starred point). Top plot: x-
axis expressed in terms of absolute temperature T converted in
MeV. Bottom plot: x-axis expressed in terms of T/Tc, where
Tc = 155 MeV and Tc = 287 MeV for full QCD and quenched
results respectively. Starred shaded area depicts semiclassical
prediction (14).

As a final remark, we would also like to mention that,
despite a semiclassically-inspired logarithmic power-law
fits well our full QCD results for the sphaleron rate, also
other functional forms could describe the T -behavior of
our data. For example, a fit function of the type:

ΓSphal

T 4
= Ã

(
T

Tc

)−b

, (16)

works perfectly fine as well, yielding a reduced chi-
squared of 0.48/3, cf. Fig. 2, where the best fit with (16)
is depicted as a dashed line and a shaded area. Fit pa-
rameters turn out to be Ã = 0.71(23) and b = 2.19(38).
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FIG. 2: Same as Fig. 1, but using (16) to fit our data.

CONCLUSIONS

In this letter we presented the first computation of the
sphaleron rate in 2 + 1 full QCD with physical quark
masses as a function of the temperature in the range
200 MeV ! T ! 600 MeV.

The sphaleron rate was obtained from the inversion
of finite lattice spacing and finite smoothing-radius lat-
tice Euclidean topological charge density correlator from
the modified Backus–Gilbert method recently introduced
by the Rome group. Then, the physical value of the
sphaleron rate was obtained performing a continuum
limit at fixed smoothing radius, followed by a zero-
smoothing limit.

Concerning the comparison of our full QCD determi-
nations with previous quenched results, we found them
to be larger. Concerning instead the temperature behav-
ior of our data, our results for ΓSphal/T 4 can be fitted
well by semiclassically-inspired functional form, predict-
ing a logarithmic power-law decay of the rate. However,

Minimal  QCD Axion ( TD > Tc)



Γa = ∫ d 4x eikx⟨1(x)1(0)⟩

  

Thermal
QCDIm {                         }

Boltzmann Equation and Thermalization Rate >Boltzmann Equation and Thermalization Rate >

Minimal  QCD Axion ( Tdec  Tc)≳

[Bonanno, D’Angelo, D’Elia,  
Maio, Naviglio `23]

Recipe for a reasonable (?) forecast:

( I ) Axion initially in thermal equilibrium

( II ) Extrapolate somehow sphaleron rate at non-zero 
momentum (e.g. constant within sphaleron size) 

( III ) Set initial condition @ Tc :  

150 MeV < T < 600 MeV
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REMARK:   Minimal QCD axion —> “unavoidable” Hot Dark Matter

TODAY —>  linear Cosmology + improved ChPT :  

FUTURE —> cosmo bound competitive w/ current astro probes

(CMB + LSS + BBN)ma < 0.16 eV @ 95 % probability_



STRONG SPHALERONS BEYOND 0-MOMENTUM ?  

FINITE T EFFECTS IN AXION-PION SCATTERING ?  

THERMAL PRODUCTION BEYOND SU(2) F ChPT ?  

UV MODELS BEYOND THE MINIMAL QCD AXION ?  

NON-LINEAR COSMOLOGY OBSERVABLES ?  

—  Lyman -  constraints <—> targeted simulations ?α

—  EFTofLSS (PyBird / CLASS-PT) <—> dedicated study ?

—  other current observables / exciting future forecasts ?
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