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Minimal  QCD Axion

fa = 5.7 × 106 GeV (eV/ma)

It couples to Topological Charge Density:    𝒬 ≡
αs

8πfa
G G̃

[Hook `21]

[Grilli, Hardy, Pardo, Villadoro `16]
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Minimal  QCD Axion

BSM imprints to cosmological history of the Universe !
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Neutrino cosmology 101

C!B
T~O(MeV)

T~m! (?)
Relativistic 

Non  
Relativistic 

Dolgov02,Lesgourgues&Pastor06,Hannestad10,Gerbino+23

SOME LIKE IT HOT :  Axions ~ Neutrinos



Minimal  QCD Axion

Tdec

H ∼ T2/MPl

Γa ∼ T3/f 2
a

T

Decoupling happening

roughly at temperature :

𝒪(MeV) × (eV/ma)2

Tdec

fa = 5.7 × 106 GeV (eV/ma)

It couples to Topological Charge Density:    𝒬 ≡
αs

8πfa
G G̃

[Hook `21]

[Grilli, Hardy, Pardo, Villadoro `16]

i.e. smaller mass, higher

decoupling temperature ! 



Minimal  QCD Axion

ΔNeff |@rec. ≡
ρa(ma)

ρν TCMB
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4
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4/3

  

Arias-Arogon, Baumann, Bernal, 

Berezhiani, Chang, Choi, D'Eramo, Di 

Luzio, Di Valentino, Dunsky, Ferreira, 

Giusarma, Graf, Green, Guo, Hall, 

Hajkarim , Hannestad, Harigaya, 

Khlopov, Lattanzi, Martinelli, Masso, 

Melchiorri, Mena, Merlo, Mirizzi, 

Notari, Piazza, Ra7elt, Rompineve, Rota, 

Sakharov, Silk, Slosar, Ste7en, Wallisch, 

Wong, Yun, Zsembinszki ...

PlanckPlanck

Simons Obs.Simons Obs.

CMB-S4CMB-S4

QCDQCD

crossovercrossover

Pion BathPion Bath Quark-Gluon PlasmaQuark-Gluon Plasma

Axion ;Axion ;NN
e7e7
 has long history: has long history:

Δ
N e

ff
| @

re
c.

Tdec [GeV] [Baumann, Green, Wallisch `16]



Hot Axions from pions

Gioacchino Piazza 17/02/23

Leading order scattering amplitude

22

+ +
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ℒLO
aπ = Caπ

fa fπ
∂μa (2∂μπ0π+π− − π0∂μπ+π− − π0π+∂μπ−)

 π0  π−

 π+

 π−

 π−

 π0 π+

 π+

 π0

⟨Eπ⟩ ≃ ρπ /nπ ≃ 3T ⇒ s ≳ 500 MeV @ T ∼ 100 MeV

Γ(NLO)
a ∼ Γ(LO)

a for T > 70 MeV

[Georgi, Kaplan, Randall `86]

[Di Luzio, Martinelli, Piazza `21]



  

1. The Thermalization Rate >1. The Thermalization Rate >

@ all orders in BPT

General form of low energy axion QCD Lagrangian:General form of low energy axion QCD Lagrangian:

e.g. @ LO

Hot Axions from pions

G.Villadoro @ GGI `23



Hot Axions from pions

Gioacchino Piazza 17/02/23

FSIFSI  final-state interactions (FSI) are resonantππ

σ or f0(500) in I = L = 0

ρ(770) in I = L = 1

NLO  ChPTaπ
ρ

σ

NLO  ChPTaπ

NLO  ChPTaπ

Comparing NLO  ChPT to  data:aπ ππ (δa)ℓ
I ≠ (δπ−scatt)ℓ

I

ChPT cannot produce resonances

Lindenbaum, Longacre ’92

Estabrooks, Martin ’74 
…….

⇒ (δa)ℓ
I = (δπ−scatt)ℓ

IUnitarity

Gioacchino Piazza 17/02/23

Unitarization to extend the validity of ChPT
✤Inverse Amplitude Method (IAM):

Definite  amplitudes I, J

[Truong, PRL 61, 2526 ]


The IAM amplitude satisfies unitarity and has the correct low-energy expansion of ChPT up to !(p4)

NLO  ChPTaπ

ρσ
NLO  ChPTaπ

NLO  ChPTaπ

Unitarize
d

Unitarized

Unitarize
d

✓Phases obtained in IAM correspond to phases of  scattering: Watson th.! ππ

 AIJ(s) =
A(2)

IJ (s)
1 − A(4)

IJ (s)/A(2)
IJ (s)

IAM LECs from fit to  scatt. [Dobado, Pelaez 1997]ππ

G.Piazza @ NP Signal `23
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= (Yeq − Y) Γ
H (1 − 1

3
d log g*S

d log x )

Solve Boltzmann 
equations

This formula may not be precise enough:
1. if the cross section depends on momentum, 

since different momenta will decouple at 
different times;

2. if the number of degrees of freedom 
decrease rapidly, higher momenta will be 
less diluted, leading to spectral distortions;

3. because production may be never in 
thermal equilibrium. 3
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2. Momentum Dependence2. Momentum Dependence

PlanckPlanck

Simons Obs.Simons Obs.

CMB-S4CMB-S4

QCDQCD

crossovercrossover

~ 40% enhancement~ 40% enhancement

Boltzmann Eq.Boltzmann Eq.

Axion spectral distortions do matter …
[Notari, Rompineve, Villadoro `22]

 High momenta k decouple later than low k.
 They see a lower  —> Greater g* ΔNeff



Hot Axions from pions
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Minimal  QCD Axion
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JCAP 10 (2022) 046

BBN IS COMPETITIVE WITH CMB TO CONSTRAIN ΔNeff

BBN 

CMB 



4He

% level 

measurement

PDG  2021: YP = 0.245 ± 0.003

arXiv: 2005.12290



D % level 

measurement

arXiv: 1703.06656

astro-ph/9803071arXiv: 1710.11129

PDG  2021: (D/H) × 105 = 2.547 ± 0.025



BBN ERA IN ΛCDM

n + νe ↔ p + e−

n + e+ ↔ p + ν̄e (nn/np) |T≃MeV ≃ 1/6

(nn/np) |T≳MeV ≃ exp(−Q/T )
mn − mp ≃ 1.3 MeV

Nucleosynthesis naively at MeV … BUT: Tnucl. ∼ BD ≃ 2.2

Γ(n + p → D + γ) ∼ nB⟨σv⟩Dγ

Γ(n + p ← D + γ) ∼ nγ exp(−BD/Tγ)⟨σv⟩Dγ

i.e., it really starts at such that:   Tnucl. ηB ≃ exp(−BD/Tnucl.)



BBN ERA IN ΛCDM

Deuterium “bottleneck” implies  MeV.  After that : Tnucl. ≃ 0.1

~ all neutrons into helium-4

(nn/np) |T ≃ 0.1MeV ≃ 1/7
p n

p

n
n

n
pp

n

p
p

n YP ≡
m4He

mB
≃

4(nn/2)
nn + np

≃ 0.25

Baryon mass fraction in helium-4

 residual amount of deuterium and helium-3 relative to .


Lithium-7 “survives” in smaller relative abundance, .

𝒪(10−5) p

𝒪(10−10)



arXiv: 2307.07061 

A new tool to investigate Big Bang Nucleosynthesis (BBN)  
within the Standard Model (SM) and Beyond (BSM)

Anne-Katherine Burns Californian MeYounger Tim

PRyMordial : The first 3 min in (10) sec𝒪



PRyMordial: Overview

Fully Python-based,  user-friendly & numerically fast … 

PRyMordial A new package for BBN phenomenology

Featuring: — simplified, but precise, method for  decoupling ν
— ab-initio efficient computation of n <—> p
— a customizable up-to-date nuclear network

Meets precision for state-of-the-art SM predictions.

Opens up uncharted territory for BSM in BBN era.

— several built-in options for New Physics

DiffEq.jl  from Sci Machine Learning kit in
github.com/vallima/PRyMordial

http://github.com/vallima/PRyMordial


PRyMordial: BBN state-of-the-art predictions
[Burns, Tait, Valli `23]

<latexit sha1_base64="Wi7dSc7ofnI16WZg7Jm0cECBCiE=">AAACEXicbZBLTgJBEIZ78IX4wsfOTUdi4sKQARN16WOjCxM0IiRASE1TYIeenkl3jYkSTuEF3OoN3Bm3nsALeA4bZKFgrf78fz1SXxAracn3P73U1PTM7Fx6PrOwuLS8kl1du7FRYgSWRaQiUw3AopIayyRJYTU2CGGgsBJ0Twd55Q6NlZG+pvsYGyF0tGxLAeSsZnajdHV+cXzNdSIUguEGCG0zm/Pz/rD4pCiMRI6NqtTMftVbkUhC1CQUWFtToFtWQIy7ezE1emBIuv39TD2xGIPoQgdrTmoI0TZ6wzf6fDuxQBGP0XCp+NDE3xM9CK29DwPXGQLd2vFsYP6X1RJqHzZ6UscJoRaDQyQVDg9ZYaTjg7wlDRLB4AXkUnMBDgWhkRyEcGbigGUcmMI4hklxU8wX9vP+ZTF3dDJClGabbIvtsAI7YEfsjJVYmQn2wJ7YM3vxHr1X7817/2lNeaOZdfanvI9vLZec8A==</latexit>

PRIMAT nuclear rates

<latexit sha1_base64="LWkwkLg0yT5gHMZ11KBncUFeZNk=">AAACEXicbZBLSgNBEIZ7fBtf8bFz0xgEFxImEdRlVAKuJIpJhBhCTaeiTXp6hu4aQYOn8AJu9QbuxK0n8AKew844C43W6uf/60F9QaykJd//8MbGJyanpmdmc3PzC4tL+eWVho0SI7AuIhWZiwAsKqmxTpIUXsQGIQwUNoP+0TBv3qCxMtLndBtjO4QrLXtSADmrk187OTg6q1a5ToRCMNwAoe3kC37RT4v/FaVMFFhWtU7+87IbiSRETUKBtS0FumsFxLi9E1N7AIak23+fu0wsxiD6cIUtJzWEaNuD9I17vplYoIjHaLhUPDXx58QAQmtvw8B1hkDXdjQbmv9lrYR6++2B1HFCqMXwEEmF6SErjHR8kHelQSIYvoBcai7AoSA0koMQzkwcsJwDUxrF8Fc0ysXSbtE/LRcqhxmiGbbONtgWK7E9VmHHrMbqTLA79sie2LP34L14r97bd+uYl82ssl/lvX8B+hyc0Q==</latexit>

NACREE nuclear rates
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PDG23 measurements
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FIG. 2. Extra relativistic degrees of freedom at recombination
due to the hot QCD axion produced via pion scattering in the
two di↵erent approaches described in the text. In the insert
we compare the two methods also on the axion phase space.

extra radiation in the Early Universe, altering the expan-
sion rate and a↵ecting the matter-radiation equality and
Silk damping scales. Furthermore, they leave an impor-
tant imprint on the large-scale structure (LSS) when they
become non-relativistic. For this reason, the QCD axion
can be constrained by a set of cosmological data. These
include measurements at low- and high-` of the CMB
temperature and polarization power spectra, exquisitely
measured by the Planck Collaboration [81], as well as
measurements of galaxy surveys like BOSS [82], prob-
ing particularly well in the linear regime the amplitude
of the matter-power spectrum at the frequencies of bary-
onic acoustic oscillation (BAO) peaks. In order to exploit
the statistical power of the rich cosmological dataset of
Refs. [82–89], we implement the hot QCD axion as a
non-cold dark-matter species in the CMB Boltzmann-
solver code CLASS [90, 91] using the set of phase-space
distributions Fa at the core of Fig. 2. We compare the-
ory predictions obtained in an extended ⇤CDM cosmol-
ogy with massive neutrinos (satisfying a lower bound ofP

m⌫ > 0.06 eV as hinted by ⌫-oscillation global fits [92–
94]) and the QCD axion against CMB and LSS data via
a Monte Carlo Markov Chain (MCMC) analysis, using
the general-purpose Bayesian package Cobaya [95] (see
the Supplemental Material for more details).

In Fig. 1 we show the marginalized posterior dis-
tribution of ma constrained by CMB and LSS data
(blue band): the 95% highest density interval (HDI)
of the QCD axion mass reads ma  0.22 eV. This
constraint aligns well with that from Ref. [57], but is
slightly stronger due to our additional inclusion of BAO
measurements from luminous red galaxies observed by
eBOSS [86], as well as the recent combined analysis of
ACT and Planck for CMB lensing [88, 89] [96]. The
bound does not significantly depend on the theoretical
prior assumed for the mass fraction of helium-4, YP , de-

spite the expected degeneracy with Ne↵ [97], which af-
fects the free-electron fraction at recombination [98] and
hence Silk damping [99]. It is the inclusion of LSS data
and the careful treatment of the axion as hot dark mat-
ter which breaks the degeneracy with YP . As we verified
in the Supplemental Material, allowing YP to be a free
parameter of the fit would only degrade the constraint by
a few percent. For the combined Planck+lens+LSS+SN
dataset, the 2� upper bound on ma goes from 0.220 eV
(when YP is fixed to BBN predictions) to 0.236 eV (when
YP is free), a degradation of approximately 7%.

The primordial helium-4 mass fraction is not only rel-
evant for CMB physics. It constitutes a key observable
to learn about the Early Universe [100–102]. It is mea-
sured at the percent level [103] or more [104] in metal-
poor systems, while being predicted at the permil level
in standard BBN as an outcome of weak interactions go-
ing out-of-equilibrium [105]. The relative number density
of primordial deuterium, D/H, also features outstand-
ing observational inference from fits to quasar absorption
spectra [106, 107], and can be predicted conservatively if
large systematics in the treatment of nuclear rates like
DD fusion [108] are not dismissed a priori [109, 110].

In this work, we use the new publicly released pack-
age PRyMordial [111] – dedicated to the study of the
physics of the Early Universe – to provide an up-to-date
prediction of helium-4 and a conservative evaluation of
the relative abundance of deuterium, where the key ther-
monuclear rates are extracted from Ref. [112]. We per-
form a set of 1300 Monte Carlo runs with PRyMordial to
predict X = {YP , D/H} beyond ⇤CDM as a function of
Ne↵ = 3.044 + �Ne↵ and the cosmic baryon density ⌦b.
For each run, we extract the mean Xth and the standard
deviation �Xth after marginalizing over thermonuclear-
rate uncertainties and the neutron lifetime (whose most
recent average includes only ultracold-neutron determi-
nations [113]). Using the result in Fig. 2, we feed the up-
dated YP (⌦b, ma) to CLASS for the computation of CMB
power spectra and we implement in Cobaya a primordial
element abundance Gaussian likelihood as:

� 2 log LBBN =
X

YP ,D/H

�
Xexp � Xth(⌦b, ma)

�2

�X2
exp

+ �X
2

th
(⌦b, ma)

, (3)

(see the Supplemental Material for further details).
Adopting the measurements on light primordial abun-
dances recommended by the Particle Data Group [113],
we obtain as a main result that BBN theory combined
with observations are able to narrow the QCD axion
bound at 95% HDI down to ma  0.18 eV, providing
a 20% improvement from blue to red in Fig. 1.

We conclude our discussion on the current cosmologi-
cal constraints on the hot QCD axion, emphasizing the
importance of ground-based experiments. ACT [62] and
SPT [63] accurately map out the CMB temperature and
polarization anisotropies at angular scales smaller than
those measured by Planck. Including these datasets in
our analysis, we obtain the marginalized posterior shown

( Tdec < Tc)
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CMB temperature measurements
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Minimal  QCD Axion
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[Bianchini, Grilli, Valli `23]

( Tdec < Tc)

ma ≤ 0.16 eV
@ 95 % HDI

30% improvement 

with respect to


[Notari, Rompineve, 

Villadoro`22 ]
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FIG. 1: Sphaleron rate for 2+1 full QCD at the physical point
as a function of temperature T (diamond points). Dashed
line and uniform shaded area represent best fit of our results
according to (15). Previous quenched determinations of the
rate are also shown: Refs. [7, 8] (square points), Ref. [10]
(round points) and Ref. [11] (starred point). Top plot: x-
axis expressed in terms of absolute temperature T converted in
MeV. Bottom plot: x-axis expressed in terms of T/Tc, where
Tc = 155 MeV and Tc = 287 MeV for full QCD and quenched
results respectively. Starred shaded area depicts semiclassical
prediction (14).

As a final remark, we would also like to mention that,
despite a semiclassically-inspired logarithmic power-law
fits well our full QCD results for the sphaleron rate, also
other functional forms could describe the T -behavior of
our data. For example, a fit function of the type:

ΓSphal

T 4
= Ã

(
T

Tc

)−b

, (16)

works perfectly fine as well, yielding a reduced chi-
squared of 0.48/3, cf. Fig. 2, where the best fit with (16)
is depicted as a dashed line and a shaded area. Fit pa-
rameters turn out to be Ã = 0.71(23) and b = 2.19(38).
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FIG. 2: Same as Fig. 1, but using (16) to fit our data.

CONCLUSIONS

In this letter we presented the first computation of the
sphaleron rate in 2 + 1 full QCD with physical quark
masses as a function of the temperature in the range
200 MeV ! T ! 600 MeV.

The sphaleron rate was obtained from the inversion
of finite lattice spacing and finite smoothing-radius lat-
tice Euclidean topological charge density correlator from
the modified Backus–Gilbert method recently introduced
by the Rome group. Then, the physical value of the
sphaleron rate was obtained performing a continuum
limit at fixed smoothing radius, followed by a zero-
smoothing limit.

Concerning the comparison of our full QCD determi-
nations with previous quenched results, we found them
to be larger. Concerning instead the temperature behav-
ior of our data, our results for ΓSphal/T 4 can be fitted
well by semiclassically-inspired functional form, predict-
ing a logarithmic power-law decay of the rate. However,

Minimal  QCD Axion ( Tdec  Tc)≳



Γa = ∫ d4x eikx⟨𝒬(x)𝒬(0)⟩
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Minimal  QCD Axion ( Tdec  Tc)≳

[Bonanno, D’Angelo, D’Elia, 

Maio, Naviglio `23]

Recipe for a reasonable (?) forecast:

( I ) Axion initially in thermal equilibrium

( II ) Extrapolate somehow sphaleron rate at non-zero 
momentum (e.g. constant within sphaleron size) 

( III ) Set initial condition @ Tc :  

150 MeV < T < 600 MeV



Cosmo Present & Future of QCD Axion
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(Minimal) QCD axion 

shows up as cosmological

— Hot Dark Matter —

TODAY —>  linear Cosmology + improved ChPT :  

FUTURE —> cosmo bound competitive w/ current astro probes

(CMB + LSS + BBN)ma < 0.16 eV @ 95 % probability_

7

Bounds

G. Grilli di CortonaL’Aquila - 19/01/2024

Cooling of Horizontal Branch stars, 
Supernovae, neutron stars give 
fa ≳ (107 − 108) GeV

[see e.g. Di Luzio+ 2020]

Caveat: strong debate on validity/
uncertainties.

[Chang+ 2018, Bar+ 2019, Carenza+ 2020, …]

0.16 eV

0.04 eV

🔥

SciPost Phys. 10, 050 (2021)



HOW TO IMPROVE ON AXION THERMAL RATE  

MINIMAL QCD AXION VS AXION UV MODELS

NON-LINEAR COSMOLOGICAL OBSERVABLES  

—  Lyman-  constraintsα

—  other measurements / forecasts
—  EFTofLSS (CLASS-PT/ PyBird)

provement. But once the degeneracy is broken, the gain from adding more of the
bispectrum information is very modest. It would be interesting to understand to
what extent the situation can change after taking into account higher-order multi-
pole moments and the AP effect in the bispectrum, omitted in the present analysis.
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represent 68% and 95% confidence limits. The blue dashed lines correspond the Planck
2018 baseline results reproduced with the mock Planck likelihood.

– 35 –

JCAP 11 (2019) 034provement. But once the degeneracy is broken, the gain from adding more of the
bispectrum information is very modest. It would be interesting to understand to
what extent the situation can change after taking into account higher-order multi-
pole moments and the AP effect in the bispectrum, omitted in the present analysis.

0.960 0.976

ns

0.63

0.66

0.69

h

0.98

1

1.02

1.04

A

0.114

0.12

0.126

�
c
d
m

2.1

2.25

2.4

10
�

2
�

b

0.15 0.30 0.45

m⌫

0.96

0.976

n
s

0.63 0.66 0.69

h

0.98 1.00 1.02 1.04

A

0.114 0.120 0.126

�cdm

2.10 2.25 2.40

10�2
�b

P
1�loop
�, AP

P
1�loop
�, AP + B

tree
0

P
1�loop
�, AP + Planck

Planck

Figure 4. 2d posterior contours and non-normalized 1d marginalized distributions for
the total neutrino mass m⌫ in units [ eV] and other parameters of the base ⇤CDM, see
also Tab. 4 for the corresponding 1� confidence limits. The filled and half-filled contours
represent 68% and 95% confidence limits. The blue dashed lines correspond the Planck
2018 baseline results reproduced with the mock Planck likelihood.

– 35 –

∑ mν

Ωb

— going beyond SU(2) F ChPT @ T = 0

— strong sphalerons VS quark-gluon plasma


