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Generation of GWs in linearised theory

We want to derive the GW emission by an isolated binary system
“Gravitational Waves”, M. Maggiore, Oxford University Press 2008

e The source is close by and we can neglect the expansion of the universe
e We go back to linearised theory in flat spacetime: the gravitational field is weak
and the source is described by Newtonian gravity

Weak gravitational field means low velocity for a self-gravitating system

Self-gravitating 2-body system in Newtonian . — — 1 [
theory: virial theorem applies kin 2
The problem is equivalent to the m = mq + ms

motion of one body with reduced 1 IUJUZ - _1 Gmy

mass }, in the gravitational field = myime 2 2. r

given by the sum of the masses m
v\2 R
o Gm (—) - S«
Schwarzschild radius Rg = 2—5 C Iy

C }

Weak

We perform a low velocity expansion to solve the problem eravitational field



Generation of GWs in linearised theory

Solve wave equation in -
linearised theory hyw = —16mG T,
hu(t,x) =4G [ d°2/ Ty (t — |x = X7}, X)) Retarded
x — x| time

We can go to ) T (t — |x — x|, %’

TT gauge hij(t,x) = 4GAij€m(n)/d3$/ ( ’X’_ - ,x)
outside the .

source

1
TT projector Ajjpm = PiePjm — §PijP€m
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Pip = 0,0 — i1y
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Generation of GWs in linearised theory
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Generation of GWs in linearised theory

4G
Keeping only the lowest order hij (t, X) ~ —Az’jﬁm (ﬁ) /de/TEm (t — T, X’)
(&

Using energy momentum conservation, (9MT“ ¥ = 0 this can be rewritten

1 1 .
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trace
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at the lowest order in the low velocity expansion and in the radiation zone, GW
emission arises from the double time derivative of the quadrupole of the source

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)



Generation of GWs in linearised theory

The quadrupole formula

Radiated GW energy energy per unit time and angle

(hizh*) dEgw _ 1 (hyihis)
321G dtdQ)  32zGV 7Y

PGW =

Total radiated power

27

/dQAfijgm — E(ll(sw(sjm — 45@'j5€m T 5im5j€)

A static source does not radiate GWs



Generation of GWs in linearised theory

e Monopole ¢ = O and dipole ¢ = 1 radiation is absent for GWs

AC e h00 is a static component,
00 (t,x) ~ — /d?’x’TOO ~ —DM(t—7) because of mass conservation
r r for an isolated system 7 —
- 4G . 4G | .
AV (t,x) ~ — / Px' T ~ —P'(t — 1) hoi a static component, because of
r r momentum conservation for an

isolated system PZ —0

e HOWEVER! These conservation laws are only valid in linearised theory, for which the
GW emission does not back-react on the source: is the quadrupole formula valid only
in this case? NO!

e The multipole expansion of a classical radiation field has zero contribution from
multipoles ¢ < S where S is the spin of the associated quantum mechanical particle

e Comparison with early universe sources: they are relativistic and not gravitationally
bound -> one needs to calculate the full tensor anisotropic stress

e By expanding the tensor anisotropic stress in multipoles, one would find that the
first moment is the quadrupole, but it doesn’t dominate over the others multipoles



Generation of GWs in linearised theory

More explicit formulas

. . 1 .
AijgmMgm — (PMP)@] — §Pwt1'(PM)

Pip = 050 — Ny

The polarisation amplitudes for a wave propagating in the z direction

100
P: 010 R G .o oo
(OOO) h_|_(t,2) — ?(Mll—Mgz)(t—T)
A 20 .
h>< (t, Z) — TMgl(t — 7“)

A rotation of the reference system allows to find the GW
emission in a general direction

n; = R;;z. M/; = (R" M R);;

In this case, the polarisation amplitudes depend on all mass moment
components, and on the angles (¢,0) of the direction n



GWs from a binary system in circular orbit

[solated system of two point masses moving on circular
trajectories determined solely by their mutual interaction

O.THY — () Otherwise, we cannot
H use linearised theory!

In the centre of mass reference frame, the second mass moment is
the one of a single particle with reduced mass, and trajectory
given by the relative trajectory of the two point masses

MY = puh(t) ah (1 Com
X0 (t) — X1 (t) — X9 (t)

L
m?2



GWs from a binary system in circular orbit

N zo(t) = Rcos(wst +/2)
Orbit in the (x,y) plane Yo(t) = Rsin(wgt + 7/2)

20 (t) =0

Double time Mi1(t) = —Maa(t) = 2uR?w? cos(2wst)
derivative of the . 5 o9 .
second mass moment Mz(t) = 2pR%w; sin(2wt)

After performing the rotation of the reference system, the GW
polarisation amplitudes in arbitrary direction n are

4G
h—l— (ta (97 90) — T ILLRng

4G
hy(t,0,0) = — ,uRQwE cos 6 sin(2wstrer + 2¢0)
r

1 20
( T Cos ) cos(2wstret + 2¢0)




GWs from a binary system in circular orbit

* A non-relativistic source performing harmonic oscillations with frequency ws

emits monochromatic radiation with frequency 2 ws

* The dependence on @ can be reabsorbed in a redefinition of the origin of time

e From the degree of polarisation observed, one can derive the inclination of the
orbit

4G
h—l— (ta (97 90) — T /LRQC‘J?

4G
hy(t,0,0) = — ,LLRng cos 6 sin(2wstrer + 2¢0)
r

1 20
( T Cos ) cos(2wstret + 2¢0)




GWs from a binary system in circular orbit

dE e 2 Radiated power

— <th hzy>
dtdQ) 327G dPGW 7“2

- 2 2
aan 167TG<hJr )

{dPGW} 2Gu* R*WO -<1 + cos? 9) : 5
= + cos“ 6
df) quad T 2

32
[Powlquaa = & G Rw;

—yw _G,uz v”
5 °\ R

Energy emitted in GW in the quadrupole approximation (highest term) is
suppressed with v° with respect to the gravitational self-energy of the system



Inspiral of compact binaries in circular motion

Up to now we have assumed that the orbit is fixed
However, there is a way to account for
the back reaction of the GW on the emitting system in the
context of linearised theory

Gum G
Eorbit — Ekin =+ Epot — 2,LLR v = ?m
Chirp mass o)
Gm 32 (G M. w,)
M. = N3/5m2/5 wg - ﬁ — [PGW]quad ~ 5 G

* The energy of the orbit must diminish because of the GW emission, so R must
decrease

e [f R decreases, ws increases

* If ws increases, the emitted power increases as well

e If the emitted power increases, R decreases further
e This runaway process leads to the coalescence of the binary system

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries in circular motion

To account for the back reaction of the GW on the emitting
system one postulates that
the energy lost by the source per unit time equals the power of
the emitted GWs in the radiation zone, far away from the observer

NB! This is not so dEorbit
obvious beyond y — [P GW]quad
linear theory ¢
. 9678/3 wow _ W
- 5/3 p11/3 _ oW _ s
f — 5 (G M c) / f / ! 27 7

1/ 5 \%8 1
fm) = -\ 52z 5/8 ~3/8
70 256 (GMC)/ 7'/

N

Time to coalescence 7 = {.oa] — ¢




Inspiral of compact binaries in circular motion

To calculate the GW amplitudes, one needs to account for the fact that the
orbit depends on time

t
P(t) = Peoal + / dt' ws (t")
t

C

20 (t) =0
We remain in the approximation , 9 :
that the orbit is almost circular Ws K Wy |R‘ <V
with slowly varying radius
4 1 + cos? 6
hi(t,0,¢) = (G M)* (7 f (tres )]/ 3( ) CoS(2P(ret))
4
hy(t,0,0) =—-(G MC)5/3[7Tf(tret)]2/3 cos 6 sin(2P(t,et))
T



Inspiral of compact binaries in circular motion

RN , _ 5/8
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Inspiral of compact binaries in circular motion
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Inspiral of compact binaries in circular motion
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Inspiral of compact binaries in circular motion

=)
YT a\256)  (GM) /8

Equation from AT 1 44!
yestcérday’s course: P = 9 | — k-0 hij(te + L,ro) — hij(te, re)]
5/3 2/3
~ 7 10—23 pC Mc / fGW / 7 10—16
dL M@ ].0_8 Hz

dr, = 100 Mpc




Inspiral of compact binaries at cosmological distance

To reach the observer:
® free propagation in
FLRW space-time

Close to the source:
we have solved within
linearised theory over

Minkowski

Local radiation zone

h!(k,n) + 2 77/h’ ) 4+ k% h.(k,n) = 167G f 11, (k, n)

h—|- (t7 6)7 SO) —

hx(tvea 90) —

(G M) 3 f (tret)]?? ( L cos” 9)

(G Mc)5/3[7rf(tret)]2/3 cos 0 sin(2® (tyet))

cos(2D (tyret))

STk



Inspiral of compact binaries at cosmological distance

20
h5.0,0) =~ (G MO [ ()] (0 ) cos(20(45)
hts.0,) = o (G M) [ f(EP/ cos sin(20(15)
—

Propagation effect at
the observer

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries at cosmological distance

_ 4 5/3 ret\12/3 1+ cos” ret
i (5,0,) = s (G M) Pl f ()PP (57— ) cos(20(25))
4
h(ts,0,¢) = (G M)*P[m f(£5")]*? cos @ sin(20(15"))
a(to)r
Still measured by the source clock, fS _ fO(l 4 Z) Do = P

we want it in the observer’s clock

The phase is constant
along null geodesics

to

Ds(ts) = 2 / ity fs(ts) = 2 / dth fo(th) = Bo (to)

tc,S tc,O

dto = (1 + Z)dts

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries at cosmological distance

cos(2®(t5Y))

1 + cos® 8
h+(t0,9,g&) — )

(G M) f (5t (1 + 2))/3(

hx(to,0, ) 0s 0 sin(2%(t5"))
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Redshifted chirp mass



Inspiral of compact binaries at cosmological distance

4
h—l—(7_7 6’7 90) — dL(Z)
4
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Measurement of di(z): standard candles

Probe the luminosity distance-redshift relation to infer
the universe content and its expansion

Redshift measured directly
from the optical emission
EASY!

dp(z) = \/g

Flux measured directly
Intrinsic luminosity known from
calibration

Measurement of the luminosity
distance is NOT SO EASY
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Measurement of di(z): standard sirens

GW emission by compact binaries
can also be used to test the expansion of the universe

e Measurement of the luminosity

distance: no calibration needed,
EASY AND DIRECT

e Measurement of the redshift:
IMPOSSIBLE!

B. Schutz, Nature 323, 310 (1986)



SGWB from a population of inspiralling binaries

—
In the PTA part of yesterday’s _ f : _ Z
course we have stated he(f) = 4 ( fref) with - = 3

Where does this slope come from?



SGWB from a population of inspiralling binaries

—
In the PTA part of yesterday’s _ i . _ 2
course we have stated he(f) =4 ( fref) with v = 3
In terms of the power 92 , f 2/3
spectrum of the GW Qaw (f) = 3H2 f ha(f) = Qaw (fref) <—>
energy density Jref
pg%t,) B OO d°N(z,7.,&,0) g;snt)

e dgdv dr. D

. ,// |

Parameters of the Coming Time to Number dens1ty of GW GW energy
bmar.y 31gna.1 volume coalescence sources (given within an emitted by a
(essentially chirp astrophysical model for single event
mass) the binary population)
(event) 1 2 12
paw L (hfi +h3)

At the source

pe  167Gp. (1 + 2)4



SGWB from a population of inspiralling binaries

42/3

: 1 + cos? @\ d[f?/3(tg) cos(2®(ts))]
_ Mc 5/3
h+ (ts) a(tg)r (G ) ( 2 ) dtS
=
In the limit of circular ~ _ £2/3 ' :
orbit with slowly ~ =7 (ts)2 O(ts) sin(20(ts))
varying radius l
fs < f2 Tfs
: 32 1 + cos? 0
2 _ 10/3 10/3
(2(t5) = 55 (76 Mo (2= ) £

(tOt) 2 SN 1
—/dﬁ/d%/dzd ANz, 7e, &, 6)
(z) dédV.dr. 167Gpe(1 + 2)*

(tGM.fs )10/3/dﬂ[<1+60828) —1—60826’}

2
dy = agr d3,

dV, = dQ dz \

Extra factor (1 + z)? H(z) — 167T/5
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SGWB from a population of inspiralling binaries

Express the integral over time to d 9673/3
coalescence in terms of frequency and E — (G M )5/ 3 fll/ 3
change to frequency at the observer dr. 3

fs = f(1+2)

G 2/ d3N(z, 7., €, 6)

Pew df 2/3/d / G ML)10/3 ) )
pe 3G : H(z 1+ 4/3( °) dedV,dr.

fow _ ol Qaw (f)
Pc 0 f

f 2/3
QGW(f) — QGW(fref) (f f>

SGWB amplitude determined by
the population characteristics
and the cosmology



Examples of SGWB sources in the early universe
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GWs can bring direct information from very early stages of the universe
evolution, to which we have no direct access through em radiation —>
amazing discovery potential
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No guaranteed GW signal: predictions rely on untested
phenomena, and are often difficult to estimate (non-linear

dynamics, strongly coupled theories... )

g gluon ih & ® baryon
: galax
€ electron &% ion » galaxy

Muon t tau N
Q black
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hole

Particle Data Group, LBNL, © 2000. Supported by DOE and NSF



Many GW generation processes are related to PHASE TRANSITIONS

4 gluon A & ® baryon

: galax
€ electron &% ion » galaxy

mNIOH t u

black
N neutrino @ atom Q

hole

Particle Data Group, LBNL, © 2000. Supported by DOE and NSF



Phase transition: some field in the universe changes from one state to
another, which has become more energetically favourable due to a change
in external conditions (e.g. a change in temperature)
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Particle Data Group, LBNL, © 2000. Supported by DOE and NSF



Inflation: phase transition of the Inflaton field
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GUT phase transition or similar: related to the breaking of the
symmetries of the high-energy theory describing the universe
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Peccei-Quinn phase transition: invoked to solve the
strong CP problem
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Electroweak phase transition: phase transition of the Higgs field,
driven by the temperature decrease as the universe expands
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QCD phase transition: phase transition related to the strong
interaction, confinement of quarks into hadrons
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Examples of GW sources in the early universe :

e irreducible SGWB from inflation

e also sourced by second order scalar perturbations

e beyond the irreducible SGWB from inflation

particle production during inflation (scalar, gauge fields... coupled to the inflaton)
spectator fields

breaking symmetries (space-dependent inflaton, massive graviton)

modified gravity during inflation (massive GWs with ¢ # 1)

primordial black holes

e preheating and non-perturbative phenomena

parametric amplification of bosons/fermions
symmetry breaking in hybrid inflation

decay of flat directions

oscillons

true vacuum bubble collision
sound waves

(M)HD turbulence

e first order phase transition

e cosmic topological defects

e irreducible SGWB from topological defect networks

e decay of cosmic string loops
o .. CC and Figueroa arXiv:1801.04268



SGWB from a stochastic source in the radiation era
h'(k,n) +2HRE.(k,n) +Ek*h.(k,n) = 167G a* I, (k, n)

Possible sources of tensor anisotropic stress in the early universe:

Scalar field gradients Hij ~ [8z¢83 ¢]TT
Bulk fluid motion  II;; ~ [’YZ (p + p)ij]TT
Gauge fields  1I;; ~ [—quEj - BiBj]TT

Second order scalar perturbations, II; from a combination of 0;V, 0; P

The components of the anisotropic stress must be treated as
random variables
because we cannot access the detailed properties of the generation
processes at the moment they operated



SGWB from a stochastic source in the radiation era

Anisotropic stress

power spectral
density at unequal

unequal time correlator of the anisotropic stress

(27)°
1

<H’r(k7 T) H;(q, C)> —

We now proceed with two approximate analytical solutions of the GW
propagation equation:

 Fast source operating for less than one Hubble time -> peaked SGWB power
spectrum

 Continuous source operating for several Hubble times -> flat SGWB power
spectrum

Fast source operating in a time interval nsn - Nin in the radiation dominated era

Typical example: first order phase transition

Hy* (k, > nan) = A2 (k) cos(kn) + By (k) sin (k)

1 Nfin
A;ad(k) — 62G/ dr CL(T)3 sin(—k7) IL.(k, 7),
n

1 L fin
B;ad(k) = 62G / dr a(T)B cos(k7)IL.(k, 7)

in




SGWB from a FAST stochastic source in the radiation era

GW amplitude power spectrum today for modes kno » 1

(b 10) 1, 10)) = 5 [(A- () Ap(@) + (B, (K) By (@)

0
hg(ka 770)
— &7° 5(3)(k —q) 0y %

GW energy density power spectrum today for modes kno » 1

dpaw . k? hg (kv 770) (freely propagating sub-
dlogk 167G a2 Hubble modes)

; e Nein Ntin
POV (ko) = T a_ng/ dr aS(T)/ d¢ a*(C) cos[k(n — QI TI(k, 7, ¢)
n 7

in



SGWB from a FAST stochastic source in the radiation era

GW amplitude power spectrum today for modes kno » 1

(b 10) 1, 10)) = 5 [(A- () Ap(@) + (B, (K) By (@)

0
hg(ka 770)

GW energy density power spectrum today for modes kno » 1

dpaw . k? hg(k, 770) (freely propagating sub-
dlogk 167G a2 Hubble modes)
dpGW 4 @G 3 Mfin 3 Nfin 5
it (o) = ook [ s | ac ey coslpter O] ke Q)
in 3 Min 3
a; a; ~ 1 II(k)

SUPPOSE.:

AN = Nfin — Nin < H, knin < 1 I1(k, T, 1) constant over An



SGWB from a FAST stochastic source in the radiation era

GW energy density parameter today for modes 1/no<« k « 1/1in

) : 2
120w k) = 5520 (20) (Anp)? (22} (ke Pt

(k) = IOQHpGW(k)

From the time integrals



SGWB from a FAST stochastic source in the radiation era

GW energy density parameter today for modes 1/no<« k « 1/1in

hQaw(k,m0) =

-
O(1077)

Value detected
at PTA

Value for detection
at LISA

O(10™ )

3, (90);’ (ArH.)? (”—“) (ke,)? P (k)

272 * Prad
\‘\/4 \‘\{./
O(107°) O(1077)
Factor depending Only slow, very
slightly on the anisotropic processes
generation epoch have the chance to
through the
number of generate detectable
relativistic d.o.f. SGWB signals
for sub-Hubble sources
O(107) O(107°)



SGWB from a FAST stochastic source in the radiation era

GW energy density parameter today for modes 1/no<« k « 1/1in

1
= 2
3 go \ ° ~
2 200 0 2 [ P11 3
h QGW(ka 770) — 2 h Qraud o (AUH*) (kg*) PGW(k)
27T %k prad
: | White noise

A kl, ~ Fast source:
< 0100t characteristic size of independent on k for
E : the shear stresses large enough scales
< (uncorrelated)
:v: 0.010 depending on

| < H

0.001F
005 010 050 1 5 10

KL,



SGWB from a FAST stochastic source in the radiation era

GW energy density parameter today for modes 1/no<« k « 1/1in

) : 2
2w (k. m0) = 5o h20, (9—) (A, )? (p”“d) (50, ) Pw (k)

1/ng < k < Hye < 1/(axly)

W W
Range of validity Causality of the
of the solution sourcing process

Qaw (k) o< (kl,)?



SGWB from a FAST stochastic source in the radiation era

e Characteristic time of the source evolution ot,. = b
vrms
¢ Characteristic time of the GW production 1
from the Green’s function: 5tgw ~ E
e GW production goes faster than source evolution for all Vrms
relevant wave-numbers including the spectrum peak k> /
*

e One assumes that the source is constant in time for a finite 5 NS
time interval (which can be larger than the Hubble time) Lein ~ te

e One can then easily integrate to find the GW spectrum

1 2 9 )
3 ([ pr 5 = In?[1 + H.0tgn] if kota, < 1
( ) G PGW(k){ if kota, > 1

Prad In*[1 + (k/H.) ']

A. Roper Pol et al, arXiv:2201.05630



SGWB from a FAST stochastic source in the radiation era

kpeak = 477/ Cy Transition from k° to k! Can be smoother if
atkﬁl/(Stﬁn 5tﬁn>1/7‘[*

Peak at f ~ 1/7.

fl at intermediate frequency:
duration of the source

f3 at low frequency:

Loty ol Lol Lol A1V
100 101 102 103
kH !

uncorrelated source

A. Roper Pol et al, arXiv:2201.05630



SGWB from a CONTINUOUS stochastic source in the
radiation era

Typical example: topological defects
Suppose the source is operating continuously in the radiation dominated era

e No matching at the end time of the source
* No free sub-Hubble modes

k

in

HEieon) = <50 [ dra(n)® sinlk(y - 7)), 7

Hr(k7 77) — a hr(kv 77)

 (hi(xt) hig(x,1) /+OO dk dpaw
0

paw = 397G - k dlogk

n n
W )y~ S kg/ dr a(T)/ d¢a(G) G(k,n,7,¢) (K, 7,C)
n n

D. Figueroa et al, arXiv:1212.5458



SGWB from a CONTINUOUS stochastic source in the
radiation era

Typical example: topological defects
Suppose the source is operating continuously in the radiation dominated era

e Scaling (property of the topological defects network)
e Decays very fast in off-diagonal kT # kC

 Decays as a power law on the diagonal k7 = k(

714

VT¢

|

d G 5 [ !
POW (k1) ~ —k3/ dTa(T)/ d¢ a(¢) G(k,n, 7, C) 1(k, 7, ¢)
.

D. Figueroa et al, arXiv:1212.5458

(k,7,C) ~ —= Uk, k()




SGWB from a CONTINUOUS stochastic source in the
radiation era

Typical example: topological defects

Suppose the source is operating continuously in the radiation dominated era

4
U
hQQGW(f) ~ hQQrad <M—Pl> FI[{Z/S(OO)

SUB-HORIZON MODES IN THE

T TODAY FLAT SPECTRUM AT
RADIATION ERA

Progressively
independent on the
upper bound

dpcw Pe v 4
dlogk (k,m) ~ Qradg <—MP1> N dx: N dxo \/T122 G (T, 21, T2) U (21, T2)

D. Figueroa et al, arXiv:1212.5458




SGWB from a CONTINUOUS stochastic source in the
radiation era

Typical example: topological defects

h*Qcw

A\ LISA
10 Al

I CC and Figueroa arXiv:1801.04268

.
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