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0 Goals, notation, conventions

This is a write-up of my lectures on EFT given at the GGI school in January 2024. My
intention was to prepare lecture notes at a very basic, introductory level, without assuming
any prior knowledge of EFT techniques. On the other hand, I assume the reader is versed
in Quantum Field Theory (QFT) roughly at the Peskin-Schroeder level [1]. The focus is
on relativistic EFTs used in high-energy physics, though with some excursions to lower
energies where non-relativistic description becomes relevant.

This course consists of five lectures. Section 1 is a general introduction to EFT, illus-
trated with several prominent examples. In Section 2 I discuss in more detail a particularly
important EFT: the so-called SMEFT, which is the effective theory extension of the SM. In
Section 3 I discuss the non-relativistic limit of EFTs and some of its applications in nuclear
physics. Section 4 deals with a particular application of EFT to physics of neutrino produc-
tion, oscillation, and detection. Finally, in Section 5 I will briefly introduce some modern
amplitude techniques and discuss its EF'T applications, in particular for constructing bases
and calculating RG running.

I work with the mostly minus Minkowski metric 7, = (1, =1, =1, —1). The metric is
used to raise and lower indices, e.g. A* = n*”A,. As usual, repeated Lorentz and other
indices are implicitly summed over, unless otherwise noted. Since the Lorentz contractions
are unambiguous, sometimes I may write contracted Lorentz indices on the same level
(e.g. AMAH instead of A*A,,) if this improves the aesthetics (usually when there are many
other indices). The sign convention for the totally anti-symmetric Levi-Civita tensor e#P¢
is €923 = 1, which implies €p123 = —1. In the context of general relativity (GR), the
Christoffel connection and the Riemann and Ricci tensors built from the metric g, and its
inverse g"” are defined as

1
Flljp = ig,ua (apgoa/ + augozp - aagup) ) (01)
R%,5 = 0,15 — 0Ly, + FZﬁFgV =T, 108 (0.2)
Ry = R0 = 0a1'y, — 00 + 100, — T0AT0, (0.3)

When I refer to a vector I always mean a Lorentz 4-vector. For 3-vectors I use the bold
notation rather than an arrow top: = 7.

I always use the natural units, » = ¢ = 1. Energy, momentum, area, distance, time,
etc. are expressed in appropriate powers of electronvolts (eV).

I use the 2-component spinor formalism, following the conventions of Ref. [2]. A Dirac
fermion is described by a pair anti-commuting fields f,, f; transforming respectively under
the first and the second component of the SU(2) ® SU (2) Lorentz algebra. The spinor index
can be raised and lowered by the anti-symmetric e tensor, f* = e? 13, €2 = -2 =1, and
then Lorentz invariant contractions can be easily constructed by marrying the upper and
lower undotted and dotted indices. For example, f¢f = f¢“f, and ff = 1S f¢ are Lorentz
invariant, whereas f< fo, f$fa, or fofS are not Lorentz invariant. The fermion kinetic and
mass terms are written as £ = if610,f + if¢ctd,f¢ — mff — m[ f¢, where o* = (1,0),
ot = (1,—0a), f = f*, forOuf = fal6"]%Oufa- [CoPOLfC = [CY0"]acuf. If you're



not familiar with this notation... that’s very bad, you should learn this as soon as possible,
it’s an essential part of modern education of a particle physicist. But if you don’t want to
learn, you can always quickly translate to the 4-component Dirac fermion using the map

[ f _— (e 7 (0 o
F= (fc)) F:FT’YO—<f f)a ,)/,LL_ (5-M 0) (04)

For example, fo+0, f = Fy*0,PLF, f¢otd,f¢ = Fy*0,PRF, f°f = FPLF, ff¢ = FPgF,

where Pp, p = 1275 are the Dirac chirality projectors.

The 1o uncertainty on theoretical or experimental quantities is often expressed either
using the bracket notation, e.g. x = 1.234(56) is the same as x = 1.234£0.056. The former
notation is especially useful when precision reaches many digits.

1 Illustrated philosophy of EFT

The notion of effective theory is one of the pillars of physics. Not just particle physics, but
all of physics. Much like mathematics, it constitutes an integral part of the language, to
the extent that it may easily blend into invisibility. The central idea is that things usually
appear simpler when viewed from a distance. For countless physical systems complexity is
dramatically reduced by focusing on the large-scale behavior and projecting out the short-
distance degrees of freedom. It is fair to say that physics would be impossible if not for that
fortunate fact. For example, if we had to know the theory of everything to describe the
notions of planets in the Solar System, even Newton and Einstein could not work it out.
Fortunately for physics and physicists, planets and stars made of gazillions of atoms who are
made of electrons and protons who are made of quarks who are probably made of something
else too, to a very good approximation obey simple Newtonian laws of motion that can be
taught to schoolchildren. Einstein found that these laws are modified at large velocities and
in strong fields, but again the modification can be concisely described with a help of a tad
more advanced mathematics. This works because distance scales between celestial bodies is
typically much larger than other scales in the problem, such as the planetary radii, atomic
scales, etc. The simplicity of the laws governing the motion of planets relies on the fact
that these small scales have been already integrated out, to use the EFT jargon.

In this lecture I will walk you through a series of examples that illustrate some salient
features of effective theories.

1.1 Engineer’s tale, or the multipole expansion

Let us start with a very simple example that may be familiar even to non-physicists. Con-
sider a system of many static electric charges confined to a region of space of size R, see
Fig. 1. A near observer positioned at a distance L ~ R must trace the position of each
charge to accurately determine the electric field in her vicinity. However, for a far observer
at r > R the details of the charge distribution are not essential. Instead, the electric field
at large r can be described using just a handful of effective parameters. These parameters
can be conveniently chosen to be the multipole moments of the charge distribution: the
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Figure 1. Simple illustration of the EFT idea using the example of multipole expansion of the
potential produced by static electric charges.

total charge Qp, the dipole moment ¢, the quadrupole moment ng, etc. The potential
around the far observer can be approximated by

)

(r) = 41

{QO—Ql'Vi‘f’Qéjvivji"’_“'}' (1.1)

r

The power counting of this effective theory is controlled by R/r. The multipoles have

dimensions [@,] = mass™"

. By dimensional analysis, we must have @Q,, ~ R™. Thus, the
first (monopole) term in the curly bracket is O(1/r), the second (dipole) is suppressed
by a relative O(R/r) factor, the third (quadrupole) is suppressed by O(R?/r?) compared
to the monopole, etc. The power counting gives us a means to establish the hierarchy
between different multipoles for » > R: the monopole is the leading term, the dipole is
subleading (unless Qo = 0), the quadrupole is subsubleading (unless Qo = Q% = 0), etc.
The error of this effective approximation is controlled by the ratio (R/r)™, where n — 1 is
the number of multipoles taken into account. For large enough r only a first few multipoles
need to be included to adequately describe the electric field, and this way the description
of a possibly complex system with many degrees of freedom can be described by a small
number of parameters. As r approaches R, more and more multipoles need to be taken
into account. For r ~ R and infinite number of them would be needed, in which case
the effective description breaks down and one should revert to the "UV theory" where the
degrees of freedom are the positions of each charge.

1.2 Toy story, or an EFT for a single scalar

For the rest of the chapter I will discuss EFTs which are relativistic QFTs. The simplest

example one can imagine is the EFT of a single real scalar ¢ with mass m, whose UV

completion contains another real scalar H with mass M > m. This is an ultimate spherical

cow with no practical applications I'm aware of. However, in this simple setting it is

relatively easy to introduce some profound concepts underlying the philosophy of EFT.
The Lagrangian of the UV theory is

1

=5 [(0u0)? — mip* + (0, H)* — M*H?|

Luv



A2
4
Note that I factored out the heavy mass scale M in the dimensionful coefficient of the

—%gb‘l - %M&H — 292 H?. (1.2)

trilinear term, which will affect the power counting below. I'm imposing the Zy symmetry
¢ — —¢, thus odd powers of ¢ do not appear in the Lagrangian. The H? and H* interactions
are irrelevant for this discussion, and for simplicity I'm assuming they are absent in the
Lagrangian (even if this assumption is not stable against radiative corrections, since H?
and H* counterterms will be needed at the loop level).

We want to derive the EFT valid at £ < M where H is integrated out. The EFT
Lagrangian has to be of the form

¢6

6!

4
LEFT :% [(0,0)% —m*¢?] — 4% -

The interaction terms are organized according to canonical dimensions, ), CpOp. Each

Co— +O(M™4). (1.3)

operator Op has the canonical dimension D, and the Wilson coeflicient have dimensions
[Cp] = mass*~P. Dimensional analysis suggests that [Cp] ~ M4~ thus the expansion is
in the heavy mass scale M. In this simple EFT there is only one non-redundant operator
at the dimension-4 level, and only one at the dimension-6 level. Operators with an odd
number of ¢’s do not appear because of the Zs symmetry ¢ — —¢ of the UV Lagrangian
in Eq. (1.2), which is inherited by the low-energy theory. I will not trace here the operators
with D > 6. although it is easy to complicate the analysis and truncate the Lagrangian at
some higher d.
Note that one could write other possible operators at O(M~2), e.g.

Os = (09)%, Og = ¢°06, Of = ¢’0¢?, O} = $*0,00,6, ... (1.4)

It turns out that the operators in Eq. (1.4) are redundant, that is to say, adding them to the
Lagrangian in Eq. (1.3) does not change the physical content of the theory. First, Oé’ and
O~’6 can be traded for Og via integration by parts: ¢2(0M¢)2 = —%gbg’Dqﬁ, $?0¢? = %qﬁ?’ng.
On the other hand, Og and Og can be eliminated in favor of the interaction term present in
Eq. (1.3) by using the classical equations of motion. It was proven in Ref. [3] that shifting
the higher-dimensional operators by a term proportional to the classical equations of motion
does not change the S-matrix elements, even at the loop level. The point is that trading
one interaction term for another using the equations of motion is the same as redefining the
fields in the Lagrangian in a non-linear way. It is rather intuitive that the manner in which
you define your fields should not affect the physical content of the theory. Independence of
the S-matrix on field redefinitions is the consequence of the equivalence theorem [4, 5].
In our case, the equation of motion for ¢ reads

O¢ +m?¢ + %qs?’ = O(M™?). (1.5)

For our purpose, we don’t need to write down the O(M ~2) piece explicitly as it is relevant

only for manipulating O(M %) terms in the Lagrangian. Using the equation of motion we

find, for example, the following operator equation:

CyCy
6

Ced’0¢ = —m2Ce* — S+ O(MH). (1.6)



This means that ALgpr = Cs¢>0¢ has the same effect on on-shell amplitudes as a particu-
lar linear combination of the terms already present in Eq. (1.3) with the Wilson coefficients
fixed as

C4 :mzéﬁ,
Cs =5C4Cs. (1.7)

Since the coefficients in Eq. (1.3) are free parameters at this point, Og can be left out
without any loss of generality. Conversely, one can use Eq. (1.5) to trade Og for Og, leading
to the Lagrangian

¢t  C

[(940)* = m*¢”] = Ca7y + 7 ¢°06 + O(M ™). (18)

N | —

LepT =

In my jargon, the Lagrangian in Eq. (1.3) is written in the unbox basis, and the one in
Eq. (1.8) is written in the boz basis. In this toy model the basis of dimension-6 operators is
one-dimensional, but that is just because I picked a particularly simple example to introduce
the concept; in general the basis of operators may span a multi-dimensional space, as we
will see in subsequent examples. At any order in perturbation theory, both Lagrangians
give equivalent predictions for all on-shell scattering amplitudes up to O(M~2) terms. The
two sets of predictions are related by the map

~ m2 06
Cy =Cy — SN
.G
= 1.
TN (19)

Exercise: Express the operator Os by the ones present in the Lagrangian of Eq. (1.3) .

Write down the map between the double-box basis, and the unbox basis.

We would like to understand how the EFT parameters in Eq. (1.3) or Eq. (1.8) are
related to the “fundamental" UV parameters in Eq. (1.2). The general procedure is to

1. Calculate scattering amplitudes in both the UV theory and the EFT;
2. Expand the former in inverse powers of the large mass scale M;

3. Adjust the EFT parameters such that the EFT amplitudes match the UV ones to a
requested order in the 1/M expansion.

This procedure is called matching.

Calculating tree-level amplitudes is straightforward but at this order the matching can
be further simplified by a useful hack. Quite generally, it can be proven that the tree-level
EFT Lagrangian can be obtained by solving the equations of motion for the heavy fields



in terms of the light fields, and plugging the solution back into the UV Lagrangian. In the
case at hand the equation of motion for the heavy field H is solved by

H) =~ 251 |

-1
M2+ 0O+ 2&] o>, (1.10)

To obtain the tree-level effective Lagrangian, this solution should be inserted in the UV
Lagrangian:

Lipr(9) =£UV(¢, H(3))
m2 A A 1 A
=5 (0,0~ "0 - 4—?¢4 - §M¢2Hc<¢> — S He(9) [D +M?+ ;Qﬂ H(9)

1 2 m% 2 4 2 2 2 2
=5 (0,07 - 02 - D0ty NI [M +0+ ¢] 0. (1.11)

Expanding this up to order 1/M?:

o1 m2 AN
ﬁ](EIE‘T :§(aﬂ¢)2 - 7()@52 - ()\0 - 3)‘%) E - 161]\42

1 m? 4 6
=5(0u0)" = 526" — (Mo = 3X}) J; —45X{A, ¢

2
& — JHE08 + O

_ 4A2 ¢3|:|¢

RIE ozt oM. (1.12)

Note that both the ¢ and ¢3¢ dimension-6 terms appear as a result of this procedure.
One can simplify the effective theory by projecting it into one of the bases. Using Eq. (1.7)
to get rid of the box term one obtains the tree-level matching in the unbox basis:

m? :mg,
2
m
Cy=Xo — 3\ — 4)\%ﬁ%,
1
Cs =472 <45)\2>\2 20\ \F + 60X{>. (1.13)

The scaling of the Wilson coefficients Cy and Cy is consistent with the dimensional analysis,
[Cp] ~ M*=P  although note that the ratios of the light and heavy mass scales also appear.
For m? dimensional analysis would suggest m2 ~ M?2, but that seems at odds with the
requirement that m < M. This is the first instalment of the hierarchy problem.

The matching between an EFT and its UV completion does not have to be limited to
tree-level. Let me just quote without derivation the result of the matching in the dimen-
sionally regularized MSbar scheme up to one loop in the limit A\; — 0:

)\2M2 /1'2
m?(p) =m2 — 9.2 {lo <M2 +1

3\3 u? A\amd
—A\p — —22 ] o) o 2270
Caln) =ho = 5575 log (M2> 48722’

1573 503
C3272M2 A8m2M2T

(1.14)




Here is u is an arbitrary dimensionful parameter interpreted as the renormalization scale.
We can choose it be whatever, but some choices are better than others. As long as u
is of the order of the high mass scale M, one avoids large logarithms in the matching.
These large longs could invalidate perturbation theory even for perturbative couplings Ao,
if \2|log (ﬁ) | > 1. In particular, choosing y = M the matching simplifies to

Ao M2
2 2 2
M) =m2 - =—
m ( ) mo 3972 )

Aimk
M) =% = gz

1573 503

Ce(M) = 2 2072 (1.15)

C32m2M? 48m2M?

Notice that logs of the small mass scale m do not show up in the matching equation. The
reason is that these logs are of IR origin, thus they are common to both the EFT and the
UV theory calculation. The matching of the mass parameter leads to the second instalment
of the hierarchy problem: the one loop shift of the EFT mass m is proportional to the
heavy mass M. In a way, EFT is craving to recover the dimensional analysis m ~ M, or at
least m ~ M /4. To avoid that and engineer a large hierarchy m < M /4w, it is necessary
to fine tune the UV mass parameter my.

One last comment is devoted to the RG running. Already from the matching equations
we can see that the EFT Wilson coefficients, much as the coupling of the UV theory,
should be interpreted as running parameters dependent on the renormalization scale y. To
calculate the EFT couplings at u < M we need to evolve them using the RG equations.
The latter can be obtained by demanding the observables calculated in the EFT do not
depend on the renormalization scale. This leads to the equations

dm? m2Cy

dlog 1 T 1672
dlog i ~ 1672 [3CF + m*C) . (1.16)

The O(M?) terms on the right-hand sides are the standard result in the ¢* theory. There
is also an O(M ~2) terms in the running equation for Cy that is proportional to the Wilson
coefficient of the dimension-6 operator. In general, the EFT at one loop, Wilson coefficients
of higher dimensional operators may affect RG running of lower-dimensional ones (never the
other way around) if there are explicit mass parameters in the EFT. To one-loop accuracy
the first of the equations in Eq. (1.16) is solved by

Cy
m?(u) = m*(M) (%) 1o (1.17)
The good news is that, if we fine tune m?(M) < M?, this relation is radiatively stable
within the EFT. Another good news is that large logarithms log(M/m) in the UV theory
can be resummed in the EFT, leading to expression such as Eq. (1.17). Therein lies the
power of EFT: large scales are integrated out, leaving only the physical scales of interest,



and large logarithms are resummed via RG running. In this sense EFT is not just equivalent
to the underlying fundamental theory at low energies, but is also better from the practical
point of view.

1.3 Euler-Heisenberg, or let there be light

Another illustrative example of the Euler-Heisenberg! EFT [6], which is the effective theory
for photons at very low energies (from the particle physics point of view). Let us take QED
as the starting point, ignoring all the SM particles heavier than electrons, and ignoring the
small couplings to gravity and neutrinos. This is a theory of massless photons minimally
coupled to electrons (and their anti-particles), If we are interested only in the propagation
of photons (e.g. we study electromagnetic waves), for the photon energies £ < A ~ 2m, ~
1 MeV we can integrate out the electrons. This leaves us with the Euler-Heisenberg EFT
where photons are the only degrees of freedom
The Lagrangian of this EFT takes the general form

1 _ -
Lon = =7 Fu Fy + LR+ LBTY + ... (1.18)

Each term in this expansion should be Lorentz- and gauge-invariant. Gauge invariance
dictates that the photon field A, can enter only via the field strength tensor F),, = 9,4, —
0, A, or its dual F/w = €wpo0pAs. The first term in Eq. (1.18) is the usual kinetic term
of dimension four, which does not contain any interactions. The remaining terms describe
higher-dimensional photon self-interactions, which arise after integrating out the electrons.
The interactions are organized according to their canonical dimensions, with the Wilson
coefficients in each consecutive term being suppressed by more and more powers of the cut-
off scale A ~ m,. At the dimension-6 level there is no possible gauge-invariant interaction
due to the identity F,, F,,F,, = 0 (more generally, all invariants with an odd number
of F},, vanish). Thus, the leading interactions arise at the level of dimension-8 operators.
Ignoring tiny parity-violating effects from weak interactions in the SM, one can assume that
all interactions in the Euler-Heisenberg EFT are parity conserving. Then, there are two
independent operators at the dimension-8 level. A convenient basis can be chosen as
O Cy ~ ~

LB = 15 (B Fow) (oo Fro) + 76 (Fr o) (Fpr Fy). (1.19)

Exercise: Show that the dimension-8 operator (F,,F,,)(FcF,s) can be expressed in the
basis of Eq. (1.19). What other operators can be added to Eq. (1.19) if we lift the constraint
of parity conservation?

The Wilson coefficients C; and C5 can be calculated by matching the Euler-Heisenberg
EFT to QED at the scale E ~ A ~ 2m,. In the UV theory, 2-to-2 photon scattering
proceeds through box diagrams with the electron in the loop. For scattering energy F < m,

'Here, Euler is of course not the famous mathematician, but a PhD student of Heisenberg and Luftwaffe
pilot in Nazi Germany. Similarly, Heisenberg is an obscure physicist in 20th century Germany, and not the
famous kingpin from Breaking Bad.

~10 -



we can expand the result in powers of 1/m,.. In order to match the result to the Euler-
Heisenberg EFT we should equate it with the tree-level amplitude obtained using Eq. (1.19).
This procedure leads to the following identification:

8a2 1402
CRFD _ CRFD _ . 1.20
! 45me’ 2 45m? (1.20)

e

Until now we have assumed that QED is the UV completion of the Euler-Heisenberg
EFT. But some exotic, so far undetected particles may also contribute to the Wilson coef-
ficients in Eq. (1.19). For example, integrating out a scalar of mass m, and electric charge
Qs leads to a different pattern of the Wilson coefficients (see e.g. [7]):

(SQED _ Q50 sqep _ @s0” (1.21)
! 90m3 ’ 2 90m3” '

One could also entertain the possibility of a UV completion being itself an effective theory.

Consider the following Lagrangian containing a real scalar a of mass m, coupled to photons

via a dimension-5 interaction:

1 1 m?2 a -

2+ F Fs + 5(8ua)2 — 7‘1@2 + camaFWFW. (1.22)

This kind of coupling is characteristic for axions, or more generally for Goldstone bosons of

Lyy = —

a global symmetry spontaneously broken at the scale f where the global symmetry current
has a mixed triangle anomaly with the electromagnetic U(1) currents. Integrating out a
at tree level leads to the effective dimension-8 interactions in Eq. (1.19) with the Wilson
coefficients
axion axion Cio&z
C7 =0, Cs = W

The bottom line is that different UV completions lead to different patterns of Wilson

(1.23)

coefficients of dimension-8 operators in the Euler-Heisenberg EFT. Therefore it makes sense
to treat C'y and Cy as free parameters, to be fixed by experiment. The question we address
in the following is what kind of measurements are sensitive to these Wilson coefficients.
One way is to search for non-linear effects in electromagnetic waves propagation. Indeed,
the interactions in Eq. (1.19) modify Maxwell’s equations of electrodynamics, in particular
they introduce non-linearities that violate the superposition principle. Following Ref. [§],
let us first rewrite the Euler-Heisenberg Lagrangian in engineer’s friendly variables £ =
~VAY — 9,A, B = V x A, where A* = (A°, A). Using Fy, = EF, Fy = —€¥'mB™,
For = Bk, Fy = e¥'™mB™ we have

1
Lon = <E2 - BQ> + %(E2 - B?)? + »(EB)*. (1.24)
One defines the electric displacement D = g—é, and the magnetic intensity H = —%- In

QED in vacuum D = E and H = B, but in the presence of dimension-8 operators in the
Euler-Heisenberg Lagrangian these relations are modified as

D =E + C,(E* - B*)E +2C,(EB) B,

— 11 —



H =B + C,(E* - B*)B —2C,(EB)E. (1.25)

In electrodynamics one further defines the polarization P = D — E and magnetization
M = B — H vectors. For C} 2 # 0 the vacuum behaves as a medium in QED: it has non-
zero polarization and magnetization in the presence of external fields. Consider switching
on a strong external magnetic field By. Then we plug in on the right-hand side of Eq. (1.25)
E=F,, B = By+ B, where E,, and B,, are electromagnetic fields of a passing wave.
Expanding to the leading order in E,, and B,, we get

D, =F, — ClBng + 20y (EwBo)Bo,
H, =B, — C\B}B,, — 2C(B,By) B. (1.26)

One consequence of the non-linearities is that in strong magnetic fields is the phenomenon
vacuum birefringence, where vacuum exhibits different refractive indices for different po-
larizations of light. Indeed, the electric permittivity and magnetic permeability defined by
D = ¢H and B = pH have a different value for waves with the electric vector polarization
parallel or perpendicular to the external magnetic field:

ELzl—ClBg, € :1—ClBg—|—2C2B§,
pr =1+3C1B5, =1+ CiBj. (1.27)

The index of refraction is n = /eu hence
ny =14+C1Bj, nj=1+CyB;. (1.28)

As advertised, the refractive index and therefore the speed of propagation v = 1/n is
different depending on whether polarization of the electromagnetic wave is parallel or per-
pendicular to the external magnetic field. Measuring the propagation speed in the two
case allows us to access the two independent dimension-8 Wilson coefficients of the Euler-
Heisenberg EFT (from the experimental point of view it is usually easier to measure the
difference, An = n; — nj, which probes C; — C3). The effect is being searched for in the
laboratory settings with high-intensity lasers and strong magnetic fields, most recently in
the PVLAS experiment in Italy [8], but for the time being there has been no detection.
Another promising environment for observing vacuum birefringence is in the proximity of
astrophysical objects such as neutron stars, because these can create immense magnetic
fields. There exist some claims of detection in astrophysical settings |9], but to my un-
derstanding they are not universally accepted and certainly no measurement of C; was
produced.

This example shows another interesting feature of EFT - it makes the study of collective
low-energy phenomena much more tractable. Vacuum birefringence is the consequence of
QED, due to soft light quanta interacting with virtual electron-positron pairs. But it would
be very difficult to study this effect quantitatively within the QED formalism. On the other
hand, after resorting to the Euler-Heisenberg formalism, the calculation of the propagation
speed becomes quite trivial.

- 12 —



There is one interesting conceptual consequence of Eq. (1.28). The propagation speed
should not exceed the speed of light in the absence of external fields, which translates to
n > 1, otherwise we would be able to send superluminal signal around the CERN tunnel.
Therefore in this case causality implies positivity of the Wilson coefficients:

C1>0, Cy>0. (1.29)

Unsurprisingly, the Wilson coefficients obtained for specific UV completions, cf. Egs. (1.20),
(1.21) and (1.23), satisfy this inequality. The same conclusion can be reached by considering
micro-causality in the sense of Ref. [10], which amounts to exploring analytic properties of
scattering amplitudes. In this approach the inequalities can be sharpened to C7; > 0, Cy > 0.
This is very interesting. From the naive bottom-up perspective one might suppose that the
Wilson coefficients in EFT can in principle take arbitrary values, and any pattern can be
reached for suitably designed UV completions. But not anything goes: self-consistency of
the theory may impose non-trivial constraints on the EFT parameter space. This is a very
active topic of research, with certainly more progress to come.

1.4 GREFT, or quantum gravity for dummies

EFT techniques can be equally well applied to the quantum theory of a massless spin-2
particle, which describes gravitational interactions. This leads to the so-called General
Relativity EFT (GREFT), which is an EFT extension of the Einstein theory of general
relativity (GR). The quantum field encoding the gravitational degrees of freedom is the
spacetime metric g,,,, which describes, in the limit of the flat Minkowski background, a
massless spin-2 particle called the graviton. Asin the Euler-Heisenberg EFT, the Lagrangian
can be organized into an expansion in canonical dimension. The main difference with
the photon EFT is in the choice of symmetry governing the interactions. In order to
decouple the unphysical degrees of freedom in the metric the Lagrangian has to be invariant
under a different kind of local gauge transformations: the so-called general coordinate
transformations. The GREFT Lagrangian takes the form

LarerT = +LERErT + LORDEFT + LOREFT + - - - - (1.30)

Each term in this expansion is separately invariant under general coordinate (GC) trans-
formations. At the leading, dimension-2 order there is only a single GC-invariant term:

_ M?2
ﬁgﬁ}%FT :Tm\/ —gR, (1.31)

where Mp) = \/8177; ~ 2.44 x 10'® GeV This term encapsulates the usual Einsteinian GR.

Higher order corrections are constructed from powers of the Riemann tensor R,,,o3 (more

precisely, from its traceless part called the Weyl tensor, Civap = Ruvas — Gujallsp +
GujaBgy + %gﬂ[agmuR ). The Wilson coefficient in each consecutive term are suppressed
by more and more powers of the cutoff scale A, which naturally may be comparable to or
much smaller than the Planck scale (since GR is not renormalizable, higher-dimensional
operators are generated by gravitational loop corrections, therefore the choice A > Mp
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would be unnatural, that is unstable under radiative corrections). At dimension four naively
it is possible to construct non-trivial GC-invariant operators, e.g. R?, R, RM, RuyagR“l""ﬁ .
However the first two are proportional to the leading order equations of motion R, = 0,
and therefore they do not contribute to on shell amplitudes (in other words, they can be
eliminated by a suitable field redefinition). The last one can be expressed by the the first
two plus a total derivative due to the fact that the so-called Gauss-Bonnet term R? —
4R, Ry + RuvapRuvap is a total derivative. Thus the leading order GREFT corrections
to GR enter at dimension six:

LERE T =C1C,005Capp0CP" + CoCapCappe CP7H (1.32)

where C~’Wa5 = %eWpJC’pmﬂ. If C; are of order Mglz, it is unlikely we will see their effects
anytime in our lifetime. However it is conceivable that the cutoff of GREFT is much lower
than the Planck scale, and then C; ~ A=2 may be searched for via a host of GR tests.

How can we calculate amplitudes of quantum processes using Eq. (1.30)7 We first
need to identify the perturbative degrees of freedom with which we can do QFT. As long
as we are away from high curvature regions (a good approximation in most of our local
galaxy cluster except near black holes) a good starting point is perturbations around the
flat Minkowski space:

Guv = Nuv + Py - (1.33)

2
Mp,
The tensor h,, describes the two polarizations of the massless spin-2 particle - the graviton.
The factor 2/Mpj in front ensures that h,,, has canonically normalized kinetic terms. Indeed,
expanding Eq. (1.31) to quadratic order in hy,, and integrating by parts while dropping
total derivatives to simplify the expression, one finds

_ 1 1
LERBFT 25(8phw)2 - §(aph)2 — (Ophyup)? + 0uhdphyp + O(h?), (1.34)

where h = n*”h,,,. The kinetic terms are invariant under the local gauge transformations
Ohyy = 0u& +0,€,. These are needed to decouple the unphysical components of the metric,
so that only the two physical polarizations propagate on shell. After gauge fixing, the kinetic
terms can be inverted to obtain the propagator, similarly as it is done for massless spin-1
particles.

Apart from the kinetic terms, the dimension-2 term in the GREFT Lagrangian contains
an infinite series of graviton self-interactions. Just for laughs, let me quote here the cubic
self-interactions in the 0,h,, gauge copied from Ref. [11] (and appropriately rescaled to
account for different normalizations):

- 1
1
5 h by — 2Dl + a0k~ 2y Dol Dshes + hDuh,

1
+ 2 BphyuDph + 5100y — 2y hupOahis + 2w Oahysdshua . (1.35)
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It looks scary, but in principle we can derive from it the Feynman rules for the cubic graviton
self-interactions. Expanding ﬁgﬁ%FT to higher orders in h,,, we can similarly obtain the
quartic and higher graviton vertices. The consecutive terms are suppressed by more and
more powers of Mp;, which sets the maximum possible validity regime of the theory. With
these Feynman rules and the propagator obtained from the quadratic terms we can calculate
amplitudes for graviton scattering processes. Similarly Eé)f{gFT and higher-order terms in
the GREFT expansion will introduce higher-derivative corrections to the cubic and higher
graviton vertices. Schematically,

_ C;
LER et D 7 h?9%h + O(h*). (1.36)

3
Pl

modifying the cubic and higher graviton vertices by six-derivative terms. Both the GR
part and the GREFT corrections can be systematically taken into account in the amplitude
calculations. This is extremely tedious using the standard techniques, but in principle
there are no showstoppers. At loop level divergences will appear, but these can always be
absorbed into counterterms in the GREFT Lagrangian. All in all, GREFT is much like
any any other relativistic EFT at the philosophical level, only a tad more difficult at the
practical level.

GREFT is an effective theory applicable in the humongous energy regime, possibly
Hy ! « E <« Mp,. The upper limit is where self-interactions of the graviton become
strong, and other fundamental or composite degrees of freedom must emerge to render the
graviton scattering amplitudes well-behaved. The lower limit is set roughly by the size of
the universe, at which scale QFT in the flat Minkowski background is not applicable. Unlike
for the Euler-Heisenberg EFT, we can only speculate about the UV completion of GREFT:
it may be some form of string theory, or something completely different. For this reason, we
do not know the coupling constants multiplying the higher-derivative interactions terms in
the GREFT Lagrangian; they have to be treated as free parameters to be determined one
day from experiment. By the way, GREFT is a counterexample to the nonsense you may
often hear that quantum mechanics and general relativity cannot be reconciled. GREFT
obeys the principles of general relativity and is a consistent relativistic quantum theory
within its validity range, which is much larger than for other EFTs used in physics.

1.5 Fermi theory, or from the Standard Model to nuclei

Beta decay is the process where a nucleus N with charge Z decays into another nucleus N’
with charge Z 4 1, while emitting the 3T particle? and a (anti-)neutrino. In 1933 Fermi
proposed his revolutionary theory of beta decay which, after a couple of tweaks, made it
possible to quantitatively describe thousands of such nuclear transitions in nature. At the
time, his guide was ingenious bottom-up EFT intuition, as he of course did not know about
the SM, weak force, and all that jazz. Here we will derive the Fermi theory top down, using
the SM as the starting point.

2The name beta particle is one of many living fossils in the nuclear physics literature. The name was
coined in the early day after the discovery of radioactivity, and has inexplicably stuck till now, even though
the particle was identified with the electron shortly after. In my notation 8~ is the electron, 8% is the
positron, and 3 refers to both.
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In the SM, charged current weak interactions responsible for beta decay are mediated
by W bosons. After electroweak symmetry breaking, W interacts with the first generation
quarks and leptons as

Ln D — LLWF [Vigushd + vote] + hc., (1.37)
V2
where g7, is the gauge couplings of the SM SU(2)r, and V,4 is an element of the CKM
matrix. It is possible to view e.g. BT decay as the process where an up quark in the
nucleus changes into a down quark while emitting a W™ boson, which subsequently decay
into a positron and a neutrino. This is however very impractical. The typical momentum
exchange ¢ in beta decay is of the order of MeV, while the W boson mass is O(100) GeV.
Attempting such a fundamental-level description of the low-energy process introduces un-
necessary complications, while on the quantitative level the calculations will be plagues by
the large log(mmw /q) logarithms. In this case it is much advantageous to go down the rabbit
hole of EFT and come up with a less fundamental description using the degrees of freedom
at the relevant energy scales.
The first step is to get rid of the W boson. At energies E < my we can work with
an EFT of the weak force that I call Weak Effective Field Theory (WEFT), where the W
and Z bosons (and also the Higgs and the top quark) are integrated out. Consequently, the
gauge symmetry of the SM is reduced down to SU(3)c X U(1)em, as there are no longer
gauge bosons corresponding to the full SU(3)c x SU(2)w x U(1)y. Also, the weak force
is not longer mediated by W and Z, but instead by contact 4-fermion interactions between
the SM fermions. Indeed, integrating W at tree-level we get

2
Lwerr D — 297% [Vaatio*d + v5'e] [Vyqdou + eo,v]. (1.38)
w
It is convenient to trade myy = 957 so that gr, cancels out. The scale v controls the strength

of weak interactions at low energies, and is directly measurable in experiment. In particular,
from muon decay one can infer v = 246.21965(6) GeV.? Focusing only on the semi-leptonic
interaction relevant for beta decay:

LwEFT D — QV;” (@g*d)(e5,v) + h.c. (1.39)
We can use this Lagrangian down to energies F ~ 2 GeV, when the strong interactions
start to set in (the Wilson coefficient depends on the energy scale, but in this case only the
electromagnetic interactions induce running at one loop and the effect is therefore small).
To press on toward lower energies we will have to get our hands dirty with some non-
perturbative physics. In particular, the degrees of freedom change. Quarks are not good
degrees of freedom below ~ 2 GeV, and instead nucleons (protons and neutrons) emerge as
the particles directly relevant for nuclear processes. We want to match the nucleon-level

3In the literature this result is more often presented in terms of the Fermi constant Gp = ﬁ =
1.1663787(6) x 1075 GeV 2. However, the Fermi constant leads to proliferation of square roots and I prefer
not to use it.
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Lagrangian to the UV completion in Eq. (1.39). To this end, we focus on the simplest
beta decay process: the neutron decay. We will first calculate the neutron decay amplitude
starting from the quark-level Lagrangian, and then write down the nucleon-level Lagrangian
which reproduces the same amplitude in the limit where the proton momentum is small in
the neutron rest frame. Using Eq. (1.39) we have

Min = pe ) = = 28 35,,) (p(hy) 5% (). (1.40)

The leptonic side is perturbative, and we proceed in the same way as when calculating the
amplitude from Feynman diagrams, replacing the fields with the appropriate spinor wave
functions. The hadronic side is tricky, because we have to deal with a non-perturbative
matrix element of a quark bi-linear between the nucleon external states. We will not able
to calculate it from the first principles, and we will parametrize our ignorance instead. We
have to respect Lorentz and little group covariance. The matrix element has to consist of the
available covariant objects: the spinor wave functions of the neutron and proton, and their
momenta. We will make our life simpler by taking the zero recoil limit: k, = p, = p. This
is a good approximation, because the neutron-proton mass difference is small compared to
their masses, m,, —m, ~ 1 MeV< m,, ~ 1 GeV. This means that proton barely moves in
the neutron rest frame. In this limit, the most general matrix element takes the form

(bl o) =avs (3,5 2) + (")

:%/(_p&uxp + Ypo"'Yp) + %(%5“% — Ypo"'Yp). (1.41)
Here, and xz,, y, are the spinor wave functions of the neutron and proton (they are the
same for both in the zero recoil limit). Other possible structures with the correct Lorentz
properties, e.g. p*(ypxp £ ZpYp), can reduced to the ones occurring above. The numerical
constant ay, g should be O(1) by dimensional analysis, but are not calculable from first
principles. In the second line we traded them for commonly used vector and axial charges
of the nucleon, which multiply the combinations of the spinor wave functions with definite
parity. The reason is that these variables facilitate folding in some additional information
due to symmetry considerations. Namely, the Ademollo-Gatto theorem [12] states that
gy = 1 up to second order effects in isospin breaking, that is to say up to corrections of
order 104, On the other hand, g4 cannot be fixed by symmetry considerations, and instead
has to be calculated on the lattice or measured in experiment. The lattice value quoted
by the FLAG aggregator is g4 = 1.246(28) [13], so it is indeed order one as expected by
dimensional analysis.

FEzercise: Show that gy = 1 in the limit of unbroken isospin symmetry (m, = mg and
electromagnetic interactions switched off).

Putting together Egs. (1.40) and (1.41)

o Vaud ,_ _ _ _ _
M(n — pe” V) = — v—é(xeauyy) Lgv (Zp0"@p + ypoh'Tp) + 9a(Tpa"zy — ypo'gp)].  (1.42)
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This can be derived from the nucleon-level effective Lagrangian
Lrermi = — [C}F(p5"n + p°o*n®) — C} (pot'n — p°otnc)] (ea,v), (1.43)

with the leading order matching

Viud Viud
cy ZQVTUQ7 Ch = >

= —gA—>. 1.44
9A~ 3 (1.44)

From this Lagrangian one can calculate all observables in neutron decay using the standard
QFT techniques. For example, the differential decay spectrum can be found to be
dr (V) +3(C1)°

T = 3 peEo(E™a — B,)?, (1.45)
e

where E, is the relativistic energy of the outgoing electron, p. = \/E? — m? is the mag-
nitude of its 3-momentum, and E"** ~ m,, — m, is the endpoint energy. This shape of
the spectrum is in fact the prediction of the Fermi theory not only for the neutron decay
but for a large class of nuclear 5 decays (the so-called allowed decays in another example
of curious fossil nomenclature). Here let me just give you one very simple example how to
calculate the amplitude for decays of nuclear states. Consider the situation where both the
mother nucleus N and the daughter nucleus N’ have spin zero and positive parity, which
is denoted as 0. Then

MN = N'e™p) = =(Zc5,) |Cy (07| pa¥n + p°otn®|07) — CF (07| patn — p°o™n®|07T)
(1.46)

Now we have to deal with matrix elements of nucleon fields between external nuclear states.
In general, this is a complicated non-perturbative object, but in the zero recoil limit things
simplify considerably because the momentum p* of the mother nucleus is the only Lorentz-
covariant object available, and we must have (07| pa#n + p°a#n¢|0") ~ pt. Furthermore,
parity of QCD, inherited by nuclear interactions, determines that the axial matrix ele-
ment is zero, because one cannot construct any object with required parity and Lorentz
transformation properties. The amplitude simplifies to to

MWN = Ne™v) = =2mpCyy Mp(Ze6,y,)p", (1.47)

where M is the numerical proportionality constant in the vector matrix element. From this
point the differential decay width can be calculated using the standard QFT techniques,
and one ends up with the result very similar to the one for neutron decay:

dr ) (CV)°

— 2
i, Mz 13 PeEe(EY™ — Ee)”. (1.48)

For decays between members of the isospin multiplet M is actually calculable from sym-
metry, and then at leading order everything the spectrum is fully calculable, in spite of
dealing with the brown muck of nuclear physics.
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1.6 Chiral perturbation theory, or the tale of broken symmetries

Chiral perturbation theory (yPT) carries perhaps the most uninspiring name in particle
physics but its theoretical and practical importance is immense. It is a theory of the lightest
pseudo-scalar hadrons bound by the QCD strong force: pions, and sometimes kaons and
n mesons, valid in a relatively narrow energy range from 100 MeV (the pion masses) to
~ 700 MeV where the tower of QCD resonances begins. Here, a new kind of complications
appears. We know the UV completion perfectly well but nevertheless we cannot derive
the effective theory from first principles, because QCD becomes non-perturbative. Instead
we will have to rely on approximate symmetries and EFT power counting, with also some
input from experiment and lattice QCD.

For the sake of the present discussion imagine that the SM contains only a single
generation of fermions, with the up and down quarks charged under the color SU(3) group.
Each quark is described by a pair of 2-component spinors: u, ¢ and d, d° transforming in
the fundamental representation of SU(3). The relevant QCD Lagrangian is then

Lqocp =6, Dyu + iu¢o,Dyat +ide, Dyd + id°oy,Dyyd® — my, (uCu 4+ ai®) — mg (d°d + dd°)
=46, Dpq + iq°0,Duq” — ¢“Myq — GMJ T, (1.49)

where the derivatives are covariant with respect to the color SU(3), D), = 9, + igsG}T*.
In the second line we introduced a more compact notation with ¢ = (u,d), ¢¢ = (u€,d°),
M, = diag(my, mq). In the limit of massless quarks, M, — 0, the Lagrangian possesses a
global SU(2)r, x SU(2)r x U(1)y x U(1) 4 symmetry. the vector symmetry U(1)y, which
acts as ¢ — €'%q, ¢¢ — e '%¢° on the quarks, can be identified with the baryon number, and
it does not play a role in xyPT where all the degrees of freedom carry zero baryon number.

It turns out that the axial symmetry U(1)4, which acts as ¢ — €/®q, ¢ — €'“¢, is not a
symmetry of the quantum theory due to anomalies, and we will not discuss it anymore.*

We therefore focus on the two SU(2) factors which act on the quarks as
q—Lg, ¢ —qR', (1.50)

where L, R are unitary 2 x 2 matrices with unit determinant. That is to say, SU(2)r
rotates the left-handed up and down quarks, and SU(2)p rotates the right-handed quarks.
One also defines the vector combination, SU(2)y, corresponding to R = L, and the axial
combination, SU(2) 4, corresponding to Rt = L.

We expect the global symmetries of QCD will be somehow reflected in xPT. Indeed,
SU(2)y, under the nickname of isospin, is well known to hadronc known In xPT the
pions form an isospin triplet, (7F, 7% 77), whose all component have approximately the
same mass, Mmy+ — Myo = 4.6 MeV m,. If xPT is extended to include kaons, then also
the doublets (K+, K?), (K—, K") are approximately degenerate in mass. In the EFT for
baryons, isospin is responsible for the tiny proton - neutron mass difference, and if Fermi
were a botanist he would certainly invoke scores of other isospin multiplets. All in all,
isospin is a good approximate of the hadronic world at the spectroscopic level, and in fact

“See the TAST lectures of Anson Hook for a nice discussion [14].
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also at the interactions level. On the other hand, SU(2)4 is nowhere to be seen at the
spectroscopic level. We interpret this fact as an evidence that SU(2)4 is spontaneously
broken by the QCD vacuum. That is to say, the vacuum expectation value of the quark
bi-linear is non-zero:

(0 ¢°q|0) # 0. (1.51)

Since ¢°q is invariant under SU(2)y but transforms under SU(2) 4, this preserves SU(2)y
but spontaneously breaks SU(2)4. This is just as good, because by the Nambu-Goldstone
theorem the SU(2)r x SU(2)r — SU(2)y global symmetry breaking pattern should result
in 3 approximately massless Goldstone bosons filling the adjoint representation of SU(2)y .
These can be readily identified with the pion isospin triplet. To summarize, a combination
of phenomenological and theoretical arguments allows us to identify xPT as the theory of
pseudo-Goldstone pions from the spontaneous SU(2)r, x SU(2)r — SU(2)y global sym-
metry breaking of QCD (pseudo- because this symmetry is only approximate - broken by
the quark masses).

At this point we need to make one executive decision. We can implement the SU(2)r, x
SU(2)r — SU(2)y breaking in xPT in a linear or in a non-linear way. The first option
is akin to the Higgs sector in the SM, and in addition to the Goldstone bosons it results
in another scalar ‘radial" isospin singlet state. But nothing like the narrow and light
Higgs boson resonance exists in the hadronic spectrum.® Therefore one pick the non-linear
realization of the symmetry, which does not introduce additional scalar states. The common
formalism is to introduce a unitary matrix U transforming linearly under SU(2)z, x SU(2)r
but depending in a non-linear way on the pion fields:

k __k
U— LUR", U=exp (iWFa ) (1.52)

Here 7% is the triplet of pion field, o are the Pauli matrices, and Fy is called the pion
decay constant whose phenomenological value is F; = 93.2 MeV. The point of this compli-
cated definition is to ensure that pions transform as triplets, @ — LUL' under the isospin
symmetry (R = L), and by a shift (as characteristic for Goldstone bosons) under SU(2) 4,

k encode the symmetry breaking structure,

ok ~ F,Telz + .... This way the variables w
which determines the interactions. Other parametrizations encoding the same symmetry
pattern will differ by fields and coupling redefinitions, but will lead to the same physics.
Let us pursue the discussion of the limit M, — 0, in which case SU(2);, x SU(2)r is
unbroken. Then the Lagrangian of yPT is organized in an expansion according to a number

of derivatives

2 (4) (6)

Lopr =L + LD+ L+ (1.53)

X

Each term is a function of U and its derivatives, and is invariant under global SU(2), x
SU(2)r. The upper index marks the number of space-time derivatives involved. There

5The fo (500) scalar meson is much heavier than the pion, with its mass of 500 MeV give or take a cow,
and the width comparable to its mass.
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is no zero-derivative term because UTU = 1 is independent of the pion field. At the two
derivative level there is only a single term we can write:

@ _I7 t
£XPT :TTr[ﬁuU o,U]. (1.54)
Inserting the definition of U in terms of pion fields, this provides canonically normalized
kinetic terms, as well as quartic and higher interaction terms. ,C;Q}))T is the starting point
that can be used to calculate pion scattering amplitudes at leading order. In particular,
the 2-to-2 amplitude reads
1
MO [rorb 5 rend) = W{saabacd + t5ecst 4 uaad(st}. (1.55)
We can already see that this amplitude grows as E2/F2. Therefore the cutoff of the theory
cannot by larger than 47 F; ~ 1 GeV, where perturbative control of the EFT is completely
lost. This is fine, because we know that at £ ~ 700 MeV new vector resonances appear,
affecting the pion scattering amplitudes, so we do not intend to use yPT beyond that.
Going to the next order, the 4-derivative terms in the yPT Lagrangian read

l l
£ :Zl(Tr[ﬁuUTOHU])Q + ZZTr[ﬁuUTayU]Tr[ﬁuUTayU]. (1.56)

The Wilson coefficients [y 2 are dimensionless. By dimensional analysis, they contribute

to the next-to-leading order amplitude as M® [r%7x? — 779 ~ li%i.

counting of xPT, commonly referred to as the chiral counting, assumes [; ~ ﬁ. This

Now, the power

way M@ hits the strong coupling around E ~ 47 F,, much as M. This kind of power
counting is characteristic for strongly coupled UV completions. The consequence is that
the contributions proportional to [; is of the same order as the one-loop contributions
;2P)’T' Therefore we have to put both of these contributions on the

same footing. The divergences appearing in the one loop calculation can be absorbed into

calculated on the basis £

;. This way we can systematically calculate the pion scattering amplitudes order by order
in the chiral expansion with the result being of the form
E? E?logE
M[w%bawcwd]wﬁ{1+mé)2+...}. (1.57)

This makes it clear that yPT is an expansion in F /47 F; and makes sense as long E < 47 F.
In practice this is a rather narrow range, given the pion masses are already ~ 100 MeV.

Let us now include the quark masses and understand their effect on yPT. A quick
look into PDG tells us that m, ~ 2.2 MeV, mg =~ 4.7 MeV, with remarkably small errors
not exceeding 20%. This is indeed much smaller than Fy, so our initial starting point
of unbroken SU(2); x SU(2)gr is well justified. Whenever we deal with a small order
parameter breaking the symmetry, a very useful trick is the spurion analysis. This consists
in pretending that the symmetry breaking parameter itself transforms under the symmetry,
such that the symmetry is formally restored. In the case at hand, SU(2) x SU(2)g is
formally restored in Eq. (1.49) if we assign the transformation

M, — RM,L'. (1.58)
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We now have a new object M, to build invariant from in the YPT Lagrangian. The simplest
one is

AL,pr =AF2Tr[M,U] + h.c. (1.59)

We can write M, = Medma] 4 Muzii g3 and then Tr[MyU]+h.c. = —2udldgkpk O(73).

Therefore at this point one predicts universal pion masses® given by

m2 = 2A(my, + my). (1.60)

Given that m, ~ 140 MeV, we can fix A &~ 1.4 GeV, which is close to 47F,. Note that we
cannot directly relate quark masses to pion masses without non-perturbative calculations.
In fact, this exercise is more fruitful when strange pseudo-scalar mesons are included in
xPT, as it allows one to predict the Gell-Mann Okuba relation between the pion, kaon, and
eta meson masses, see e.g. [15].

1.7 What have EFTs ever done for us

The examples discussed in this section demonstrate a wide range of applications of EFT
techniques in high-energy physics. The EFT may be a convenient framework when the UV
completion is known (toy scalar, xPT, Euler-Heisenberg) and when it is not (GREFT).
In the former case, the EF'T Wilson coefficients may be analytically calculable (toy scalar,
Euler-Heisenberg) or not (Fermi theory, yPT). The calculable Wilson coefficient may appear
at the tree level (toy scalar) or only at the loop level (Euler-Heisenberg). The degrees of
freedom may be fundamental from the point of view the UV completion (Euler-Heisenberg),
or not (xPT), or we don’t know (GREFT). In spite of the limitations particular to each case,
organizing the Lagrangian in a systematic expansion taking into account the symmetries of
the low-energy theory always results in considerable simplifications of the qualitative and
quantitative nature.

The overview attempted in this lecture is by no means exhaustive. One of the most
important EFT frameworks underlying a good part of physics beyond the SM these days,
the so-called SMEFT, will be discussed in a bit more detail in the following section. There
are countless other important applications of EFTs in particle physics, which may or may
not involve a Lorentz-invariant local Lagrangians. For further reading, I wholeheartedly
recommend the general EFT reviews of David Kaplan [15] and Ira Rothstein [16]. Parts of
my lectures have been inspired, consciously and unconsciously, by these two references, but
they also contain a lot of material not discussed here. For reviews focused on more specific
applications, it is worth reading e.g. Ref. [14] on the effective theory of axions, Ref. [17]
for the effective theory of heavy mesons, Refs. [18, 19] for the EFT approach to gravity, or
Ref. [20] for the effective theory of excitations in superconductors.

2 Introduction to SMEFT

The SMEFT philosophy has been employed in high-energy physics since more than 40
years [21], but only recently, around the year 2010, the theory gained large prominence.

5The small difference between charged and neutral pion masses is due to electromagnetic loop corrections,
which is another isospin breaking effect.
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SMEFT is an EFT of the SM degrees of freedom: the photon, the gluon octet, the W and Z
bosons, the Higgs boson, and the 3 generations of quarks and leptons. Much as in the SM,
the action is exactly invariant under the local (gauge) SU(3) x SU(2) x U(1) symmetry.
The SMEFT Lagrangian contains the SM one, but also an infinite set of higher-dimensional
gauge-invariant interaction terms.” The latter interactions, which are non-renornalizable
in the old parlance, describe the effects of heavy particles from beyond the SM. Under
very broad assumptions, which will be spelled out in Section 2.1, SMEFT is the theory
of fundamental interactions in the energy range 100 GeV < E < A, where A > myy is
the scale at which non-SM particles appear. The Lagrangian is organized in a systematic
expansion based on the canonical dimensions of the interaction terms, with the operators
of canonical dimension D suppressed by AP~4. The operators with D = 5 and D = 6
are expected to provide the leading deformations of the SM Lagrangian. Most often, the
expansion is truncated at D = 6, with the D > 6 operators deemed as irrelevant at the
currently available energies.
The following is basically a shortened version of my lectures collected in [22].

2.1 Assumptions behind SMEFT

In theory, SMEFT is a perfectly consistent EFT of the SM degrees of freedom. However,
it is not guaranteed that there is any energy range where SMEFT is the relevant EFT to
describe physical processes. For this to happen, two broad assumptions have to be satisfied:

#1 Mass Gap. The mass scale A of the non-SM particles is much larger than the
electroweak scale, A > my .

#2 Gauge Symmetry. The Lagrangian describing interactions above the electroweak
scale is invariant under the SM gauge symmetry SU(3)c x SU(2)w x U(1)y.

Strictly speaking, Assumption #1 is is false. Indeed, the degrees of freedom at the
electroweak scale include not only the SM spectrum, but also a massless spin-2 particle
called the graviton, which mediates the gravitational interactions. Thus, in order to describe
all known physics at that scale we should also include the graviton in our EFT, which
leads to the construction called GRSMEFT [23]. Nevertheless, gravity is expected to be
very weak around the electroweak scale. Consistency of the theory requires the leading
order coupling of matter to gravitons to be universal and controlled by the scale Mp; ~
10'® GeV, leading to the suppression by powers of TeV/Mp; ~ 1071? at the LHC energies.
Subleading graviton couplings are controlled by the GRSMEFT expansion scale AGrsMEFT,
which is unknown, but the (safe) assumption here is that AgrsmerT => M, perhaps even
AcrsMmEFT ~ Mpr. If that is satisfied, graviton emission is totally irrelevant at the LHC and
in other experiments that focus on non-gravitational interactions. For those experiments,
SMEFT provides an adequate description.

"In the EFT jargon, these higher-dimensional interactions terms are often referred to as operators, for
no good reason. The coupling constants multiplying these operators are often referred to as the Wilson
coefficients. 1 will use this jargon in the following.
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Are there other light non-SM degrees of freedom except for the graviton? This is
an open question at present. Theorist have hypothesized countless light particles, some
of which are even well motivated, and sometimes even hinted at by some experiments.
As examples one could mention the sterile neutrinos, the axion, and a light dark matter
particle. An affirmative answer to our question will be provided if we are very lucky and such
a particle is discovered in some ongoing or future experiment. However a negative answer
may never be established, because in many scenarios the coupling of the new particle to
the SM matter is a free parameter that can be adjusted to arbitrary small values. From
our point of view, a more immediate question is whether the non-SM degrees of freedom
are relevant at the LHC energies. Again, this is an open question that may be difficult to
settle in the near future. For all we know, a new light particle could for example couple
to the Higgs boson, leading to an invisible Higgs branching fraction up to O(10)%. Such
decays cannot be described within the SMEFT framework. All in all, it is reasonable to
assume that the graviton is the only non-SM light degree of freedom, however it certainly
requires a certain leap of faith. In case the existence of a new light particle is established,
and its couplings to the SM matter turn out to be significant, the SMEFT approach may
have to be abandoned.

Assumption #2 is more mysterious. In the SM, the action is exactly invariant under
the SU(3)c x SU(2)w x U(1)y local symmetry, which in the global limit acts as a linear
transformation on the fields in the Lagrangian. This symmetry is not visible at the level of
the spectrum because it is spontaneously broken by a vacuum expectation value (VEV) of
the Higgs field. With some experimental input about the quantum numbers of SM matter,
the gauge principle has led to highly non-trivial and successful predictions. For example,
the interactions strength of all left-handed fermions in the flavor basis with the W boson are
predicted to be universal (in the tree-level approximation) and controlled by the SU(2)y,
gauge coupling g, while the interactions with the Z boson are predicted non-universal but
controlled only by the fermion’s quantum numbers and one universal parameter called the
weak mixing angle sin fy,. All in all, gauge symmetry has proved to be one of the deepest
foundational ideas in QFT, and the SM gauge symmetry has time and again proved to
be extremely successful phenomenologically. That’s all very impressive, but why should
SMEFT respect the same gauge symmetry as the SM? In the end, the goal of SMEFT
is to provide a model independent description of heavy new physics beyond the SM. The
discussion is further complicated by the fact that, in the modern view, gauge symmetry is
not a real symmetry of the physical system, but merely a redundancy of ifs description.
Why do we insist on imposing that particular redundancy on SMEFT?

Let us recall what is the true purpose of gauge symmetry, or gauge redundancy [24]. The
point is that a consistent, unitary QFT that is manifestly Lorentz invariant and contains
massless spin-1 particles must be equipped with gauge redundancy, one generator for each
massless spin-1 particle. Heuristically, this is because a spin-1 particle is described in QFT
by a 4-component vector field A,,, p = 0...3, or equivalently by the associated polarization
wave function €,(p). Since, an on-shell massless spin-1 particle has 2 degrees of freedom,
corresponding to the two helicities, two of the four components must be somehow projected
from €,(p). One can be taken care of in a Lorentz invariant way by the transversality
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condition p,e#(p) = 0. It turns out that the only Lorentz invariant way to project out the
other spurious degree of freedom is to identify the states described by the polarization wave
functions €*(p) and e*(p) + p#, that is by imposing gauge redundancy on the theory.

In the SMEFT we have two kinds of massless spin-1 particles: a photon and a gluon
octet. Accordingly, we need 9 generators of local symmetry to have a consistent and man-
ifestly Lorentz-invariant theory. An input from phenomenology is needed to identify that
SU(3)c % U(1)em provides a correct description of these degrees of freedom, because the
gluons all self-interact with each other, thus they are described by the non-abelian SU(3)
factor, while the photons do not have self-interactions, thus they are described by the
abelian U(1) factor. But this raises another question: why do we insist on the larger
SU3)c x SU(2)w x U(1)y local symmetry if the smaller SU(3)c X U(1)em is enough to
satisfy the consistency principles of QFT?

In fact, an EFT for the SM degrees of freedom, where only the SU(3)c X U(1)em
gauge symmetry is realized linearly, does exist and is most often referred to as HEFT (as
in Higgs EFT). In HEFT, the generators of the larger SU(3)c x SU(2)w x U(1)y gauge
symmetry that do not belong to SU(3)c X U(1)em are realized as a non-linear transfor-
mation of the scalar Goldstone bosons eaten by W and Z, akin to the realization of the
SU(2)pxSU(2)r/SU(2)y in xPT. While the formal difference between HEFT and SMEFT
is clear, the physical difference between the two EFTs is more subtle and was elucidated
only recently [25, 26]. The long story short: HEFT is an effective theory for non-decoupling
UV physics, that is for theories where the masses of non-SM particles are dominated by
contributions from electroweak symmetry breaking. A simple toy model for such a UV
completion is a real scalar field S without a mass term but with the quartic interaction
with the Higgs field: £ D —\|H|?S?%. After electroweak symmetry breaking S acquires
mass m% = 2A|H|?, which can be large if the quartic coupling A is O(1) or larger. Inte-
grating out S will lead to an EFT described by the HEFT framework rather than SMEFT.
Another less artificial example is the SM with 4 generations of chiral fermions, in which
case all fermions are massless in the limit of the Higgs VEV going to zero. Integrating
out the 4th generation will again lead to HEFT rather than SMEFT. On the other hand,
integrating out the 4th generation of vector-like fermions, where the masses of the non-SM
fermions are dominated by a vector-like mass term M > v, will lead to SMEFT rather
than HEFT.

In the end, the gauge symmetry Assumption #2 turns out to be closely related to the
mass gap Assumption #1. Indeed, in non-decoupling theories masses of non-SM particles
are of the form m; ~ g;v, where g; is some gauge or Yukawa coupling. Since couplings are
restricted by perturbativity to be |g;| < 47, the masses are m; < 47v. This means the new
particles in non-decoupling theories are within the reach of the LHC or just around the
corner. Conversely, if new physics enters at the scale A 2 47v ~ 3 TeV, then the physics
below A is necessarily described by SMEFT and not HEFT. By imposing Assumption #2 we
make an implicit decision to neglect the possibility of non-decoupling UV completions. Note
that large swathes of non-decoupling theories have already been experimentally excluded;
for example, the chiral 4th generation was definitely excluded by the Higgs production
rate measurements at the LHC. Even though, at present, one cannot formally exclude
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Field | SU3)c | SU2)L | U(1)y Name Spin | Dimension
Gy 8 1 0 Gluons 1 1
W[f 1 3 0 Weak SU(2) bosons 1 1
B, 1 1 0 Hypercharge boson 1 1
Q 3 2 1/6 Quark doublets 1/2 3/2
Uc 3 1 -2/3 Up-type anti-quarks 1/2 3/2
D¢ 3 1 1/3 | Down-type anti-quarks | 1/2 3/2
L 1 2 -1/2 Lepton doublets 1/2 3/2
E* 1 1 1 Charged anti-leptons | 1/2 3/2
H 1 2 1/2 Higgs field 0 1

Table 1. Transformation properties of the SM fields under the SM gauge group. We also display

the spin of the associated particle and the canonical dimension of the field. The matter fields (rows

4-8) are 3-vectors in the generation space: @ = (q1,q2,43), U = (uf,u§,u§) = (u®, ¢, t), D¢ =
v

v Vr c c ,C ,C\ — c c C
(d{ivdgadg)(dc,ScabC)aL(llal%l?))((;)v(:)v(,r))?E :(61362763):(67Na7)'

the existence of non-decoupling new physics, and some wiggle room remains for certain
constructions, it is a very unlikely possibility in my opinion. Focusing on decoupling new
physics, and thus restricting our scope to SMEFT, seems a very reasonable assumption.

2.2 Constructing SMEFT

This section reviews a systematic prescription to construct the SMEFT Lagrangian. The
fields corresponding to the SM particles and their representations under the gauge symmetry
are summarized in Table 1. Using these fields as building blocks, we will write down the
most general Lagrangian consistent with the assumptions spelled out in Section 2.1.

Because the SMEFT Lagrangian is non-renornalizable, it contains an infinite number of
interaction terms. Even if we wanted to arbitrarily restrict to a finite number of interactions,
loop corrections would force us to introduce an infinite number of counterterms to cancel
the UV divergences. In order to make the theory usable in practice we need power counting,
which is the EFT jargon for an organizing principle that allows us to establish a relative
importance of different interaction terms. In SMEFT, a natural power counting is based
on the canonical dimension of an interaction. We organize the SMEFT Lagrangian as

LSMEFT = Z Lp, (2.1)

D=2

where each term Lp in this series contains operators O; p of canonical dimension D:

Lp= Zci,DOi,D- (2.2)

Above, i indexes all independent gauge-invariant operators constructed out of the SM fields
at a given dimension, and C; p are field-independent coupling constants called the Wilson
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coefficients. By definition, the dimension of O; p is D, which we write as [O; p] = D. Since
the Lagrangian has dimension four, [£] = 4, it follows that [C; p] = 4 — D. We can write
down the Wilson coefficients in the form

Ci.D

Ci,D = AD_4 y

(2.3)

where ¢; p are dimensionless, and A is a common mass scale entering all Wilson coefficients.
At this point Eq. (2.3) is completely general. The scale A can be identified with the mass
scale of new particles in the UV completion of SMEFT. Then the dimensionless coefficients
ci,p are functions of the couplings and mass ratios in the UV completion of SMEFT, as well
as of the SM couplings. Now, the standard SMEFT power counting relies on the assumption

that |¢; p| ~ 1, that is to say
1

Cip ~

which is basically dimensional analysis. In such a case we have a simple estimate of the
relative relevance of different Wilson coefficients. Matching the dimensions in tree-level
scattering amplitudes (which are dimensionless) one finds that, for the relevant scattering
energy F much larger than the particles’ mass, a Wilson coefficient at a given D will enter
as

E D—4
M~ C;pEP~ ~ <A> . (2.5)

For example, the effects of dimension-4 operators are unsuppressed, the effects of dimension-
5 operators are suppressed by E/A, the effects of dimension-6 operators are suppressed by
(E/A)?, and so on. The higher the dimension of the operator, the larger is the suppression.
Thus, operators with lower dimensions will have a larger impact on phenomenology, assum-
ing ¥ < A, that is when SMEFT is used at the energy scale well below the mass scale of
the UV completion. We can thus truncate the SMEFT Lagrangian at some particular D,
ignoring the contributions of all but a finite number of operators. Conversely, for E' ~ A the
suppression of higher-dimensional operators is no more, and one should take into account
the whole infinite series of operators in the Lagrangian to correctly evaluate the amplitude.
Obviously, in this regime SMEFT in unusable, and thus A is the cutoff scale of SMEFT,
beyond which it should be replaced by a more fundamental theory.

One important consequence of the standard power counting is that it allows one to
define SMEFT at the quantum level. Recall that SMEFT is non-renormalizable, thus
in principle an infinite number of unknown counterterms has to be introduced to properly
define loop corrections to amplitudes of physical processes. However, working at £ << A, we
can declare that we drop from the amplitudes all the contributions that are O(A*~Pmax—1)
or smaller. By dimensional analysis it is easy to see that the counterterms corresponding
to operators of dimension Dy + 1 are moot and we can neglect them in our analysis. This
leaves a finite number of operators of dimension D < Dy .y, together with the associated
counterterms. Thus, SMEFT with the standard power counting and truncated at a finite
Dax is as renormalizable as the renormalizable theories in the standard sense (Dpax = 4).
From the SM it differs only by a larger number of counterterms (if Dyax > 4), thus a larger
number of free parameters that have to be fixed by experiments.
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The standard power counting sketched above has the advantage of being simple and
self-consistent. One should remember however that it is not the only option, and it may not
be the most sound one from the physics point of view. A run-of-the-mill UV completion
will not generate all Wilson coefficients universally; typically it will generate a handful of
operators at tree level, while others will be suppressed by loop factors, leading to hierarchies
not captured by Eq. (2.5). Moreover, certain types of operators can never be generated at
tree level, independently of the UV completion. Next, flavor or other symmetries in the UV
completion may lead to special patterns in SMEFT, leading to additional suppression of
Wilson coefficients. For example, Eq. (2.5) suggests that Wilson coefficients corresponding
to analogous operators involving say, up and top quarks scale in the same way, however
if the UV completion incorporates something akin to SM flavor hierarchies (which is very
likely) one expects the former will be suppressed compared to the latter by a small factor
(mqy/m¢)™. Finally, Eq. (2.5) ignores the dependence of the Wilson coefficients on the
coupling strength in the UV theory. Consider a UV theory with a single coupling g.. Very
often, Wilson coefficients of dimension-6 and -8 operators will scale C; g ~ /g\—% and C; g ~ jg\—%.
In the standard power counting, 026 is always of the same order as C;g, which is indeed
the case for g, ~ 1. But for g, < 1 we have C;g > 026, whereas for 1 < g, < 47 we
have C; g < CZG, in both case the parametric hierarchy being missed in the standard power
counting.

Nevertheless, let us brush aside these caveats for the time being and proceed under
the assumption that the canonical dimension of an operator is the central determinant of
its relevance for the low-energy phenomenology at F <« A. Consequently, we will build
the SMEFT Lagrangian starting from the operators of lowest dimensions, and working up
towards higher D.

The sum in Eq. (2.1) starts at D = 2 because there is nothing at lower dimensions:
D = 0 would be a field-independent constant, which has no physical consequences in non-
gravitational theories, while there is no gauge invariant D = 1 operators because there are
no singlet scalars in the spectrum in Table 1. At D = 2 there is a single gauge invariant
operator, the Higgs mass squared:

Lp—s = p2H'H. (2.6)

The Wilson coefficient in this case has mass dimension 2 and is denoted as 2. According to
our power counting in Eq. (2.4), we should have pug ~ A > v. In reality we expect pg S v
because the Higgs mass term triggers electroweak symmetry breaking by the Higgs VEV. In
the SM, where there are no free unknown parameters anymore, we know precisely the tree
level value pupg ~ 88 GeV. In SMEFT I cannot give you a number for pz because unknown
higher dimensional operators also affect the Higgs VEV. Nevertheless, pug > v would
be unnatural as it would require large cancelations between pp and higher-dimensional
operators to arrive at the correct value of v. We thus have a puzzle. On one hand, power
counting predicts pg ~ A > v. On the other hand, phenomenological and naturalness
arguments imply gz < v. This clash is nothing else but the hierarchy problem.® Not so

8In fact, the hierarchy problem can be formulated in the most transparent fashion in the EFT language
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long ago, the hierarchy problem was considered an almost certain indication that there are
new degrees of freedom at the electroweak scale, for example the supersymmetric partners
or the Kaluza-Klein modes of the SM particles. If that were the case, SMEFT would not be
a useful theory in any energy range. However, the results from the LHC strongly suggest
that the SM degrees of freedom are all there is near the electroweak scale, and that SMEFT
is the correct description of physics, at least in the energy range from 100 GeV up to a
few TeV. That’s good for SMEFT and for me personally because I can lecture about it
in Florence, however the hierarchy problem remains puzzling. Have we somehow missed
the degrees of freedom responsible for stabilizing the electroweak scale? Can the hierarchy
problem be addressed with no new degrees of freedom at the electroweak scale? Do we
misunderstand something about how QFT works? Is the SM more fundamental than we
think? It is fair to say that no one has presented a convincing solution so far.

All in all, the standard EFT power counting fails us at D = 2. Nevertheless let us
press on and apply the standard power counting to SMEFT operators of dimensions higher
than two. At D = 3 again there are no gauge invariant operators because there are no
singlet fermions in the spectrum in Table 1.9 At D = 4 there are multiple gauge-invariant
operators. Here is the complete list:!°

ﬁD:4=—i > VWV > ife" Duf+ > ifotDufe

VeB,Wi,Ge feQ,L feu,D.E
- (QﬁYuUC + QHY,D® + LHY,E° + h.c.) + D, HID'H — NHH)?
+0G4,Ge.,, (2.7)
where Vg, = 9, V2 =0, Vi =g f® VIV, DX = 9, X +ig,G4T X +ig Wi % X +igy B,Y X,
H, = e“ng‘, Gl = %ewaﬂGo‘ﬁ ¢, and Y}; are 3 x 3 matrices in the generation space.

Dimensional analysis dictates that all the couplings in the dimension-4 Lagrangian: the
gauge couplings gx, the Yukawa couplings Yy, and the quartic coupling A, are dimensionless.
The standard power counting in Eq. (2.4) treats them all as O(A°) couplings. In reality,
this is reasonably well borne out for the gauge and quartic couplings, but not for most of
the elements of Y. Clearly Eq. (2.4) does not know about flavor hierarchies. Some of the
D = 4 Wilson coefficients are extremely suppressed, e.g. [Ye]11 =~ 3 x 1079 (in a convenient
basis). It is envisageable that contributions of some D > 4 operators to certain scattering
amplitudes will be larger than the effects proportional to the electron Yukawa coupling,
which would represent another break down of the standard power counting. But, overall,
the standard power counting is a very successful principle at D = 4: all but the last term

as a breakdown of dimensional analysis. In the SM on the other hand, the hierarchy problem cannot be
properly formulated. There, it is often explained via the quadratic divergences in the calculation of the
Higgs mass, but that is a regularization-dependent statement; for example using dimensional regularization
there is no quadratic dependence on a dimensionful regulator.

9Dimension-3 operators are present for example in the extension of SMEFT featuring singlet (right-
handed) neutrinos.

10We only wrote the so-called #-term wa@ﬁy for the SU(3)c gauge bosons because analogous terms for
other group factors have no physical effect. The #-term is moot for U(1) gauge groups, while for SU(2)w
the term WZfVW[fV can be redefined away via a chiral transformation.
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in Eq. (2.7) have been experimentally shown to exist (again assuming that hey are not
somehow mimicked by higher-dimensional operators). Of course, Lp—2 + Lp—4 is nothing
else than the SM Lagrangian, so the success of SMEFT with the standard power counting
is to reproduce the SM as the leading terms in its EF'T expansion. Concerning the last term
in Eq. (2.7), the current constraints are |§] < 1072, The lack of experimental evidence
for the 6 term, which is referred to as the strong CP problem, is as much puzzling from
the EFT perspective as it is within the SM. Fortunately, unlike for the hierarchy problem,
we have some reasonable ideas about the solution. The smallness of 6 could be explained
by a new particle called the QCD azion, which effectively makes 6 a dynamical quantity
settled in a minimum where 6 ~ 0. But at this point one cannot completely exclude the
possibility that we misunderstand something fundamental about QCD, and in reality the
physical effects of § are additionally suppressed by an unknown mechanism.'! Or that the
parameter 6 is very small by pure accident.

We move to D = 5, that is beyond the SM. At this order in the SMEFT expansion we
have the following gauge-invariant interactions:

Lp—s=—(LHNCs(LH") + h.c. (2.8)

This is often called the Weinberg’s operator, who postulate its existence in Ref. [21]. The
Wilson coefficients C5 form a 3 x 3 matrix in the generation space. Here and in most
of the following, the generation indices are implicitly contracted, so that one should read
Eq. (2.8) as Lp—s = — ZiKZl(l}HT)[C’g)]JK(ZKHT) + h.c.. Dimensional analysis dictates
that [C5] = mass™!, and standard power counting treats them as O(A~!) parameters. The
SU(2)w indices of the lepton and Higgs doublets are contracted via the epsilon tensor:
IH = e™®°H®. After electroweak symmetry breaking, Eq. (2.8) gives rise to Majorana
neutrino masses:

2
v
Lp—s — —?17][05]][{ v + h.c. (2.9)

Incidentally, neutrinos are known to be massive particles.'> While we do not know the
absolute values of the masses, we know the mass differences (squared) with a good accuracy,
see e.g. [29]. Given this, one can estimate C50? ~ 107! eV, that is to say Cs5 ~ tgrger-
One cannot emphasize enough what an enormous success of the SMEFT paradigm this
is. In SMEFT, the most relevant phenomenological effects at & < A are expected from the

" (Claims that 6 has no physical effects appear on arXiv in regular intervals. However, these are at
odds with the preliminary evidence from lattice calculations [27, 28], which observe nucleon electric dipole
moments (EDMs) proportional to 6 at large pion masses.

12There is no doubt that at least two neutrinos have masses, but their precise nature is experimentally an
open question. There are two different mechanisms to implement the neutrino masses in the Lagrangian.
The simplest option is to write down the so-called Majorana mass term for a left-handed neutrino v:
AL = —%mMm/ + h.c.. Another option is to add a new degree of freedom to the SM - the right-handed
neutrino v - together with the Dirac mass term AL = —mpv°v + h.c.. The two options lead to different
contributions to the neutrinoless double beta decay. The jury is still out whether the SM neutrino masses
are of the Majorana, or the Dirac, or the mixed type. In the following I will be assuming without any
further comment that the masses are purely Majorana.
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D =2 and D = 4 operators, which are those of the SM, and which are indeed seen in nature.
Furthermore, the standard power counting predicts that the most relevant deviations from
the SM should be due to D = 5 operators. This prediction was spectacularly confirmed by
the discovery of neutrino masses in the Super-Kamiokande detector in 1998 [30], almost 20
years after Weinberg’s paper [21].

At the same time, this very success carries a premonition of doom. The neutrino
masses turn out to be quite small, leading to the appearance of a very large scale in the
denominator of Cs. Since in the standard power counting Cs ~ A~!, it would be most
natural to conclude that the SMEFT expansion parameter A = 10> GeV. This would
not be a problem for SMEFT - on the contrary, it would mean that the expansion is
very quickly convergent, and thus the operators up to D = 5, maybe plus a handful of
operators at D = 6 are enough to describe all physics at available energy scales. But
this would be a problem for you and for me. It would mean that the gap between the
electroweak scale and the new physics scale is enormous, which would make the options
for fundamental research very limited. The directions worth pursuing would be neutrino
physics, and perhaps proton decay. Otherwise one could switch to astrophysics, cosmology,
quantum computing, nuclear fusion, climate science, or banking. Not much point for future
colliders, flavor physics, charged lepton flavor violation, which would only serve to confirm
ad nauseam the SM predictions.

This may be the future, but it does not have to be. Even within the SMEFT paradigm
(no new light degrees of freedom), it is quite possible that the expansion parameter A is
much smaller than 10'® GeV. New physics responsible for the operators in Eq. (2.8) may be
much lighter, perhaps even near the TeV scale, but coupled very weakly to the SM fermions.
A sharper argument can be formulated by noticing that the operators is Eq. (2.8) are very
special, as they violate the lepton number symmetry acting as L — e'®L, E¢ — e " E°,
This is an accidental symmetry at the D < 4 level, as one simply cannot construct a gauge
invariant operators with D < 4 that violates it, and thus D = 5 is the lowest dimension
where lepton-number-violating operators can appear. One can modify the standard power
counting by assuming that there are two scales governing the SMEFT expansion. One, call
it Ap, corresponds to the mass scale of B — L-violating new physics, and it happens to be
very high, A ~ 105 GeV. Another, let’s keep calling it A without a sub-index, corresponds
to the mass scale of B — L-conserving new physics. It is then perfectly natural to have a
huge gap between these two scales, A < Ar. Symmetry consideration forbid new physics
at the scale A to generate D = 5 operators, and the lowest dimension it can show up is
D = 6. This assumption of the two-scale expansion gives us a rationale for exploring the
SMEFT Lagrangian at D = 6 and higher, and we will tacitly adopt this point of view in
all of the following.

We have arrived at dimension-6 operators, which is the main focus of the SMEFT
research these days. At D = 2 there is a single operator; the D = 4 Lagrangian can fit
a t-shirt; at D = 5 there is basically a single operator but, taking into account the three
fermion generations, it counts as 12 operators.!> At D = 6, all hell breaks loose: we have...

13Cs in Eq. (2.8) is a symmetric matrix in the generation space, thus it has six independent complex
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wait for it... 3045 independent operators. They contribute to phenomenology in virtually
all areas of particle physics, such as Higgs physics, electroweak precision observables, flavor
physics, nuclear physics, electric dipole moments, and much more. Below I will present a
quick survey of dimension-6 operators using the set proposed in Ref. [31] and known under
the name of the Warsaw basis. To organize the presentation, let me divide them into several
classes:

__ pbosonic Yukawa current dipole 4—fermion
ED:ﬁ - ED:6 +£D:6 +‘CD:6 +£D:6 +£D:6 . (210)

The bosonic operators, as the name suggest, are constructed out of the SM gauge and
Higgs fields, without involving any fermionic fields. In the Warsaw basis there are 15
bosonic operators:

Lysne =Cy(H'H)? + Cyp(H'H)O(H'H) + Cyp|H' D, H|* + CywpH' 0" H W}, By,

+CucH'H G4, G5, + Cuw H' HWEWE, + Cyp H'H B, By,
+Cwe W W, Wit + Ca [ G, G, Gy

w vppp
~ wk k 5]
+CueH H G, G, + Cpi HHWEWE, + C s H'H By By
+CpgH " H W), By + Cope™™ Wi WL Wi+ Cof*°Ge,GYGS,, (211)

where [J = 9,0" and o® are the three Pauli matrices. Already this relatively small subset
of dimension-6 operators contains rich phenomenology. Cy changes the shape of the Higgs
potential, in particular it affects the cubic Higgs boson self-coupling - perhaps the last land-
mark measurement to be delivered by the LHC. Cyg contributes to the Higgs boson kinetic
term and thus, indirectly, affects universally all Higgs boson production and decay rates.
The following two operators contribute to electroweak precision observables measured long
ago by the LEP collider. C'p contributes to the Z boson mass, while C'iyy g contributes
to the kinetic mixing between the photon and the Z boson. Through these intermediaries,
they affect the whole lot of electroweak precision observables. In fact, these two are just
the famous oblique S and T parameters of Peskin and Takeuchi [32] in another (more
modern) guise. Furthermore, Cywp as well as the Wilson coefficients Cra, Crw, Cup
in the second line contribute to the ever important Higgs boson interaction strengths with
gluons, W, Z, and photons, which are measured at the LHC. In the third line, Cy and Cg
induce 3-derivative anomalous cubic interactions of electroweak gauge bosons and gluons,
respectively. The final two lines contain CP violating interactions. They can be searched
for in colliders, but more easily discernible effects appear via their loop contributions to
electric dipole moments of the electron or the neutron.
The next class of dimension-6 operators we discuss are Yukawa-like interactions:

cyava — gt (LHC, g E€) + HYH(QHC,yU®) + HTH(QHCyz D) + he.  (2.12)

Each Cyp is a 3 X 3 complex matrix in the generation space, thus each comes with 18 free
parameters, which makes 54 parameters overall. These operators contribute to the fermion

components. A complex operator, that is to say one that is distinct from its hermitian conjugate, by
convention is counted as two operators.
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masses, but that is unobservable because it merely renormalizes the unknown Yukawa
matrices in Eq. (2.7). The observables effect is the modification of the Higgs boson Yukawa
couplings to the fermions. In the SM, the Yukawa coupling is not a free parameter but it
is uniquely fixed by the fermion’s mass. In the presence of the operator is Eq. (2.12) that
relation no longer holds, and the Higgs boson couplings to fermions become free parameters
independent of fermion masses. Moreover, a qualitatively new effect of flavor violation in
Higgs interactions may appear. That is to say, the Higgs boson can couple to two fermions
from different generations, e.g. LsvmerT O heén’, which does not occur in the SM.
Next, we have what I call the current operators:

<= - <= - — _
£y —i /D, H(LCY) 6" L) + iH'o* D ,H(LCY)5# 0" L) + iH''D , H(E°Cy oo E°)
<= - <= - <= _
+iH" D H(QCY)7"Q) + iH'o* D, H(QC})5"o*Q) + iH' D, H(UCro0"U°)

+iHYD JH(DCygo™ D) + LiH D, H(UCyygo™ DY) + hoc. b, 2.13
" I

where HTﬁﬂH = HTD#H — DMHTH. The Wilson coefficient Cry are matrices in the
generation space, but now only Cpr,g is a general complex matrix, while the remaining
ones are Hermitian matrices (thus with 9 free parameters each). This adds up to 81 free
parameters in Eq. (2.13). These operators contribute to the W and Z bosons interactions
with fermions, which have been precisely measured in the LEP, Tevatron, and LHC colliders.
Several qualitatively new effects are introduced by Eq. (2.13). One is the W boson couplings
to right-handed quarks, e.g. LsmprT D W, (t°0#b¢), whereas in the SM W couples only to
left-handed quarks. Another is tree-level flavor-changing neutral currents, that is Z boson
couplings to quarks or leptons of different generations, e.g. LsMEFT D ZM(BW“”S).
Next, we have the dipole operators

LEPY =(Qo"HCuw " U)W, + (QHC, 55" U) B,y + (QHCWucT 5" UGS,
+(Qo*HCaqw " DYW}, + (QHCape" D) By, + (QHCacT 6" D) G,
+(Lo*HCow " E )W}, + (LHC.pc" E°) By + h.c. (2.14)

Given that Cyy are 3 x 3 complex matrices in the generation space, the above introduces 144
free parameters. An important effect of the operators in Eq. (2.13) is their contribution to
the anomalous magnetic dipole moments of fundamental particles. In particular, the Wilson
coefficients [Ceyy a2 and [Cep|22 contribute to the muon g — 2 which, at the time of writing,
may or may not deviate from the SM prediction. The imaginary parts of these Wilson
coefficients contribute to electric dipole moments. Moreover, the operators in Eq. (2.13)
can mediate certain processes that are forbidden in the SM, e.g. the yu — ey decay.

The dimension-6 operators introduced so far come with 15 + 54 + 81 + 144 = 294 free
parameters. It follows that a large majority of dimension-6 operators are hiding in the last
term in Eq. (2.10), which contains 4-fermion operators. For the sake of this discussion let
me split them further into four sub-classes:

4—fermion 4L 212 4 3Q1L
LhHfamon — L1+ L12 + Lpts + LH0g (2.15)
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defined by the number of lepton and of quark fields. The first sub-class in Eq. (2.15) is the
4-lepton operators:

ciL —f(D}“L)C’”(EauL) + (B0, E%)Coe(E°0, E°) + (L6" L) Cre(E0, E).  (2.16)

1
2
This time and for all 4-fermion operators in the following, the Wilson coefficients are 4-index
tensors [Cx]sxra in the generation space. The indices are implicitly contracted with the
generation indices of the fermions on the left and on the right; for example, the first term in
Eq. (2.16) should be read as %ZiK’L’MZI(ZJ&MZK)[CZZ]JKLM([L(?#ZM). Hermiticity of the
Lagrangian implies that the Wilson coefficients in Eq. (2.16) are Hermitian in the first two
and the last two indices: [Cxvy|srrm = [Cxv])j - For Cy and Ce. there is an additional
complication stemming from the fact that (I;6"1x)(IxG,lL) and (Ix6*1;)(l;5,lK) are the
same. Thus, for example, Eq. (2.16) contains

1 _ _
LT D= [Cll]1221(l10“l2)(l20u11) [011]2112(l25“l1)(115ul2)
1 _ _
25([011]1221 + [Culo112)(115"12) (126 411)
=Re [011]1221 (l_la"ulg)(l_gaﬂll). (217)

Therefore the components [Cy] sk ks and [Cee| 7k k.7 can be declared real, as their imaginary
parts do not enter the Lagrangian.'® Four-lepton operators containing electron fields are
relevant for physics at LEP-2, where eTe™ pair were collided with the center-of-mass energy
above the Z pole. A subset of interactions in Eq. (2.16) mediate tree-level charge-lepton-
flavor violating processed, where the overall lepton number is conserved, but the separate
electron, muon, or tau numbers are not. Such processes are forbidden in the SM, while
they are mediated at loop level via the D = 5 intermediaries but with very suppressed
rates due to the smallness of the neutrino masses. For example, [Ceel1112 mediates the
p~ — e~ e~ et decay, which is subject to current experimental searches [34]. Finally, it is
worth mentioning that [Cy]1221 contributes to the usual muon decay p~ — e~ e, which in
the SM is a standard candle to determine the Fermi constant. By disrupting this standard
candle, [Cy]1221 indirectly affects SM predictions for countless precision measurements.

The next sub-class in Eq. (2.15) are semi-leptonic operators, that is 4-fermion operators
containing two quark and two lepton fields:

£328 =(Le" L) (Q6,Q) + (La"o* L) Qo0 Q)

(B0, E)Con(Uo,U°) + (B0, E°)Coq(D%,, D°)

(La"L)Cy (UCUMUC) (L UML)Cld(DCUuDC) + (ECUuEC)Ceq(Q5uQ)

+{(ZEC)Cledq(DCQ)+ekl(EkEC) Clon (Q'U )+ekl(EkUWEC)quu(QlaWUC)+h.c.}.
(2.18)

4 Another convention existing in the literature, see e.g. [33], is to set [Cu] sk s and [Cee]srx s to zero for
J > K. This leads to a factor of two difference in the dependence of observables on these Wilson coefficients
with J = K, as compared to the convention used in these lectures.

— 34 —



The semi-leptonic operators affect myriads of important precision observables: hadronic
cross sections at LEP-2, Drell-Yan production of leptons in hadron colliders, electric dipole
moments, beta decays, and so on. They also play a major role in flavor physics, where they
contribute to semileptonic flavor transitions. These are often under reasonable theoretical
control, such that reliable SM predictions can be established, and thus stringent constraints
on the dimension-6 operators can de derived. Moreover, the importance of the operators
contributing to flavor-changing neutral currents is amplified by the suppression of these
processes in the SM. One of many relevant examples of this kind is the By — pu™u~ decay,
whose branching fraction is currently measured with 10% precision, and the SM prediction
is know with a similar accuracy. That decay rate is affected, among others, by the Wilson
coefficient [Cl(ql )]2232.
The third sub-class singled out in Eq. (2.15) are four-quark operators:

(7"Q)CL(Q9,Q) + 5(Q0"0* Q) (G0 Q)
(U°0,U°) Co (U, U°) + %(DCO'NDC)Cdd(DCO'uDC)
U¢s,U°)C\Y) (D6, D%) + (U, T°U°)CS) (D%, T D°)
(U0, U°%) + (R0, T°Q°)C (U, TU°)]
(D0, D) + (Q°0, T°Q°)C) (Do, T D°)

+{e’€l(QkU6)c§3qd(QlDC) +QFTUe)ClL) (Q'TDe) + h.c.}. (2.19)

These play arguably a lesser role in phenomenology. The reason is that their effects have
to compete with QCD processes, which are typically abundant and poorly controlled the-
oretically, especially at hadron colliders. Nevertheless, some of the operators in Eq. (2.19)
will appear later in our story in the context of precision observables.

The final sub-class in Eq. (2.15) is perhaps the most exciting one, as it consists of
operators violating the baryon and lepton numbers:

LIS = (DU)Caug(QL) + (QQ)Coqu(U°E®) + (QQ) Cgq(QL) + (D°U®)Cau(U°E®) + hoc.
(2.20)

Above, the quark color indices are implicitly contracted by epsilon tensors, e.g. qqq =
€®cq?qbq¢. These operators violate the baryon number B defined as the global symme-
try transformation Q — €#/3Q, U¢ — e~ #/3U¢, D¢ — ¢ #/3Dc. Baryon number is a
symmetry for all operators with D < 5.1 They also violate the lepton number defined
as the global symmetry transformation L — 'L, E¢ — e "*E°. The violation of baryon
and lepton number implies that these operators can mediate proton decay, in particular
the p — m%™T process can be mediated at tree level by the operators involving the first

generation fermions. Since experimental bounds on proton decay are extremely stringent,

15This kind of symmetry is called accidental: the choice of the gauge symmetry and the field content in
SMEFT automatically imply that operators of dimension up to five cannot violate baryon number, without
any need to impose this symmetry by hand. Similarly, lepton number is an accidental symmetry for D < 4.
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Figure 2. The scale suppressing higher-dimensional SMEFT operators probed by selected

observables. From left to right: proton decay, neutrino oscillations, electron EDM, u — ey, kaon
mixing, neutron EDM, B-meson mixing, electron anomalous magnetic moment, beta decay, Higgs
decay to tau leptons.

some of the Wilson coefficients in Eq. (2.20) must be suppressed by a very high scale. To
my knowledge, among all processes mediated by higher dimensional operators, proton de-
cay probes the highest scale, not too far from the mythical Planck scale. Comparison of
different scales probed by different precision experiments is shown in Fig. 2.

The sum in Eq. (2.1) extends to D = oo, and one could press on, but, more often than
not, the discussion in SMEFT stops at dimension six. What lies beyond? At D = 7 we
have 1542 independent operators, at D = 8 the number is 44807, at D = 9 it grows to
90456, and at D = 10 we have a whopping 2092441 operators (two million!) [35]. There
is a good chance, however, that in your research you won’t ever deal with this cornucopia
of higher-dimension operators. The exponential growth of the number of operators with
increasing D is one reason, as it quickly makes any systematic analysis difficult. But that
practical difficulty is not the only reason. The philosophy of SMEFT with the standard
power counting is that, the higher the dimension of the operator, the more suppressed
its effect is. Since at present we do not have any observational evidence of dimension-6
operators, it is hard to believe that D > 6 operators might show up in any experiment in a
foreseeable future. This general conclusion should hold for other reasonable power counting
beyond the standard one. There are a few exceptions, however, that one should be aware of.
First of all, if new physics is close to the electroweak scale, the effect of higher-dimensional
operators may be non-negligible, especially for observables probing the high-energy tail
of differential distributions at the LHC, such as for example the Drell-Yan production of
leptons, pp — ¢T¢~. But that is of course also the situation where the SMEFT itself is
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least useful, since the central assumption of the mass gap is not quite satisfied. A more
relevant case is when a qualitatively new phenomenon, which cannot be induced by D < 6
operators, appears at D > 6. D = 7 operators such as e.g. (IHd)(lq) may provide leading
contributions to double beta decay in some situations [36]; tree-level contributions to light-
by-light scattering enter at D = 8 from operators such as (BWBW)Q; neutron-antineutron
oscillations arise at D = 9 from operators such as (2°d°)® [37]. When analyzing this kind
of observables, one should however pay attention whether new physics generating these
higher-dimensional operators does not generate more easily detectable D < 6 operators.

2.3 From operators to observables

Currently, the SM is the reference point for any physical theory at the electroweak scale.
It enjoys huge success, correctly accounting for a host of phenomena measured in colliders
and low-energy precision experiments. SMEFT differs from the SM by the presence of
interactions originating from operators with dimension D = 5,6, and higher. In this section
we discuss, in more precise and quantitative terms, the observable effects of these operators.
There are many ways in which higher-dimensional operators can affect observables. To
organize the following discussion, it is convenient to divide them into three broad classes:

1. New vertices: interaction vertices in the SMEFT Lagrangian that do not occur in
the SM Lagrangian, due to symmetries or accidental reasons.

2. New Lorentz structures: interaction vertices that do occur in the SM Lagrangian,
but which appear in the SMEFT with a different number of derivatives, different
contractions of Lorentz or spinor indices, etc.

3. Modified couplings: corrections to the coupling strengths of the interaction terms
present in the SM Lagrangian.

In the following I will discuss each of these classes in turn.

New vertices. The most spectacular effects of SMEFT occur when higher-dimensional
operators violate an exact global symmetry of the SM. One important example of this kind
is baryon and lepton number violation!® by the dimension-6 operators in Eq. (2.20). Let
us take one of these operators at random, say

Lsmer D Cauu(du) (ue”) + O, (7°d°) (€°0°), (2.21)

where I abbreviated Cgyy, = [Cauu)1111 and explicitly displayed both the operator and its
Hermitian conjugate. The latter mediates the quark-level process uu — de™t. In a bit hand-
waving but intuitive way, one can think of this process as transforming two up quarks from
the proton (uud) into a down antiquark, leading to a dd meson state. Consequently, the

operator can mediate proton decay into meson states. One important example is p — etn?

16Strictly speaking, baryon or lepton number are an exact symmetry only at the perturbative level in
the SM, but they are both violated by non-perturbative effects. Only one linear combination of the two,
B — L, is conserved at the non-perturbative level. This subtlety is however irrelevant for the discussion in
this section.
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- the decay to a positron and a neutral pion (who is a combination of dd and u# quark states,
the latter pair you can think of as being pulled from the vacuum sea during the decay). To
calculate the rate for this process, one needs to take the on-shell matrix elements of the
operator in Eq. (2.21) between the initial and final states:

M(p — e 1°) = Cjy, (€7 (ks)m® (k2)| (a°d®) (e°u®) [p(p1)) , (2.22)

where p; is the incoming momentum of the proton, ks, k3 are the outgoing momenta of the
pion and positron, and we also define ¢ = p; —ko. The electron field acts on the annihilation
operator of the positron final state, leaving the spinor wave function Z3 corresponding to
the momentum k3. We get

M(p = e"1°) = Cj,, 3 (1 (k2)| (ad®)a [p(p1)) - (2.23)

The remaining matrix element between the proton and pion states is non-perturbative, and
we cannot calculate it using the familiar textbook methods. Nevertheless, the Poincare
and little group covariance of the S-matrix tell us that it has to be proportional to a linear
combination of the spinor wave functions of the incoming proton (pion is a scalar particle):
We can thus parametrize

gt

1
E(Woﬂl +W1;p5u$1)7 (2.24)

where Wy and W7 encode the information about the non-perturbative brown muck. To

(n0(ka)| (a¢d®)uc [p(p1)) =

know its value you have to ask your lattice friends, and they may reply Wy ~ 0.15 GeV?,
Wi &~ —0.13 GeV?, with roughly a 20% error [44]. Thus

C*
Mip = %) =Sl [ 1) + Wig? gage) | (2.2
The rest is standard QFT manipulations. Taking the square of the amplitude, sum-
ming/averaging over the positron/proton spins, and plugging the result into the formula
for the decay width one gets

Coaun|*mpWe m2 \?
r 70 :‘““—”0 1——Z%0) . 2.2

Above I approximated the electron mass by zero, which is perfectly legitimate given the
uncertainty on Wy (actually, even approximating the much larger my, as zero would be fine).
In this limit the contribution of the Wy form factor drops out. I presented this calculation
here so that you can get familiar with hadronic matrix element, but as long as you are not
interested in precision calculation you could easily obtain the order of magnitude of the
result via dimensional analysis: I'(p — e™7%) ~ mD|Cyy|?/167.

Now, a sneak peak into the Particle Data Group booklet [45] reveals that the limit on
this proton decay channel is I'(p — eT7?) < 1.3 x 10756 GeV at 90% confidence level (CL),
which translates into the limit on the Wilson coefficient

1 2
< : 2.2
[Caul < (3.5 % 1015 GeV> (2.27)
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This limit is valid assuming only a single baryon-number violating operator is present in
the Lagrangian; otherwise proton decay constrains a linear combination of various baryon-
number violating Wilson coefficients.

It is mind-blowing that low-energy experiments searching for proton decay allow us to
probe new physics up to scales not so far from the Planck scale! To my knowledge, this is
the highest scale we can indirectly access via low-energy experiments within a sane theo-
retical framework (unitary, causal, local, Lorentz-symmetric). The reason for this extreme
sensitivity is that it is feasible to amass astronomical number of protons for a long period
of time in a controlled setting, for example in a tank filled with water and surrounded by
photo-detectors [46]. Moreover, the detection capabilities are impressive and would allow
us to see the signal even if a handful of the protons in the tank decayed. Thanks to this
combination of favorable circumstances, the limit on the proton lifetime can be orders of
magnitude larger than the age of the universe! The final fact making the limit so strong is
that we search for an effect that is predicted to be zero in the SM, so we do not have to
face the uncertainty due to imprecise theory predictions.

Baryon and lepton number violation is certainly the most spectacular prediction of
SMEFT. Nevertheless, higher-dimensional operators can also break other exact or approx-
imate global symmetries of the SM, with quite interesting consequences. A nice example is
the decay p — ey. In the SM, not only the overall lepton number L is conserved, but also
the individual lepton numbers L, for each generation, o = e, u, 7. The process u — ey
preserves L, but breaks L, and L., that is to say, these quantum numbers are different for
the initial and final states. Therefore in the SM p — e~ is forbidden, and the predicted
branching ratio is exactly zero. In the SMEFT, dimension-5 operators break L and conse-
quently each L,, but the smallness of the neutrino masses (translating to the large scale
suppressing the dimension-5 Wilson coefficients) suppresses their contribution to pu — ey
to an unobservable level. On the other hand, there are many dimension-6 operators that
break L. and L, and their contributions may be more significant. In particular, one of the
dipole operators in Eq. (2.14) reads

Lp—g D[CeB]lg(l_lHa'aﬂﬂc)Baﬁ + h.c., (2.28)

where ] = (ve, €) is the doublet of left-handed first generation leptons. After electroweak
symmetry breaking, this operator leads to the interaction term

cos b
LSMEFT DWW[@B]MU(@QB@C)FM + h.c. (2.29)

mediating pu — e7y at tree level, with cos 0y ~ 0.89 being the cosine of the Weinberg angle.
In the presence of this interaction, the branching ratio for the u — e~y can be calculated to
be

3

cos? Oy |[C. 202m
w](Cela) iy (2.30)

8wy,

Br(u —ey) =
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Figure 3. Feynman diagrams for Higgs production via gluon fusion. Left: via a fermion loop,
as in the SM. Right: via a contact interaction due to the dimension-6 operator in Eq. (2.32).

where I'), = 3 x 10~ GeV is the total muon decay width.!” We again peek into Particle
Data Group, and find the 90% CL experimental constraint Br(y — ey) < 4.2 x 10713
coming from the MEG experiment [47]. This translates into the constraint on the Wilson
coefficient

1

Cenliz| < .
(Cenle] (6.5 x 107 GeV)”

(2.31)

The scale probed by p — e is less impressive than that probed by proton decay, but it is
nevertheless several orders of magnitude above the direct reach of the LHC. Again, it helps
that we consider a process forbidden in the SM, so we avoid dealing with theoretical errors
on the SM prediction. Moreover, muons are relatively long-lived (I';, in the denominator of
Eq. (2.30) is small), and that we can easily produce and handle large amounts of them.

There is one caveat concerning the scale probed by u — evy. In typical BSM models,
the mass of the new particles that can be excluded by this constraint will be much smaller.
One reason is that in perturbative models the operator in Eq. (2.28) cannot be generated
at tree level, thus it will appear with at least one loop suppression factor. Furthermore, the
BSM model is likely to have some form of the chiral symmetry, with some small parameters
suppressing the transitions between left- and right-handed fermions. If that symmetry is
akin to the one in the SM (for example, if chirality is violated only by the SM Yukawa
interactions), the operator in Eq. (2.28) will be generated with the y,, ~ 1073 suppression
factor. But even if [C.p|12 = %, with A identified as the scale of BSM particles, 1 — ey
still probes A ~ 10° GeV, comfortably above the LHC reach.

New SMEFT vertices violating established SM symmetries may be our best path to
new physics at high energy scales. Nevertheless, not all new SMEFT vertices are of this

"In principle, new physics contributions to p — ey affect T, but experimental constraints ensure this
is a tiny effect that can be safely ignored.
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type. There are many examples of SMEFT interactions that preserve all SM symmetries
but do not appear in the SM Lagrangian, usually due to renormalizability of the latter. As
an example, consider this dimension-6 operator:

Lp—¢ D CucH'HG%,GS,. (2.32)

Its effect is to induce the Higgs boson couplings to gluons:

h
LsmEFT O U2CHG;GZVGZM (2.33)

which permits the Higgs boson to mutate into two gluons or vice-versa. Such a contact
interaction term between the Higgs and gluons is absent in the SM. However, the process
where two gluons collide to produce a Higgs boson does appear in the SM at the one-loop
level, see Fig. 3. This is in fact the most common way the Higgs is created at the LHC. The
SM loops and the contact interaction in Eq. (2.33) are in principle distinguishable exper-
imentally, in particular they lead to a different pp distribution of the Higgs production in
hadron colliders. In practice, we can best distinguish them indirectly via global fits to Higgs
data, as the SM process and the Eq. (2.33) are differently correlated with the associated
tth production rate. The resulting bounds are in the ballpark of |Crg| < m,
e.g. Ref. [48]. This is visibly less spectacular than the bounds discussed previously in this

see

subsection. The sensitivity to O(10) TeV scale is rather typical for new SMEFT vertices
not violating any exact or approximate symmetries of the SM.

New Lorentz structures. We turn to another class of effects of higher-dimensional
operators, which are related to interaction terms with different Lorentz structures compared
to those in the SM. Perhaps the most iconic example in this class are the interactions
contributing to the anomalous magnetic and electric moments of elementary particles. The
dimension-6 SMEFT Lagrangian contains

Lp—g D [CeB]H(l_lHa'“”éC)BW + h.C., (234)

where [C.pl11 is assumed to be real. In the presence of this operator, the Lagrangian after
electroweak symmetry breaking contains

Apte
LsMEFT D — THFW(eCJ"”e) + h.c. (2.35)
where
Apte = — 2v/2v cos Oy Re [Cepli1. (2.36)

The effect of the operator in Eq. (2.34) is to introduce another vertex with two electrons and
one photon, but with a different Lorentz structure, in particular with the photon entering
via the field strength F},,,. This effect can be identified as the contribution to the anomalous
magnetic moment of the electron, which can be described by the electron g-factor

ge — 2 Gloops — 2 me
= Ape— 2.37
2 2 + e ge€’ (2.37)
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where g = —1. See Section 3.2 for more details and derivations.

We want to determine the constraint on [Cep|11 from the measurement of the anomalous
magnetic moment of the electron. These days, g. is predicted and measured with the
incredible 1013 accuracy, which is often hailed as a triumph of both experimental and
theoretical prowess and a powerful demonstration of the robustness of the QFT framework.
The most recent experimental result comes from Ref. [49]: % = 0.00115965218059(13).
To constrain new physics we also need the SM prediction gSM. This can be calculated
perturbatively, mainly in function of the fine structure constant «. Unfortunately, at this
point in time there is some confusion about a. Measurements using rubidium atoms in
Ref. [50] lead to 1/c(0) = 137.035999206(11), while those using cesium atoms in Ref. [51]
find 1/a(0) = 137.035999046(27), the two disagreeing at more than 5 sigma. Clearly, one
or both experiments underestimated their systematic errors. To deal with this kind of
situations, Particle Data Group developed a completely ad-hoc but nevertheless very useful
procedure. The idea is to punish both groups indiscriminately by inflating the error bars
to the point where the two measurements become consistent with each other at 1 sigma.
Using this procedure, I find the combined value 1/a(0) = 137.035999183(56), where the
errors are inflated by S = 5.5. This is a loss of precision by a factor of 5(2) compared to
the more (less) precise input, but, undeniably, this combination better reflects our current
knowledge of o than the two individual results with the smaller errors. With this value of
« one can obtain the prediction g5M/2 = 1.00115965218045(48). Note that the theoretical
error is now almost 4 times larger than the experimental one.'®

At this point we have all the ingredients to constrain the Wilson coefficient [Ceplii.
Using Eq. (3.18) and replacing A, using Eq. (2.36) we get [Cepl11 = 1.4(5.0)x 10713 GeV 2
or
1

< -
[[Cenlu| 2 (940 TeV)2

(2.38)

at 95% CL. We can see that the anomalous magnetic moment of the electron probes very
high scales, although not as high as, say, 4 — ey. Moreover, similar caveat as the one dis-
cussed below Eq. (2.31) applies: in natural BSM models the chiral symmetry will typically
be implemented, leading to [Cepl11 ~ {555z- The same scaling is true when [Cepl11 is in-
duced by other dimension-6 operators via renornalization group running. If that is the case,
measurements of g. currently probe the very unimpressive new physics scale A ~ 100 GeV,
such that the validity range of SMEFT would be null in this scenario. The most accurate
precision experiment in physics may not be accurate enough to reach new physics above a
TeV |

Modified couplings. We turn to yet another important class of effects of higher-dimensional
operators. The SM has merely 18 free parameters (not counting the theta term), and in
terms of those it predicts countless interaction strengths between particles in the SM La-
grangian. For example, all interactions of the Higgs boson are uniquely predicted in terms

8Because of that, it would make sense to actually fix «(0) using the g. measurement, while the traditional
a measurements using atom spectroscopy would then be used to constrain new physics. This would be
completely equivalent for the sake of constraining the Cep Wilson coefficient, and just a tad more tricky at
the level of the theoretical formalism, see the discussion of input parameters in the following subsection.
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of the Higgs VEV v and the SM particles masses:

h - c rrec m2 ’I7’L2
Lsu 2 v{%%vWJ% +myZyZt =y mylff+ fF ]} — e — .
f=d,u,s,c,b,t
(2.39)

All of the parameters above are well known. The experimental precision varies (e.g. my is
measured with a relative 10~ error, while for the up and down quark the accuracy is closer
to 10%) but is invariably better than what is needed to adequately predict the LHC rates
of Higgs production and decay. Staying within the SM paradigm, the LHC measurements
of Higgs cross sections and branching ratios teach us next to nothing about fundamental
interactions. Things are completely different in SMEFT, where literally every interaction
strength in Eq. (2.39) can be altered by higher-dimensional operators. As an example,
consider the dimension-6 operator in Eq. (2.11) that modifies the Higgs boson coupling to
tau leptons:

Lp—g D [Cer]ssH H(I3H7C) + h.c. (2.40)

After electroweak symmetry breaking this becomes

(v+h)3
2v2
v3 + 3v2h + 3vh? + k3
2v/2

The h% and h? are new vertices in the nomenclature of this section. They have currently

ALsm :[CeH]gg (7_'7_'6) + h.c.

=[Cerrlss (77¢) + h.c. (2.41)

very limited phenomenological relevance, so let us leave them aside. The first two terms
shift the 7 mass term and the Higgs Yukawa coupling to 7:

2
31}[04{]33) [TCT + 7_'7_'0],

2
(2.42)

LSMEFT D — % ([Ye]33 - f[CeH]:a&;) [761 + 77°] — \% ([Yé]zas -

where, to simplify this discussion, I assume that [C.fr]33 does not have an imaginary part.
By convention, I always work in a basis where Y+ (v?/2)C,p is diagonal and real. Therefore

we can identify the 7 mass as m, = % ([Ye]33 - %[Ce[{]gjg), and rewrite the Yukawa

LsMEFT 2 — \% <[Ye]33 - f[CeHhs) <1 - [}/2]233 [CeH]33> [7°7 + 77
3

:mT(l +5yr)h[TcT+ffc], (5y7 = —7[6'8}[]33, (2.43)

\/émT
where I'm neglecting O([Cepr)35) ~ O(A™%) effects. Thus, [Cep]ss destroys the correlation
between the Higgs boson Yukawa coupling to the 7 lepton and the 7 lepton mass. In other
words, that coupling is modified, deviating from the SM prediction. This is in fact the best
way to constrain [Cepr]ss. Particle Data Group performs an average of the ATLAS and CMS
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bounds on the h — 77 signal strength, finding I'(h — 77)/T'(h — 77)gm = 1.15£0.15 [45].
This translates to dy, = 0.08 4 0.08, or

1
(5 TeV)?

at 95% CL. The reach up to a few TeV is representative to what one can currently squeeze

|[Cenlas] S (2.44)

out of Higgs physics.

There are two main lessons from this simple example. One is the importance of preci-
sion measurements. Cepr is just one of many dimension-6 operators that shift interaction
strengths away from the SM value. Searching for such effects relies not only on improving
experimental accuracy, but also on a good control of the theoretical predictions. This is
often challenging, but the payoff is important: increasing precision of the measurements di-
rectly translates into increased scale of higher-dimensional operators (thus, increased scale
of new physics) that we can probe. The second lesson concerns the importance of properly
identifying the input parameters in SMEFT. In the above example, one had to take into
account that [Cepr]ss contributes not only to the hr7 Yukawa, but also to the 7 mass term.
Had we forgotten about it, and just naively looked at the Yukawa term in Eq. (2.42), we
would have obtained a wrong answer for dy,. In this case the error committed would be of
order one, but it can be much more dramatic. Consider another example, where we switch
on the four-fermion operator

Lp—g D [Cll]lQQl(l_la'/JZQ)(Z_Q(}pll), (2.45)

where [C};]1291 is real in our conventions (see the comment below Eq. (2.16)). This operator
contains the interaction terms Lsverr O [Chli221(€6°1)(Pupve) + h.c., which contributes
to muon decay, I'(u™ — e~ Te,) /T (™ — e Very)sm = 1 —v?[Cyl1221. Now, muon decay is
measured with impressive precision, with the relative error of order 1076, One might naively
jump to the conclusion that [Cy;]i221 is stringently constrained, v2|[Cy]1221| < 1076, that is
to say |[Cli221] S m. This would be terribly wrong. The reason is that, in the usual
approach to SM precision tests, muon decay is the standard candle that determines one of
the unknown parameters of the SM - the Higgs VEV v. Indeed, the tree-level formula'?

F/Sf\iew = mi /(384m3v1) allows one to precisely fix v, given that m,, is known with an
even better accuracy. On the other hand, in SMEFT in the presence of [Cj]1221 one has
FE&IESVT = mZ(l — v2[Cy)1221)/(384730v*). Since both v and [Cy]1221 are a-priori unknown

parameters, muon decay does not fix either, but just one combination of the two. Let us
repeat it loudly and clearly: muon decay alone leads to no constraint at all on Cy; !

Nevertheless, the effects of [Cy]1201 do not jus disappear, when regarded from a more
global perspective. To understand how [Cy]1201 re-emerges we need to do a small detour
first, and discuss the input parameters for electroweak precision tests. The latter can be
defined as a set of observables that, in the SM at tree level, depend on the parameters gy, gy
and v in the electroweak sector. The numerical values of these parameters are traditionally
fixed by three precisely known input observables:

190f course, at this level of precision, one should also take into account the radiative and O(m? /mi)
corrections when relating v to the observable decay width. This does not interfere with the following
discussion.
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1. The Fermi constant Gp, extracted from the measured muon lifetime using the

formula Fﬁl\gew = GEm?,/(1927%) plus radiative corrections [52)].

2. The electromagnetic structure constant «, currently best extracted from the
spectroscopy of rubidium [50] and cesium [51]| atoms.
3. The Z boson mass myz, extracted from the position of the corresponding resonance

in eTe™ scattering in the LEP-1 collider [53].

In SMEFT, in the presence of [Cyj]1221, working at O(A~2) and at tree?’ level, these input
observables are connected to the SMEFT parameters as

/ 2 2

1 v? G2 0G% 910 + 9y olo

Grp=—= <1 [Cll]lzz1>, = SO0 oy = (246)
\/ﬁvg 4”(9%0 + 9§2f0) 2

where I re-labeled the parameters from the SM Lagrangian using the subscript zero to

2

distinguish them from the gy, gy and v parameters in the following, which will differ by
O(A~2), and which will be assigned definite numerical values. Note at, at O(A~2), it does
not matter whether I write v2Cy; or v%Cll. If [Cyi]1221 = O then, as in the SM, Eq. (2.46)
relates 3 parameters to 3 observables and we can readily solve for vy, gro, and gyo. However
when [Cy]1221 # 0 we have 3 equations for 4 parameters. In this case it is convenient to use
a trick: we can get rid of [Cy;]1201 from Eq. (2.46) by absorbing it into the other parameters.
These can be achieved by defining

vo = v(1 + 6v), g0 = gr(1+dgr), gy,o = gy (1 +6gy), (2.47)
where
02 G202 G202
v =— —[Cyli221, 591, = 5~ [Culi201, Sgy = ——5——5—[Cyl1221-
4 4(97 — 9¥) 4(97 — g%)
(2.48)

The shift v removes the [Cj]1201 pollution from G at O(A~2). The other two shifts are
then needed to prevent [Cy]i201 from popping up in myz and «. After the shift Eq. (2.46)

2 2
1 2 2 g7, +g9yv
Gro b g gy VILTHY (2.9
V202 Am (g7 + 9%) 2
which means that gr, gy, and v are related to observables in exactly the same way as the

becomes

corresponding SM parameters, and therefore they can be assigned exactly the same numer-
ical values. Plugging in the numbers into Eq. (2.49), Gp = 1.1663787(6) x 107> GeV 2,
a(mz) = 7.81549(55) x 1073, myz = 91.1876(21) GeV [45], one finds?!

v =246.219651(63) GeV, g, = 0.648457(10), gy = 0.357968(18). (2.50)

200nce again, radiative corrections from D < 4 operators must be taken into account in the matching of
the input parameters to observables in order to meet the required precision level. The procedure is in fact
very similar to our treatment of higher-dimensional effects.

*'Note that I use a(mz) rather than «(0) to extract the numerical values of the electroweak couplings
in SMEFT, even though the former has a much larger error due to non-perturbative contributions to the
running from the low-energy up to the electroweak scale. This choice is more convenient in practice, and
the incurred error is negligible for most applications.
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OK, we managed to assign numerical values to electroweak couplings in SMEFT, but where
is [Cy]1221 now? The point is that, due to the shift in Eq. (2.47), that Wilson coefficient
will pop in practically every other electroweak precision observable. Let us focus on just
one of them - the W boson mass. Starting from the tree-level formula my = grovo/2 and
applying the shift in Eq. (2.47) one finds that the correction to the W boson mass in the
presence of [Cj|1221 is given by

Amyy giv?

= : 2.51
mw 4(9%—9;2/)[0”]1221 251

Now we are ready to constrain [Cj|i1221. Using the average of experimental measurements
from Particle Data Group, my = 80.377(12) [45], as well as their SM prediction m{} =
80.361(6) [45], one obtains v2[Cy1201 = 1.8(1.5) x 1073, This translates to

1

C < -
[Cuben] £ G5

(2.52)
at 95% CL. [Cy]1221 contributes to many other electroweak precision observables via the shift
in Eq. (2.47), therefore the true bound is somewhat stronger than what one obtains based on
the W mass alone. Using the global likelihood from Ref. [54] I obtain |[Cy]1221| < m
at 95% CL.

One more thing. In this lecture, for the sake of simplicity, the discussion of phenomeno-
logical effects of higher-dimensional operators is divided into ‘new vertices", “new Lorentz
structures", and "modified couplings" parts. It is however important to mention that some-
times there is no invariant way to make this distinction. Consider the following example of

self-interactions of the Higgs boson h:

1 2 2 )
Lomrr O 5(0uh)* = %fﬂ - % (L4061 b = Zhdhduh + .. (2.53)

where the dots denote terms with 4 and more Higgs bosons. Two possible effects of higher-
dimensional operators appear above. The one proportional to §; changes the magnitude
of the triple Higgs self-coupling, which is already present in the SM Lagrangian but with
the magnitude strictly fixed by the Higgs boson mass. This is a modified coupling in our
nomenclature. The other effect proportional to ds is a two-derivative Higgs self-interaction
term which does not appear in the SM Lagrangian in its canonical form. This is a new
Lorentz structure in our nomenclature. Both §; can be generated by dimension-6 operators,
therefore we will treat §; as O(A~2). For example, switching on the Wilson coefficients Cy
and Cyg in Eq. (2.11), one gets §; = 3v2Cyo — 5%01{, Jy = 202C'y. Both 6; contribute
in a non-trivial way to the Higgs scattering ampli‘gudes, for example to hh — hh, or to
double Higgs production at the LHC once interactions of h with the rest of the SM are
taken into account. Nevertheless, we can equivalently work with an effective Lagrangian
where the 2-derivative h(9,h)? interaction is completely eliminated via field redefinitions.
To this end we redefine the Higgs boson field as

(52 2
h — h+ —h*. 2.54
— h+ 50 (2.54)
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After this redefinition the effective Lagrangian of Eq. (2.53) takes the form

2

1 9 m% 9 mp 3
= — _ — _— 1 PP 2
L 2(a,m) 5 h 27j( +01+8)R°+..., (2.55)

where I ignored 6?2 ~ O(A™?) terms resulting from the redefinition. Seemingly, the La-
grangians in Eqgs. (2.53) and (2.55) are different, as they contain different interaction terms.
However, the equivalence theorem ensures that field redefinitions cannot change the physical
content of the theory, as was discussed in 77 in the context of SMEFT bases. Therefore, the
two Lagrangians give exactly the same predictions for physical observables, at any order in
the perturbation theory, which can be verified by explicit calculations. This demonstrates
that we can get rid of some of the new Lorentz structures generated by higher-dimensional
operators and absorb them into modified couplings. Conversely, a shift h — h — %hQ
applied to Eq. (2.53) would erase the modified coupling in favor of the new Lorentz struc-
ture. Once the fermions are included in the discussion, the above shift of the Higgs boson
field produces Yukawa-like interactions between two powers of the Higgs boson and the SM
fermions. Such interactions are absent in the SM Lagrangian, thus they are “new vertices" in
our nomenclature. Therefore the boundaries between new vertices and modified couplings
or new Lorentz structures are also blurred by field redefinitions. The sharp boundary per-
sists only for the new vertices violating the SM symmetries, as those can never be redefined
away into modified couplings or new Lorentz structures.

3 Non-relativistic EFT with applications

3.1 From Dirac to Schrédinger

Consider a massive spin 1/2 particle, e.g. an electron or a nucleon. In a relativistic QFT
it can be described by a pair of 2-component spinor fields f and f¢ with the free Dirac
Lagrangian:

EDirac = ifauauf + ifcaua,ufc - mef - mffc (31)

We know this actually describes 4 degrees of freedom: two polarizations of the particle, and
two polarizations of the anti-particle. Both 1 and ¥¢ contain the ladder operators for both
particle and anti-particle states. On the other hand, for 3-momenta |p| < m, creation of
particle-anti-particle pairs is kinematically impossible. In this regime it may be worthwhile
to use a different set of variables where particles and anti-particles are separated.

The original fields are expanded in terms of the ladder operators as

f= / d®y [agzre ™" + bl ype™™],
ch = / d®;, [akgke*ik‘” + b;rc.’i‘kemx] . (32)

where d®;, = (z;fngk = d4k5(k?2;’;f)0(k0) and Ej, = vm? + k2. Consider the combination

(1 + Qinav> fa + (1 — 2;1"V> feo
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- k k
:/d@k{akem |:<1 — 27:-L>IL‘]€Q + (1 + 2;)%;]
4 ko ko
T ikz o _ RO o
o1 57 Jo (157 )]
1 —ikx E —Q ikx E —Q
=3 /dfbk{ake k <1 + Tr’;) [xka + yk] + b,Tce b (1 — ﬂf) [yka + xk]}

:/d@kake_ikw [z + 7] + O(V?). (3.3)

We used the Dirac equations kxy, = (Exo® + ko)xy, = miy, koyr = (Epo® + ko)yp =
—mTy, ko = (EkO'O — ka)gk = mxy, koZp = (EkUO — kO')fk = —my,. We see that the
bt part, which creates antiparticles, cancels out, up to k3 /m? corrections, while the a part,
which annihilates particles, survives. It is possible to write down a combination of f, f¢
where the anti-particle part cancels out to all orders, but that won’t be necessary for our

purpose. There is one more thing about this combination that is suboptimal from the low-

energy point of view: it contains the rapidly oscillating factor e "k ~ e =¥ which knows
about the rest energy of the particle. In non-relativistic physics we would rather work with
the kinetic energy instead, Fiy, = kY — m =~ k?/2m. This motivates the definition of the

non-relativistic particle field

V2

In the same way the non-relativistic anti-particle field defined as

" :m{ (145009 ) 1ot (1- o9 ) 7o b+ 092 (3.4

et =€:/i;t { (1 - 2jnaV> fo - (1 - 2;0V> f“‘} +0(V?) (3.5)

contains only b' and not a and oscillates with et*kin*, One can invert the relation between

the relativistic and non-relativistic fields:

S i v? _— i \%&

= dem (14 2 oV - Ve, —em (1 oV -

J \/5{6 < + om’ SmQ)w c ( om’ 8m?
]

fcoc _i —imt 11— — oV — LQ d] + imt 1+ LO’V _ LQ z]ZJc’ra + O(V3)
V2 ¢ 2m gmz )T ¢ 2m 8m?2 '
(3.6)

Jurte} +ov?)

Apart from inverting, I generalized the transformation to the quadratic order in spatial
derivatives, because it will be needed for the following calculation.

Ezercise: Generalize the change of variables in Eq. (3.6) such that particles and anti-
particles are separated (that is to say, ¢ depends only on the particle annihilation operator
a, and ¢ depends only on the anti-particle annihilation operators b) to all orders in the

V /m expansion.
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We can treat Eq. (3.6) as any other change of variables in QFT. What happens is we
insert this change of variable into the free Lagrangian Eq. (3.1) ? Tracing only the particle
field we have

_ ; imt ; 2,1 ) ; 2
_t [W‘ _ vaTo- — Vz% } [— im <¢ +-—oVy - 21/}) +0p — oV <w + 0’V¢>] +0O(V?)
2 2m 8m
% {«/ﬁ — fvw Zjnw } [mw - fJVz/J + 0y + 3V2¢} +0O(V?)
2
;{mwz/; - fVWaw] + ip A + w;f’} +O(V3). (3.7)

_ i T2
ifot 0, f¢ = ;{mww + %V[wmp] + i1 O + id 22 w} +O(V3). (3.8)

c i V2l V2
mf f—l—h.c.—r;<w+2invt/ﬁ0— - )<¢+2 oV - )—l—h.c.

:;{mww + %V[Waw] - O(V3)} +h.c. = myly + O(V?). (3.9)

In this derivation I used integration by parts. Thus the free Dirac Lagrangian in the non-
relativistic variables becomes

£D1rac —“/) 8t¢ +

v QVmQ‘” O(V?). (3.10)

The equation of motion following from the Lagrangian is iy)fop) = _%, which is noth-

ing but the Schrodinger equation. If we worked to all orders in V/m we would find the
relativistic generalization of the Schrédinger equation: b0, = m( 1-— Z; 1>w.

FEzercise: Show that the change of variables Eq. (3.6) applied to the free Dirac Lagrangian
Eq. (3.1) achieves separation of the particle ¥ and anti-particle ¢¢ fields at the quadratic
level.

3.2 Electromagnetic interactions at low energies

Consider a Dirac particle f coupled to the electromagnetic field. The most general La-
grangian is

= rc Ap —id c__juv
Lem = — qeA, [fa"f + feotf } — {M4FW(f o' f) + h.c.}. (3.11)
The first term is the minimal coupling for a particle of charge ¢. The second term describes

the non-minimal, non-renormalizable coupling. The parameters Ap and d have dimensions
mass~!; their physical interpretation will be clarified shortly.
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Let us now apply the change of variable in Eq. (3.6). Focusing on the particle field 1,

we have
fos =5 v - in*a] b+ 5o VY] + O(V?)
;{waw T [wo“crw vl aa“w] } 0(v?)
Feotfe = ;{waw - % [wa“avw - Vwmw] } +O(V2). (3.12)
Thus

Foof + feo fC =¢Ty + O(V?)
farf+ feokfe=— ﬁ [¢Tak0'v¢ — wﬂaa%] + 0O(V?)

. klm
= — 3 (Ui = Vo] + TVi(wloe) + O(V?). (313)

We also need to work on the tensor, but there we only need the zero-derivative terms:
1 .
1o f =5ule®y + 0(V) = —Zulety + O(V),

klm

okl s :%wa% +O(V) = yle™h + O(V). (3.14)

Plugging that all into Eq. (3.15),

; klm
Lom = — qeA"l) + qu‘f( — 5 [V = Vil + S amw)>

Ap — Km Ay —id
751 Tk h. -
—i—{ 1 ot 4+ c} 5 { 1

Fu —I—hC} (315)

I introduce the Coulomb potential, V = A°, the electric field E = —VV —0; A, the magnetic
field B = V x A, and the shorthand o'V 3o = ¢V — Vydle. Using Fo, = EF,

eklmpy, — —2B™, the electromagnetic interactions in the non-relativistic variables become

k k
Lom = — geVabTah — “JGA%T? W+ ( +Au> Brpt 2 5 ¥) +dEF (2 Tv) (316)

where The first two terms describe the interaction of fermion’s charge with the Coulomb and
vector potentials. The remaining two terms describes the interaction of its dipole moments
with the external electric and magnetic fields. We can compare them with the textbook
expressions for the dipole Hamiltonian: Hi, O —B - u — E - d. We can thus identify?? the
magnetic and electric moments of the electron at tree level:

= <Z§ + Au) s, dy =ds, (3.17)

22Recall that the sign of the potential terms is flipped between the Hamiltonian, H = T + V, and the
Lagrangian, L =T — V.
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where the spin vector is defined as s* = Q,Z)T"—;dj. Furthermore, defining the g-factor for a
charged particle via the relation u = g4--s, we have

g — 2 _ Jloops —
2 2

2
+ApZ (3.18)
qe

where gio0ps — 2 encodes the electromagnetic loop effects. In summary, the non-relativistic
variables make it transparent that ¢ = 2 for a minimally coupled Dirac particle at tree-
level, and quantify how the coefficients of the non-minimal interactions are related to the
anomalous magnetic and electric dipole moments.

3.3 Fermi theory revisited

Another elegant application of the non-relativistic formalism is in relation to 8 decay. We
studied the Fermi theory in Section 1.5. There we worked with the quark-level effective
Lagrangian Eq. (1.39) obtained by integrating out the W boson in the SM. Here I will take
a more general approach, allowing for arbitrary interactions below the electroweak scale,
including those not predicted by the SM. On the other hand, I assume the absence of non-
SM degrees of freedom below the electroweak scale. This interactions can be organized in
the expansion in the canonical dimension, much as in SMEFT. At the leading order, which
is dimension-6 in this EFT expansion, the charged current 4-fermion interactions between
the first generation quarks and leptons take the most general form
2Vud — — S = ¢
LwerT D — 2 { (1+er) (ea,v)(uchd) + eg(ea,v)(uotd®)

€s +€p
2

(e°v)(u’d) + “%”’(ecy)(adﬂ + %(ecauuy)(uca“”d)} +he.
(3.19)
Deviations from the SM are parametrized by €x, and in the limit ex — 0 one recovers
Eq. (1.39). Apart from the V — A interactions (whose strength may deviate from the SM
for e, # 0) this effective Lagrangian also contains the right-handed currents (er), as well
as scalar (eg), pseudo-scalar (ep), and tensor (er) interactions. At energies below ~ 2 GeV

we can match this Lagrangian to the nucleon-level one. The logic is the same as in the
derivation of Eq. (1.39), and the result is

Lice—vang O — C}- (€5,v) [po*n + pCotn’] + CJ (€5,v) [po*n — pSotnc]
1
— C&(ev) [pn + pnc] — Ch(ev) [p°n — pi€] — 50;(ecauyv)(pca“”n) +h.c.
(3.20)

This kind of effective Lagrangian was first introduced by Lee and Yang in the seminar 1956
paper [55].22 The matching between the nucleon-level Wilson coefficients in Eq. (3.20) and

ZLee and Yang also allow for right-handed neutrinos, therefore their Lagrangian has ten free parameters
rather than five. denoted by Cx (parity-conserving) and C’% (parity-violating), X = V, A, S, P,T. My
notation is related to theirs by C} = Cx + C%, which explains the plus index. This index may seem
uncalled for in our EFT where only left-handed neutrinos are present, but I prefer to keep it to avoid
confusion with the Lee-Yang notation, which is still very widely used by the nuclear community.
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the quark-level ones in Eq. (3.19) reads

cy _QVV (1+ e +e€r),

V.,
CX:—QA (1+€L—ER)

Vud
C; ZQSTUQES
Vud
Ccy :gPTuQ6P
Vud
ct :gTU—geT. (3.21)

The nucleon charges gx appear due to the non-perturbative nature of the matching. In
Eq. (1.39) we already discussed that gy = 1 due to isospin symmetry, and g4 = 1.246(28) [13].
For the other nucleon charges, gs = 1.02(10), gr = 0.989(34) from a lattice calculation [56],
while gp can be related to g4 by equations of motion, yielding gp = 349(9) [57] (this large
value is due to my/m, enhancement, which can also be understood as due to integrating
out the pion).

It seems that the EFT described by Eq. (3.20) is much more complex than the SM
limit, with several new Lorentz structures forcing us to calculate many more nuclear matrix
elements. However, we will see that the use of the non-relativistic variables simplify the
problem considerably, so that the level of complications is not much different than in the
SM limit, and no new nuclear matrix elements are needed. The goal will be to re-organize
Eq. (3.20) as the non-relativistic expansion in V /my:

Lrco vang = L9 + L0 + 28 + ... (3.22)

The upper indices on the right-hand side label the order in V /my (for simplicity, I assume
the common nucleon mass for the neutron and the proton, my = w) Since V will
be traded for the momentum exchange q in the amplitude, and q/my ~ 1072,1073 in S
decay, this expansion is quickly converging. For our purpose the leading order term in this
expansion will be sufficient, and even more advanced calculation today rarely go beyond
the next-to-leading order.

In analogy to Eq. (3.6) I define the non-relativistic nucleon fields 5 by

_e—imNt 7 . 9
Ny = 73 <1+ 2mNUV)¢NQ+O(1/)N)+O(V ),
\TC QX _e_imNt i c 2
N = \/§ <1 — 2mNU’V> wNa + O(IZJN) + O(V ), (323)

for N = n,p. Currently there is not that much nuclear physics done with antimatter, so we
will not trace the interactions of the anti-nucleon fields ¥5;. Let us first translate the scalar
bi-linear contractions of the relativistic nucleon fields into the non-relativistic language:

%[wp + —wp o [vn + 2—av¢n] +0(V?) = fwlwn + —V(@,a%) +0(V?),
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[%

(wpawn) +0O(V?).
(3.24)

bor] [tn - ﬂawn] +O(V?) = Ll -

2mpy

For the vector and tensor contractions we can borrow the results from the previous subsec-
tion All in all, the relevant bi-linear contractions occurring in Eq. (3.20) are expressed in
terms of the non-relativistic nucleon fields as

pn 4 pac =iy, + O(V?),
pn — pn® =0(V),
po’n + pSoln® —wTwn +0O(V?),
po’n — po®n® =0O(V),
potn + pfotnt =0(V),
potn — ptotnt = — w;gakwn +O(V),

1
pCon = — §¢;Uk¢n +0O(V),

klm
peotin :%qﬁgamwn +O(W). (3.25)

Plugging this back into Eq. (3.20) we obtain

L = = (W) [CF (€6%) + CE(ev)] + (Blo*u,) [Ch(ea*v) + CF (0% )] + O(V) + h.c.
(3.26)

It is notable that in the non-relativistic limit five hadronic structure in Eq. (3.20) reduce
to just two, which mediate the so-called Fermi and Gamow-Teller transitions, respectively.
In the SM limit C;f = C;Z = 0. As promised, the more general case is only slightly more
complicated than the SM limit. The pseudo-scalar interaction drop out at the leading
order in the non-relativistic limit (enhancement due to large gp ~ 102 loses against the
V /my ~ 1073 suppression), and no new hadronic structures arise due to the scalar and
tensor interactions. The difference between the vector and scalar interactions lies only in
the chirality of the beta particle involved; idem for axial vs tensor. This elucidates the
reasons for the confusion in the early days after the Lee-Yang paper: for some time the
dominant lore was that beta decay is mediated by scalar and tensor interactions (rather
than by the vector and axial ones, as predicted by the SM).

The Lagrangian in Eq. (3.26) is enough to capture the salient feature of the large class
of nuclear g transitions called the allowed decays. These are basically defined by the matrix
element of w;,wn or w}ta’%ﬂn being O(1) in the units of the mass mar of the involved nuclei.
For this class, the amplitude for 5~ decay is given by

MN = N'ep) = — (N[ lapn IN) [C5F (26 y0) + C& (yey )]
+ (N[l [N [CF(Ze ) + CF (yeo "5 y,)]. (3.27)

The matrix elements appearing here are non-perturbative. They should be understood as
matrices in the space of spin J and polarization s € (—J, J) of the mother and daughter
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nuclei. The first one is called the Fermi matrix element. At the order we are working we need
to know it only in the zero-recoil limit ¢ = pyr — kxv — 0. We also assume that A/ and N’
have the same parity. Then, in the rest frame of the mother nucleus, rotational invariance
allows for only a single structure - the identity matrix - to appear on the right-hand side:

(N T8 [labn IV, T, 8) =2mp Mpd g g0y (3.28)

The nuclear mass was factored out for dimensional reasons, and the proportionality constant

My can be calculated in the limit of unbroken isospin as Mp = /j(j +1) — j.(j + 1),
where j is the isospin quantum number of A" and N, and j3 is the projection of the isospin
on the z axis for the mother nucleus. For example, for neutron decay the isospin multiple
is (p,n), thus j = 1/2, j, = —1/2. One can see that the Fermi matrix element is operative
only when the spins of the mother and daughter nuclei are equal.

For the other matrix element in Eq. (3.27), rotational covariance implies the right-hand
side in the zero-recoil limit must transform as a 3-vector. In the rest frame of the mother
nucleus, the only available object is the generator of rotations in the polarization space

(N T |l ok, N, T, s) =2ma Mar[TE s (3.29)

The generators can be expressed in terms of the Clebsch-Gordan coefficients

1
[7}1',,]]53' =— \/;[C(J,s; 1,1;J,8) - C(J, 81, —1; J',s')}, (3.30)
[T%7J]Ss/ E% [C(J, s;1,1,J0,8) +O(J, 851, —1; ', s’)} , (3.31)
[T Jlss =C(J, 81,050, 5). (3.32)

The precise form of the right-hand sides is less important for our purpose. What I wanted
to demonstrate by displaying this formula is that, due to the triangle rule for the Clebsch-
Gordan coefficients, 7?}, 5= 0 for |J — J'| > 1. This explains the phenomenological
selection rules for allowed beta decays: they are possible only if the mother and daughter
nuclei have the same parity and this spins differing by zero or one. If these conditions are
not satisfied, 8 decay must proceed through higher-order operators in the V /my expansion
of the Lagrangian and/or q/ms corrections to the Fermi or Gamow-Teller matrix element.
This leads to a large suppression of the matrix element and therefore typically much longer

4 In a curious misnomer, such transitions are called

lifetime than for allowed decays.?
forbidden in the nuclear literature.
The proportionality constant Mgt is not calculable, except for neutron decay where

Mgt = /3 via a perturbative calculation. This inhibits our ability to predict the rate of

24 Typical lifetimes for allowed beta decay are in the seconds to minutes regime, while for forbidden decays
they range from days to longer than the age of the universe. Note however that the lifetime depends not
only on the matrix element but also, very strongly, on the volume of the available phase space, which
leads to a large spread of the lifetimes for transitions belonging to the same classes. For example, tritium
undergoes allowed beta decay with the life-time of approximately 18 years due to ma gy —msy, &~ 0.53 MeV,
barely above the electron mass of m. ~ 0.51 MeV.
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many nuclear transitions, with the exception of pure Fermi ones defined by the vanishing
Gamow-Teller matrix element. This is however not a fatal obstruction, as there remain
many differential distribution that can be predicted in terms of the EFT parameters C7,
once Mg is extracted phenomenologically (for example by measuring the lifetime). Let me
give you one example demonstrating how C)Jg can be constrained by experiment. Consider a
BT decay process where the mother and daughter nuclei have spin zero and the same parity
(there are dozens of such transitions in nature, e.g. 'O — “Netv). One has 76’?0 =0,
therefore the The amplitude takes the form

M = —2mpyMp[Ci(2,6%.) + C& (7,2.)], (3.33)

where, as discussed previously Mg can be calculate given the isospin quantum numbers of
the involved nuclei. From this point the differential decay width can be calculated using
the standard QFT techniques. Taking the square and summing over the lepton spins we
have

D IMP =4m3 ME[CF (2,6 %e) + CF (2030)] [CF (5:6%,) + C& (we,)]

:4m/2\/M12pTr{ 1 Plky05%ke6°) + |CE P [kyokeG] — 2meRe [0¢0g][kya50]}

zgmva%{w;F[EyEe + keky| +|CEP[E B, — keky] — 2Re [C;C*;]meEu}.

(3.34)
The differential decay width is given by
dr peEy peEe(E;naX - Ee)2M2
=5 5 Z M = 5 =
dE.dQ.dS, 512my,m 641
kek kek —.m
+12 elvy +12 elvy + A+ e
1 1-— —2 —a
QUert 1+ gy + O [ - gy | RO )
(3.35)

I approximated E, ~ E®* — E, in the zero-recoil limit, where E;"®* is the end-point
energy, usually known from spectroscopic measurement independent of 5 transitions. The
total width measurement constrains one combination of Cf and C¢, namely |Cy}|>+|Cd |>—
2(me/E.)Re [C;;C&] We can constrain another combination either by measuring the beta

energy spectrum %, which allows us to isolate Re [C"J,r C’;] of the so-called Fierz term,

or by measuring the angular correlation between the electron and neutrino directions®®
which gives us access to the difference |Cif[* — |[C¥[%. All in all, using the information from
0" — 0T transitions allows us to independently constrain C} and C&. Moreover, neutron
lifetime and angular distributions constrain also CX and C’; . The bottom line is that all
four parameters in the leading order Lagrangian in Eq. (3.26) can be precisely measured
from experiment. The current precision is O(107%) for Cy; and C}, and O(1073) for C'&

and Cf, see [58].

Z5Neutrino is not observed in precision measurements of 3 transitions to date, but its momentum can be
inferred by measuring the momenta of the beta particle and the nuclei, and using momentum conservation.
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3.4 From Klein-Gordon to Schrédinger

So far in this section I have discussed only the non-relativistic limit for the massive spin-1/2
Dirac fermions. But, obviously, the non-relativistic limit makes sense for particles of any
spin. I have focused on spin 1/2 because it’s more relevant for practical applications (all
of the known stable massive matter particles turn out to be spin-1/2), but also because I
find it be the simplest case conceptually. The reason is that passing to the non-relativistic
limit consists in a specific field redefinitions in Eq. (3.6) such that the new variables satisfy
Schrédinger equation. This cannot be exactly the same for bosons because in this case
the equations of motion are second order (as opposed to first-order equations of motion for
fermions). There cannot be any field redefinition that transforms second-order equations of
motion into the Schrodinger equation, which is first order in the time derivative. Instead,
the procedure for boson ® is to define the change of variables (®,7) — (¢, ¢°), where 7 is
the canonical momentum associated with ®.
Let us illustrate the procedure for a complex scalar field ¢. The free Lagrangian is

'Cscalar = a,uﬁbTauﬁb - m2¢T¢- (336)

The scalar satisfies the Klein-Gordon equation ((J 4+ m?)¢ = 0. The canonical momentum

ism= % = 0y¢". We can rewrite Eq. (3.36) as

»Cscalar = 7T3t¢ + WTatQST - 7TT7T + ¢T(V2 - m2)¢ (337)

Treating m and ¢ as independent, the equations of motion are m = 9;¢f, —9,nt + (V2 -
m?)¢ = 0, which are coupled first-order differential equations equivalent to the second-order
Klein-Gordon equation. The field ¢ and the canonical momentum 7 can be expressed in
terms of the ladder operators as

Qﬁ:/d@k(ake_ikx—FbLeikz),
T =i / d®y By, (af ™ — bre~kT). (3.38)

Given [ay, a};] = [bgs, bL] = 2E,(27)36%(k — k'), this leads to the usual equal-time commu-

tation relations
[o(t, ), 7 (t,y)] =i / APy d®y By (e~ Ro—ko)trike—iky |y, ¢ )oR (27)36° (k — K')
=i / APy By, (e*®Y) the) =163 (x — y). (3.39)

We can now define the change of variables:
‘ V2 1/4 . V2 —1/4
55 - 5) )
m m m

2\ 1/4 : 2\ —1/4
o :\/?eimt Kl N Zz) o + é (1 _ ;) W], (3.40)

SE

— 56 —



Once again, the motivation for this particular mixture of ¢ and 7 is to isolate the particles
from anti-particles. Indeed

1/4 , 1/4
3 esf3)
m
E E E E
/d@k{ake_lk‘” [\/ L kMEk + bl etk [\/ b k’/Ek }— 2/d¢)k\/ake_’kx
2\ 1/4 1/4
(1-5%) o (“) ”
m
: |E | m |E Ey [m | Ex
_ T ikx Tk —ikx k ik _ —zkac
(3.41)

Thus, the non-relativistic fields are expressed in terms of the ladder operators as
dSk i(m—vm2+k?)t jikx
Y= / 5) ake e,
d3l<: : T .
— b i(m—vm?2+k2)t 7zk:1:‘ 3.42
4 / (2m)3V2E;, ¢ (3.42)
The normalizations in Eq. (3.40) are chosen to ensure [¢(t, z), ¢ (¢, y)] = [V°(t, ), v°T(t, y)]63 (x—
y). In other words, i1)T behaves like the canonical momentum, which means that the kinetic

terms constain £ D itT0s as in Eq. (3.10).
We can easily invert Eq. (3.40):

1 w2\ VA .
N

1/4
T :z\/?<1 - Zj) [eimtlﬁ - eimtwc] . (3.43)

. . 2\ Y2 .
7rT7T :@ |:ezmt,¢)T - e—zmtwc:| <1 - Z2> |:6—zmtd) - ezmt¢cT:|

W@ﬁﬁ __ [eimth _ eimtwc:| [eimt(iatw + mw) + eimt(iatwcT o m¢CT):|,

Now

. m{ i - \ZANEI ,
qu(V —m )¢ - E |:e—zm v+ etm T,Z)CT:| (1 _ Tng) |:€—zmt¢ + ezmt¢cT:| .. (344)
Plugging that back into Eq. (3.37),

Localas = {w*atw = Ot + o — Ot + 2, (YTyT) — MO () }

t ct,)c 2imt, ) t,,cT —2imt c t V2 12 c V2 12 ct
+m Yy + YT — TP — e PP —mqUi{l——5 ) ¢+ (1—— | PTo.
m m
(3.45)
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Finally, integrating by parts

v2\ /2 w2\ /2
Lcalar ZZ%DTatID + ¢T |:m - <1 - 2) :|¢ + i¢CTatwc + dJCT |:m - (1 - 2) :|¢C
m m
(3.46)

We have achieved two things. One is that the particle and anti-particle degrees of freedom
separate to all orders in V /m. The other is that both the particle and anti-particle satisfy
the relativistic generalization of the Schrédinger equation, i0p = [(1 — Z—;)l/ 2 — m)y.
Expanding to the second order in V /m one obtains the same Lagrangian as in Eq. (3.10),
leading to the bona fide Schrédinger equation.

Exercise: Derive the transformation to non-relativistic variables for a massive spin-1 vector. ‘

4 EFT approach to neutrino oscillations

Neutrino oscillations are a specific class of precision experiments. What is being observed
is the rate with which neutrinos emitted by a source at a macroscopic distance interact
with particles in the detector. Quite often, the energy spectrum and flavor composition of
the incoming neutrinos are also reconstructed. The distinguishing feature is the oscillatory
dependence of the neutrino detection rate as a function of the neutrino energy FE, and the
distance L between the neutrino source and detector.

Collider physics and cosmology have established that there are at least three distinct
neutrino states. Neutrino oscillations have in addition demonstrated that these states have
at least three distinct masses.?S The large body of experimental data so far is consistent with
the predictions of the SM supplemented with dimension-5 interactions leading to Majorana
masses for the SM neutrinos. In other words, neutrino masses and oscillations are a generic
prediction of the SMEFT framework. This should not be underappreciated, especially given
that successful predictions have been rare after the theoretical completion of the SM.

In this lecture I will assume that the SMEFT paradigm indeed holds. This implies
the existence of exactly three neutrinos and their anti-particles, much as in the SM. Sterile
neutrino states will be absent from this discussion, though they can be easily included and
analyzed within the same formalism. Dimension-5 SMEFT operators lead to Majorana
masses, which result in mixing between different flavors, similarly as in the quark sector
but with some subtle differences. Furthermore, dimension-6 and higher operators may also
affect the phenomenology of neutrino production, scattering, and propagation. This last,
less explored point will be the main focus of this lecture.

4.1 Neutrino rates in QFT

More often than not, discussion of neutrinos oscillations in the literature and talks takes you
back to school, with quantum mechanics, hamiltonians, etc. I find it somewhat confusing.

26Tf you read this a decade from now, the overall scale of neutrino masses have likely been determined
from cosmological observations.
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Neutrinos are part of the SMEFT, which is a QFT, and neutrino oscillation can be discussed
in a similar language as any other particle process. This is what we will do.

Consider neutrinos produced in the process S — X,v, and detected via the charge-
current process 1" — Yg. Here, S and T' are both one-body particle states localized away
from each other in the coordinate space, describing the neutrino source (e.g. a pion or a
neutron) and target (e.g. a proton or a nucleus in a detector). X, and Yz are some n,-
and ny-body states, with n;, > 1. The indices o and 3 indicate that these states contain
charged lepton ¢, and /g respectively, but otherwise their precise identity is irrelevant for
this discussion. The charged leptons are here to provide a handle on the neutrino flavor: if
« # 3 we can say that the neutrino has oscillated.

The goal is to calculate the rate of neutrino detection at the target. Thing become
more transparent if we treat the production and detection as a single process:

ST — XoYp. (4.1)

In this approach, neutrino is merely an intermediate particle and never shows up in asymp-
totic states. The initial states S and T are represented by wave packets:

ST) = [ 40 (p5)a(or)fs(03) fr(pr)e™ nsprin (12)

Here, |pj),, are the usual plane wave momentum eigenstates you are accustomed to. They
are normalized as in(gj|p;)in = (27)32E;6%(p; — q;j). The functions fj(p;) are the wave
packets describing ensuring localization of the source and target particles in a specific region
of space. The spatial separation between the source and the target is assured by the e?PT
factor, with b* space-like, b?> < 0. The momentum spread of the wave packets is denoted as
1/o, which by Heisenberg translates to a ~ o spread in the coordinate space. We assume

0> 1/Eg 7. The phase space element is as usual defined as d®(p;) = (Cg;p)]g ot (p? - mjz) =

% for j = S,T. We normalize [ d®(p)|f;(p)|> = 1, which implies (ST|ST) = 1. For
J
the outgoing states we do need any wave packet gymmastics: they can be taken as the

usual momentum eigenstates, out (k1 ... k|, where n is the total number of particles in the
X, and Y} states. The number of events with the final state particles in the infinitesimal
volume of the final state phase space is

AN = |out (k1 -+ k| [ST) [PTI2_; d (k). (4.3)

A Dbit more work is needed to rewrite this expression in terms of familiar scattering am-
plitudes, factorize the amplitude into the production and detection part, take the limit of
relativistic neutrinos and large separation between the source and target, get rid of the wave
packets, etc. These steps are actually similar in spirit to those applied in the the textbook
derivation of the cross section formula. The interested reader is referred to Appendix A
of Ref. [59] for a detailed derivation. When the smoke clears, one obtains the following

formula for the differential rate R,3 = d]:iffﬁ per source and per target particle

2
1 i LAmy,

= P P D s\ 4D
af — 327TL2mSmTEV e 2Ey MakMalMﬁkMﬁldHPdHD- (44)

dR
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Here, L is the distance between the source and the target, mg and myp are the masses of
the source and target particles, and F, is the neutrino energy. The amplitudes Mgk =
M(S — X)) and Mgk = M(vT — Y3) describe the neutrino production and detection
processes, respectively. The indices k,l = 1...3 label the three neutrino mass eigenstates,
and they are implicitly summed over (but «, 8 are not!). These are related to the neutrino
fields in the flavor basis v, via the unitary rotation

3
Vo = Z Uarvs, (4.5)
k=1

where U is called the PM NS matrix. The mass squared differences of the eigenstates are
defined as Amil = mi—ml?. The phase space elements dIlp and dIlp for the production and
detection processes are defined in the standard way: dIl = (27‘?;’;“21& . (27‘3;5“2”& (2m)*64(P —
> ki), where P is the total momentum of the initial state and k; are the 4-momenta of

the final states. The production dllp includes the neutrino phase space (25)%. Eq. (4.4)
assumes the source and target are at rest, and that the source is unpolarized, so that
neutrinos are emitted isotropically. More general expressions can easily be derived but we
will not need them here.

Eq. (4.4) is directly related to physical observables in oscillation experiments, and
contains all relevant physics. However in the neutrino community one prefers to work
with the oscillation probability Pyg = P(va — vg). Let us make a connection with that
language. We can define the oscillation probability by normalizing the differential rate in
the presence of oscillation by neutrino flux at the source times cross section at the target.
Thus

dRop
P = =48 (4.6)

do
dE, 78

ddby — 1 dl'(S—Xavk) —
dE, — 4nL? 2uk dE, ; and og =

Y 0T — Yp) is the detection cross section at the target. These can be calculated by
the standard QFT techniques. All in all we get

where the neutrino differential flux at the source is

LAm

2
—q kl — —
C Ywe T [dUpMEME [dllpME MG
Jdllp 325 IME? [ dllp 37 [MG|? ’

Pas (4.7)

where de = de/dE,,.

Ezercise: Show that the oscillation probability in Eq. (4.7) is real and satisfies 0 < P,g < 1.

Before proceeding, let us check that Eq. (4.7) reproduces the familiar formulas for
oscillation probability in the case of the SM-like theory with massive neutrinos. Here, SM-
like means that one can choose a basis where neutrino couple to matter via flavor diagonal
and flavor universal V-A interactions. Rotating from this basis to the mass eigenstates
as in Eq. (4.5), the interactions of the latter with matter are proportional to Uyi. As a
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consequence, the production and detection amplitudes depends on the neutrino eigenstate
index only via the PMNS matrix elements: Mgk = UakAP /\/lak, = Uar AP, where the
reduced amplitudes are independent of k up to completely negligible corrections due to
neutrino masses. Then

,LAm%l
e 'T2Ey U* Ua dllp AP 22U U%, [ dlT AD2 LAm?2
Posl};/[_Zkl il P}; | Bk il D/_Lz | :ZG_ZTVMU;kUalUBkUEl

= Zcos ( kl)UakUalngUm —i) sin < 5 kl)UakUalUﬁkUm
k,l v

Am % * . . LAm2 * *
=008 — 2 Z sin <kl> UakUatUpUg — i Z sin ( 5T ki > UakUatUprUpgy .-
1/ Wl v

(4.8)

In the first step, the phase space integrals have canceled out, and the PMNS factor in
the denominator are equal to 1 thanks to UTU = 1. In the last step we again used the
unitarity of the PMNS matrix. The result indeed reduces to the well-known formula for
the oscillation probability, see e.g. the review in Ref. [60]. For antineutrinos the discussion
is the same up to interchanging U < U*.

The first two pieces are C' P-conserving, that is they yield PSM = ngl The last piece
is C'P-violating:

Ps' = Pla' =— Zzsm( 2Eukl> [UarUaUstUf — U UaiUarkUz)]

. [ LAm . N
:4281]:1 <2EM>IH1 [UakUalUﬂkUﬂl]7 (49)

k>l v

and C'P violation is proportional to the Jarlskog invariant of the PMNS matrix.

4.2 Neutrino rates in EFT

At the dimension-4 level in SMEFT (that is to say, in the SM) neutrinos are massless and
there are no oscillations. Dimension-5 SMEFT operators induce neutrino masses. These
also lead to neutrino mixing controlled by the PMNS matrix. The resulting oscillation
probability is that in Eq. (4.8). In the following I will discuss how dimension-6 SMEFT
operators modify that picture.

[ will illustrate it in a concrete setting where (anti)neutrinos are produced in pion decay
and detected via inverse beta decay:

TTp— T Up— p et n. (4.10)
In our notation, S =7, X, = p~, T = p, and Y3 = e"n. In other words a = 1, 8 = e, s0
in the usual parlance we are looking at muon antineutrinos oscillating into electron ones.
The source pions are assumed to decay at rest, which results in a monochromatic neutrinos
with energy Fy ~ 29.8 MeV. I'm neglecting pion decays to electrons, which are a small
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correction due to chiral suppression. For kinematics reasons only electrons can be created
at the detection. I am not aware of this particular experimental set-up existing in real life,
however its building blocks are quite generic. In particular, stopped pions as a neutrino
source (albeit 1) are used in the celabrated COHERENT experiment [61], while inverse
beta decay has historically been the most prominent neutrino detection mechanism, starting
with the Poltergeist project of Cowan and Reines [62]. I've chosen this setting because the
production and detection amplitudes are simple enough to calculate on blackboard, and they
will allow me to illuminate some interesting points about non-SM corrections to oscillations.
To calculate the oscillation rate in Eq. (4.4) we need two ingredients: the production and
the detection amplitude. To simplify the discussion, in this subsection I will be assuming
that dimension-6 SMEFT operators affect production only; generalization to new physics
in detection is straightforward and will be briefly discussed in the following subsection.
Let us begin with the production amplitude. It describes pion decay into a muon and
a mass eigenstate of an anti-neutrino. The suitable EFT is the quark level one below the
electroweak scale - the one I call WEFT. The relevant part of the Lagrangian is

2Vu o « R 7 = (o c e\ () =
LWEFT C — de{((S T+ eLV)(ua“d) (gaUqu) + €5’ (u otd )(%Uul/y)

b€ (ufd — ) () } + e (4.11)

Leading non-SM corrections are parametrized by eg‘g, which are 3 x 3 matrices in the lepton
flavor space with a completely arbitrary flavor structure. The scalar and tensor interactions
do not contribute to pion decay so they are not displayed here. After rotating to neutrino
mass eigenstates as in Eq. (4.5) one gets

Lwerr € — (50 1 &) (500 + o) (Fagyn) + (57 + €57) (56 — w0 &) (adpan)

+ep (ucd — aJC) (Zgl/k) }Uﬂ,k + h.c., (4.12)
where €], = €7 + €5, € =€} — €3 . Given this Lagrangian, the production amplitude
is”

Viud o - __ _ _ - _
Mﬁk :v—g{(éw + ") (2,0,y0) (0| uo?d” — uc?d |n~) + € (yuyy) (0] ad® — ud|m™) }U,Yk,

(4.13)

where y,,, x,, y, are the spinor wave functions corresponding to the outgoing anti-neutrino
and charged lepton. Because we calculate pion decays from a quark-level Lagrangian, the
amplitude necessarily includes a non-perturbative element: the QCD matrix element of the
quark operators sandwiched between the one-pion state and the vacuum. I already used
the fact that (0| u¢o#d® + uotd |r~) = 0 due to parity invariance of QCD and the negative
parity quantum number of the pion. We cannot calculate the matrix element from first

"Recall our conventions for the matrix elements: (k|O|p), = (k| O(z) |p) = Ae’*~P)* if z is displayed
explicitly, and (k| O |p) = A if = is not displayed.
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principles, but we can always paramtrize them so as swipe our ignorance and under the
carpet. In the case at hand, for the decaying pion momentum p, we can parametrize

(0] uCohde — aghd |n~), = iph fre~PrT, (4.14)

where f is the non-perturbative parameter call the pion decay constant. The dependence
on z follows from translational invariance, and ki appears because it is the only Lorentz
vector available to make the Lorentz transformations the same on both sides of the equation.
The other matrix element is not independent, but can be derived from the above by using
the equations of motion:

i0,, (0| u®o*d® — ug*d |n ™), =i (0| 8, (u‘ctd®) — O, (ustd) |7~ ),
= (0] ma(ucd) — my (4d®) — ma(ad®) + my(u¢d) |7~), = (ma + my) (0| ucd(z) — ad®(z) |7 ™)

T

(4.15)
On the other hand
10y, (0| uCotd® — agtd|n~), = ip2 fre” ™" = im2 fre” P . (4.16)
Putting this together
(0] ad® — ued |77y, = — imiif e P (4.17)
c x M + My T ’ :
and the production amplitude simplifies to
Vaudf. L m?2
Mfk =i “1)2 ™ {(&w + €ey) (3U#J,Jy,,)pfr + e (y#yy) Wﬂmd}Uyk
V. dfwm
:ZUT# (W) (U + €] (4.18)

In the last step I traded p, = k. + k, and used the equations of motions for the spinor wave

kJ_ mx EN’YU
my(my+mg) P vk-
The combination € encodes all non-SM corrections to oscillations entering through the pro-

functions z and y. I also introduce the short-hand notation €, = €U,

duction process.
The production amplitude that enters the rate in Eq. (4.4) as deP/ijkal. The
phase space in the case at hand is simple two-body:

dllp = 'k 5T (K2) Ak ST (k2 —m2)(2m) 64 (ky + Ky — pr)
(2m)3 Y (2m)3 H H voR T
d4/€y 4 1.2N ok 2 2 dEl/pl%dpl/dQl/ + 2 2\ s+ 2 2
5 (200 (e — )~ m2) = PP 2 st 2 — 2k,
E,dE,dQ, ., o 9
:T(S (mz —my, — 2prky). (4.19)
For pions at rest pr = (my,0), thus
E, _ Mg mz
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It follows that
/de//\/lkoff, =Np Uk + €] (U + €4, (4.21)

where the overall normalization is

Voalzmi B, ) V2f2m2E,
Np = ot O(Bv = Eo) /dQuSpZi;l D T 2) /dQVk:Nk:V
Vfdf?rmiEl,
:W(S(EV - EO) /dQV [(mﬂ- — EV)EV — k'u,k:y]
V2, f2m2E(my — E,)
= 0(Ey — Eo)- 4.22
drma vt ( 0) ( )

Note that Np is proportional to the muon mass squared; for decays to electrons the cal-
culation is analogous with p <> e, such that the rate will be suppressed by the relative
mg/mi ~ 10~%. Furthermore, note that Np ~ §(E, — Ej), reflecting the monochromaticity
of neutrinos from pion decay.

The other ingredient to calculate the oscillation rate is the detection amplitude for the
2 — 2 scattering process vp — etn. Recall that our assumption for the time being is
no new physics in detection. Therefore the amplitude will be calculated starting from a
nucleon-level EFT approximation of the SM. Since neutrinos from pion decay at rest have
low enough energy, we can use the non-relativistic Lagrangian at zero recoil. After rotating
the neutrino to the mass basis we have

LFermi 3‘;“;1{ — (I (ea%e) Uy + gA(wLakwp)(Dk&je)U;k} +h.c. (4.23)

The detection amplitude follows

Vau o . .
M, :;ﬂgmN{ —~ (¢6) @) + gA<<;akcs><yyaﬂye>}Uek. (4:24)

For simplicity I'm assuming the common nucleon mass, my = m, = m,,. The spins of the
two nucleons are encoded by the spinor wave functions (s = (1,0) for s = + and (s = (0,1)
for s’ = —. The combination appearing in the numerator of the oscillation probability is

V2 m? - , .
/dHDMeDkMg :% /dHD Z {(gua'oye)(gea'oyl/) + gi(guajye)(geﬁjyu)}UekUel-
spin

(4.25)

I already summed/averaged over the nucleon spins. Summing, over the lepton spins, we

use Zspin(gu5oye)(ge5oyu) = 2(EeEy + kecky), Zspin(gV6jy€)(g€5ij) =2QEE, — keky).
The detection phase space is

dHD :(271')454(]{ +pp, — k. —k )%5+(k2 o m2) d4ke (5+(]€2 _ mQ)
v p n e (271')3 n n (27[_)3 e e
eFe
:ZFQ dE.dQe0" (k2 —m2)st(m?2 + mfo —m?2 — 2kck, + 2k, — 2p,ke)
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2dE dQeS(mZ +m? — m2 + 2y/E2 — m2E, cos 0 + 2my(E, — E.) — 2E.E,)
J— Ee
16m2\/E2 — m2E,

"8

dE.d¢., (4.26)

where ¢, € [0,27], and the positron production angle in the target rest frame is fixed as

(Ee Eu)+EeEu+(m mg m2)/

cosl, = NG . For m¢ < E, < my we can neglect the electron

mass and expand in 1/my, in which case the phase space reduces to

dllp ~———dE.d¢., (4.27)

1672E,

with the angle fixed as cosf, = ™ (Ee+§;E€”)+EeE“, implying F. constrained to the range

E.€[E,—A— i@EE , E, — A], where A = m,, —m, ~ 1.3 MeV. Integrating the amplitudes
over the phase space one finds

/ dlip MO MDP =NpU* U, (4.28)

\% dmNE3(1+3gA)
2ot

We have all the ingredients to write down the oscillation rate. Plugging in Eqs. (4.21)
and (4.28) into Eq. (4.4) we obtain

where the overall normalization is Np =

dRye  _;komh R,
qE —re Uk + €ur] (Ui + €54 U U, (4.29)

where we abbreviated the overall normalization of the rate

NpN VA1 +3¢%) f2m2EY(m, — E
o= PiVD _ ud( gA)fﬂ' “w 1/( ™ V)5(EV . EO) (430)
327 L2m .myE, 25673 L2m2v8

Let us expand the rate in powers of new physics contributions: R, = Rff? + RE}e) + R,(?e).
The SM-like piece is

R  _jramd
dé: =ke 2B UpUnyUhUe. (4.31)

It may be worth visualizing this expression in the 2-flavor approximation. This is often
a good approximation in neutrino physics, in particular in the case when LAm%l /E, <
1, but LAm%,/E, > 1. In this approximation the PMNS matrix is orthogonal, U =

0 —sinf
(C?S 0 sm@ (the phase can be redefined away for two flavors), and then
sinf cos

2

ng? jLAm2 _jLAm?2
=K UulUuererl + U}LQU}L2U€2U€2 +e 2B U,ulU,u2UelU62 +e " 2By U,uZU,uer2U61

dE,
LAmM?
2F,

=2k sin”  cos® 0 [1 — Cos < >] = rsin®(26) sin?(L/ Logc), (4.32)
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c = é%?
absence of mixing (# = 0), and vanishes at short-distances, L < Ly.

where the oscillation length is L . The rate is manifestly positive, vanishes in the

Let us move to corrections linear in EFT Wilson coeflicients. The former is defined as

ARG pewdh
dE =Ke 2By [Uﬂkeul + U}Lleﬂk} UekUel' (433)
v
In the two-flavor approximation
AR
dE, =K [QRQ €u1Up1Ue1Uet + 2Re €,0U2UcaUeo

. LAm2 % _-LAm2 %
+ el 2m (UN16M2 + ngeul)UeerQ +e 2By (Uu2€u1 + Uu1€H2)U32U61:|

- LAm?
:g sin(26) [2 cosRee,1 + 2sinfRee;o — <el 2By (sin O, + cos Oeu) + h.c.ﬂ

=k sin(26) {2 sin?(L/Losc)Re [ cos €1 + sinfe,o] + sin(2L/Lose)Im [ cos fe,y — sin eﬁug]] .
(4.34)

The first term has the same form as the SM-like oscillations in Eq. (4.32). In fact, the

two are indistinguishable because the non-SM effect can be absorbed into a redefinition

of the 6 angle: § — 0, = 0 + 2 [608295531(3;1;06“2}. After this redefinition, the rate contains

Cil%f D [1+ O(e?)]xsin?(L/ Losc) sin?(26,) Note that experimentalists trying to measure 6

in our setup would be fooled, as they really have access only to the polluted mixing angle

0. The best they can do is to perform several measurements of this kind in different exper-
imental setups, which would allow one to measure different 6., with a different dependence
on EFT parameters. If these different measurements come out compatible, it constrains
non-SM effects proportional to e (though still does not fix € in a model-independent way, as
there could be a conspiracy between different O(e) contributions). Conversely, if the mea-
surements results in different 6., (what in the future may be called Pontecorvo anomaly),
it would constitute a hint for dimension-6 contributions to oscillations.

On the other hand, the second term in the big square bracket in R,(}e) is genuinely
observable. It is a CP-violating effect in oscillations. Experimentalist could pinpoint it by
placing the detector on rails and moving it to different distances from the source, so as
to determine that the oscillatory dependence on L is distinct than for the standard CP-
conserving oscillations. A signal of this kind would constitute a discovery of a new source
of CP violation, in addition to the phase of the CKM matrix and independent of the phase
of the PMNS matrix. To be fair, one should mention however that such a signal is not very
likely, as CP violation involving the first generation is very strongly constrained by EDM
constraints.

An important thing to notice about Eq. (4.34): lepton-flavor-off-diagonal new physics
appears in the observable at linear level, that is to say, it interferes with the SM amplitude.
This is a peculiar feature of oscillation observables. In the absence of oscillations, lepton-
flavor-off-diagonal new physics would appear only at the quadratic level due to lack of
interference with the lepton-flavor conserving SM amplitude.
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Let us press on to look at quadratic effects in EF'T Wilson coefficients. In the following
we purely production quadratic effects given by

dR(Q) . LAmZ,
d;e —re ' om €uk€uUcUel- (4.35)
v

In the two flavor approximation

AR
dE,

-LAm2
_ * * i *
—m{euleuerlUd + €p2€52Ucalea + (e 2B ep1€,9Ue1Uea + h.c.)}

:n{\eMQ cos? 0 + |eu2|? sin  — 2sin 6 cos 0( cos(L/Losc)Re [eu1€59) — sin(L/Losc)Im [e,1€

n2

:/4;{ | cos e, — sin Beyo ‘2 + 25in(26) sin?(L/ Losc)Re [€u1€2] — sIn(L/ Lose)Tm [ep1 €9

(4.36)

The last two terms are an old acquaintance at this point. The second is an O(e?) correction
to the standard oscillations, which again can be redefined away into .. The third is
an O(e?) correction to the CP-violating oscillations; the novel element here is that it is
operative even in the absence of PMNS mixing. The first term, on the other hand, brings
in a new qualitative element: it does not depend on L at all, in particular it does not
vanish in the limit L — 0 unlike all the other terms. In the neutrino literature such
contributions sometimes go under the pythonesque name of “zero-length oscillations". From
the EFT point of view its appearance is by no means mysterious. Indeed, unwrapping the
combination of €, surviving at L — 0 into the original Wilson coefficients in Eq. (4.11)
one finds

2
u ey . (4.37)

cos fe,1 — sinfe,n = eﬁe -
my (Mg, + mq)

That is to say, the zero-length piece describes the source pion decaying into a muon and
an electron neutrino due to flavor-non-diagonal interactions in the Lagrangians. The cor-
responding amplitude does not interfere with the SM one due to the distinct final states,
therefore the effect appears only at the quadratic order in EF'T Wilson coefficients.

4.3 Generalizations

Moving source
Very often neutrino experiments deal with sources moving in the rest frame of the detec-
tor: Let us modify our previous example to allow for pions moving toward the target. The

amplitude is Lorentz invariant, so the only thing that changes is the production phase space.
We follow the same derivation as in Eq. (4.19), except that pr = (Er, 0,0,/ E2 —m2):

E,dE,dQ,
dllp :&6"'(7713r —m2 — 2prk,)

{72 M
E,dE,dQ
:%(ﬁ(mi - mi —2E;E, 4+ 2\/E2 —m2E, cos¥), (4.38)
T
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where 6 is the azimuthal angle from the source-target axis. The Dirac delta has solution with
—1 < cosf <1for ET < E, < EY where E,(0) =

v

2 .2
Tn My . This collapses to
2(Ex—cos 9\/E,2r7m72,)

E, = E, for pions at rest, E; = m,, but as soon as F,; > m, the neutrinos emitted in pion

decay display a continuous spectrum between the two endpoints. Different neutrino energies
correspond to a different emission angle in the lab frame. From the experimental point of
view, what is relevant is not the neutrino spectrum in the space surrounding the source,
but rather the spectrum of neutrinos reaching the detector. The latter is E% < E, < EY
where the lower cutoff corresponds to neutrinos just barely missing the detector, and 6y
depends on the size of the detector D and the distance L as 0y ~ D /2L.

In real life, more often that not you will have pion sources moving with different energy,
according to some spectrum ¢(FEg). This can be taken into accoun by modifying Eq. (4.4)
as

dRog 1 ¢(Es)B(Es) _iAmi

= dEg———F——= 2B, dIl PP/dH D 4D
dE, 32nL?mrE, S Eg € / MMy DMBkM,Bb
(4.39)

where 5(FEg) is the acceptance factor correcting for the non-isotropric emission of neutrinos.
This formula is relevant for example for the FASER experiment at CERN, where neutrinos
originate from highly boosted pions (and many other hadrons) produced in the forward
limit of high-energy proton-proton collisions.

New physics in detection

In the previous subsection we assumed for simplicity that new physics only appears in
the neutrino production amplitude while the detection amplitude is the one predicted by
the SM. As we will see, qualitatively little changes when this assumption is lifted. I will now
calculate the detection amplitude using a more general nucleon level EFT - basically the
Lee-Yang Lagrangian but with a more generalized lepton flavor structure. After rotating
the neutrino to the mass basis it reads

Ly D — (Ylay) [C&ﬂk&oe + Cgﬂkéc} Ul + (loey) [Cj@k&je + C%Dkfﬂaoéc] Ul + hc.
(4.40)
The detection amplitude follows
M =] = (6160 |CTmaue + Clmae| + (Gho'c) | Chatn. + oo’ | b
(4.41)

For simplicity I'm assuming the common nucleon mass, my = m, = m,,. The spins of the
two nucleons are encoded by the spinor wave functions (s = (1,0) for s = + and (s = (0,1)
for s/ = —. The combination appearing in the numerator of the oscillation probability is

/ dlpMEME =m% / dllp

spin

{ [C_"’Z'gya'oye + C’g?jyi’e] [C&,gea'oyy + Cgleeyy]

— 68 —



[C’Ayl,a Ye + C1y,0” 007 ][CAyea Yo —i—C'FY z.005 yu]}U;kUw.
(4.42)

I already summed/averaged over the nucleon spins. For the lepton spin sums we use
ZSpin@u&Oye)(ge&Oyu) = 2(E.E, + kcky), ZsPin(gu5jye)<ﬂe5ij) = 23E.E, — kck,),
Zspianua—OyE)(xeyV) = _QmeEW Zspln(gl/a— ye)(xea 6JyV) = _6meEl’7 Zspin YvTeXely =
2EE, — keky), Yo gpin 9007051057y, = 2(3E.E, + kck,). Then

/dHDMekMel =2F mNU k-U'y/l/dHDEe{

crey (1+ g ) + €3 (1- ) - e (Gvet + 3y

= / k.k, ~ ' k.k, 3Me
cre (3 _ EE) roites (3 _ EE) - (mm +ch>}
(4.43)

For m, < E, < my, integrating over the phase space one finds

/ dlip MO ME v U*kUvrl{C_’&C&, +Cycy - % (C*;cg’ + ey

3me

+3CCY + 30107 — (cvc7 + YO )}, (4.44)

This expression is valid up to corrections of order E, /my, m./E,, and A/E,. Finally, to
facilitate power counting of new physics corrections, let us rewrite C7, = %(576 +6CY),

C = 24 (57° +6C7), CY = 504507, CF = 2L24§C). Then
N = ’ / = / /
/dHD/Vl M ~ " g - U*kUV/l{(We +3CY) (87 + 6CY ) + 3gA (67 + 6C) (67 + 6C))

—ggE— [(me +6C)6CY + (5 + 50;’)5(/@]

v

+3g497 7 [(me +5C)SCY + (57 + 5074’)504

v

+926CY6CY + 3g26C35CT } (4.45)

V2 (143¢% )my ES
2mvl
oscillation rate up to linear order in new physics in production and detection is given by

where the overall normalization is Np = . Putting everything together, the

dRe _ Lami; . i} e
dE, ¢ o [UUpy + €U + U] U3 Usy

§1e5CY +8CT57e 3¢ (876CY + 57'e6C7)
1+ 3¢% 14 3¢%

x {mem’e +

+ﬁ { — g587°0CY — g567'°6CY + 3gagraT°6CY + 3gAgT5”'650%] }
v A

(4.46)
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or

dR _’L’"QM * TTH * * * * * *
dEue =ke ' 2Ey {UukUuerkUel + [EukUul + Uukeul]UekUel + UukUul[ e:0Ce + Ued ek] }
v
(4.47)
where the combination controlling the new physics effects in detection is
§5Cop = #50“/ + %507 _ e 95 504 %M(;CV . (4.48)
VT H82 7V T 14320 AT B, 14308 ST E, 14345 T 0k

New physics with different Lorentz structures enters with different weight factors, leading
to relative enhancement or suppression of different contributions. This was already the case
for new physics in production via pion decay, where the pseudoscalar interactions lead to
chiral enhancement. The qualitatively new thing to notice here is that these weight factors
may depend on neutrino energy. For the monochromatic beam in our example, this just
results in an additional m./Ey suppression of the scalar and tensor contributions. However
for the continuous neutrino spectrum, this energy dependence may offer a new handle to
discriminate between different scenarios for new physics.

Neutral current detection

Charged current neutrino detection is very common. However some relevant neutrino
experiments use another set up, where neutrinos may hit particles in the detector without
producing a charged lepton. Instead the neutrino gives a momentum kick to the target and
flies off undetected (with or without changing to a different mass eigenstate). In such a
situation our discussion has to be modified accordingly. The process we are interested in is

ST — XoYv,. (4.49)

Compared to Eq. (4.1), we do not have a flavor tag at the detection, and instead in the
observables we will sum over the undetected neutrino states labeled by n. Eq. (4.4) is then
modified as

1

d =
Ra 32w L2mgmrE,

_LAm? _ N
S e MEMEME, MPE dllpdllp, (4.50)
kil

where MP = M(v,T — 1,Y)

Neutral current detection is in particular employed in the COHERENT experiment
(although in this case the baseline is short enough for oscillations to play a negligible role
assuming only three neutrinos exist). One motivation for it is to take advantage of the
coherent enhancement of the detection cross section. It turns out that for low enough
energy of the neutrinos the scattering on different nuclei adds up coherently at the level
of the detection amplitude. The formalism of Eq. (4.50) can be used in this case, and the
coherent amplitude including new physics contributions can be calculated starting from the
nucleon level effective Lagrangian. See [54] for details. Another advantage is that both
neutrinos and anti-neutrinos are detected, even for low-energy neutrinos (whereas only
anti-neutrinos are detected via inverse beta decay on protons).
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5 On-shell methods for EFT

This section is devoted to on-shell techniques and their EFT applications. This is a hot
topic that has seen a lot of interesting progress in recent years. On-shell techniques fit very
well with the bottom-up EFT philosophy. They allow one to perform practical calculations,
arguably in a simpler and more transparent fashion than the traditional techniques. The
most fruitful applications so far have been in the domain of constructing bases and of RG
equations for the Wilson coefficients, but this probably not the end of the story.

The plan of this lecture is the following. I will start in Section 5.1 with a very brief
introduction to on-shell methods of calculating scattering amplitudes, including a summary
and key formulas for helicity spinors techniques. My review is self-contained but very dense.
If you have never seen helicity spinors before, it may be a good idea to first read a more
extensive review before attacking the following subsections. Then in Section 5.3 I will
apply these to study a relatively simple but already non-trivial EFT: the Yang-Mills theory
with higher-dimensional operators. I will show how to define this theory on shell, how to
organize the EFT expansion in this language, and how does the operators - amplitudes
correspondence emerges. Within this EFT, first in Section 5.4 I will show to practically
calculate tree level amplitudes. Then in Section 5.5 I will move to the one-loop level. T will
give a prescription for calculating one loop amplitudes using unitarity. Finally I will give a
sample calculation of RG running of EFT Wilson coefficients using on-shell techniques.

5.1 Lightning introduction to helicity spinors and on-shell methods

Consider a massless particle. Its momentum p* satisfies the on-shell condition p? = 0.
0_ .3 :
— — i

From p we can construct the 2 x 2 matrix po = pto, = P p 9 ]z)l + 3p2 , Where
—p1 —p P +p

o' = (1,0) and o* are the usual Pauli matrices. The massless condition translates into

det po = 0. This means po can be represented as a product of two two-component vectors:

Polos = Aparys @B EL?2 (5.1)

The two vectors A, and 5\p are the helicity spinors associated with the momentum p. For
real p, the hermiticity of ¢ implies a relation between the two: (A\pqo)* = Xpd. The reason
why I used a twiddle rather than a bar or a star is that on-shell techniques often makes
excursions to complex momenta, in which case A, = 5\,, become independent. From Eq. (5.1)
the dimension of helicity spinors is [A,] = [\,] = mass'/2.

Using sigma matrix identities one can show that ps is expressed by helicity spinors
with raised indices: [p&]f"ﬁ = :\g)\g , where as usual A} = €8 Ap- This allows us to express

momentum contractions in the spinor language:
2p1p2 :Tr[plam&] = /\1045\155\5)\% = (AQ)\l)(S\lXQ) = ()\1)\2)(&25\1). (5.2)

Here \; = \p, are helicity spinors associated with pf . T use the shorthand notation (AjAg) =
AMAza = €PA1gAaa, and (MA2) = MiaAy = €*Aiad, 5. Note that the convention for
placing the spinor indices is different for the twiddled and untwiddled spinors, which also
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may differ from the conventions in other references. More generally, contractions of undotted
indices are always descending from left to right, while contractions of dotted indices are
always ascending, e.g. (A\jo#Xg) = A3[o"] agj\g (dotted and undotted indices cannot be
contracted together in Lorentz-covariant expressions, e.g. > a=12 A%\ would break Lorentz
symmetry). From these definitions the antisymmetry of spinor contractions immediately
follows: (A1A2) = —(A2A1), (A1h2) = —(A2A1), in particular (AX) = (AX) = 0. With a bit
more work one can prove ()\10“:\2) = (;\25“)\1), (M ota¥Ae) = —(Aad”aH A1), (5\1&“0”:\2) =
—(A2G”0" A1), etc. Let me also mention that using Fierz identities we can rewrite Eq. (5.1
as pt = %/\0”5\.

You may think that you see the helicity spinors for the first time, but that’s not the
case. Indeed, the helicity spinors are just the usual 2-component spinor wave functions
z(p, h) and y(p, h) in another guise. One can identify A, = z(p, —) and X\, = §(p, +) (for
massless particles xz(p,+) = y(p, —) = 0). Then the defining relation in Eq. (5.1) is just
the spinor helicity sum rule: >, za(p, h)Z4(p, h) = [po],, 5. Since the spinor wave functions
are usually defined as solutions of the Dirac equation, it follows that both A\, and 5\p must
satisfy the massless Weyl equation. Indeed

PaXy = Mp(MpAp) =0, pod, = A (ApN,) =0, (5.3)

It will also be useful to relate spinors corresponding to flipped momenta. In general A_, =
—wAp, A—p = w™1 ), with an arbitrary w (a pure phase in the real case) to ensure A_p,A_, =
—po. The choice of w is a convention. In these lecture w = 1, thus

Ap=—Dp,  Ap=2Ny, (5.4)

but mind that w = —1 or w = +¢ are also encountered in the literature. One warning:
do not confuse helicity spinors with quantum fields describing half-integer spin particles, in
these lectures usually denoted as v to mark the difference. The former commuting objects,
in particular )\aj\ 5= A B)\a, whereas the latter anti-commute.

The importance of helicity spinors lies in the fact that they encode little group trans-
formations. Indeed, if a pair of spinors satisfies \;\; = p;o, so does any pair obtained by
the transformation

)\i — Z;1>\Z’, 5\1 — Zj\i, (5.5)
where z is a pure phase for real momenta. Recall that the little group is defined as Lorentz
transformations that do not change the momentum. Thus, helicity spinors transform un-

28 Now, particle states and

der the U(1) little group pertaining to massless momenta.
consequently scattering amplitudes transform under the little group associated with each
involved particles. In this business it is convenient to work with amplitudes where all
particles are incoming, to make the little group transformations more transparent (ampli-

tudes with outgoing particles can be obtained from these using crossing symmetry). Let

28 AA: Comment about continuous spin
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us denote the amplitude for scattering of n particles with momenta p!' and helicities h; as
M(1M2kz | phn) Then, under Eq. (5.5) it transforms us

M(AMhe | phny o g2 Zhe 2k g (qhighe | ke, (5.6)

This severely restricts how the amplitude can depend on the helicity spinors. For example,
4-point amplitudes for scattering of spin-1/2 fermions must be of the form

M(17273747) =(MA2)(Asha) f-(s, 1),

M(17273747) =0,

M(1727374%) =(MiA2) (Asha) fo(s, 1),

M(1727314T) =0,

M(1T273747) =(Mda) (Asha) f (s, 1), (5.7)

where f;(s,t) are some functions of the kinematic variables with zero little group weights
(meaning that all spinors can be eliminated in favor of momenta). As we will see soon, in
certain cases the condition in Eq. (5.6) completely fixes the amplitudes up to a constant.

Helicity spinors is just one ingredient to render calculations of scattering amplitudes
more efficient. Another ingredient, much more radical, is referred to as on-shell techniques.
These have the ambition to formulate the quantum theory using solely on-shell ingredients,
without referring to off-shell concepts such as fields, Lagrangians, or gauge symmetry. In
practice, this relies on defining certain lower-point tree-level amplitudes as an input, and
then bootstrapping higher-point and loop amplitudes using (generalized) unitarity.

The most primitive object in this approach is the 3-point amplitude M3 = M (1m12h23h3),
29 Here there is already a conceptual issue that needs to be addressed before we can proceed.
At first sight, on-shell 3-point amplitude do not exist for all massless particles. Indeed, all
kinematic invariant vanish in this case:

2pip; = (pi +pj)? = pi =0, (5.8)

where 4,7,k € 1...3 are any three different particle labels. I used the on-shell condition
pg = 0 and momentum conservation p; +p; +pi = 0 (recall that all momenta are treated as
incoming, unless otherwise noted). Therefore the only available option for real kinematics
is M3 = const, which works only for scalars. In order to define on-shell 3-point amplitudes
for spinning particles one needs to deform the momenta to the complex domain. Here is
where the helicity spinors come in handy. Writing 2p;p; = (A:\;)(A\;A;) it is clear that not
all Lorentz invariants have to vanish to satisfy 2p;p; = 0; it is enough that either (:\15\]) =0,

r (AiAj) = 0. These two discrete possibilities are referred to as the holomorphic (H) and
anti-holomorphic (AH) kinematics, respectively. For the H kinematics, one observes that if
(5\25\]) = 0 for one pair of 7, j, then the same holds for any pair. This follows from momentum
conservation: 0 = \\; + )\jS\j + A Mg. Assuming, (5\2:\]) = 0, multiplying the momentum
conservation equation from the right by A; one derives (mz) = 0, while multiplying it by

29 AA: comment on lower-point and form factors without momentum conservation.

- 73 —



:\j one derives (S\kj\j) = 0. The vanishing of all anti-holomorphic invariants imply that A; ~
Aj ~ Ar. More precisely, the proportionality constraint can be determined by multiplying
the momentum conservation equation from the left e.g. by Az 0 = (AgAi)Ai + (AeAj)Aj

which is solved by \; = Eik;\\ ;)\ The analogous formulas with A <> X can be derived for

the AH kinematics. In summary

H: (M) =) = () =0,
A 5

< _(
M= Y
(A (AjAw), (i) # (5.9)

AH: ()\z')\j) = ()\j)\k) = (M) =0
_wd)
(Aehs)
(Nidj)s (A Ak), (ki) # 0, (5.10)

i =

fori#j#kel...3

With this bit of formalism at hand, we are ready to write down amplitudes. Once the
helicities of the three particles are fixed, for either kinematics there is a unique expression
(up to an overall constant) for the on-shell 3-point amplitude satisfying the little group
constraints:

H: M(1h12h23h3) = g(>\1)\2)h37h17h2 ()\2A3)h1*h2*h3()\3)\1)}127}137}“7
AH: M(1M2h23") = G(A o) e (o)t (g h ot —he - (5.11)

These building blocks can be bootstrapped to construct higher-point amplitudes. How
this works in practice will be discussed later in this section in the context of specific EFT
examples. Let me now just comment that not all amplitudes Eq. (5.11) lead to consistent
quantum theories. Many of the amplitudes, while consistent with the little group scaling
in Eq. (5.6) ultimately clash with some fundamental principles, such as unitarity, locality,
or the spin-statistics theorem. This is in particular the fate of all amplitudes containing
massless particles with the helicity A > 2. This leaves only a small finite subset of the
possible amplitude in relativistic quantum field theory. QFT turns out to be an incredibly
rigid structure, and on-shell methods offer probably the most transparent way to understand
why. For more on this story see e.g. the lectures of Cliff Cheung [63] or some of the original
publications [64, 65].

In theories with scalars and spin-1/2 fermions only, helicity spinors do not give us much
extra mileage. But the usefulness of these variables sharply increases for larger spins of the
scattered particles. Already for gauge theories (spin 1) the standard methods may lead
to lengthy expressions for the amplitudes, which then reveal their hidden simplicity after
switching to helicity spinors. This is even more true for gravitational theories (spin 2),
where standard Feynman calculations are hopelessly messy even at tree level. Conversely,
gravity is not more difficult than gauge theories when attacked with helicity spinors and
on-shell methods.
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5.2 Warmup: GREFT revisited

Let us apply the general discussion in the previous subsection to a theory of the graviton,
who is a massless spin-2 particle. The graviton has two helicities: +2 = 4+ and —2 = —.
The on-shell 3-point amplitude has 4 independent helicity configurations: M (172737),
M(17273%), M(172%3%), M(11273T); the permutations of the middle two can be derived
using Bose symmetry. The general formula in Eq. (5.11) allows for the following possibilities
consistent with little group scaling:

H AH
~ 1
M@A72737) = C___(MA)?(Mars3)?(Ms)?, C
(A1 A2)%(A2A3)2(A1A3)?
o AA2)8 - (MAg)2(Maks)?
M(172737) = C__ (—, C__ —F=—
SR IO BEIWWE T )
_ A1X2)2 (A1 A3)? ~ (A2)3)"
M 1 2+3+ — C_ (—, C_ T e L~ ~ o>
1 ~ 1
M(17T273%) = C , C — — —.
( ) i (>\1)\2)2()\2>\3)2(>\1)\3)2 e ()\1)\2)2()\2)\3)2()\1/\3)2
(5.12)
The dimension of the 3-point amplitude is [M3] = mass’, which determines the couplings di-
mensions: [C~~ 7] = [CtTH] =mass™®, [C__,]=[C_. ] =mass™, [C_,4]=[C__,] =
mass®, [Ch4 4] = [C___] = mass”. Not all of these amplitudes can appear in a consis-

tent theory. One can show that the cases where the dimension of the coupling is positive
clash with unitarity and locality. Therefore these amplitudes must vanish in the respective
kinematics. The general rule is that 3-point amplitudes where the number of spinors in the
denominator is larger or equal than the number of spinors in the numerator are inconsistent
(in this counting, a momentum should be treated as a pair of spinors). In the Lagrangian
language, these would correspond to non-local interactions with some derivatives in the de-
nominator. The unique exception from this rule is the all-scalar amplitude M (192°3%) = g,
which must be consistent as it corresponds to the healthy ¢3 interaction in a Lagrangian.
Furthermore, one can also show that crossing symmetry requires C__ = C’Lr 4 and one
can choose the phase conventions such that C__y = C_, = 1/M. All in all, Eq. (5.12)
simplifies to

H AH
MI72737) = C(Ar)2(Mads)2(Aihs)?, 0,
o 1 (A)°
M@A273h) = — S 0,
( ) M Ooda) 20 ha)?
Y Y. \6

M(1—2+3+) — 0, i%,

M (X123)2(A2A3)2

(A1A2)2(A2As)2(AA3)?
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where C___ = C, and C,, = C. What is the meaning of this ? Let us relate the 3-point
amplitude to the GREFT Lagrangian in Eq. (1.30). The leading D = 2 term contains the
mass scale Mpj and, as discussed around Eq. (1.35), it contains 2-derivatives cubic graviton
interactions suppressed by 1/Mp). Thus we can identify M ~ Mp; and the corresponding
amplitudes with the Einsteinian cubic GR interactions. One should appreciate the stunning
simplicity of Eq. (5.13) compared to Eq. (1.35), even though the two contain the same
physics!

On the other hand, C and C have to be related to the Wilson coefficients C1 and Cs.

A(jg , consistently with Eq. (1.36). Furthermore, parity relates
amplitudes with opposite hellclty, thus C' = C in the parity invariant theory. Therefore we
expect the relation of the form C = CI‘HCQ, C = 01M§02 All in all, all of the physics of
GREFT up to dimension-6 is captured by surnple 3- pomt on-shell amplitudes in Eq. (5.13).

The even higher-dimensional GREFT operators correspond to contact terms in the 4-point
and higher on-shell amplitudes. We will discuss this kind of correspondence in a different
framework in the next subsections.

5.3 Yang-Mills EFT on-shell

We mover to a theory of colored spin-1 fields. That is to say, the amplitudes are labeled
by helicities of the incoming particles, which can take values h; = £1, and by the color
label a,b,c--- € [1, N]. Now the couplings in the 3-point amplitudes will come with color
indices C,‘;i’fm ny- Lhe usual on-shell route would be to start with the analog of Eq. (5.13)
for the Yang-Mills theory, bootstrap that into 4-point amplitudes, and demonstrate that
consistency requires C;ﬁ’fmh,g ~ fo%¢ where f*¢ are the Yang-Mills structure constants.
This is a beautiful story but widely covered elsewhere [63, 65] and a bit laborious so in
these lectures I will take a short cut. I will start with the Lagrangian of the Yang-Mills
EFT and from that I will derive the 3-point amplitudes. This is in line with a more general
philosophy where one does not try to define relativistic quantum theories entirely on shell,
but rather one treats the on-shell techniques as a tool that exists in parallel to the standard
techniques.
Consider the EFT Lagrangian of the form

LyM-prT = — 4waG“ + Cq fGe,GY GS, + Caf™Ga, G GS, + (5.14)
Here G}, = 0,G} — 0,Gj, — gfabCGZGi, and Gy, are the vector fields referred to as gluons,
f¢ is the group structure tensor, which antisymmetric in all 3 indices, and ¢ is the dimen-
sionless coupling constant. The first term contains the kinetic and interaction terms of the
ordinary Yang-Mills theory. The other two terms are dimension-6, that is the corresponding
couplings carry the mass dimensions [Cg] = [Cg] = mass™—2. They are non-renormalizable
in the somewhat outdated parlance, and their presence signals that the Lagrangian describes
an EFT with a limited validity range. The dots stand for interactions of dimension-8 and
higher. The ordinary Yang-Mills Lagrangian augmented with higher-dimensional terms
constructed out of the gluon field strength is referred to as the Yang-Mills EFT.
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3-point amplitudes originate from cubic interactions terms in the Lagrangian. In the
case at hand these are

Lyn-prr C 9f ™ 0,Gy GGy + 8Ca f*0;,Gi0), G 0,Gr) + 40 f* e P 0,G1 01, G 01 G

(5.15)

where the square brackets indicate anti-symmetrization with the weight 1/2.
Let us focus on the first (dimension-4) term proportional to g. It contributes to the
3-point amplitude as

M(1a253c) zigf“bcefﬁEEf’){mu(pl —p2)p + Mp(P2 — 3)p + Npp(p3 — pl)l/}v (5.16)

where €, = €u(pi, hi) is the polarization vector corresponding to the i-th particle. To
proceed, we need to express these polarization vectors by spinors. The correct answer is
ot C L)
i .17

V2(4¢) V2(Ap0)

where ¢ and ¢ are reference spinors that are not proportional to Ap and S\I;. The freedom
of choosing (¢ corresponds to the gauge redundancy of shifting the polarization vectors
by a piece proportional to the momentum, e*(p, h) — e*(p,h) + cp*. As a sanity check,
this choice gives correct little group scaling and satisfies p*e,(p, h) = 0, which is a simple
consequence of the Weyl equation satisfied by A,. The normalization is chosen so that
e (p,—)eu(p+) = 1.

Consider Eq. (5.16) evaluated at the (— — +) helicity configuration. Since this is the
first non-trivial calculation of this kind using several tricks from the on-shell repertoire, we

will be visceral. Inserting the appropriate polarization vectors one gets

Z.gfabc (AM10#C) (A20¢) ((oPAs)
2v2 (M) () (AsQ)
=3 9" — ol o’ C)(Coy\ ohC aC)(Cou\
S g | (o0 Ok + OuoE)Oapar G
» \/ngabc
(M) (A0 (A50)
_ V2g£%¢(A5¢)? _
=m0 Gad) (As0) [(MC)(AM?,) (>\2C)(>\1)\3)]
ey

For simplicity, I picked the same reference spinor ¢ for the first and second particle. This

M(1;2;3C+) ) {nuu(pl _p2)p + Mup(p2 _p3)u + npu(pS _pl)y}

[(Alpgaowcxfig) - <A2pga<~><xlc><§ig>]

(5.18)

annihilates the first term in the curly bracket, as (A\;0#¢)(A20,,() = 0 after using Fierz
identify (A1o#A2)(A30, 1) = —2(A1A3)(A2As) and (C) = 0. T also used momentum con-
servation p; + p2 + ps. In the third line I again used that Fierz identity. In the fourth
line I replaced pso = /\35\3 and rearranged. In the fifth line I used the Schouten identity

(MA2)(Asha) = (A Ag) (Aada) — (A ha) (A2s).
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At this point the 3-point amplitude still depends on the gauge parameter C~ , as one is
accustomed to in Yang-Mills theories. However, on-shell, gauge symmetry has no place,
which means we should be able to get rid of it. Note first that the amplitude in Eq. (5.18)
is proportional to (A1A2), therefore it vanishes for the AH kinematics where (A;A;) = 0 for
all untwiddled contractions. For the H kinematics, starting from momentum conservation
Z?:l AiA; = 0 multiplied by ¢ on the right and by A or Ao on the right one can derive

(5\35) :()\1)\2) (5‘35) — _()\1)‘2) (5.19)

(AQ)  (A2A3)’ (X20) (M1A3)

Hence, for the H kinematics, the on-shell 3-point amplitude in Eq. (5.18) can simplifies to
(A1 he)?

(A1A3)(A2A3)°

As advertised, it is independent of the gauge parameter (. The calculation of M(1j22r3c_)

M(1;2,3F) D iv2gfee (5.20)

is completely analogous, except the results is zero for the H kinematics, while for the AH
kinematics it is obtained from Eq. (5.20) by A; — ;.

Moving to the same incoming helicity amplitudes, the calculation is greatly simplified
by choosing the same reference spinor for all the three polarization vectors. Then

e Z.gf“bC (M#C) (A20”() (A307C)
MU23) P B0 e 0ud)
=0, (5.21)

{nuu(pl —2)p + Mup(P2 — P3)p + Mpp(P3 — p1>u}

for either kinematics. This follows from the Fierz identity quoted below Eq. (5.18). Of
course, this is the only possible result, since g, = in 7?7 is dimensionful, whereas the
dimension-4 Yang Mills terms does not provide any dimensionful coupling. Similarly, the
dimension-4 term cubic interaction in the Yang-Mills Lagrangian does not contribute to
the on-shell ./\/1(12‘2;32‘). This is an example of vanishing of maximally helicity violating
(MHV) amplitudes in the ordinary Yang Mills theory.

We move our focus to the second term proportional to Cg in Eq. (5.15). It contributes
to the 3-point amplitude as

M(1,243.) D6iCq abceteiei{pﬁpﬁpg — pyphph + ... }, (5.22)

the dots stand for 6 other terms that contain momentum contractions (p;p;) and therefore
vanish on shell. Dimensional analysis tells us that this can only contribute to the same

helicity amplitudes. Evaluating it on the (— — —) helicity configuration,
: abc _ _ _ B B B
M0152557) =L ) o l) Qo) = OupaoD) o) o) |
=3iv200 f¢ (A X2) (A2 A3) (AzA1). (5.23)

In the second line I replaced p;o with /\iS\i, after which both terms turn out to be the same,
and the reference spinors cancel. This vanishes for the AH kinematics, but is non-zero for
the H kinematics. The calculation for the (— — —) helicity configuration is analogous with
A=A
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Ezercise: Calculate the contributions proportional to Cg to the 3-point amplitude.

To recapitulate, the 3-point amplitudes in Yang-Mills EFT for the two kinematics are

o . AiAg)3 -
H:  M(1;2;3F) =iv2 “bc(l—Q, M(1}F2F37) =0,
(a2 ) =200 0y M0a%30)
M(1;2,37) =3iV2fPCa(MA2)(Aads)(Ash1),  M(1F2735) =0.
L Aho)? o
AH: M(lj2+3c):z\/§gf“bc%, M(172735) =0,
’ (A1A3)(A2A3) b

M(152/37) =3iV2fCE(Md) Poda) Ashr),  M(1;2,37) =0, (5.24)

where C¢ = Cg +iCg. In this example, both dimension-4 and dimension-6 interactions
contribute to the 3-point amplitudes, although it’s not a rule. One should appreciate the
simplicity and compactness of these formulas, compared to the clutter of indices in the
usual Feynman rules. The gain in simplicity and transparency will only increase once one
moves to higher-point amplitudes and beyond tree level.

5.4 Bootstrapping EFT amplitudes at tree level

In quantum theories there is a connection between higher- and lower-point amplitudes due
to unitarity. The master equation underlying this is

DiscM(a — §) = z’Z/dHXM(a S XIM(X = B), (5.25)
X

where the discontinuity is in the kinematic variable p?, and p, is the sum of momenta of all
particles in . The sum goes over all possible intermediate states X, with dIlx being the
phase space element appropriate to the multiplicity of X. At tree level X are one-particle
states, and the master equation fixed the residue of the pole in M(a — ) corresponding
to the exchange of X:

lim M(a—f)=—— !

pa—m% P2 —m¥ +ie

M(a = X)M(X — B). (5.26)

In the following we will use Eq. (5.26) to calculate 4-point amplitudes from the 3-point
amplitudes in Eq. (5.24). 4-point amplitudes are functions of the Mandelstam invariants
s=(p1+p2)? t=(p1+p3)? u=(p1+ps)? In our case everyone is massless, so the poles
can occur when one of these invariants approaches zero. We need to calculate the residues

like
R SR, MU 2845) = = 30 ML ML)
h

==Y M2 (=) M35, (5.27)
h
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where ps = p1 + p2 = —p3 — p4. In the last step we used crossing symmetry. Similarly

Ryhahshs =Res; o M(112p230aale) = =S M3 (—t) M) M(th2pal)
h

Riphahahs =Res, o M(1012p2308400) = = > " MU0 (—u) )M (w2)23)2),  (5.28)
h

where py = p1 + p3s = —p2 — p4, pu = p1 +pas = —p2 — p3.
Let us start with the all-minus helicity configuration. Then Ry~~~ = — >, M(1,2, (—s),")M(st3;4,)

At this point we have to make a choice of kinematics for the two 3-point amplitudes. Let
us choose the H kinematics for the 12 vertex, which implies M ~ A2 ~ As. Then we
are forced to choose the AH kinematics for the 34 vertex (otherwise we would conclude
that A3 ~ Ag ~ As ~ A ~ Ao, thus (5\15\]) =0 for 4,5 € 1...4 leading to vanishing of all
Mandelstam invariants). However both M(s;374,) and M(sF3;4;) vanish for the AH
kinematics, as can be seen by consulting Eq. (5.24). We conclude that Ry~~~ = 0. Of
course, the same conclusion is obtained if we picked the AH kinematics for the 12 vertex,
and the H kinematics for the 34 vertex, in which case M(1,2, (—s),") = 0 for either h.
The same argument goes in other channels. We thus have

R, =R, ~ " =R, =0. (5.29)

In the ordinary Yang-Mills theory this would lead to the conclusion that the 4-point am-
plitude itself vanishes for the all-minus helicity configuration. This is not necessarily so
in the Yang-Mills EFT. All we can say at this point is that M(1;2,7374) does not have
poles. Still it can contain expressions without kinematic poles, to which the unitarity-based
formula in Eq. (5.26) is blind. These are the so-called contact terms. They are subject to sev-
eral constraints: little group scaling, gauge group covariance, Bose symmetry. Furthermore,
there cannot be any spinors in the denominator, to avoid poles or other singularities. For
example, a legal contact term is M (1,2, 3747) D € felF[s t.u](AA3)?(A2Aa)? + sym,
where sym stands for symmetrization in all four indices to ensure Bose symmetry and
F[s,t.u] is any polynomial of Mandelstam variables. Here I will restrict to minimal con-
tact terms where F[s,t.u] = const, as they correspond to the leading effect in the EFT
expansion. It is a bit tricky to determine a complete set of all independent contact terms,
even the minimal ones. This task is the analogue of finding a basis of EF'T operators in
the Lagrangian language. The answer depends on the gauge group of the Yang Mills EFT.
For example, for the U(1) group there is only a single "color" index and a single minimal
contact term for this helicity configuration:

U(l): M(17273747) = C_[(MA2)?(MsA)? + (AMid3)?(Aada)® + (Mida)2(Aeds)? .
(5.30)

The Wilson coefficient C_ has dimension [C_] = mass™, therefore this contact term corre-
sponds to a dimension-8 operator in the Yang-Mills EFT Lagrangian. Non-minimal contact
terms, that is the ones where spinor are multiplied by a non-trivial polynomial of the Man-
delstam invariants, would correspond to operators of dimension 10 and higher. Note that

— 80 —



in the U(1) case f¢ = 0, thus all 3-point amplitudes vanish (no amplitude simultaneously
consistent with little group scaling and Bose symmetry is possible), and thus interactions
begin at the 4-point and dimension-8 level. This is nothing but the Euler-Heisenberg EFT
discussed earlier in Section 1. It should be clear that on-shell methods greatly simplify
dealing with this EFT, avoiding dealing with the lengthy Feynman rules and the clutter of
gauge indices.

Ezercise: Find out which (combination of) dimension-8 operators in the Euler-Heisenberg
EFT does the Wilson coefficient C_ in Eq. (5.30) correspond to.

For non-abelian Yang-Mills, the contact terms get more complicated because we have to also
include group invariants. For example, for SU(2) there are two independent dimension-8
contact terms:

SU@2): M(1;2;3;47) =CV {65\ A2)?(Asha)? + sym}
+CP L5955 [(A1Ag) (Aaha) + (M da) (A2rs)]” +sym}, (5.31)

where sym stands for two more terms obtained by the replacement 2 < 3,b < ¢ and
2+ 4.b+d.

Ezercise: Show that Eq. (5.31) contains the complete basis of dimension-8 contact terms.
In particular, use the Schouten identity to show that (A A3)%(AaAs)? + (A1 A1)?(A2)3)? and
(A A3)(A2A1) (A1 A1) (A2A3) can be reduced to the structures already present in Eq. (5.31).

For SU(3) there are 3 independent terms, and for SU(N) with N > 3 there are four
independent terms at the dimension-8 level [66].
Let us turn our attention to the mostly minus helicity configuration, M(1;2, (—s);")M(sh3_47).
The s-channel residue is
e

Ry == M(1;25 (=) YM(st34]) = —M(1, 2, (—s). )M(s 3. 47)
h

(A1A2) (A2 As) (AsA1) (AsAg)® (MA2) A2psada) (Apsods)?

:6gfabefechG i ST — *6gfabef6deCG _ A\
(AsA3)(A1A3) (A1psoA3)(Azs)
A A2) (A1 A3)2(A A0 (s A A2) (A2A3) (AsA1) (Aap15pso )
:6gfabe]z-cdeCG( 1A2)(AM123)" (A1 Aa) (AsAa) :_69fabefcdeCG( 1A2) (A2A3) (A3 A1) (Aap10p3ods)
(A2A3) u
:69fabef0deCG ()\1)\2)()\2)\3)()\3>\1)(>\4p16p20>\4) (5.32)

u

In the 2nd step we committed to the AH kinematics for the 34 vertex, which eliminates the
h = — contribution. In the 3rd step I multiplied the numerator and denominator by (A1As),
and used A \s = pso. In the 4th step I used ps = p1 + p2 = —p3 — p4 and canceled some
terms between the numerator and denominator. In the 5th step I multiplied the numerator
and denominator by (AgA3) and used u = —(XaA3)(A2A3). I also rearranged the remaining
terms in a way that makes it easy to recognize the correct little group transformation of
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the result. In the last step I used momentum conservation ps = —p; — p2 — p4 together with
PLOpP1O = pf = 0 and the p4o:\4 = 0. The residue in the t-(u-)channel can be immediately
obtained from the above by 2 <+ 3,b <+ ¢ (1 <> 3,a <> ¢). All in all, the full set of tree-level
residues for this helicity configuration reads

abe frcde

R, =6gCG()\1/\2)()\2)\3)()\3)\1)(5\4P15P205\4)Tf,

o B - - acefbde

Ry +ZGQCG()\Mz)()\2)\3)()\3)\1)()\4p10p20)\4)T,
adefbce

R, "t =- 6QCG()\1>\2)(>\2)\3)()\3)\1)(5\41)1529205\4)T (5.33)

The complication, which is a feature of Yang Mills and more generally of theories with long-
range interactions, is that the residue in one channel contains a pole in another channel.
Therefore we cannot just write the answer as R;/s+R;/t+ R, /u, as that would not correctly
reproduce the residues above. Let us for a second be less ambitious and write an amplitude
reproducing just the s- and ¢- channel residues in Eq. (5.33):

——g— 4+ - ~ fabefcde facefbde
M(la 2b 3. 4d )try = GQCG()\l)\Q)(/\2)\3)()\3)\1)()\4]915‘]320')\4){ ” + ” }
(5.34)

Now if we calculate the u-channel residue of that we get

t
abefcde _ facefbde

B 5 fabefcde facefbde
resy—0M (142,347 Jery ZGQCG(AMz)(>\2>\3)()\3>\1)(>\4p10p20>\4){ — }

=69Cc (M A2)(A2A3) (A3 A1) (Aap1Gpachs)

s
N . _ fade fbce

60 (M) ahs) As) (uapropaoig) L1 (5.35)

In the 2nd line I used that on this residue s = —t as the consequence of s + ¢+ u = 0 and

u = 0. In the 3rd line I used the Jacobi identity fabe fede — face fbde y fade fbee — ) Nagically,
our half-assed attempt automatically satisfies the remaining residue in Eq. (5.33). This
happens thanks to the Jacobi identity, that is to say, thanks to the fact that the coefficients
of the 3-point amplitudes have a geometric interpretation as structure constants of a Lie
algebra. From the on-shell perspective you can see that the group structure in Yang Mills
theories is not there for some esthetic reason - it is absolutely necessary for maintaining
unitarity of the 4-point amplitudes! All in all, for the one-plus helicity configuration the
tree-level 4-point amplitude takes the form

fabefcde N facefbde
SU

M523 4]) = 69Canra) e ) (apnapaorie) g

} -+ contact.
(5.36)

The contact terms start at dimension 10, thus they are subleading compared to the pole
term above, which is dimension 6, and even to the contact terms in the all-plus amplitude.
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The last non-trivial calculation of the 4-point function is that of M(1,2;3F4F). It
proceeds along the same lines as the mostly minus case, with similar tricks, including the
use of Jacobi identity. Therefore I'm only quoting the final result here:

M(1;2b_32_4;i|_) _ 292(>\1)\2)2(5\35\4)2 fac;.fbde + fad;{bce

- ot
— 9|C|2 e feCd(A1A2)2()\3)\4)2Tu + contact. (5.37)

The contact terms start at dimension eight. For example, in the U(1) case there is a single
dimension-8 contact term: M (1,2, 374}) = Co(MA2)?(Ashy)2.

The all-plus and mostly plus amplitude, M(172;"3547) and M(1;2;374)) can be
recycled from previous calculations by A <+ A. This follows from M(a — 8)* = M(8 —
@). Eg M(1;2,374;) = M(— 1,2, 374;) = M((-1)F(=2); (=3)F(—4)]), where
we used the crossing symmetry in the last step. We conclude that M(1723547) =
M((=1); (=2), (—3)5 (=4);)*, and the effect of the complex conjugation is precisely A ¢ A
for real kinematics (flipping the sign of momentum has no effect because in this case spinors
always come in pairs).

For future reference, let us summarize the pole terms of all 4-point tree-level helicity
amplitudes:

M(1,2,3.4,) =contact,

_ _ face fbde fade fbce
M(1;2,3,47) = — 69Cc(AMA2)(A2A3) (AsA1) (Aap15pac ) [ T
fabefcde fadefbce
st  tu ]

. it —
- 9|C’G\Qfabefe“l()q)\z)z(>\3)\4)2Tu + contact,

facefbde fade fbce
+
st Su

] + contact,

M(152,3548) = — 22 (M A2)?(Asha)? [

M(152735747) =69Cc (M A2)(AaA3)(Ashi) (Aap1op2da) [ } + contact,

M(1F2)3547) =contact. (5.38)

Compared to the previously displayed equations, here I again used the Jacobi identity to
reshuffle the amplitudes into a form more convenient for the calculation to come.

5.5 RG running on shell

Perhaps the most spectacular application of on-shell methods is for calculating RG running
of higher-dimensional operators in EFTs. Working on shell greatly simplifies the calcula-
tions and makes them more transparent. It also elucidates the structure of the anomalous
dimension matrix, in particular it allows one to understand “magic zeros", that appear
mysterious from the point of view of standard calculations.

Let us restrict our discussion to 4-point amplitudes for concreteness, although it can
be generalized easily to higher-point amplitudes. A more consequential assumption we also
make here is that we deal with massless particles only, both on the external and internal
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legs. Then, up to one loop, the amplitude can be expanded in the basis of scalar integrals

My :MELO) + Z c5 15 + triangles + boxes + rational. (5.39)

r=s,t,u

Here Mflo) denotes a tree level amplitude, like the ones discussed in the previous subsection,
which in particular depends on contact terms. The sum goes over bubble integrals evaluated
in dimensional regularization:

d’k 1 1 J1 12
7= - Sqlog( -2 ) +2 4
P = [ e = ol o (1) v (540

where d = 4 — 2¢, and some irrelevant pieces have been absorbed into the 1/e pole. The

coefficients ¢ will be crucial for determining RG equations. The triangle and box scalar
integrals are defined in a similar way but with three and four propagators in the denomi-
nator, respectively. These, as well as the rational terms, do not have any UV divergences,
therefore their coefficients are not important for RG running.

The bubble coefficients can be determined by using on-shell methods and unitarity. To
this end we take the double cut discontinuity of both sides with respect to the kinematic
variable p?. On the left-hand side, the discontinuity is related by unitarity to a product of
tree-level amplitudes, for example

Discs M4 (1234) =i » / dlxy M(12XY)M((—X)(=Y)34), (5.41)

where the integral is over the 2-body phase space of the intermediate particle X,Y pair,
and the sum goes over their helicity, color, or flavor indices. On the right-hand side, the
discontinuity picks up the corresponding bubble coefficients, Disc5I§ = é. One subtlety
here is that the cut is non-zero on triangle and box integrals as well. However, by a
direct calculation you can convince yourself that the triangle and box cuts either pick up
logarithmic IR divergences, or they yield logarithms of kinematic variables. On the other
hand, the bubble discontinuities are pure numbers without any logarithms or other non-
analytic pieces. Therefore we can isolate the bubble coefficients by simply dropping all
logarithms from the results on both sides. All in all, we arrive at the expression for the

bubble coefficients:
5 =8rR[) / dllxy M(12XY)M((—X)(-Y)34)], (5.42)

where the R operator instructs as to drop all logarithms and IR divergences. The analogous
expression for c;’u is obtained by replacing 2 <+ 3,4. Once the bubble coeflicients are
determined this way, the RG running equation for the contact follows from the independence
of the amplitude on the regulating parameter u:

o o S t U
=— My = 510) M (5.43)
Odlog dlog 82
Note that in general the tree level amplitudes as well as the bubble coefficients may contain
independent spinor and group structures, therefore the above equation may include infor-

mation about running of several distinct contact terms. There is one more subtlety that
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is relevant for calculating self-renormalization of EFT parameters. Namely, the discussion
so far has ignored what in the standard approach is called wave function renormalization,
which corresponds to cut through external legs of the amplitude. Taking that into account
modifies the running equation by a piece proportional to the tree-level amplitude itself:

0 0 _ tchtcy

(0)
= + 5.44
dlogp™ 4 872 Vel My (5.44)

where .o is called the IR collinear anomalous dimension. In fact, if Mflo)

contains poles,
~Yeoll does not have to be calculated separately, but in fact it can be fixed from consistency
of the theory, namely by demanding UV infinities in the full amplitude M, are local - they
do not have poles.

In the following I will apply these techniques to our Yang-Mills EFT. I will showcase
one particular example: renormalization of the dimension-8 contact terms in the all-minus
4-point amplitude in Eq. (5.38) by the dimension-6 C¢ parameter defined by the 3-point
amplitude in Eq. (5.24). T've been advertising on-shell methods for their simplicity, but there
is no free lunch - the calculation is technical and you’ll have to get your hands dirty to go
through all the steps. Casual readers are perfectly excused to skip to the final discussion.
However, if you wish to use on-shell techniques for one loop calculations in your research,
below is exactly the kind of exercise to get you up to speed.

To make things slightly easier I restrict here to SU(2) Yang Mills, where fob¢ = e,

The all-minus amplitude M~""7 = M(1;2, 3.4, ) up to one loop has the structure
M7 :{C(_l)()\1)\2)2(/\3>\4)25ab56d + C(_z) [(Al)\g)(/\2>\4) + ()\1)\4)(A2)\3)] 25ab50d + sym}
+ > g+ (5.45)
r=s,t,u

The first line contains the two independent dimension-8 contact terms at tree level, for which
I would like to study the running equations. In the second line I displayed the one-loop
scalar bubble contributions, and the dots stand for triangle, boxes, rational, and higher-
order contributions. We now isolate the bubble coefficient ¢j via the s-channel two-particle
cut. Using Eq. (5.42),

€

s zsz/dHXyM(lpbX;Yf+)M(3;4d(—Y)f(—X)+) +.... (5.46)

Here, the dots stand for the analogous terms where X and Y have the same helicity;

(1,2)

these will give self-renormalization of C and are ignored here. Instead I focus on the

(1,2)

renormalization of C' by terms proportional to C’é, provided by the helicity configuration

above. Plugging in the appropriate amplitude from Eq. (5.38) I get

87736926%(/\1;2)2()\3)\4)273 / dxy (A1 Ax) Aedx ) (A Ay) (Aedy ) (AsAy) (Aady ) (AsAx ) (Audx)

6aegebfg 6afgebeg :| |:€cfh6deh 6cehﬁdfh :|

¢y =

(5.47)

| @rox) T @oopn) ) L @papx) T @pspx)
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With a little bit of € and spinor algebra this simplifies to

3692C2(MA2)%(A3A4)
cs =—87 I G( ! 2) ( 3 4 R/dHXy )\3)\}/)()\4)\5/)()\1/\)/)()\2)\5/){

52

sadgve | (A2 Ax)(AsAx) n (MAx)(Madx )} +5ac(5bd{(>\2>\x)()\4)\x) (/\1>\X)(>\3§X)]}.
4

[\

MAx)(MAx)  (Asdx)(Aedx) AsAx)(AMAx)  (Aadx)(AeArx)

Now we have to work on the phase space. A convenient trick is to change variables as
px =—ap1 — (1 —a)ps + Va(l —a) [zq + z_lq_],
py =— (1 —a)p1 — aps — Va(l — a)[zqg + 27 'q], (5.49)

with z = €i¢, a € [0, 1], ¢ € [0,271’], and pio = )\15\1, P20 = /\25\27 qo = )\25\1, qo = )\15\2.
The phase space integration becomes

2
dIl d d¢ = d 5.50
/ Xy = 162/ a/ ¢= 877/ a/z|12mz (5.50)

Inserting the parametrization in Eq. (5.49),

g— 369203;@21?228) (Asra)” / da f M(A1A3)+ﬁz(A2A3)] VT = a(\As) + vVaz(hos)]
{5ad5bc_\/a[2\f(>\1>\3) M(&)\z’)] VI—alzyal >\1>\4 M(S\QM)]'
VT a0 [ - /2 9 Vaods) |z = /15 G|
+5a65bd'\/5[2\/5(5\1k4) VI—a(AeA )] VI—afzva( /\1>\3) \/m(&;\s)]' }
VT |- - /125 G valarn s —/r2 68|

(5.51)

This looks a bit scary, but the integrals can be easily done e.g. in Mathematica. The z
integral is most easily approached as a contour integral, in which case we need to simply
calculate the three different residues of the integrand. Doing so, one has to keep track for
which range of « the pole sits within the |z| = 1 integration contour (the z = 0 pole always
does, but for the other two this condition produces non-trivial 8(« — ) step functions in
the result). The « integral is elementary. To apply the R operation, it is easiest to first
perform the indefinite integrals, drop all logs, and then evaluate the result on the integration
boundaries. When the smoke clears one is left with a compact expression:

5 =69%C2 (M \2)?(A3\y)? {&ldabc L gacgba® — 4 - } (5.52)

S

By the same token

Cé :6g2(%(/\1/\3)2()\2)\4) {6ad5bc - 6ab5cdt : }’
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—t —
cl :692Cé(>\1)\4)2()\2)\3)2{5“b50du + 5“5““5}. (5.53)
U U
We can write the all minus amplitude up to one loop as

M= :6“b<5€d{C(l)(Al)\z)Q(/\gM)Q +CP[AAs) Aoda) + (M ha) (zhs)]”

t— U

u
Ié + ()\1)\4)2()\2)\3)2

+69%C, [()\1)\3)2()\2)\4)2 "

—t
Ig] } +sym+... (5.54)

The amplitude contains UV divergences inside the bubble integrals I5. At this point it
is not yet transparent that these divergences are local, due to the poles in the expression
above. To see this, one needs to derive the identity

(/\1/\3)2()\2)\4)2% + ()\1)\4)2(/\2)\3)25 = — 2(A123) (A2 ) (A1 Ag) (A2 X3). (5.55)

The independence of the amplitude on g implies the running equations

ak)agu{C(_l) ()\1>\2)2()\3)\4)2 + C(_Q) [()\1)\3)(>\2)\4) + ()\1)\4)()\2)\3)]2}
0

dlog i

t— U

U -1
I+ (M) (o) — f;}

= — 69°CZ {(A1A3)2(>\2/\4)2

_ 3g%C%
- 472

[(A1A3) (AaAs) + (M Ag) Aads)]? (5.56)

In the second step I used that I5 = lgié‘ + ... and the identity in Eq. (5.55). At the end

of the day we obtain the RG equations

oc
dlogpu
ac(Q) 3g2c2
— = G, (5.57)
dlog 472

The fact that C'(_l) does not run with Cg is just due to my choice of the basis.

FExercise: Generalize this calculation to an arbitrary Yang Mills group.

The one loop structure of M~ encodes the running of the gauge coupling g, as well
as that of the dimension-8 contact terms present in that amplitude. Focusing on M~~~F
instead, we could obtain RG equation for the dimension-6 parameter Cg. These are left as
exercises for the long winter nights.
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