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Neutrino Oscillations
Lecture II
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Outline of lectures I-IV:

Lecture I 
Pedagogical introduction + warm-up exercise

Lecture II
3n osc. in vacuum and matter: notation and basic math 

Lecture III
2n approximations of  phenomenological interest 

Lecture IV
Back to 3n oscillations: Status and Perspectives
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The “standard” 3n oscillation framework

� There are three mass states n1, n2, n3 with masses m1, m2, m3

� Neutrino oscillations probe the differences 

� There are only two independent              , say,            and

� Experimentally, very different scales:
  Difficult to observe both! Current expts sensitive to a dominant one. 
 

�E / �m2
ij

�m2
ij �m2�m2

�m2/�m2 ⇠ 1/30

Physics facts and mass notation:
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The “standard” 3n oscillation framework

� There are three mass states n1, n2, n3 with masses m1, m2, m3

� Neutrino oscillations probe the differences 

� There are only two independent              , say,            and

� Experimentally, very different scales:
  Difficult to observe both! Current expts sensitive to a dominant one. 
 

�E / �m2
ij

�m2
ij �m2�m2

�m2/�m2 ⇠ 1/30

Physics facts and mass notation:

�m2 ' 7.5⇥ 10�5 eV2

�m2 ' 2.5⇥ 10�3 eV2

ß “small” or “solar”  splitting

ß “large” or “atmospheric”  splitting

(somewhat obsolete terms)
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m2

Two possible mass orderings (or hierarchies)

normal, NO
or NH

  (“quark-like”)

inverted, IO
or IH

0 ?          Absolute mass scale still unknown, but
                  upper limits exist: m < O(0.1-1) eV
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PDG convention for 3n masses:

(n1,n2) = “close” states, with m2>m1 always
n3 = “lone” state, with m3>m1,2 in NO (m3 <m1,2 in IO)

n1

n2

n3
n1

n2

n3

Our notation for splittings: Define as independent ones 

�m2 = m2
2 �m2

1 > 0
�m2

=
1
2 (�m2

31 +�m2
32) > 0 (NH)

< 0 (IH)

NO
IO
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PDG convention for 3n mixing:

  Three Euler rotations, one being complex 

0

@
1 0 0
0 c23 s23
0 �s23 c23

1

A

0

@
c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1

A

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

A

⌫↵ = U↵i⌫i
↵ = e, µ, ⌧
i = 1, 2, 3

U =

UU† = 1 cij = cos ✓ij sij = sin ✓ij

This rotation ordering happens to be particularly useful for phenomenologically interesting limits

U ! U⇤ for ⌫
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Phase: d = dCP = “Dirac” phase. Governs possible CP violation in oscillations

If n are Majorana: two addi;onal (rela;ve) “Majorana” phases f21, f31
<latexit sha1_base64="ngp4MDehyU14k0YYFCUYhipn3ow="></latexit>

U ! UUM , UM = diag[1, �21,�31]
The Majorana phases are probed in 0nbb decay, but not in oscillations. 
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Phase: d = dCP = “Dirac” phase. Governs possible CP violation in oscillations

If n are Majorana: two additional (relative) “Majorana” phases f21, f31
<latexit sha1_base64="ngp4MDehyU14k0YYFCUYhipn3ow="></latexit>

U ! UUM , UM = diag[1, �21,�31]
The Majorana phases are probed in 0nbb decay, but not in oscilla;ons. 

with

and is unaffected by Uà UUM  

Proof: The flavor evolu;on operator (Lecture I) reads

In general, standard 3n oscillations do not distinguish Dirac/Majorana n



a

b

c

d

e

f

g

eàe  (KamLAND, KL), 
q12 ) 

eàe                  (Solar) q12 ) 

µàµ   (Atmospheric) ( Dm2 , q23 ) 

µàµ        (LBL Accel) Dm2 , q23 ) 

eàe         (SBL Reac.) q

µàe         (LBL Accel) q 

µàt (OPERA, SK, DC)q 
LBL = Long baseline (few x 100 km); SBL = short baseline (~1 km)

(a) KamLAND reactor [plot]; (b) Borexino [plot], Homestake, Super-K, SAGE, 
GALLEX/GNO, SNO; (c) Super-K atmosph. [plot], DeepCore, MACRO, MINOS etc.; 
(d) T2K (plot), NOvA, MINOS, K2K LBL accel.; (e) Daya Bay [plot], RENO, Double 
Chooz SBL reactor; (f) T2K [plot], MINOS, NOvA LBL accel.; (g) OPERA [plot] LBL 
accel., Super-K and IC-CD atmospheric. 
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3n can explain a à b oscillations seen in vacuum and matter...



eàe          ( dm2 , q12 
) 

eàe          ( dm2 , q12 ) 

µàµ         ( Dm2 , q23 ) 

µàµ         ( Dm2 , q23 ) 

eàe          ( Dm2 , q13 ) 

µàe  ( Dm2 , q13 , q23 ) 

µàt ( Dm2 , q23 ) 
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...with dominant parameters (Lecture III):

dm2  |Dm2|  q12   q23   q13  

Established so far: 



dm2   ~ 7 x 10-5 eV2

|Dm2|     ~ 2 x 10-3 eV2

sin2q12 ~ 0.3 
sin2q23 ~ 0.5 
sin2q13 ~ 0.02 
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We shall now deal with 
3n flavor evolution  

in vacuum and in matter

ß “small” splitting
ß “large” splitting
ß “large” 12 mixing
ß “nearly maximal” 23 mixing
ß “small” 13 mixing



dm2   ~ 7 x 10-5 eV2

|Dm2|     ~ 2 x 10-3 eV2

sin2q12 ~ 0.3 
sin2q23 ~ 0.5 
sin2q13 ~ 0.02 
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The presence of two small dimensionless parameters,
dm2 / Dm2 ~ 3 x 10-2 

  sin2q13       ~ 2 x 10-2 

will allow useful 3nà2n approximations and simplify
the understanding of phenomenology (next Lecture)

We shall now deal with 
3n flavor evolution  

in vacuum and in matter
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Three-neutrino flavor evolution: CP, T symmetries   (intuitive approach)

C = charge conjuga;on (par;cle-an;par;cle exchange)
P = parity (space reversal)
T = ;me reversal  

Action of CP and T on naànb oscillations from source S to detector D:

na nb nb na nb na

S S S DDD
CP T

_ _ _ _

(CP violation: one of the Sakharov conditions to generate matter-antimatter asymmetry in the Universe) 
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Three-neutrino flavor evolution: CP, T symmetries   (intuitive approach)

C = charge conjugation (particle-antiparticle exchange)
P = parity (space reversal)
T = time reversal  

Ac;on of CP and T on naànb oscilla;ons from source S to detector D:

na nb nb na nb na

S S S DDD
CP T

If CP invariance holds, then
 

If T invariance holds, then

If CPT invariance holds, then 

_ _ _ _

<latexit sha1_base64="gLEKuB7XDZayiIQjfHt2DlrwV+I=">AAACJHicbVDLSgMxFM3UV62vUZduBotQN2VGigoiFN24rGBroVPKnTRtQzOZIbkjlNKPceOvuHHhAxdu/BbTaQXbeiBwcs65JPcEseAaXffLyiwtr6yuZddzG5tb2zv27l5NR4mirEojEal6AJoJLlkVOQpWjxWDMBDsPuhfj/37B6Y0j+QdDmLWDKEreYdTQCO17ItKwZdJywcR98DHKL0EDOH40jgBqFn3V0gTLTvvFt0UziLxpiRPpqi07He/HdEkZBKpAK0bnhtjcwgKORVslPMTzWKgfeiyhqESQqabw3TJkXNklLbTiZQ5Ep1U/TsxhFDrQRiYZAjY0/PeWPzPayTYOW8OuYwTZJJOHuokwsHIGTfmtLliFMXAEKCKm786tAcKKJpec6YEb37lRVI7KXqnxdJtKV++mtaRJQfkkBSIR85ImdyQCqkSSh7JM3klb9aT9WJ9WJ+TaMaazuyTGVjfP2cFpU0=</latexit>

P (⌫↵ ! ⌫�) = P (⌫̄↵ ! ⌫̄�)
<latexit sha1_base64="dBtPfz0iIHLbv7df57lkZS1hAQg=">AAACHHicbVBNS8NAEN34WetX1aOXYBHaS0m0qBeh6MVjBfsBTSmT7bZdutmE3YlQSn+IF/+KFw+KePEg+G/cphG09cHCm/dmmJ3nR4JrdJwva2l5ZXVtPbOR3dza3tnN7e3XdRgrymo0FKFq+qCZ4JLVkKNgzUgxCHzBGv7weuo37pnSPJR3OIpYO4C+5D1OAY3UyZ1WC56MOx6IaAAehknhM4TiZepMix8j6Sp2cnmn5CSwF4mbkjxJUe3kPrxuSOOASaQCtG65ToTtMSjkVLBJ1os1i4AOoc9ahkoImG6Pk+Mm9rFRunYvVOZJtBP198QYAq1HgW86A8CBnvem4n9eK8beRXvMZRQjk3S2qBcLG0N7mpTd5YpRFCNDgCpu/mrTASigaPLMmhDc+ZMXSf2k5J6VyrflfOUqjSNDDskRKRCXnJMKuSFVUiOUPJAn8kJerUfr2Xqz3metS1Y6c0D+wPr8BtbGods=</latexit>

P (⌫↵ ! ⌫�) = P (⌫� ! ⌫↵)
<latexit sha1_base64="Ijr1VV9M6QGVXrEZ1FGSb3dXk8I=">AAACLHicbVBdSwJBFJ21L7OvrR57WZJAX2Q3pHoJJF96NMgPcEXujqMOzs4uM3cDEX9QL/2VIHpIotd+R+MHYdqBgcM553LnniAWXKPrTqzUxubW9k56N7O3f3B4ZB+f1HSUKMqqNBKRagSgmeCSVZGjYI1YMQgDwerBoDz1609MaR7JRxzGrBVCT/Iup4BGatvlSs4PQPkyafsg4j74GP0KAUPI3y4lpsJyYDaRb9tZt+DO4KwTb0GyZIFK237zOxFNQiaRCtC66bkxtkagkFPBxhk/0SwGOoAeaxoqIWS6NZodO3YujNJxupEyT6IzU5cnRhBqPQwDkwwB+3rVm4r/ec0EuzetEZdxgkzS+aJuIhyMnGlzTocrRlEMDQGquPmrQ/uggKLpN2NK8FZPXie1y4J3VSg+FLOlu0UdaXJGzkmOeOSalMg9qZAqoeSZvJIPMrFerHfr0/qaR1PWYuaU/IH1/QMUU6i/</latexit>

P (⌫̄↵ ! ⌫̄�) = P (⌫̄� ! ⌫̄↵)

<latexit sha1_base64="Eo0ZO5xVeFuR6pSQSyp0e1wiX4w=">AAACJHicbVDLSgNBEJyNrxhfUY9eFoOQXMKuBBVECHrxGME8IBtC72SSDJmdXWZ6hRDyMV78FS8efODBi9/iZBNFEwsGqqu66enyI8E1Os6HlVpaXlldS69nNja3tneyu3s1HcaKsioNRagaPmgmuGRV5ChYI1IMAl+wuj+4mvj1O6Y0D+UtDiPWCqAneZdTQCO1s+eVvCfjtgci6oOHYVL4DKFwYRwf1I8wMb/rpLvQzuacopPAXiTujOTIDJV29tXrhDQOmEQqQOum60TYGoFCTgUbZ7xYswjoAHqsaaiEgOnWKDlybB8ZpWN3Q2WeRDtRf0+MINB6GPimMwDs63lvIv7nNWPsnrVGXEYxMkmni7qxsDG0J4nZHa4YRTE0BKji5q827YMCiibXjAnBnT95kdSOi+5JsXRTypUvZ3GkyQE5JHniklNSJtekQqqEknvySJ7Ji/VgPVlv1vu0NWXNZvbJH1ifX2bLpU0=</latexit>

P (⌫↵ ! ⌫�) = P (⌫̄� ! ⌫̄↵)

<latexit sha1_base64="5tCc9s7ZGEc+Yi8SLCHJxwYOdM8=">AAACEnicbZC7SgNBFIZn4y3G26qlzWAQkibsSlDLoI2FRQRzgewSZiezyZDZ2WXmrBJCnsHGV7GxUMTWys63cZJsoYk/DPx85xzOnD9IBNfgON9WbmV1bX0jv1nY2t7Z3bP3D5o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guHVtN66Z0rzWN7BKGF+RPqSh5wSMKhrl70bFgJRKn7wsIdLnkw9YYji/UGGA6IMLXftolNxZsLLxs1MEWWqd+0vrxfTNGISqCBad1wnAX9MFHAq2KTgpZolhA5Jn3WMlSRi2h/PTprgE0N6OIyVeRLwjP6eGJNI61EUmM6IwEAv1qbwv1onhfDCH3OZpMAknS8KU4EhxtN8cI8rRkGMjCFUcfNXTAdEEQomxYIJwV08edk0TyvuWaV6Wy3WLrM48ugIHaMSctE5qqFrVEcNRNEjekav6M16sl6sd+tj3pqzsplD9EfW5w+FNJ4I</latexit>

( (⌫ $ ⌫̄)

<latexit sha1_base64="MNU5QZXZH/VpPEXy24A93QG/QP0=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItyJqKVoY2ERwSRCLoS5zVyyuPfB7pwSQv6DjX/FxkIRWxs7/42b5Aq/Hgw83pthZl6QKmnIdT+dqemZ2bn5wkJxcWl5ZbW0tl43SaYF1kSiEn0dgEElY6yRJIXXqUaIAoWN4OZs5DduURuZxFfUT7EVQTeWoRRAVmqX9vwLDAm0Tu587vMdH1TaA19ZUctuL3cCJNhtl8puxR2D/yVeTsosR7Vd+vA7icgijEkoMKbpuSm1BqBJCoXDop8ZTEHcQBeblsYQoWkNxj8N+bZVOjxMtK2Y+Fj9PjGAyJh+FNjOCKhnfnsj8T+vmVF43BrIOM0IYzFZFGaKU8JHAfGO1ChI9S0BoaW9lYseaBBkYyzaELzfL/8l9f2Kd1g5uDwon5zmcRTYJttiO8xjR+yEnbMqqzHB7tkje2YvzoPz5Lw6b5PWKSef2WA/4Lx/ASnVnl0=</latexit>

( (↵ $ �)

<latexit sha1_base64="/RjwmjneIbWTT9tSIZmbQ7n0Gpc="></latexit>

( (⌫ $ ⌫̄)� (↵ $ �)



From Lecture I:

Source Detector

W W

la+

na nb

lb-

Amplitude

Source Detector

W W

la+

ni

lb-

Amplitude
UbiUai*Si=

U à U*
16

la± à la∓ 

ni

for n à n 
_



From Lecture I:

Source Detector

W W

la+

na nb

lb-

Amplitude

Source Detector

W W

la+

ni

lb-

Amplitude
UbiUai*Si=

17

ni

Also, swapping 
initial/final flavors 

is equivalent to

U à U* U à U*

la± à la∓ 
for n à n 

_
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CP and T invariance hold iff U real (sin d = 0)
CPT invariance holds for any U (as it should)

<latexit sha1_base64="418Msb7ReKkPnBVJ+QKVbQXUbmU="></latexit>

(⌫ ! ⌫̄) , U ! U⇤

(↵ $ �) , U ! U⇤

If CP invariance holds, then
 

If T invariance holds, then

If CPT invariance holds, then 

<latexit sha1_base64="gLEKuB7XDZayiIQjfHt2DlrwV+I=">AAACJHicbVDLSgMxFM3UV62vUZduBotQN2VGigoiFN24rGBroVPKnTRtQzOZIbkjlNKPceOvuHHhAxdu/BbTaQXbeiBwcs65JPcEseAaXffLyiwtr6yuZddzG5tb2zv27l5NR4mirEojEal6AJoJLlkVOQpWjxWDMBDsPuhfj/37B6Y0j+QdDmLWDKEreYdTQCO17ItKwZdJywcR98DHKL0EDOH40jgBqFn3V0gTLTvvFt0UziLxpiRPpqi07He/HdEkZBKpAK0bnhtjcwgKORVslPMTzWKgfeiyhqESQqabw3TJkXNklLbTiZQ5Ep1U/TsxhFDrQRiYZAjY0/PeWPzPayTYOW8OuYwTZJJOHuokwsHIGTfmtLliFMXAEKCKm786tAcKKJpec6YEb37lRVI7KXqnxdJtKV++mtaRJQfkkBSIR85ImdyQCqkSSh7JM3klb9aT9WJ9WJ+TaMaazuyTGVjfP2cFpU0=</latexit>

P (⌫↵ ! ⌫�) = P (⌫̄↵ ! ⌫̄�)
<latexit sha1_base64="dBtPfz0iIHLbv7df57lkZS1hAQg=">AAACHHicbVBNS8NAEN34WetX1aOXYBHaS0m0qBeh6MVjBfsBTSmT7bZdutmE3YlQSn+IF/+KFw+KePEg+G/cphG09cHCm/dmmJ3nR4JrdJwva2l5ZXVtPbOR3dza3tnN7e3XdRgrymo0FKFq+qCZ4JLVkKNgzUgxCHzBGv7weuo37pnSPJR3OIpYO4C+5D1OAY3UyZ1WC56MOx6IaAAehknhM4TiZepMix8j6Sp2cnmn5CSwF4mbkjxJUe3kPrxuSOOASaQCtG65ToTtMSjkVLBJ1os1i4AOoc9ahkoImG6Pk+Mm9rFRunYvVOZJtBP198QYAq1HgW86A8CBnvem4n9eK8beRXvMZRQjk3S2qBcLG0N7mpTd5YpRFCNDgCpu/mrTASigaPLMmhDc+ZMXSf2k5J6VyrflfOUqjSNDDskRKRCXnJMKuSFVUiOUPJAn8kJerUfr2Xqz3metS1Y6c0D+wPr8BtbGods=</latexit>

P (⌫↵ ! ⌫�) = P (⌫� ! ⌫↵)
<latexit sha1_base64="Ijr1VV9M6QGVXrEZ1FGSb3dXk8I=">AAACLHicbVBdSwJBFJ21L7OvrR57WZJAX2Q3pHoJJF96NMgPcEXujqMOzs4uM3cDEX9QL/2VIHpIotd+R+MHYdqBgcM553LnniAWXKPrTqzUxubW9k56N7O3f3B4ZB+f1HSUKMqqNBKRagSgmeCSVZGjYI1YMQgDwerBoDz1609MaR7JRxzGrBVCT/Iup4BGatvlSs4PQPkyafsg4j74GP0KAUPI3y4lpsJyYDaRb9tZt+DO4KwTb0GyZIFK237zOxFNQiaRCtC66bkxtkagkFPBxhk/0SwGOoAeaxoqIWS6NZodO3YujNJxupEyT6IzU5cnRhBqPQwDkwwB+3rVm4r/ec0EuzetEZdxgkzS+aJuIhyMnGlzTocrRlEMDQGquPmrQ/uggKLpN2NK8FZPXie1y4J3VSg+FLOlu0UdaXJGzkmOeOSalMg9qZAqoeSZvJIPMrFerHfr0/qaR1PWYuaU/IH1/QMUU6i/</latexit>

P (⌫̄↵ ! ⌫̄�) = P (⌫̄� ! ⌫̄↵)

<latexit sha1_base64="Eo0ZO5xVeFuR6pSQSyp0e1wiX4w=">AAACJHicbVDLSgNBEJyNrxhfUY9eFoOQXMKuBBVECHrxGME8IBtC72SSDJmdXWZ6hRDyMV78FS8efODBi9/iZBNFEwsGqqu66enyI8E1Os6HlVpaXlldS69nNja3tneyu3s1HcaKsioNRagaPmgmuGRV5ChYI1IMAl+wuj+4mvj1O6Y0D+UtDiPWCqAneZdTQCO1s+eVvCfjtgci6oOHYVL4DKFwYRwf1I8wMb/rpLvQzuacopPAXiTujOTIDJV29tXrhDQOmEQqQOum60TYGoFCTgUbZ7xYswjoAHqsaaiEgOnWKDlybB8ZpWN3Q2WeRDtRf0+MINB6GPimMwDs63lvIv7nNWPsnrVGXEYxMkmni7qxsDG0J4nZHa4YRTE0BKji5q827YMCiibXjAnBnT95kdSOi+5JsXRTypUvZ3GkyQE5JHniklNSJtekQqqEknvySJ7Ji/VgPVlv1vu0NWXNZvbJH1ifX2bLpU0=</latexit>

P (⌫↵ ! ⌫�) = P (⌫̄� ! ⌫̄↵)

<latexit sha1_base64="5tCc9s7ZGEc+Yi8SLCHJxwYOdM8=">AAACEnicbZC7SgNBFIZn4y3G26qlzWAQkibsSlDLoI2FRQRzgewSZiezyZDZ2WXmrBJCnsHGV7GxUMTWys63cZJsoYk/DPx85xzOnD9IBNfgON9WbmV1bX0jv1nY2t7Z3bP3D5o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guHVtN66Z0rzWN7BKGF+RPqSh5wSMKhrl70bFgJRKn7wsIdLnkw9YYji/UGGA6IMLXftolNxZsLLxs1MEWWqd+0vrxfTNGISqCBad1wnAX9MFHAq2KTgpZolhA5Jn3WMlSRi2h/PTprgE0N6OIyVeRLwjP6eGJNI61EUmM6IwEAv1qbwv1onhfDCH3OZpMAknS8KU4EhxtN8cI8rRkGMjCFUcfNXTAdEEQomxYIJwV08edk0TyvuWaV6Wy3WLrM48ugIHaMSctE5qqFrVEcNRNEjekav6M16sl6sd+tj3pqzsplD9EfW5w+FNJ4I</latexit>

( (⌫ $ ⌫̄)

<latexit sha1_base64="MNU5QZXZH/VpPEXy24A93QG/QP0=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItyJqKVoY2ERwSRCLoS5zVyyuPfB7pwSQv6DjX/FxkIRWxs7/42b5Aq/Hgw83pthZl6QKmnIdT+dqemZ2bn5wkJxcWl5ZbW0tl43SaYF1kSiEn0dgEElY6yRJIXXqUaIAoWN4OZs5DduURuZxFfUT7EVQTeWoRRAVmqX9vwLDAm0Tu587vMdH1TaA19ZUctuL3cCJNhtl8puxR2D/yVeTsosR7Vd+vA7icgijEkoMKbpuSm1BqBJCoXDop8ZTEHcQBeblsYQoWkNxj8N+bZVOjxMtK2Y+Fj9PjGAyJh+FNjOCKhnfnsj8T+vmVF43BrIOM0IYzFZFGaKU8JHAfGO1ChI9S0BoaW9lYseaBBkYyzaELzfL/8l9f2Kd1g5uDwon5zmcRTYJttiO8xjR+yEnbMqqzHB7tkje2YvzoPz5Lw6b5PWKSef2WA/4Lx/ASnVnl0=</latexit>

( (↵ $ �)

<latexit sha1_base64="/RjwmjneIbWTT9tSIZmbQ7n0Gpc="></latexit>

( (⌫ $ ⌫̄)� (↵ $ �)



19

Exercise: General 3n oscillations in vacuum

<latexit sha1_base64="xaWgYjhaZANjpF05gs8eqx+nS/c="></latexit>

P↵� = �↵� � 4
X

i<j

Re J ij
↵� sin

2

 
�m2

ijx

4E

!
� 2

X

i<j

Im J ij
↵� sin

 
�m2

ijx

2E

!
The oscillation probability in vacuum can be written as:

This formula applyes to any flavor a and b:
a ≠ b à appearance channel, appearance probability
a = b à disappearance channel, survival probability

Despite its simplicity, it contains a lot of physics…
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�m2
ij = m2

i �m2
j

<latexit sha1_base64="f+Mbk3pf3xUDmI05328+bvPtomY="></latexit>

J ij
↵� = U↵iU

⇤
�iU

⇤
↵jU�j

where:
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CP properties:

<latexit sha1_base64="xaWgYjhaZANjpF05gs8eqx+nS/c="></latexit>
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<latexit sha1_base64="f+Mbk3pf3xUDmI05328+bvPtomY="></latexit>

J ij
↵� = U↵iU

⇤
�iU

⇤
↵jU�j

CP-conserving part PCP

not changing for U↔U*
CP-viola>ng part PCPV

changes sign for U↔U*

Re Im

<latexit sha1_base64="t03Z7qSrIHm/gNOC0cOZ7m2x+tM="></latexit>

For ↵ = � : Im(J ij
↵�) = 0 à CP violation must be probed in appearance, a≠b 



21

Exercise: J = Jarlskog invariant

Then, using the unitarity of U, for a ≠ b it is:

Using the previous PDG conven6on for the mixing matrix, it’s easy to find that: 

EPS Prize 2023 to Cecilia Jarlskog: 
for the discovery of an invariant measure of CP violation in both quark and lepton sectors
EPS Prize 2023 also to … wait for a few more slides!

<latexit sha1_base64="vBDHwwqni4KbGlqzmdar6mgUdjk="></latexit>

J = Im(J12
eµ) =

1

8
sin 2✓12 sin 2✓23 sin 2✓13 cos ✓13 sin �

<latexit sha1_base64="r9qV43GTOx1HMoFxf/jx47eA/q8="></latexit>

Im(J ij
↵�) =

8
<

:

+J for (↵, �) = (e, µ), (µ, ⌧), (⌧, e)  flavor cyclic
+J for (i, j) = (1, 2), (2, 3), (3, 1)  generation cyclic
�J otherwise

Note that J changes sign from neutrinos to antineutrinos in the same channel
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Exercise: PCPV in product form

Using J, the term PCPV can be written as

<latexit sha1_base64="ZcWsqxHGKErZyO4TVt/knmVji8Y="></latexit>

PCPV
↵� = ±8J sin

✓
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4E
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sin
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◆
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✓
�m2

31x

4E

◆
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Summary of  conditions to have CP violation

<latexit sha1_base64="ZcWsqxHGKErZyO4TVt/knmVji8Y="></latexit>

PCPV
↵� = ±8J sin

✓
�m2

12x

4E

◆
sin

✓
�m2

23x

4E

◆
sin

✓
�m2

31x

4E

◆

ß U must be complex, sind≠0
ß Need appearance experiments
ß All mixing angles should be ≠0
ß Need some sensi;vity to both dm2 and Dm2 

CP-violating oscillations involve all the mass-mixing parameters
(genuine 3n phenomenon, experimentally challenging!)
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2012:  q13 is nonzero! 

2023 EPS High Energy and Particle Physics Prize is awarded to 

Cecilia Jarlskog for the discovery of an invariant measure of CP violation in both quark and lepton 
sectors; and to the 

Daya Bay and RENO collaborations for the observation of short-baseline reactor electron-antineutrino 
disappearance, providing the first determination of the neutrino mixing angle 𝜃13, which paves the way for 
the detection of CP violation in the lepton sector. 

At present: only hints of   leptonic CPV… (Lecture IV)

Summary of conditions to have CP violation
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<latexit sha1_base64="xaWgYjhaZANjpF05gs8eqx+nS/c="></latexit>
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In principle… All the oscill. parameters + CP phase + NO/IO might be determined 
by precise measurements of Pab for selected channels and L/E: 
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In principle… All the oscill. parameters + CP phase + NO/IO might be determined 
by precise measurements of Pab for selected channels and L/E: 

In practice… We never measure Pab but event rates R, and do it only 
for experimentally feasible oscillaPon channels and L/E: 

R� ⇠
Z

�↵ ⌦P↵� ⌦ �� ⌦ ✏�

Observable
event rate

Source flux
(production)

Propagation
(flavor change)

Interaction 
and detection                           

à each ingredient of  R is a research field of  its own
à need to account for a vast n phenomenology
à must consider realistic propagation, e.g., in matter 
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Three-neutrino flavor evolution in matter (intuitive approach)

n e

n p

GF = 1.166 x 10-5 GeV-2
Sets the energy scale 
√(1/GF)~O(few 102) GeV
of weak interactions  

ß

Amplitude squared à Neutrino cross section ∝ GF
2 
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Three-neutrino flavor evolution in matter (intuitive approach)

n e

n p

GF = 1.166 x 10-5 GeV-2
Sets the energy scale 
√(1/GF)~O(few 102) GeV
of weak interactions  

ß

Amplitude squared à Neutrino cross section ∝ GF
2 

During propaga;on, absorp>on processes ∝ GF
2 are negligible, except at 

very high energy. E.g., Earth starts to be opaque to n for E > O (10) TeV.

But: Are also scaAering amplitudes ∝ GF irrelevant for n flavor evolu;on?
Not necessarily, if the process occurs along the direc;on of propaga;on! 
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It was first realized by Wolfenstein, and later elaborated by Mykheev
and Smirnov (MSW), that neutrinos travelling in a fermion background
receive a contribution to coherent forward scattering (i.e., along the same 
direction of propagation) in the form of a tiny interaction energy  Vab

3n Hamiltonian in matter:

<latexit sha1_base64="oiUtfUUw8gccjhkVMe4/cuiC0MQ="></latexit>
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interaction 
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vacuum (kinematics) maaer (dynamics)

+
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ne ne

p, n, e nµ nµ

p, n, e nt nt

p, n, e

0 0

00

0 0

Z

Z

Z

NC

ne ne

e

W

ne

e

0 0

00 0

0 0 0

CC

Vab = +

proportional to unity
à unobservable 

observable in 
ne-related oscill.
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ne ne

p, n, e nµ nµ

p, n, e nt nt

p, n, e

0 0

00

0 0

Z

Z

Z

NC

ne ne

e

W

ne

e

0 0

00 0

0 0 0

CC

Vab = +

propor;onal to unity
à unobservable 

observable in 
ne-related oscill.

Relevant term is the extra “ee” energy (n poten;al) VCC ∝ GF 
[No µ,t in ordinary maAer à  no “µµ” or “tt” CC term]
Poten;al propor;onal to e- number density VCC ∝ Ne 

Full calcula>on (omiaed):  V (= VCC) = √2 GF Ne 
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ne ne
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CC

Vab = +

propor;onal to unity
à unobservable 

observable in 
ne-related oscill.

Relevant term is the extra “ee” energy (n poten;al) VCC ∝ GF 
[No µ,t in ordinary maAer à  no “µµ” or “tt” CC term]
Poten;al propor;onal to e- number density VCC ∝ Ne 

Full calcula>on (omiaed):  V (= VCC) = √2 GF Ne 
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Governed by a tiny n “interaction energy” or “potential” V
In general, V=V(x) via Ne=Ne(x)à x-dependent hamiltonian.
Not necessarily periodic effects:  oscillations  à  transitions

Analogy of matter effects with double-slit experiment: 
one “arm” (e-flavor) feels a different “refraction index”
through coherent forward scattering (not absorption!)

As anticipated in Lecture I:
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3n MSW hamiltonian in ma?er:

Expect sizeable matter effects when the two terms in H are comparable,

Huge literature on solu;ons for various A(x). In general:
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A

�m2
⇠ O(1) or

<latexit sha1_base64="G7EHpAcYb0KPT9A3xRyJKzqTJW0="></latexit>

A

�m2
⇠ O(1)

where A=2EV is introduced to make the vacuum and matter terms more similar:
<latexit sha1_base64="Vtodou2rQYULDnE2cxxAHMV0ADM="></latexit>

A(x) = 2EV = 2
p
2GFNe(x)E [- A(x) for anti-n]
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<latexit sha1_base64="gflAFRJKWYQWEE7ptK/jLAZv1wQ="></latexit>
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�m2
ij

= 1.526⇥ 10�7
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Exercise: Units for matter effects 

Note: Ne is the number of electrons per unit volume. If the chemical composiPon 
is known (say, the average Z/A), one can connect Ne and the maYer density r:

<latexit sha1_base64="TBRAzNA32qd01FqBPDCgGQM1RO8="></latexit>

Ne

mol/cm3 '
⌧
Z

A

�
⇢

g/cm3

electron fraction Ye ~ 1/2

Order-of-magnitude expectaLons   à
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Solar density profile Solar neutrino spectrum

just in the middle of the E spectrum…

<latexit sha1_base64="jCKPE6Lr9PLf2lVCmluQHVimhGE="></latexit>

ASun(0)

�m2
⇠ O(1)

<latexit sha1_base64="2d92xWldlANWxaSVe7iG8f2LFKY="></latexit>

AEarth

�m2
⇠ O(few ⇥ 10�2) at E~ O (10) MeV…. 

Solar neutrinos

Large effects in solar matter; subleading day-night effects in Earth
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<latexit sha1_base64="VovnOJ1nT1scMiW6poUUNaGkv2s="></latexit>

Acrust

�m2
⇠ O(10�1) at E~ O (1) GeV…. 

Earth density profile

Subleading matter effects in long-baseline accelerator neutrinos
Depend on sign of numerator vs denominator: handle on NO/IO
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Supernova neutrino density profile(s)

The most dynamical (radius- and ;me-dependent) maaer background:
Ne=Ne(x,t)

Janka et al.
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Supernova neutrino density profile(s)

The most dynamical (radius- and time-dependent) matter background:
Ne=Ne(x,t)

Moreover, for a few seconds, neutrinos are a background to themselves!
Nn ~ O(Ne)

à “Self-interaction” effects, “collective” highly-nonlinear flavor evolution
H=H(n) à density matrix formalism 

Physics & math to be (better) understood: a research topic in its own!

Janka et al.
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3n MSW hamiltonian in matter:

Huge related literature on numerical and (semi)analyLcal soluLons at given A(x)

Oscillating behavior makes numerical solutions prone to error accumulation:
brute-force application of Runge-Kutta codes may fail [published examples…]
(Semi)Analytical solutions/approximations useful whenever A(x) is “simple”

We shall consider the two simplest cases of phenomenological interest:

A(x) = constant   [dA/dx = 0]   ß constant density case
A(x) = slowly varying  [dA/dx = “small”] ß adiabatic case
______________________________________________________________
[A(x) = rapidly varying [dA/dx = “large”]  ß non-adiabatic case]
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EffecCve parameters.  In general, Hf (x) can be diagonalized at each point x:
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where

…mixing
   matrix

…mass
states

…squared
masses…“effec;ve…” …in matter 
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A = constant: diagonalize only once (at any energy E) and exponen4ate
<latexit sha1_base64="qFPAy34RjVTqK+sX5Yk+SQBOug4=">AAACCXicdZBLSwMxFIUz9VXrq+rSTbAIbiwzpdR2IRTcdNmifUA7Dpn0ThuaeZBkxDIUXLnxr7hxoYhb/4E7/43pQ1DRA4HDd25I7nEjzqQyzQ8jtbS8srqWXs9sbG5t72R391oyjAWFJg15KDoukcBZAE3FFIdOJID4Loe2Ozqf5u1rEJKFwaUaR2D7ZBAwj1GiNHKyuKcY7wO+cDx8huEqOcFsgWoa3UycbM7Mm1qlEp4aq2xa2lQq5UKhgq1ZZJo5tFDdyb73+iGNfQgU5UTKrmVGyk6IUIxymGR6sYSI0BEZQFfbgPgg7WS2yQQfadLHXij0CRSe0e83EuJLOfZdPekTNZS/syn8K+vGyivbCQuiWEFA5w95MccqxNNacJ8JoIqPtSFUMP1XTIdEEKp0eRldwtem+H/TKuStUr7YKOaqjdt5HWl0gA7RMbLQKaqiGqqjJqLoDj2gJ/Rs3BuPxovxOh9NGYsK99EPGW+fp5KZhw==</latexit>

S̃f = e�iH̃fx

Get the same probability functions as in vacuum, but with “effective”
energy-dependent mass-mixing oscillation parameters in matter. 
Relevant application: matter effects in LBL accelerator experiments
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A = constant: diagonalize only once (at any energy E) and exponentiate

Examples of effective m2
i

for Earth crust density
as functions of energy E

[Here, formally E<0 for
anti-nu, since A à -A]

~

From 1907.02534

<latexit sha1_base64="qFPAy34RjVTqK+sX5Yk+SQBOug4=">AAACCXicdZBLSwMxFIUz9VXrq+rSTbAIbiwzpdR2IRTcdNmifUA7Dpn0ThuaeZBkxDIUXLnxr7hxoYhb/4E7/43pQ1DRA4HDd25I7nEjzqQyzQ8jtbS8srqWXs9sbG5t72R391oyjAWFJg15KDoukcBZAE3FFIdOJID4Loe2Ozqf5u1rEJKFwaUaR2D7ZBAwj1GiNHKyuKcY7wO+cDx8huEqOcFsgWoa3UycbM7Mm1qlEp4aq2xa2lQq5UKhgq1ZZJo5tFDdyb73+iGNfQgU5UTKrmVGyk6IUIxymGR6sYSI0BEZQFfbgPgg7WS2yQQfadLHXij0CRSe0e83EuJLOfZdPekTNZS/syn8K+vGyivbCQuiWEFA5w95MccqxNNacJ8JoIqPtSFUMP1XTIdEEKp0eRldwtem+H/TKuStUr7YKOaqjdt5HWl0gA7RMbLQKaqiGqqjJqLoDj2gJ/Rs3BuPxovxOh9NGYsK99EPGW+fp5KZhw==</latexit>

S̃f = e�iH̃fx

Get the same probability func;ons as in vacuum, but with “effec;ve”
energy-dependent mass-mixing oscilla;on parameters in maaer. 
Relevant applica>on: maAer effects in LBL accelerator experiments
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A(x) slowly varying: diagonalize step by step, and patch the solutions

i.e., the effective mass states in matter evolve independently.
The adiabaticity condition can be formulated precisely (omitted). 
Applicable, e.g., in stars with smoothly decreasing density… 

<latexit sha1_base64="LDdIiDJh3yHlV3swmxMsO74KriQ="></latexit>

dŨ/dx ' 0 ) ⌫̃i(0) ! ⌫̃i(x)Exercise:

…. for the oscillation parameters chosen by Nature!
Relevant applications: (1) matter effects for solar neutrinos
(2) for SN neutrinos, up to shock-wave and collective effects

ß decreasing A

n1~

n2~

n3~
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A(x) rapidly varying: “crossing” probability between effec4ve states
[In QM: “tunnelling” between E eigenstates subject to rapid externals field variaPons]

This would have happened to solar neutrinos at very small mixing!
[so-called Small Mixing Angle MSW solution, a prejudice for many years…]

Relevant applications: (1) steps in Earth density profile
(2) Shock-wave front in SN neutrinos (discussion omitted)

Similar effects (re)analyzed independently in many subfields of physics but 
with different “jargon” – e.g. recently in qbit manipulations across QM levels

<latexit sha1_base64="J8um1lvFSfB6REqJpaW0JQ/M66g="></latexit>

Pc = P (⌫̃i ! ⌫̃j)
For a 2-level QM system:
Solved independently by
Majorana, Landau, Zener,
Stueckelberg in 1932
(at leading order)

PC
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Recap
3n oscillations in vacuum (may be CP violating):

Vacuum oscillation effects expected to be significant when:
<latexit sha1_base64="LncOsmXKc/lgMVO94+Sid5eRK7g="></latexit>
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Recap
3n oscilla;ons in vacuum (may be CP viola;ng):

Vacuum oscillation effects expected to be significant when:

Pab in matter (constant or slowly changing):  vacuum param. à effective param.
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Maaer effects expected to be significant when:
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End of Lecture II

SoluLons to exercises: extra slides à
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