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Generation of GWs in linearised theory 

• The source is close by and we can neglect the expansion of the universe 
• We go back to linearised theory in flat spacetime: the gravitational field is weak 

and the source is described by Newtonian gravity

We want to derive the GW emission by an isolated binary system

Weak gravitational field means low velocity for a self-gravitating system

Self-gravitating 2-body system in Newtonian 
theory: virial theorem applies
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The problem is equivalent to the 
motion of one body with reduced 
mass µ, in the gravitational field 
given by the sum of the masses
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Gm

c2
Schwarzschild radius

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008

Weak 
gravitational fieldWe perform a low velocity expansion to solve the problem 



Generation of GWs in linearised theory 
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Solve wave equation in 
linearised theory
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Low velocity expansion in the radiation zone r ≫ d
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T`m(t� |x� x0|,x0) ⇠ T`m(t� r,x0)+

+ @tT`m(t� r,x0)(x0 · n̂)
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|x� x0| ' r � x0 · n̂

Solve wave equation in 
linearised theory



Generation of GWs in linearised theory 
<latexit sha1_base64="0FjR+aIj73E8Xy6Rb+dSosfzHd0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgutCTiayOUutBlhb6gCWEynbRDJ5MwMxFLyG+48VfcuFDEpa78G6dtEG09cOFwzr3ce48fMyqVZX0Zc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4GvmtOyIkjXhdDWPihqjHaUAxUlryTMupRvcwdXwkYD/zUidMHJ5k8BIepfYZdGIKrzPnsP7jeGbJKltjwFli56QEctQ888PpRjgJCVeYISk7thUrN0VCUcxIVnQSSWKEB6hHOppyFBLppuPPMrivlS4MIqGLKzhWf0+kKJRyGPq6M0SqL6e9kfif10lUcOGmlMeJIhxPFgUJgyqCo5hglwqCFRtqgrCg+laI+0ggrHSYRR2CPf3yLGkel+3TsnV7UqpU8zgKYBfsgQNgg3NQATegBhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxif38zBn44=</latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫

<latexit sha1_base64="mjHUneKv5T9NoZepGBj8b79DMdQ="></latexit>

h̄µ⌫(t,x) = 4G

Z
d3x0Tµ⌫(t� |x� x0|,x0)

|x� x0|
Retarded 

time

We can go to 
TT gauge 

outside the 
source

<latexit sha1_base64="tzK9/A1/e/aTnE/QHx1Y2ZkBW/U=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK6scyIosuCG5cV7APaoWTSTBuaZIYkUyzD/IkbF4q49U/c+Tem7Sy09cDlHs65l9ycMOFMG8/7dlZW19Y3Nktb5e2d3b199+CwqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4upv6rTFVmsXy0UwSGgg8kCxiBBsr9Vw364YResov5v0s77kVr+rNgJaJX5AKFKj33K9uPyapoNIQjrXu+F5iggwrwwinebmbappgMsID2rFUYkF1kM0uz9GpVfooipUtadBM/b2RYaH1RIR2UmAz1IveVPzP66Qmug0yJpPUUEnmD0UpRyZG0xhQnylKDJ9Ygoli9lZEhlhhYmxYZRuCv/jlZdK8rPrXVe/hqlKrFXGU4BhO4Bx8uIEa3EMdGkBgDM/wCm9O5rw4787HfHTFKXaO4A+czx+xApMJ</latexit>

x� x0

<latexit sha1_base64="Mzz7bbWcT/9HtpTTjtQFMSkmX44=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix48diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW79nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfOua27zqlqvF3GU4BTO4AI8uIE63EMDWsAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w/IoYzq</latexit>

d

<latexit sha1_base64="83gvbWqpOsE+efhXIsWXIpgGc1c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0WPBi8cK9gPaUDbbSbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZqZ90gJE+nk1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns3gk5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGRD8BZfXibN86p3WXXvLiq1Wh5HEY7gGM7AgyuowS3UoQEMBDzDK7w5D86L8+58zFsLTj5zCH/gfP4AkiyPpw==</latexit>

x0

<latexit sha1_base64="KyD6/va73b34vsGG9TokL8MhAGM="></latexit>

r � �̄ � d

<latexit sha1_base64="jPONLkJK3jk26uHFcj+tEgj9opk="></latexit>

v ⇠ !sd
<latexit sha1_base64="MJuv+zvE5ZUKfJMEUIpIJFajJnA="></latexit>

�̄ = c
! ⇠ c

v d � d

<latexit sha1_base64="9bHuetYlghYzsY2h746n4NnSQQo=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCBymJKHoRCl48VrAf0JSy2W7apZtN2N2IIcS/4sWDIl79Id78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWlldW98ob1a2tnd29+z9g7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnN1O88UKlYJO51GtN+iEeCBYxgbaSBXc08P0CP+bVE3qk3xjoT+cCuOXVnBrRM3ILUoEBzYH95w4gkIRWacKxUz3Vi3c+w1Ixwmle8RNEYkwke0Z6hAodU9bPZ8Tk6NsoQBZE0JTSaqb8nMhwqlYa+6QyxHqtFbyr+5/USHVz1MybiRFNB5ouChCMdoWkSaMgkJZqnhmAimbkVkTGWmGiTV8WE4C6+vEzaZ3X3ou7cndcajSKOMhzCEZyAC5fQgFtoQgsIpPAMr/BmPVkv1rv1MW8tWcVMFf7A+vwBK8GUdQ==</latexit>

x = r n̂

Low velocity expansion in the radiation zone r ≫ d

One cannot 
resolve the 
source with 

GWs

<latexit sha1_base64="R1oWDrqo2Ze3Rhp8kUgKOBv7+88="></latexit>

hij(t,x) = 4G⇤ij`m(n̂)

Z
d3x0T

`m(t� |x� x0|,x0)

|x� x0|

radiation 
zone

Solve wave equation in 
linearised theory



Generation of GWs in linearised theory 

Keeping only the lowest order

Using energy momentum conservation,                     this can be rewritten 

Second mass 
moment

<latexit sha1_base64="LKmfK0Chyhb1eFXYmDrhxMkQxxY=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsyIohuh4MZlhb6gMw6ZNNOGJpkhD6EMxY2/4saFIm79Cnf+jZm2C209EHI4596b3BNnjCrted/O0vLK6tp6aaO8ubW9s+vu7bdUaiQmTZyyVHZipAijgjQ11Yx0MkkQjxlpx8Obwm8/EKloKhp6lJGQo76gCcVIWylyD4MMSU0RiwJuYOM+t1cgzPjai9yKV/UmgIvEn5EKmKEeuV9BL8WGE6ExQ0p1fS/TYV6Mx4yMy4FRJEN4iPqka6lAnKgwn6wwhidW6cEklfYIDSfq744ccaVGPLaVHOmBmvcK8T+va3RyFeZUZEYTgacPJYZBncIiD9ijkmDNRpYgLKn9K8QDJBHWNrWyDcGfX3mRtM6q/kXVuzuv1GqzOErgCByDU+CDS1ADt6AOmgCDR/AMXsGb8+S8OO/Ox7R0yZn1HIA/cD5/ACZLl0E=</latexit>

@µT
µ⌫ = 0

<latexit sha1_base64="KJTYXNJ8R6bcN6I01LpvGNOug18="></latexit>Z
d3x0T `m(t� r,x0) =

1

2

Z
d3x0 @2

t T
00(t� r,x0)x` xm =

1

2
M̈ `m

<latexit sha1_base64="g9NQObtDUc1MHgIz1kTKRpZSarE="></latexit>

M `m � 1

3
�`mMjj =

Z
d3x ⇢(x, t)

⇣
x`xm � 1

3
x2�`m

⌘
= Q`m Mass 

quadrupole

at the lowest order in the low velocity expansion and in the radiation zone, GW 
emission arises from the double time derivative of the quadrupole of the source

{trace

<latexit sha1_base64="59RPgO05F6SPb3Gc30E4+TxLygY="></latexit>

hij(t,x) ⇠
4G

r
⇤ij`m(n̂)

Z
d3x0T `m(t� r,x0)

<latexit sha1_base64="KXSd0vAnwsjxcpunXkBcltaJCm8="></latexit>

[hij(t,x)]quad =
2G

r
⇤ij`m(n̂)Q̈`m(t� r)

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)



Generation of GWs in linearised theory 

The quadrupole formula

Radiated GW energy energy per unit time and angle 

Total radiated power

<latexit sha1_base64="WGGvMvw8XzOR0RlcnlywUlVtuvo="></latexit>

[P ]quad =
G

5
h
...
Qij(t� r)

...
Qij(t� r)i

<latexit sha1_base64="qUgiphh9G9IAVcGGyWZZCreQEdc="></latexit>

⇢GW =
hḣij ḣiji
32⇡G

<latexit sha1_base64="h9xTXWiY3VrumnHw1SR/SViP+jk="></latexit>

dEGW

dt d⌦
=

r2

32⇡G
hḣij ḣiji

<latexit sha1_base64="vVDTk8yi9ebOq4B8vXdW4fNIo8o="></latexit>Z
d⌦⇤ij`m =

2⇡

15
(11�i`�jm � 4�ij�`m + �im�j`)

A static source does not radiate GWs



Generation of GWs in linearised theory 

• HOWEVER! These conservation laws are only valid in linearised theory, for which the 
GW emission does not back-react on the source: is the quadrupole formula valid only 
in this case? NO! 

• The multipole expansion of a classical radiation field has zero contribution from 
multipoles l < S where S is the spin of the associated quantum mechanical particle

<latexit sha1_base64="CWniIaKKooD32ptZJpOL9/HpWI4="></latexit>

h0i(t,x) ⇠ 4G

r

Z
d3x0T 0i ⇠ 4G

r
P i(t� r)

<latexit sha1_base64="MNC8/JHkRfJFUSEGasj63hN8h7w="></latexit>

h00(t,x) ⇠ 4G

r

Z
d3x0T 00 ⇠ 4G

r
M(t� r)

h00 is a static component, 
because of mass conservation 

for an isolated system

h0i a static component, because of 
momentum conservation for an 

isolated system

<latexit sha1_base64="q6FTsYa0kQTaXuCI+sAoE3uZQaI=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh4MaNUME+oB1KJs20oZnMmNwRytCfcONCEbf+jjv/xrSdhbYeCBzOuYfce4JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1QOOE+5HdKBEKBhFK7W7/RjJ3bXbK1fcqjsDWSZeTiqQo94rf9koSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxstu+EnFilT8JY26eQzNTfiYxGxoyjwE5GFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEyPJ32hOUM5toQyLeyuhA2ppgxtRSVbgrd48jJpnlW9i6p7f16p1fI6inAEx3AKHlxCDW6hDg1gIOEZXuHNeXRenHfnYz5acPLMIfyB8/kDA0SPSQ==</latexit>

Ṁ = 0

<latexit sha1_base64="UKtmIyogGGJv7y74f45mRdWqk8g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh4MZlBfvAdiyZNNOGZjJDckcoQ//CjQtF3Po37vwb03YW2nogcDjnHnLvCRIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJW9zhOuB/RgRKhYBSt9NDtx0jqj+La7ZUrbtWdgSwTLycVyFHvlb9smKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Ntt4Qk6s0idhrO1TSGbq70RGI2PGUWAnI4pDs+hNxf+8TorhlZ8JlaTIFZt/FKaSYEym55O+0JyhHFtCmRZ2V8KGVFOGtqSSLcFbPHmZNM+q3kXVvTuv1Gp5HUU4gmM4BQ8uoQa3UIcGMFDwDK/w5hjnxXl3PuajBSfPHMIfOJ8/hXmQJw==</latexit>

Ṗ i = 0

• Comparison with early universe sources: they are relativistic and not gravitationally 
bound -> one needs to calculate the full tensor anisotropic stress  

• By expanding the tensor anisotropic stress in multipoles, one would find that the 
first moment is the quadrupole, but it doesn’t dominate over the others multipoles

• Monopole l = 0 and dipole l = 1 radiation is absent for GWs



Generation of GWs in linearised theory 

The polarisation amplitudes for a wave propagating in the z direction

<latexit sha1_base64="LYmwcd4MpEiRRfBeFWE0y8hVfaE="></latexit>

⇤ij`mM̈`m = (PM̈P )ij �
1

2
Pijtr(PM̈)

<latexit sha1_base64="Zsw342UoFq/xi31/3khOQncNhs8="></latexit>

P =

0

@
1 0 0
0 1 0
0 0 0

1

A
<latexit sha1_base64="ETgwzo9BGCDVrtB63bAEk0ovAws="></latexit>

h+(t, ẑ) =
G

r
(M̈11 � M̈22)(t� r)

h⇥(t, ẑ) =
2G

r
M̈21(t� r)

A rotation of the reference system allows to find the GW 
emission in a general direction

More explicit formulas

<latexit sha1_base64="iJxoCkMPsNtcfxb+BZYN42wVE7A=">AAACFXicbVBNSwMxEM36WetX1aOXYBE8aNkVRS9CwYvHCrYK3bJk02kbms0uyaxQlv4JL/4VLx4U8Sp489+Ytito64OQl/dmmMwLEykMuu6XMze/sLi0XFgprq6tb2yWtrYbJk41hzqPZazvQmZACgV1FCjhLtHAolDCbdi/HPm396CNiNUNDhJoRayrREdwhlYKSoe1IBM+SDm88Nsgkf08j/weQ6oCkd8jMSiV3Yo7Bp0lXk7KJEctKH367ZinESjkkhnT9NwEWxnTKLiEYdFPDSSM91kXmpYqFoFpZeOthnTfKm3aibU9CulY/d2RsciYQRTayohhz0x7I/E/r5li57yVCZWkCIpPBnVSSTGmo4hoW2jgKAeWMK6F/SvlPaYZRxtk0YbgTa88SxrHFe+04l6flKvVPI4C2SV75IB45IxUyRWpkTrh5IE8kRfy6jw6z86b8z4pnXPynh3yB87HN+qQn0U=</latexit>

Pi` = �i` � n̂in̂`

In this case, the polarisation amplitudes depend on all mass moment 
components, and on the angles (𝜑,𝜃) of the direction n

<latexit sha1_base64="Z78WXzswPJWVJNtkGfQp1Z4Q/tI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoheh4MVjFfsBbQyb7abddrMJuxulhv4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzz485U9q2v63c0vLK6lp+vbCxubW9U9zda6gokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH15N/OYDlYpF4k6PYuqGuCdYwAjWRroXHru89VI2GD95g2OvWLLL9hRokTgZKUGGmlf86nQjkoRUaMKxUm3HjrWbYqkZ4XRc6CSKxpgMcY+2DRU4pMpNp1eP0ZFRuiiIpCmh0VT9PZHiUKlR6JvOEOu+mvcm4n9eO9HBhZsyESeaCjJbFCQc6QhNIkBdJinRfGQIJpKZWxHpY4mJNkEVTAjO/MuLpHFads7K9k2lVK1mceThAA7hBBw4hypcQw3qQEDCM7zCm/VovVjv1sesNWdlM/vwB9bnD0/zkmE=</latexit>

ni = Rijz
0
j

<latexit sha1_base64="w+y6ywrC2q4vSVJg0597yNpFgXQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBaxgpREFN0IBTduCrX0BW0Mk+m0HTuZhJmJUELBjb/ixoUibv0Jd/6N0zQLbT1w4XDOvdx7jxcyKpVlfRuZhcWl5ZXsam5tfWNzy9zeacggEpjUccAC0fKQJIxyUldUMdIKBUG+x0jTG15P/OYDEZIGvKZGIXF81Oe0RzFSWnLNvfKRG9P78VWheleDnZOyrupxIrlm3ipaCeA8sVOSBykqrvnV6QY48glXmCEp27YVKidGQlHMyDjXiSQJER6iPmlrypFPpBMnP4zhoVa6sBcIXVzBRP09ESNfypHv6U4fqYGc9Sbif147Ur1LJ6Y8jBTheLqoFzGoAjgJBHapIFixkSYIC6pvhXiABMJKx5bTIdizL8+TxmnRPi9at2f5UimNIwv2wQEoABtcgBK4ARVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX9gfP4AO+aV+g==</latexit>

M 0
ij = (RT M R)ij



GWs from a binary system in circular orbit

Isolated system of two point masses moving on circular 
trajectories determined solely by their mutual interaction

<latexit sha1_base64="ivvKi+4MvRIrEXXN3OH2Y16sPGE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokouhEKblxW6AuaGCbTSTt0MgnzEEoIuPFX3LhQxK0/4c6/cdJmoa0Hhjmcc++duSdMGZXKcb6tpeWV1bX1ykZ1c2t7Z9fe2+/IRAtM2jhhieiFSBJGOWkrqhjppYKgOGSkG45vCr/7QISkCW+pSUr8GA05jShGykiBfeilSCiKWJB5sc5b98XlcZ1fO4Fdc+rOFHCRuCWpgRLNwP7yBgnWMeEKMyRl33VS5WfFfMxIXvW0JCnCYzQkfUM5ion0s+kOOTwxygBGiTCHKzhVf3dkKJZyEoemMkZqJOe9QvzP62sVXfkZ5alWhOPZQ5FmUCWwCAQOqCBYsYkhCAtq/grxCAmElYmtakJw51deJJ2zuntRd+7Oa41GGUcFHIFjcApccAka4BY0QRtg8AiewSt4s56sF+vd+piVLlllzwH4A+vzB6KhmCM=</latexit>

@µT
µ⌫ = 0 Otherwise, we cannot 

use linearised theory!

In the centre of mass reference frame, the second mass moment is 
the one of a single particle with reduced mass, and trajectory 

given by the relative trajectory of the two point masses

<latexit sha1_base64="ng9ML5XNtSpituPTC8bS8DxgZ+4=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzouhGKLhxI1SwF2inQybNtGmTzJBkxDJ068ZXceNCEbe+gTvfxrSdhbb+EPj4zzmcnD+IGVXacb6thcWl5ZXV3Fp+fWNza9ve2a2pKJGYVHHEItkIkCKMClLVVDPSiCVBPGCkHgyuxvX6PZGKRuJOD2PicdQVNKQYaWP5Nrxpp7Q/umzxBLaOH3ynTYv6KMO+Qd8uOCVnIjgPbgYFkKni21+tToQTToTGDCnVdJ1YeymSmmJGRvlWokiM8AB1SdOgQJwoL51cMoKHxunAMJLmCQ0n7u+JFHGlhjwwnRzpnpqtjc3/as1EhxdeSkWcaCLwdFGYMKgjOI4FdqgkWLOhAYQlNX+FuIckwtqElzchuLMnz0PtpOSelZzb00K5nMWRA/vgABSBC85BGVyDCqgCDB7BM3gFb9aT9WK9Wx/T1gUrm9kDf2R9/gCYFJhV</latexit>

M ij = µxi
0(t)x

j
0(t)

<latexit sha1_base64="u0QW73bKdlJkUbrX5pdhpCh6NGo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpim6EghuXFewDmhIm00k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMknCntON9WaWV1bX2jvFnZ2t7Z3bP3D9oqTiWhLRLzWHYDrChnEW1ppjntJpJiEXDaCcY3U7/zQKVicXSvJwntCzyMWMgI1kby7SNPpNdeKDHJhO8Kv55nIvftqlNzZkDLxC1IFQo0ffvLG8QkFTTShGOleq6T6H6GpWaE07zipYommIzxkPYMjbCgqp/Nrs/RqVEGKIylqUijmfp7IsNCqYkITKfAeqQWvan4n9dLdXjVz1iUpJpGZL4oTDnSMZpGgQZMUqL5xBBMJDO3IjLCJgptAquYENzFl5dJu15zL2rO3Xm10SjiKMMxnMAZuHAJDbiFJrSAwCM8wyu8WU/Wi/VufcxbS1Yxcwh/YH3+AIDPlUA=</latexit>

µ =
m1m2

m
<latexit sha1_base64="fDGtzrlGiirTK58Xdp4dTbJYGHg=">AAACD3icbVA7SwNBEN6Lrxhfp5Y2i0GJheEuKNoIARvLCOYByXHsbfaSJXsPdufEcOQf2PhXbCwUsbW189+4SS6giQML32OG2fm8WHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+hokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje4HvvNeyYVj8I7GMbMCUgv5D6nBLTkmsdpx/Pxw8i1SnByNSO2JqczUtHENYtW2ZoUXgR2Boooq5prfnW6EU0CFgIVRKm2bcXgpEQCp4KNCp1EsZjQAemxtoYhCZhy0sk9I3yklS72I6lfCHii/p5ISaDUMPB0Z0Cgr+a9sfif107Av3RSHsYJsJBOF/mJwBDhcTi4yyWjIIYaECq5/iumfSIJBR1hQYdgz5+8CBqVsn1etm7PitVqFkceHaBDVEI2ukBVdINqqI4oekTP6BW9GU/Gi/FufExbc0Y2s4/+lPH5A+99mq4=</latexit>

x0(t) = x1(t)� x2(t)

+
CM

+

m1

m2

<latexit sha1_base64="8L5Salkd2C6da0vR/B7X5thlUNo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiih4LXjxWsB/QlLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ70V0qEQoGEUr+ZkfhORp2nereN4vV9yaOwdZJV5OKpCj0S9/+YOYpRFXyCQ1puu5CfYyqlEwyaclPzU8oWxMh7xrqaIRN71sfvOUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMObXiZUkiJXbLEoTCXBmMwCIAOhOUM5sYQyLeythI2opgxtTCUbgrf88ippXdS8q5p7f1mp1/M4inACp1AFD66hDnfQgCYwSOAZXuHNSZ0X5935WLQWnHzmGP7A+fwB/EiQ/A==</latexit>

x0(t)

<latexit sha1_base64="8+8WGunpO2LfqK/3nIx/2tywjqw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeujLrlSt+1Z+DrJIgJxXIUe+Vv7r9hGUSlWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVRRiSaczE+dkjOn9EmcaFfKkrn6e2JCpTFjGblOSe3QLHsz8T+vk9n4JpxwlWYWFVssijNBbEJmf5M+18isGDtCmebuVsKGVFNmXTolF0Kw/PIqaV5Ug6uqf39ZqdXyOIpwAqdwDgFcQw3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8gff5A14Wjdg=</latexit>µ



GWs from a binary system in circular orbit

Orbit in the (x,y) plane

<latexit sha1_base64="kjzqjHrSR0jH8Qq8LacfkuriWjk="></latexit>

x0(t) = R cos(!st+ ⇡/2)

y0(t) = R sin(!st+ ⇡/2)

z0(t) = 0

<latexit sha1_base64="dZJaGIE2UEzREONhWwAj79Ls24A="></latexit>

M̈11(t) = �M̈22(t) = 2µR2!2
s cos(2!st)

M̈12(t) = 2µR2!2
s sin(2!st)

Double time 
derivative of the 

second mass moment

After performing the rotation of the reference system, the GW 
polarisation amplitudes in arbitrary direction n are

x

y

z

𝜃

<latexit sha1_base64="cfJVUZW/E3V6HTQfJcBa8u5oooU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0OKRPXKFb/qz0FWSZCTCuSo98pf3b5mWcIVMkmt7QR+iuGEGhRM8mmpm1meUjaiA95xVNGE23Ayv3ZKzpzSJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUMmFECy/vEqaF9XgqurfX1ZqtTyOIpzAKZxDANdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBMoiO3w==</latexit>

n̂

<latexit sha1_base64="8+8WGunpO2LfqK/3nIx/2tywjqw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeujLrlSt+1Z+DrJIgJxXIUe+Vv7r9hGUSlWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVRRiSaczE+dkjOn9EmcaFfKkrn6e2JCpTFjGblOSe3QLHsz8T+vk9n4JpxwlWYWFVssijNBbEJmf5M+18isGDtCmebuVsKGVFNmXTolF0Kw/PIqaV5Ug6uqf39ZqdXyOIpwAqdwDgFcQw3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8gff5A14Wjdg=</latexit>µ 𝜑

<latexit sha1_base64="E4D0WvIUwNuRzOiGeOigwURTAxs="></latexit>

h+(t, ✓,') =
4G

r
µR2!2

s

⇣1 + cos2 ✓

2

⌘
cos(2!stret + 2')

h⇥(t, ✓,') =
4G

r
µR2!2

s cos ✓ sin(2!stret + 2')



GWs from a binary system in circular orbit

• A non-relativistic source performing harmonic oscillations with frequency 𝜔s  

emits monochromatic radiation with frequency 2 𝜔s 

• The dependence on 𝜑 can be reabsorbed in a redefinition of the origin of time 

• From the degree of polarisation observed, one can derive the inclination of the 
orbit

x

y

z

𝜃

<latexit sha1_base64="cfJVUZW/E3V6HTQfJcBa8u5oooU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0OKRPXKFb/qz0FWSZCTCuSo98pf3b5mWcIVMkmt7QR+iuGEGhRM8mmpm1meUjaiA95xVNGE23Ayv3ZKzpzSJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUMmFECy/vEqaF9XgqurfX1ZqtTyOIpzAKZxDANdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBMoiO3w==</latexit>

n̂

<latexit sha1_base64="8+8WGunpO2LfqK/3nIx/2tywjqw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeujLrlSt+1Z+DrJIgJxXIUe+Vv7r9hGUSlWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVRRiSaczE+dkjOn9EmcaFfKkrn6e2JCpTFjGblOSe3QLHsz8T+vk9n4JpxwlWYWFVssijNBbEJmf5M+18isGDtCmebuVsKGVFNmXTolF0Kw/PIqaV5Ug6uqf39ZqdXyOIpwAqdwDgFcQw3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8gff5A14Wjdg=</latexit>µ 𝜑

<latexit sha1_base64="E4D0WvIUwNuRzOiGeOigwURTAxs="></latexit>

h+(t, ✓,') =
4G

r
µR2!2

s

⇣1 + cos2 ✓

2

⌘
cos(2!stret + 2')

h⇥(t, ✓,') =
4G

r
µR2!2

s cos ✓ sin(2!stret + 2')



GWs from a binary system in circular orbit

Radiated power <latexit sha1_base64="h9xTXWiY3VrumnHw1SR/SViP+jk="></latexit>

dEGW

dt d⌦
=

r2

32⇡G
hḣij ḣiji <latexit sha1_base64="GxiCEGPunLwt8zepNh+PFV8MaVY="></latexit>

dPGW

d⌦
=

r2

16⇡G
hḣ2

+ + ḣ2
⇥i

<latexit sha1_base64="f/5k/2GoGDbFAOUZloLEYAJ1e9w="></latexit>
dPGW

d⌦

�

quad

=
2Gµ2R4!6

s

⇡

"✓
1 + cos2 ✓

2

◆2

+ cos2 ✓

#

<latexit sha1_base64="4Foq9ngdT8l1l/VzpXJ2vmIFVtU="></latexit>

[PGW]quad =
32

5
Gµ2R4!6

s

<latexit sha1_base64="t/PPyo9ZFpWxQ6JoCla+bZAKokY="></latexit>

=
32

5
!s

✓
Gµ2

R

◆
v5

Energy emitted in GW in the quadrupole approximation (highest term) is 
suppressed with v5 with respect to the gravitational self-energy of the system



Inspiral of compact binaries in circular motion

Up to now we have assumed that the orbit is fixed 
However, there is a way to account for  

the back reaction of the GW on the emitting system in the 
context of linearised theory

<latexit sha1_base64="h41E0gkamfuYv49SvTiPY0T5zuE=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwVHaLoheh4EGPVewHtLVk02wbmmSXJFsoy/4TLx4U8eo/8ea/MW33oK0PBh7vzTAzL4g508bzvp2V1bX1jc3CVnF7Z3dv3z04bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZjG6mfnNMlWaRfDSTmHYFHkgWMoKNlXquO36qXHdChUl6K7L0Ieu5Ja/szYCWiZ+TEuSo9dyvTj8iiaDSEI61bvtebLopVoYRTrNiJ9E0xmSEB7RtqcSC6m46uzxDp1bpozBStqRBM/X3RIqF1hMR2E6BzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJhyZCE1jQH2mKDF8YgkmitlbERliG4OxYRVtCP7iy8ukUSn7F2Xv/rxUreZxFOAYTuAMfLiEKtxBDepAYAzP8ApvTuq8OO/Ox7x1xclnjuAPnM8fYeaTfg==</latexit>

v2 =
Gm

R

<latexit sha1_base64="6SS/BMJUe9T/xygLwkkFdpQlR/0=">AAACIXicbZDLSgMxFIYzXmu9VV26CRZBEMtMUexGKIjosoq9QKeUTJppQ3MZkoxQhnkVN76KGxeKdCe+jGk7C239IfDlP+eQnD+IGNXGdb+cpeWV1bX13EZ+c2t7Z7ewt9/QMlaY1LFkUrUCpAmjgtQNNYy0IkUQDxhpBsPrSb35RJSmUjyaUUQ6HPUFDSlGxlrdQuWmm/iKQ6kCatKr7DakIj3NOJLWP/NDhXBy6/MY8jQpP6TdQtEtuVPBRfAyKIJMtW5h7PckjjkRBjOkddtzI9NJkDIUM5Lm/ViTCOEh6pO2RYE40Z1kumEKj63Tg6FU9ggDp+7viQRxrUc8sJ0cmYGer03M/2rt2ISVTkJFFBsi8OyhMGbQSDiJC/aoItiwkQWEFbV/hXiAbBbGhpq3IXjzKy9Co1zyLkru/XmxWs3iyIFDcAROgAcuQRXcgRqoAwyewSt4Bx/Oi/PmfDrjWeuSk80cgD9yvn8Amvujxw==</latexit>

Eorbit = Ekin + Epot = �Gµm

2R

• The energy of the orbit must diminish because of the GW emission, so R must 
decrease 

• If R decreases, 𝜔s increases 

• If 𝜔s increases, the emitted power increases as well 
• If the emitted power increases, R decreases further 
• This runaway process leads to the coalescence of the binary system

<latexit sha1_base64="cG879O+zjh/0ksz4Sac5Qp652JY=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJWkKnoRCh70WMW2QpOWzXbTLt3dhN2NUELw4l/x4kERr/4Kb/4bt20O2vpg4PHeDDPzgphRpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJxKSBIxbJ+wApwqggDU01I/exJIgHjLSC4eXYbz0QqWgk7vQoJj5HfUFDipE2Utfe8yJO+qirOtULL5QIp1c8S287x1nXLjsVZwI4T9yclEGOetf+8noRTjgRGjOkVNt1Yu2nSGqKGclKXqJIjPAQ9UnbUIE4UX46eSGDh0bpwTCSpoSGE/X3RIq4UiMemE6O9EDNemPxP6+d6PDcT6mIE00Eni4KEwZ1BMd5wB6VBGs2MgRhSc2tEA+QCUKb1EomBHf25XnSrFbc04pzc1Ku1fI4imAfHIAj4IIzUAPXoA4aAINH8AxewZv1ZL1Y79bHtLVg5TO74A+szx//Spcq</latexit>

!2
s =

Gm

R3

<latexit sha1_base64="KNNtRHdHUiaKXXv6fuK7r6dCeLs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4qkm16LLgxo1QwT6gScNkOmmHziRxHoUSCm78FTcuFHHrT7jzb5w+Ftp64HIP59zLzD1hyqhUjvNtLS2vrK6t5zbym1vbO7v23n5dJlpgUsMJS0QzRJIwGpOaooqRZioI4iEjjbB/PfYbAyIkTeJ7NUyJz1E3phHFSBkpsA9vA+yRB00H0OO6nZ2flUe8nZVMC+yCU3QmgIvEnZECmKEa2F9eJ8Gak1hhhqRsuU6q/AwJRTEjo7ynJUkR7qMuaRkaI06kn01uGMETo3RglAhTsYIT9fdGhriUQx6aSY5UT857Y/E/r6VVdOVnNE61IjGePhRpBlUCx4HADhUEKzY0BGFBzV8h7iGBsDKx5U0I7vzJi6ReKrrlonN3UahUZnHkwBE4BqfABZegAm5AFdQABo/gGbyCN+vJerHerY/p6JI12zkAf2B9/gC5lJbq</latexit>

Mc ⌘ µ3/5m2/5

<latexit sha1_base64="vPkOGpJQh2QS6Z0UuUjblb8PY+w="></latexit>

[PGW]quad =
32

5

(GMc !s)
10/3

G

Chirp mass

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries in circular motion

To account for the back reaction of the GW on the emitting 
system one postulates that 

the energy lost by the source per unit time equals the power of 
the emitted GWs in the radiation zone, far away from the observer 

<latexit sha1_base64="Pfr7zoLcAcOl/50koWl87uD7T+Y=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCG0tSFN0IBRFdVrAXaEOZTCbt0MnFmROhhLyHG1/FjQtFXAkufBunTRba+sPAx3/O4cz53VhwBZb1bSwsLi2vrJbWyusbm1vb5s5uS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13dDmptx+YVDwK72AcMycgg5D7nBLQVt+sHfd8SWjqXfXTngxwJF0OWZZ6kF10G7l33c6cnO4T4mV9s2JVranwPNgFVFChRt/87HkRTQIWAhVEqa5txeCkRAKngmXlXqJYTOiIDFhXY0gCppx0eluGD7XjYT+S+oWAp+7viZQESo0DV3cGBIZqtjYx/6t1E/DPnZSHcQIspPkiPxEYIjwJCntcMgpirIFQyfVfMR0SnRXoOMs6BHv25Hlo1ar2adW6PanU60UcJbSPDtARstEZqqMb1EBNRNEjekav6M14Ml6Md+Mjb10wipk99EfG1w/z8aH7</latexit>

�dEorbit

dt
= [PGW]quad

<latexit sha1_base64="p0DsTF+pqsWP1KTicSBtF3o3N40="></latexit>

ḟ =
96⇡8/3

5
(GMc)

5/3f11/3
<latexit sha1_base64="yQnghLe0kdfeD3negKB2WQmqleA=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVZKq6EYouNBlBfuAJpTJdNIOncmEmYlQQj7Ejb/ixoUiblwI/o2TNgvbeuDC4Zx7ufeeIGZUacf5sUorq2vrG+XNytb2zu6evX/QViKRmLSwYEJ2A6QIoxFpaaoZ6caSIB4w0gnGN7nfeSRSURE96ElMfI6GEQ0pRtpIffssvPZCiXDqCU6GqJ96ksPbTpaldS+m2bypsjQX+3bVqTlTwGXiFqQKCjT79pc3EDjhJNKYIaV6rhNrP0VSU8xIVvESRWKEx2hIeoZGiBPlp9PnMnhilAEMhTQVaThV/06kiCs14YHp5EiP1KKXi/95vUSHV35KozjRJMKzRWHCoBYwTwoOqCRYs4khCEtqboV4hEwc2uRZMSG4iy8vk3a95l7UnPvzaqNRxFEGR+AYnAIXXIIGuANN0AIYPIEX8AberWfr1fqwPmetJauYOQRzsL5/AYDmouM=</latexit>

f =
!GW

2⇡
=

!s

⇡

<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

<latexit sha1_base64="E2agMuXssBY0DM15r2WEzJ3oKG4=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwYklE0YtQ8OKxgv2AJoTNdtMu3U3C7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0wF1+A439bK6tr6xmZlq7q9s7u3bx8cdnSSKcraNBGJ6oVEM8Fj1gYOgvVSxYgMBeuG49up331kSvMkfoA8Zb4kw5hHnBIwUmDXPCDZDQSFpySmCRGTMwjsutNwZsDLxC1JHZVoBfaXN0hoJlkMVBCt+66Tgl8QBZwKNql6mWYpoWMyZH1DYyKZ9ovZ8RN8YpQBjhJlKgY8U39PFERqncvQdEoCI73oTcX/vH4G0bVf8DjNgMV0vijKBIYET5PAA64YBZEbQqji5lZMR0QRCiavqgnBXXx5mXTOG+5lw7m/qDebZRwVdISO0Sly0RVqojvUQm1EUY6e0St6s56sF+vd+pi3rljlTA39gfX5A5BOlLQ=</latexit>

⌧ = tcoal � tTime to coalescence

NB! This is not so 
obvious beyond 

linear theory



Inspiral of compact binaries in circular motion

To calculate the GW amplitudes, one needs to account for the fact that the 
orbit depends on time

<latexit sha1_base64="Y0ycDcbB+3uHrYFiGEJASVFXVvA="></latexit>

x0(t) = R(t) cos(�(t))

y0(t) = R(t) sin(�(t))

z0(t) = 0

We remain in the approximation 
that the orbit is almost circular 

with slowly varying radius

<latexit sha1_base64="QfN1tI558TBvUyFcJ1TADzTegWk=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAIrspMUXRZcOOygr1AZxwyaaYNzWVIMkIZCm58FTcuFHHrS7jzbUzbEbT1h8DHf85Jcv44ZVQbz/tylpZXVtfWSxvlza3tnV13b7+lZaYwaWLJpOrESBNGBWkaahjppIogHjPSjodXk3r7nihNpbg1o5SEHPUFTShGxlqRexj0pAkkJ30U6YAx+MN3tciteFVvKrgIfgEVUKgRuZ/2MpxxIgxmSOuu76UmzJEyFDMyLgeZJinCQ9QnXYsCcaLDfLrDGJ5YpwcTqewRBk7d3xM54lqPeGw7OTIDPV+bmP/VuplJLsOcijQzRODZQ0nGoJFwEgjsUUWwYSMLCCtq/wrxACmEjY2tbEPw51dehFat6p9XvZuzSr1exFECR+AYnAIfXIA6uAYN0AQYPIAn8AJenUfn2Xlz3metS04xcwD+yPn4Bt81l6Y=</latexit>

!̇s ⌧ !2
s

<latexit sha1_base64="hstDUM5z89qfe/o3OgFb2yC64vQ=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFlw47KKfUA7lkyaaUMzmSG5Uylt/8ONC0Xc+i/u/BvTdhbaeiBwOOce7s0JEikMuu63s7K6tr6xmdvKb+/s7u0XDg5rJk4141UWy1g3Amq4FIpXUaDkjURzGgWS14P+zdSvD7g2IlYPOEy4H9GuEqFgFK30OG51YiT3Y9KSkgzahaJbcmcgy8TLSBEyVNqFL5tnacQVMkmNaXpugv6IahRM8km+lRqeUNanXd60VNGIG380u3pCTq3SIWGs7VNIZurvxIhGxgyjwE5GFHtm0ZuK/3nNFMNrfyRUkiJXbL4oTCXBmEwrIB2hOUM5tIQyLeythPWopgxtUXlbgrf45WVSOy95lyX37qJYLmd15OAYTuAMPLiCMtxCBarAQMMzvMKb8+S8OO/Ox3x0xckyR/AHzucPueiR/w==</latexit>

|Ṙ| ⌧ v

<latexit sha1_base64="/tVBY9ir7BlC4BW+AeLJqBo8RoA="></latexit>

h+(t, ✓,') =
4

r
(GMc)

5/3[⇡f(tret)]
2/3

⇣1 + cos2 ✓

2

⌘
cos(2�(tret))

h⇥(t, ✓,') =
4

r
(GMc)

5/3[⇡f(tret)]
2/3 cos ✓ sin(2�(tret))

<latexit sha1_base64="Fa8r0tlCpMcyymWqvjqNzjFsf8g=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZpi1BmRKkboeDGZQWrQqcOmTRtg7kMyRmhDH0UN76KGxeK6E6fxrR2oa0/BD7+cw4n548TwS34/qc3N7+wuLScW8mvrq1vbBa2tq+sTg1lTaqFNjcxsUxwxZrAQbCbxDAiY8Gu47uzUf36nhnLtbqEQcLakvQU73JKwFlRoRY2+rwMFXyKRxRloZGYaiKGByFXEGUQ0eEt4A6UcKgl65HIlqFUiQpFv+qPhWchmEARTdSICh9hR9NUMgVUEGtbgZ9AOyMGOBVsmA9TyxJC70iPtRwqIpltZ+MDh3jfOR3c1cY9BXjs/p7IiLR2IGPXKQn07XRtZP5Xa6XQPWlnXCUpMEV/FnVTgUHjUVq4ww2jIAYOCDXc/RXTPjGEgss070IIpk+ehavDanBc9S+OivX6JI4c2kV7qIwCVEN1dI4aqIkoekBP6AW9eo/es/fmvf+0znmTmR30R97XN4B9ofM=</latexit>

�(t) = �coal +

Z t

tc

dt0!s(t
0)



Inspiral of compact binaries in circular motion

<latexit sha1_base64="JtJhfimRYzV9hl9rSUD8hhh1wKw="></latexit>

h+(t, ✓,') =
1

r
(GMc)

5/4

✓
5

⌧

◆1/4 ⇣1 + cos2 ✓

2

⌘
cos(2�(⌧))

h⇥(t, ✓,') =
1

r
(GMc)

5/4

✓
5

⌧

◆1/4

cos ✓ sin(2�(⌧))

soundofspacetime.org

<latexit sha1_base64="rlZabKiXVbWsE7ODkIZMp3daoTM="></latexit>

�(⌧) = �2

✓
⌧

5GMc

◆5/8

+ �coal

<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

<latexit sha1_base64="UNCakHJQkJwkLP7xQE6LUgYFpU8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoseCF48VbCs0oWy2m3bpZjfsTiwl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5USq4Ac/7dkpr6xubW+Xtys7u3v6BWz1sG5VpylpUCaUfImKY4JK1gINgD6lmJIkE60Sjm5nfeWTacCXvYZKyMCEDyWNOCVip51YDIFmg+WAIRGs1xl7PrXl1bw68SvyC1FCBZs/9CvqKZgmTQAUxput7KYQ50cCpYNNKkBmWEjoiA9a1VJKEmTCfnz7Fp1bp41hpWxLwXP09kZPEmEkS2c6EwNAsezPxP6+bQXwd5lymGTBJF4viTGBQeJYD7nPNKIiJJYRqbm/FdEg0oWDTqtgQ/OWXV0n7vO5f1r27i1qjUcRRRsfoBJ0hH12hBrpFTdRCFI3RM3pFb86T8+K8Ox+L1pJTzByhP3A+fwAzrJPy</latexit>

⌧ ! 0



Mc = 25M� ⌧ = 0.2 sec �! f = 37Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 1.2M� ⌧ = 30 sec �! f = 38Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Inspiral of compact binaries in circular motion
<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

m1 = 1.36� 1.60M�

m2 = 1.17� 1.36M�

Mc = 1.188+0.004
�0.002 M�

dL = 40+8
�14 Mpc

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

m1 = 35.6+4.8
�3.0 M�

m2 = 30.6+3.0
�4.4 M�

Mc = 28.6+1.6
�1.5 M�

dL = 430+150
�170 Mpc

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

GW170817
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

LIGO/Virgo 
arXiv:1811.12907



Inspiral of compact binaries in circular motion
<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

M. Colpi et al, arXiv:2402.07571 - LISA Red Book

Mc = 25M� ⌧ = 10 year �! f = 0.01Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 10
6
M� ⌧ = 1hour �! f = 1mHz

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Inspiral of compact binaries in circular motion
<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

Mc = 10
9
M� ⌧ = 10

5
year �! f = 7 · 10�9

Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="1LoTVlUmiHPHuIigZNVBA9+PtqQ="></latexit>

�T

P
' 1

2

ûiûj

1� k̂ · û
[hij(te + L, ro)� hij(te, re)]

<latexit sha1_base64="bgmBFVbTcFl4z/3aiHWGeLxviUE="></latexit>

⇠ 7 · 10�23 pc

dL

✓
Mc

M�

◆5/3 ✓ fGW

10�8 Hz

◆2/3

' 7 · 10�16

<latexit sha1_base64="rdTe4JwoZ3hvdeeocnua+mKsNfk=">AAACF3icbVDLSgMxFM34rPVVdekmWAQXpcyIVF0IBTcuLFSwD2jqkMmkbWgyGZOMUIb+hRt/xY0LRdzqzr8xfSy09cCFwzn3cu89QcyZNq777SwsLi2vrGbWsusbm1vbuZ3dupaJIrRGJJeqGWBNOYtozTDDaTNWFIuA00bQvxz5jQeqNJPRrRnEtC1wN2IdRrCxkp8rVnyCNBP0Hnru3TkqVPwUyVCaIULZ0L++8FwXFVKkBKzEZOjn8m7RHQPOE29K8mCKqp/7QqEkiaCRIRxr3fLc2LRTrAwjnA6zKNE0xqSPu7RlaYQF1e10/NcQHlolhB2pbEUGjtXfEykWWg9EYDsFNj09643E/7xWYjpn7ZRFcWJoRCaLOgmHRsJRSDBkihLDB5Zgopi9FZIeVpgYG2XWhuDNvjxP6sdFr1Qs3Zzky+VpHBmwDw7AEfDAKSiDK1AFNUDAI3gGr+DNeXJenHfnY9K64Exn9sAfOJ8/B4Sd+g==</latexit>

Mc ' 109 M�

dL = 100Mpc

Equation from 
yesterday’s course:

<latexit sha1_base64="I9gIRo0QizRZskJifkcpXivKJaw=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK0pnVXcOOygn1AE8pkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCVNGpbLtD6O0sbm1vVPereztHxwemccnXZlkApMOTlgi+iGShFFOOooqRvqpICgOGemF05vC782IkDTh92qekiBGY04jipHS0tA0/QlSuR8jNQmjfLpYDM2qbV03PffKhbZl2w235hXEbdTdGnS0UqAK1mgPzXd/lOAsJlxhhqQcOHaqghwJRTEji4qfSZIiPEVjMtCUo5jIIF8mX8ALrYxglAj9uIJL9ftGjmIp53GoJ4uI8rdXiH95g0xFzSCnPM0U4Xh1KMoYVAksaoAjKghWbK4JwoLqrBBPkEBY6bIquoSvn8L/Sde1HM/y7urVVmtdRxmcgXNwCRzQAC1wC9qgAzCYgQfwBJ6N3Hg0XozX1WjJWO+cgh8w3j4BqBiUWg==</latexit>

k̂
<latexit sha1_base64="zgjPCD27HgDtgNR/Z261Q6Av4Lo=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFdK0pnVXcOOygn1AE8pkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCRJGpbLtD6O0sbm1vVPereztHxwemccnPRmnApMujlksBgGShFFOuooqRgaJICgKGOkHs5vC78+JkDTm92qRED9CE05DipHS0sg0vSlSmRchNQ3CLMrzkVm1reuW61w50LZsu+nU3YI4zYZThzWtFKiCNToj890bxziNCFeYISmHNTtRfoaEopiRvOKlkiQIz9CEDDXlKCLSz5bJc3ihlTEMY6EfV3Cpft/IUCTlIgr0ZBFR/vYK8S9vmKqw5WeUJ6kiHK8OhSmDKoZFDXBMBcGKLTRBWFCdFeIpEggrXVZFl/D1U/g/6TlWzbXcu0a13V7XUQZn4Bxcghpogja4BR3QBRjMwQN4As9GZjwaL8brarRkrHdOwQ8Yb5+rJJRc</latexit>

m̂

<latexit sha1_base64="nfnMmhcie357YZexByhf+VcjfgE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFdK0pnVXcOOygn1AE8pkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCRJGpbLtD6O0sbm1vVPereztHxwemccnPRmnApMujlksBgGShFFOuooqRgaJICgKGOkHs5vC78+JkDTm92qRED9CE05DipHS0sg0vSlSmRchNQ3CjOf5yKza1nXLda4caFu23XTqbkGcZsOpw5pWClTBGp2R+e6NY5xGhCvMkJTDmp0oP0NCUcxIXvFSSRKEZ2hChppyFBHpZ8vkObzQyhiGsdCPK7hUv29kKJJyEQV6sogof3uF+Jc3TFXY8jPKk1QRjleHwpRBFcOiBjimgmDFFpogLKjOCvEUCYSVLquiS/j6Kfyf9Byr5lruXaPabq/rKIMzcA4uQQ00QRvcgg7oAgzm4AE8gWcjMx6NF+N1NVoy1jun4AeMt0+sqpRd</latexit>

n̂

<latexit sha1_base64="rWoN+aZerAT//ffAs8+bVvy+xP4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLgxmUF+4A2lsn0ph06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39QPTzqqCiRFNs04pHs+UQhZwLbmmmOvVgiCX2OXX96k/vdR5SKReJez2L0QjIWLGCUaCM9pIOQ6IkfpDIbYjas1py6M4e9StyC1KBAa1j9GowimoQoNOVEqb7rxNpLidSMcswqg0RhTOiUjLFvqCAhKi+dp87sM6OM7CCS5gltz9XfGykJlZqFvpnMQ6plLxf/8/qJDq69lIk40Sjo4lCQcFtHdl6BPWISqeYzQwiVzGS16YRIQrUpqmJKcJe/vEo6F3W3UW/cXdaazaKOMpzAKZyDC1fQhFtoQRsoSHiGV3iznqwX6936WIyWrGLnGP7A+vwBQC2TAw==</latexit>re

<latexit sha1_base64="vQKHyh8R1nJNVs5DVNsgI6HDyIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSQzqIsJkEYaqyocyG1Zpbd+dAq8QrSA0KtIbVr8FIkiSiwhCOte57bmz8FCvDCKdZZZBoGmMyxWPat1TgiGo/nafO0JlVRiiUyj5h0Fz9vZHiSOtZFNjJPKRe9nLxP6+fmPDaT5mIE0MFWRwKE46MRHkFaMQUJYbPLMFEMZsVkQlWmBhbVMWW4C1/eZV0Lupeo964u6w1m0UdZTiBUzgHD66gCbfQgjYQUPAMr/DmPDkvzrvzsRgtOcXOMfyB8/kDT1+TDQ==</latexit>ro

<latexit sha1_base64="3GzwCSdbHeGecMAn9arfnccrVRE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqsuCGxcuKtgHtKFMppN26GQSZiZKifkUNy4UceuXuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKa+sbm1vl7crO7t7+gV097KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn17nfveBSsUica9nMfVCPBYsYARrIw3t6u1ggnU6CLGe+EGaZNnQrjl1Zw60StyC1KBAa2h/DUYRSUIqNOFYqb7rxNpLsdSMcJpVBomiMSZTPKZ9QwUOqfLSefQMnRplhIJImic0mqu/N1IcKjULfTOZR1TLXi7+5/UTHVx5KRNxoqkgi0NBwpGOUN4DGjFJieYzQzCRzGRFZIIlJtq0VTEluMtfXiWd87rbqDfuLmrNZlFHGY7hBM7AhUtowg20oA0EHuEZXuHNerJerHfrYzFasoqdI/gD6/MH8XyUdg==</latexit>

Lû



Inspiral of compact binaries at cosmological distance

Close to the source: 
we have solved within 
linearised theory over 

Minkowski 

<latexit sha1_base64="Mzz7bbWcT/9HtpTTjtQFMSkmX44=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix48diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW79nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfOua27zqlqvF3GU4BTO4AI8uIE63EMDWsAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w/IoYzq</latexit>

d

<latexit sha1_base64="83gvbWqpOsE+efhXIsWXIpgGc1c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0WPBi8cK9gPaUDbbSbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZqZ90gJE+nk1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns3gk5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGRD8BZfXibN86p3WXXvLiq1Wh5HEY7gGM7AgyuowS3UoQEMBDzDK7w5D86L8+58zFsLTj5zCH/gfP4AkiyPpw==</latexit>

x0

To reach the observer: 
free propagation in 
FLRW space-time 

Local radiation zone

<latexit sha1_base64="/tVBY9ir7BlC4BW+AeLJqBo8RoA="></latexit>

h+(t, ✓,') =
4

r
(GMc)

5/3[⇡f(tret)]
2/3

⇣1 + cos2 ✓

2

⌘
cos(2�(tret))

h⇥(t, ✓,') =
4

r
(GMc)

5/3[⇡f(tret)]
2/3 cos ✓ sin(2�(tret))

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)



Inspiral of compact binaries at cosmological distance
<latexit sha1_base64="9WPaOohPNwSdDMrFvCRRuyZS9U0=">AAADIXicrVJNb9NAEF2brxK+UjhyWRGBbDUKdmhVLkgRHOgFEVTSVsom1nqzjle119buuFK08l/hwl/hwgGEekP9M6yTICDtkZFWenpvdubN7MZlJjQEwU/HvXb9xs1bW7dbd+7eu/+gvf3wSBeVYnzEiqxQJzHVPBOSj0BAxk9KxWkeZ/w4Pn3T6MdnXGlRyI+wKPkkp3MpEsEoWCradvaf4TTa8SA67BJIOdAuOaOqTIWPX5FEUWZ2a0Ot/t5XtfeWdN9FzJ+avecv6jEpBU48mBqicqw41NGhP5mavtXIazH38KpAuENYoad9s2pQ16a/1H3c8F6fDFOBN8r4RBa yymOuMCGtxiMBkXP9341i0m1c/PZGuphoIa82hf+4akXtTtALloEvg3ANOmgdw6h9TmYFq3IugWVU63EYlDAxVIFgGa9bpNK8pOyUzvnYQknttBOzfOEaP7XMDCeFskcCXrJ/3zA013qRxzYzp5DqTa0hr9LGFSQvJ0bIsgIu2apRUmUYCtx8FzwTijPIFhZQpoT1illK7bbBfqpmCeHmyJfBUb8X7vWCD7udwWC9ji30GD1BHgrRPhqgAzREI8ScT84X55vz3f3sfnV/uOerVNdZ33mE/gn34hdXS/ok</latexit>

h+(tS , ✓,') =
4

a(tO)r
(GMc)

5/3[⇡f(tret
S

)]2/3
⇣1 + cos2 ✓

2

⌘
cos(2�(tret

S
))

h⇥(tS , ✓,') =
4

a(tO)r
(GMc)

5/3[⇡f(tret
S

)]2/3 cos ✓ sin(2�(tret
S

))

{
Propagation effect at 

the observer

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries at cosmological distance
<latexit sha1_base64="9WPaOohPNwSdDMrFvCRRuyZS9U0=">AAADIXicrVJNb9NAEF2brxK+UjhyWRGBbDUKdmhVLkgRHOgFEVTSVsom1nqzjle119buuFK08l/hwl/hwgGEekP9M6yTICDtkZFWenpvdubN7MZlJjQEwU/HvXb9xs1bW7dbd+7eu/+gvf3wSBeVYnzEiqxQJzHVPBOSj0BAxk9KxWkeZ/w4Pn3T6MdnXGlRyI+wKPkkp3MpEsEoWCradvaf4TTa8SA67BJIOdAuOaOqTIWPX5FEUWZ2a0Ot/t5XtfeWdN9FzJ+avecv6jEpBU48mBqicqw41NGhP5mavtXIazH38KpAuENYoad9s2pQ16a/1H3c8F6fDFOBN8r4RBa yymOuMCGtxiMBkXP9341i0m1c/PZGuphoIa82hf+4akXtTtALloEvg3ANOmgdw6h9TmYFq3IugWVU63EYlDAxVIFgGa9bpNK8pOyUzvnYQknttBOzfOEaP7XMDCeFskcCXrJ/3zA013qRxzYzp5DqTa0hr9LGFSQvJ0bIsgIu2apRUmUYCtx8FzwTijPIFhZQpoT1illK7bbBfqpmCeHmyJfBUb8X7vWCD7udwWC9ji30GD1BHgrRPhqgAzREI8ScT84X55vz3f3sfnV/uOerVNdZ33mE/gn34hdXS/ok</latexit>

h+(tS , ✓,') =
4

a(tO)r
(GMc)

5/3[⇡f(tret
S

)]2/3
⇣1 + cos2 ✓

2

⌘
cos(2�(tret

S
))

h⇥(tS , ✓,') =
4

a(tO)r
(GMc)

5/3[⇡f(tret
S

)]2/3 cos ✓ sin(2�(tret
S

))

Still measured by the source clock, 
we want it in the observer’s clock

<latexit sha1_base64="L2gNm1nupKYCeMSYIVjFZG4GX1E=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJRNGNUHDjzor2Am0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dpFtr6w8DHf87hnPmDhDOlHefbKq2srq1vlDcrW9s7u1V7b7+t4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8Pat3HqlULBYPepJQL8JDwUJGsDaWb1f7zRHzs/vpVQ63vl1z6k4utAxuATUo1PTtr/4gJmlEhSYcK9VznUR7GZaaEU6nlX6qaILJGA9pz6DAEVVelh8+RcfGGaAwluYJjXL390SGI6UmUWA6I6xHarE2M/+r9VIdXnoZE0mqqSDzRWHKkY7RLAU0YJISzScGMJHM3IrICEtMtMmqYkJwF7+8DO3Tunted+7Oao1GEUcZDuEITsCFC2jADTShBQRSeIZXeLOerBfr3fqYt5asYuYA/sj6/AFCv5LS</latexit>

�S = �O

The phase is constant 
along null geodesics

<latexit sha1_base64="amVtMc9DxowNTr5v5xVysv2q9fI=">AAAB9XicbZDLSsNAFIYn9VbrrerSzWARKkJJRNGNUHDjzor2Am0sk8mkHTqZhJkTpYa+hxsXirj1Xdz5Nk7bLLT1h4GP/5zDOfN7seAabPvbyi0sLi2v5FcLa+sbm1vF7Z2GjhJFWZ1GIlItj2gmuGR14CBYK1aMhJ5gTW9wOa43H5jSPJJ3MIyZG5Ke5AGnBIx170P3+qLsHD0dGrrtFkt2xZ4Iz4OTQQllqnWLXx0/oknIJFBBtG47dgxuShRwKtio0Ek0iwkdkB5rG5QkZNpNJ1eP8IFxfBxEyjwJeOL+nkhJqPUw9ExnSKCvZ2tj879aO4Hg3E25jBNgkk4XBYnAEOFxBNjnilEQQwOEKm5uxbRPFKFggiqYEJzZL89D47jinFbsm5NStZrFkUd7aB+VkYPOUBVdoRqqI4oUekav6M16tF6sd+tj2pqzspld9EfW5w/ub5F8</latexit>

dtO = (1 + z)dtS

<latexit sha1_base64="C3PD+JIVJufcaxDJbvHjrDyjIuY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpREFL0IBS/erGg/oI1hs920SzebsLtRauj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLSwuLa/kVwtr6xubW8XtnYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHl2G8+UKlYJO70MKZuiHuCBYxgbaT7wEtvRxeBd112jp4OvWLJrtgToHniZKQEGWpe8avTjUgSUqEJx0q1HTvWboqlZoTTUaGTKBpjMsA92jZU4JAqN51cPUIHRumiIJKmhEYT9fdEikOlhqFvOkOs+2rWG4v/ee1EB+duykScaCrIdFGQcKQjNI4AdZmkRPOhIZhIZm5FpI8lJtoEVTAhOLMvz5PGccU5rdg3J6VqNYsjD3uwD2Vw4AyqcAU1qAMBCc/wCm/Wo/VivVsf09aclc3swh9Ynz8Q8JGQ</latexit>

fS = fO(1 + z)

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008

<latexit sha1_base64="BCdtPDSkHb89R5CqwJ+jlvuq430="></latexit>

�S(tS) = 2⇡

Z
tS

tc,S

dt0
S
fS(t

0
S
) = 2⇡

Z
tO

tc,O

dt0
O
fO(t

0
O
) = �O(tO)



Inspiral of compact binaries at cosmological distance

<latexit sha1_base64="CLcuhBAUDZn2orVSEijd1fyoRgc=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFaEkouhGKLhxU6hgH9CGMLmdtEMnkzAzEWrswl9x40IRt/6GO//GSZuFVg8MHM65l3vm+DGjUtn2l1FYWFxaXimultbWNza3zO2dlowSAaQJEYtEx8eSMMpJU1HFSCcWBIc+I21/dJX57TsiJI34rRrHxA3xgNOAAlZa8sy9XojVEDBL6xMPLivO8f1R3QPPLNtVewrrL3FyUkY5Gp752etHkISEK2BYyq5jx8pNsVAUGJmUeokkMYYRHpCuphyHRLrpNP/EOtRK3woioR9X1lT9uZHiUMpx6OvJLK2c9zLxP6+bqODCTSmPE0U4zA4FCbNUZGVlWH0qCCg21gSDoDqrBUMsMChdWUmX4Mx/+S9pnVSds6p9c1qu1fI6imgfHaAKctA5qqFr1EBNBOgBPaEX9Go8Gs/Gm/E+Gy0Y+c4u+gXj4xuwdpU5</latexit>

Mc = (1 + z)Mc

Redshifted chirp mass

<latexit sha1_base64="7vMoeKew5UHV188F/ie6v9EFNoQ="></latexit>

h+(tO, ✓,') =
4

a(tO)r
(GMc)

5/3[⇡f(tret
O

)(1 + z)]2/3
⇣1 + cos2 ✓

2

⌘
cos(2�(tret

O
))

h⇥(tO, ✓,') =
4

a(tO)r
(GMc)

5/3[⇡f(tret
O

)(1 + z)]2/3 cos ✓ sin(2�(tret
O

))

<latexit sha1_base64="7z4O219+QbwBkkt6ZXWfPC8Nf0o="></latexit>

4

dL(z)
(GMc)

5/3[⇡fO]
2/3



Inspiral of compact binaries at cosmological distance
<latexit sha1_base64="9VLUPUY8JJJaLXqorXdUpPHTAZw="></latexit>

h+(⌧, ✓,') =
4

dL(z)
(GMc)

5/3[⇡f(⌧)]2/3
⇣1 + cos2 ✓

2

⌘
cos(2�(⌧))

h⇥(⌧, ✓,') =
4

dL(z)
(GMc)

5/3[⇡f(⌧)]2/3 cos ✓ sin(2�(⌧))

time to coalescence at the observer

Mc=106M⦿, z=3

Mc=4×105M⦿, z=9

0 20000 40000 60000 80000

-4

-2

0

2

4

t [sec]

10
18
×
h +

(t,
0)The signal does depend 

on redshift, but there 
is a degeneracy among 

the redshift and the 
true chirp mass

<latexit sha1_base64="CLcuhBAUDZn2orVSEijd1fyoRgc=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFaEkouhGKLhxU6hgH9CGMLmdtEMnkzAzEWrswl9x40IRt/6GO//GSZuFVg8MHM65l3vm+DGjUtn2l1FYWFxaXimultbWNza3zO2dlowSAaQJEYtEx8eSMMpJU1HFSCcWBIc+I21/dJX57TsiJI34rRrHxA3xgNOAAlZa8sy9XojVEDBL6xMPLivO8f1R3QPPLNtVewrrL3FyUkY5Gp752etHkISEK2BYyq5jx8pNsVAUGJmUeokkMYYRHpCuphyHRLrpNP/EOtRK3woioR9X1lT9uZHiUMpx6OvJLK2c9zLxP6+bqODCTSmPE0U4zA4FCbNUZGVlWH0qCCg21gSDoDqrBUMsMChdWUmX4Mx/+S9pnVSds6p9c1qu1fI6imgfHaAKctA5qqFr1EBNBOgBPaEX9Go8Gs/Gm/E+Gy0Y+c4u+gXj4xuwdpU5</latexit>

Mc = (1 + z)Mc
Merger 24h after entering 

the LISA band



Probe the luminosity distance-redshift relation to infer 
the universe content and its expansion

<latexit sha1_base64="S403xhW9Tj1LUAq1390LUkPgsH0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh1UxKp6EYoCuKiiwr2AU0Ik8mkHTp5ODMRasgvuPFX3LhQxK07d/6NkzYLbT1w4XDOvdx7jxszKqRhfGsLi0vLK6ultfL6xubWtr6z2xFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3SZ+917wgWNwls5jokdoEFIfYqRVJKjVz2nWX04OrfEHZep5XOE02aW1q2YQitAcogRS6+yLHP0ilEzJoDzxCxIBRRoOfqX5UU4CUgoMUNC9E0jlnaKuKSYkaxsJYLECI/QgPQVDVFAhJ1OPsrgoVI86EdcVSjhRP09kaJAiHHgqs78SDHr5eJ/Xj+R/pmd0jBOJAnxdJGfMCgjmMcDPcoJlmysCMKcqlshHiKVilQhllUI5uzL86RzXDNPasZNvdK4KOIogX1wAKrABKegAa5BC7QBBo/gGbyCN+1Je9HetY9p64JWzOyBP9A+fwDKKp2l</latexit>

dL(z) =

r
L

4⇡F

Redshift measured directly 
from the optical emission 

EASY!

• Flux measured directly 
• Intrinsic luminosity known from 

calibration  
• Measurement of the luminosity 

distance is NOT SO EASY

Measurement of dL(z): standard candles



• Measurement of the luminosity 
distance: no calibration needed, 
EASY AND DIRECT 

• Measurement of the redshift: 
IMPOSSIBLE!

GW emission by compact binaries  
can also be used to test the expansion of the universe

Measurement of dL(z): standard sirens

B. Schutz, Nature 323, 310 (1986)



SGWB from a population of inspiralling binaries 
<latexit sha1_base64="JhGNlK11du/EYDMbaJzg7cpZNEg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIq1YtQ8OKxgv2AJpTNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb2ttfWNza7u0U97d2z84tI8qHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk9uZ332kUrFYPOhpQv0IjwQLGcHaSAO74mGejPGNF0pMsnqeXeQDu+rUnDnQKnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TQve6miCSYTPKJ9QwWOqPKz+e05OjPKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq89jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjbFLQJq6yCcFdfnmVdOo1t1Fr3F9Wm80ijhKcwCmcgwtX0IQ7aEEbCDzBM7zCm5VbL9a79bFoXbOKmWP4A+vzB9ijlFQ=</latexit>

↵ =
2

3
with

<latexit sha1_base64="Cta9BiVAehy+WlU4eMAtbfssQ+A=">AAACHXicbVDLSgNBEJz1bXxFPXoZDEI8GHYlqBch4sWjglEhG5fZSU92cPbBTK8Qlv0RL/6KFw+KePAi/o2TmIOvgoaiqpvurjBT0qDrfjgTk1PTM7Nz85WFxaXllerq2oVJc82hzVOV6quQGVAygTZKVHCVaWBxqOAyvDke+pe3oI1Mk3McZNCNWT+RQnKGVgqqzSjgdbF9eOQrEFj3hWa8EGUhgsLXMdUgytLXsh/h9nWx4zOVRawMqjW34Y5A/xJvTGpkjNOg+ub3Up7HkCBXzJiO52bYLZhGyRWUFT83kDF+w/rQsTRhMZhuMfqupFtW6VGRalsJ0pH6faJgsTGDOLSdMcPI/PaG4n9eJ0dx0C1kkuUICf9aJHJFMaXDqGhPauCoBpYwrqW9lfKI2YDQBlqxIXi/X/5LLnYb3l5j76xZa7XGccyRDbJJ6sQj+6RFTsgpaRNO7sgDeSLPzr3z6Lw4r1+tE854Zp38gPP+CeCeonU=</latexit>

hc(f) = A

✓
f

fref

◆�↵
In the PTA part of yesterday’s 

course we have stated

Where does this slope come from?



SGWB from a population of inspiralling binaries 
<latexit sha1_base64="JhGNlK11du/EYDMbaJzg7cpZNEg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIq1YtQ8OKxgv2AJpTNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb2ttfWNza7u0U97d2z84tI8qHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk9uZ332kUrFYPOhpQv0IjwQLGcHaSAO74mGejPGNF0pMsnqeXeQDu+rUnDnQKnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TQve6miCSYTPKJ9QwWOqPKz+e05OjPKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq89jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjbFLQJq6yCcFdfnmVdOo1t1Fr3F9Wm80ijhKcwCmcgwtX0IQ7aEEbCDzBM7zCm5VbL9a79bFoXbOKmWP4A+vzB9ijlFQ=</latexit>

↵ =
2

3
with

<latexit sha1_base64="Cta9BiVAehy+WlU4eMAtbfssQ+A=">AAACHXicbVDLSgNBEJz1bXxFPXoZDEI8GHYlqBch4sWjglEhG5fZSU92cPbBTK8Qlv0RL/6KFw+KePAi/o2TmIOvgoaiqpvurjBT0qDrfjgTk1PTM7Nz85WFxaXllerq2oVJc82hzVOV6quQGVAygTZKVHCVaWBxqOAyvDke+pe3oI1Mk3McZNCNWT+RQnKGVgqqzSjgdbF9eOQrEFj3hWa8EGUhgsLXMdUgytLXsh/h9nWx4zOVRawMqjW34Y5A/xJvTGpkjNOg+ub3Up7HkCBXzJiO52bYLZhGyRWUFT83kDF+w/rQsTRhMZhuMfqupFtW6VGRalsJ0pH6faJgsTGDOLSdMcPI/PaG4n9eJ0dx0C1kkuUICf9aJHJFMaXDqGhPauCoBpYwrqW9lfKI2YDQBlqxIXi/X/5LLnYb3l5j76xZa7XGccyRDbJJ6sQj+6RFTsgpaRNO7sgDeSLPzr3z6Lw4r1+tE854Zp38gPP+CeCeonU=</latexit>

hc(f) = A

✓
f

fref

◆�↵

<latexit sha1_base64="+4Hsp4oivqqJiMcEhOuMz3oJHt4="></latexit>

⌦GW(f) =
2⇡2

3H2
0

f
2
h
2
c(f) = ⌦GW(fref)

✓
f

fref

◆2/3In terms of the power 
spectrum of the GW 
energy density

<latexit sha1_base64="MW3vlzrGv5RFLrY5QuWL/QNUdY4="></latexit>

⇢(tot)GW

⇢c
=

Z 1

0

df

f
⌦GW(f) =

Z
d⇠

Z
dVc

Z
d⌧c

d3N(z, ⌧c, ⇠, ✓)

d⇠dVcd⌧c

⇢(event)GW

⇢c

Parameters of the 
binary signal  

(essentially chirp 
mass)

Coming 
volume

Time to 
coalescence

Number density of GW 
sources (given within an 
astrophysical model for 
the binary population)

GW energy 
emitted by a 
single event 

<latexit sha1_base64="Fb0Bjsd0phKNaNNioy/yzu3713o="></latexit>

⇢(event)GW

⇢c
=

1

16⇡G⇢c

hḣ2
+ + ḣ2

⇥i
(1 + z)4

At the source

In the PTA part of yesterday’s 
course we have stated



SGWB from a population of inspiralling binaries 
<latexit sha1_base64="qasfg8Lpdk3u5BUQQxzZvzpBqrM="></latexit>

ḣ+(tS) =
4⇡2/3

a(tS)r
(GMc)

5/3
⇣1 + cos2 ✓

2

⌘d[f2/3(tS) cos(2�(tS))]

dtS

<latexit sha1_base64="HYO7y0/gp7YXxGtPHSwK9br3bKQ=">AAACIXicbVDLSgMxFM3Ud31VXboJFqEFrTOjaJcFNy4r2lbo1JJJM21oJjMmd4Qy9Ffc+CtuXCjSnfgzpo+FVg8Ezj3n3iT3+LHgGmz708osLC4tr6yuZdc3Nre2czu7dR0lirIajUSk7nyimeCS1YCDYHexYiT0BWv4/cux33hkSvNI3sIgZq2QdCUPOCVgpHaujD3NQ/aAj4P71D05HRagfVN0vSOvE0HqVXt8qpguWXDHNZ7UxXYub5fsCfBf4sxIHs1QbedG5kqahEwCFUTrpmPH0EqJAk4FG2a9RLOY0D7psqahkoRMt9LJhkN8aJQODiJljgQ8UX9OpCTUehD6pjMk0NPz3lj8z2smEJRbKZdxAkzS6UNBIjBEeBwX7nDFKIiBIYQqbv6KaY8oQsGEmjUhOPMr/yV1t+Scl86vz/KVyiyOVbSPDlABOegCVdAVqqIaougJvaA39G49W6/WhzWatmas2cwe+gXr6xs/w6EZ</latexit>

' �f2/3(tS)2 �̇(tS) sin(2�(tS))

{

In the limit of circular 
orbit with slowly 
varying radius

<latexit sha1_base64="v/2HynfV2qHDpIGtcTtVn1h/JTA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5id9CZDZmeHmVkhhHyEFw+KePV7vPk3TpI9aLSgoajqprsrUoIb6/tfXmFtfWNzq7hd2tnd2z8oHx61TJpphk2WilR3ImpQcIlNy63AjtJIk0hgOxrfzP32I2rDU/lgJwrDhA4ljzmj1kntnuIk7t/3yxW/6i9A/pIgJxXI0eiXP3uDlGUJSssENaYb+MqGU6otZwJnpV5mUFE2pkPsOippgiacLs6dkTOnDEicalfSkoX6c2JKE2MmSeQ6E2pHZtWbi/953czG1+GUS5VZlGy5KM4EsSmZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6st/SeuiGtSqtbvLSr2ex1GEEziFcwjgCupwCw1oAoMxPMELvHrKe/bevPdla8HLZ47hF7yPb8W+jzY=</latexit>

⇡fS
<latexit sha1_base64="NhLZcDP1etCWFNXVSkvIpvEChKA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqsuCG5eV2ge0NUymk3boZBJmboQQ6q+4caGIWz/EnX/jtM1CWw9cOJxz78y9x48F1+A431ZhY3Nre6e4W9rbPzg8so9POjpKFGVtGolI9XyimeCStYGDYL1YMRL6gnX96c3c7z4ypXkk7yGN2TAkY8kDTgkYybPLeDCKIAtmXmsgBA681kPNsytO1VkArxM3JxWUo+nZX+YRmoRMAhVE677rxDDMiAJOBZuVBolmMaFTMmZ9QyUJmR5mi+Vn+NwoIxxEypQEvFB/T2Qk1DoNfdMZEpjoVW8u/uf1EwiuhxmXcQJM0uVHQSIwRHieBB5xxSiI1BBCFTe7YjohilAweZVMCO7qyeukU6u69Wr97rLSaORxFNEpOkMXyEVXqIFuURO1EUUpekav6M16sl6sd+tj2Vqw8pky+gPr8wfWbJRB</latexit>

ḟS ⌧ f2
S

<latexit sha1_base64="czjyDeIzhHJrbGl/xhwZzMa3h0Y="></latexit>

hḣ2
+(tS)i =

32

a2Sr
2
(⇡GMc)

10/3
⇣1 + cos2 ✓

2

⌘
f10/3
S

<latexit sha1_base64="lozlxpewIBJntmbVLKelMQjl8yM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHoRCl68CBXsB7YhbDabdulmE3Y3Qgn9F148KOLVf+PNf+OmzUFbHww83pthZp6fcKa0bX9bpZXVtfWN8mZla3tnd6+6f9BRcSoJbZOYx7LnY0U5E7Stmea0l0iKI5/Trj++yf3uE5WKxeJBTxLqRngoWMgI1kZ6DLy7a+zZgzPpVWt23Z4BLROnIDUo0PKqX4MgJmlEhSYcK9V37ES7GZaaEU6nlUGqaILJGA9p31CBI6rcbHbxFJ0YJUBhLE0JjWbq74kMR0pNIt90RliP1KKXi/95/VSHV27GRJJqKsh8UZhypGOUv48CJinRfGIIJpKZWxEZYYmJNiFVTAjO4svLpHNedxr1xv1Frdks4ijDERzDKThwCU24hRa0gYCAZ3iFN0tZL9a79TFvLVnFzCH8gfX5A24tkB4=</latexit>

dM = a0 r
<latexit sha1_base64="JGbus8Q+pweGD/F6mZUjOplypx4=">AAACIXicbVDLSsNAFJ34rPVVdelmsAgVpCQitRuh4KYbsYJ9QFPDZDJpB2eSMDMR2pBfceOvuHGhSHfizzhtg2jrgQuHc+7l3nvciFGpTPPTWFpeWV1bz23kN7e2d3YLe/stGcYCkyYOWSg6LpKE0YA0FVWMdCJBEHcZabsPVxO//UiEpGFwp4YR6XHUD6hPMVJacgrVxBYcemnLwZe2LxBOPOf6/ixN6qXRSQozF9o3nPSRffojjJxC0SybU8BFYmWkCDI0nMLY9kIccxIozJCUXcuMVC9BQlHMSJq3Y0kihB9Qn3Q1DRAnspdMP0zhsVY86IdCV6DgVP09kSAu5ZC7upMjNZDz3kT8z+vGyq/2EhpEsSIBni3yYwZVCCdxQY8KghUbaoKwoPpWiAdI56R0qHkdgjX/8iJpnZWtSrlye16s1bI4cuAQHIESsMAFqIE6aIAmwOAJvIA38G48G6/GhzGetS4Z2cwB+APj6xvzb6LA</latexit>

dVc =
d
2
M

H(z)
d⌦ dz <latexit sha1_base64="d2CiDzTT1BkWG6QP34SWJ7UYFoc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU01Eqxeh4MVjBfsBTSib7aZdutksuxuhhPwNLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF0rOtHHdL6e0srq2vlHerGxt7+zuVfcPOjpJFaFtkvBE9UKsKWeCtg0znPakojgOOe2Gk9uZ332kSrNEPJippEGMR4JFjGBjJf8m8xq+ZPlZdpkPqjW37s6B/hKvIDUo0BpUP/1hQtKYCkM41rrvudIEGVaGEU7zip9qKjGZ4BHtWypwTHWQzW/O0YlVhihKlC1h0Fz9OZHhWOtpHNrOGJuxXvZm4n9ePzXRdZAxIVNDBVksilKOTIJmAaAhU5QYPrUEE8XsrYiMscLE2JgqNgRv+eW/pHNe9xr1xv1Frdks4ijDERzDKXhwBU24gxa0gYCEJ3iBVyd1np03533RWnKKmUP4BefjGzPqkSg=</latexit>

= 16⇡/5

<latexit sha1_base64="sVDyGYqSfrNOh8Bb5g7isosOE0Q="></latexit>

⇢
(tot)
GW

⇢c
=

Z
d⇠

Z
d⌧c

Z
dz

d
2
M

H(z)

d3N(z, ⌧c, ⇠, ✓)

d⇠dVcd⌧c

1

16⇡G⇢c(1 + z)4

32

a
2
Sr

2
(⇡GMcfS)

10/3

Z
d⌦

h⇣1 + cos2 ✓

2

⌘2
+ cos2 ✓

i

Extra factor
<latexit sha1_base64="zXD90zfMRcYJ1sBd0RWqT80EvNg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUhLJbpHosePFYwX5Iu5Zsmm1Dk+ySZIW69Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6b7knT+dPaSVSa9QdMvuDGiZeBkpQoZ6r/DV7UckEVQawrHWHc+NjZ9iZRjhdJLvJprGmIzwgHYslVhQ7aezgyfo1Cp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUd6G4C2+vEyalbJXLVdvL4q1WhZHDo7hBErgwSXU4Abq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx91EY+M</latexit>

(1 + z)2



SGWB from a population of inspiralling binaries 
<latexit sha1_base64="nEbxA3lB8E/0AE8e4MElQNCyYx4="></latexit>

dfS
d⌧c

=
96⇡8/3

5
(GMc)

5/3f11/3
S

<latexit sha1_base64="aFlihCLJxJZ+6GvvxABs4f/a2s4="></latexit>

⇢(tot)GW

⇢c
=

Z 1

0

df

f
⌦GW(f)

<latexit sha1_base64="2GqS6m4FfZNmkJzuHdqkN7i4EWE="></latexit>

⌦GW(f) = ⌦GW(fref)

✓
f

fref

◆2/3

SGWB amplitude determined by 
the population characteristics 

and the cosmology

<latexit sha1_base64="KBPIyBQ3dpcIp9kVjUdNb2Cs4zE="></latexit>

⇢
(tot)
GW

⇢c
=

⇡
2/3

3G⇢c

Z
df

f
f
2/3

Z
d⇠

Z
dz

H(z)(1 + z)4/3
(GMc)

10/3 d
3
N(z, ⌧c, ⇠, ✓)

d⇠dVcd⌧c

Express the integral over time to 
coalescence in terms of frequency and 
change to frequency at the observer
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fS = f(1 + z)



Examples of SGWB sources in the early universe



GWs can bring direct information from very early stages of the universe 
evolution, to which we have no direct access through em radiation —> 

amazing discovery potential

BBN

Tested cosmology



No guaranteed GW signal: predictions rely on untested 
phenomena, and are often difficult to estimate (non-linear 

dynamics, strongly coupled theories… )

New physics

~1 TeV
BBN

Tested physics



New physics

~1 TeV
BBN

Tested physics

Many GW generation processes are related to PHASE TRANSITIONS



New physics

~1 TeV
BBN

Tested physics

Phase transition: some field in the universe changes from one state to 
another, which has become more energetically favourable due to a change 

in external conditions (e.g. a change in temperature)



Inflation: phase transition of the Inflaton field

New physics



GUT phase transition or similar: related to the breaking of the 
symmetries of the high-energy theory describing the universe  

New physics
GUT 

?



Peccei-Quinn phase transition: invoked to solve the 
strong CP problem

~107-1011 TeV

New physics



Electroweak phase transition: phase transition of the Higgs field, 
driven by the temperature decrease as the universe expands 

~100 GeV

Tested physics



QCD phase transition: phase transition related to the strong 
interaction, confinement of quarks into hadrons

~0.1 GeV

Tested physics

BUT! Difficult to analyse, since 
strongly coupled theory



Examples of GW sources in the early universe : 

• beyond the irreducible SGWB from inflation 
• particle production during inflation (scalar, gauge fields… coupled to the inflaton) 
• spectator fields 
• breaking symmetries (space-dependent inflaton, massive graviton) 
• modified gravity during inflation (massive GWs with c ≠ 1) 
• primordial black holes 
• …

• irreducible SGWB from inflation 

• preheating and non-perturbative phenomena
• parametric amplification of bosons/fermions 
• symmetry breaking in hybrid inflation 
• decay of flat directions 
• oscillons 
• …

• also sourced by second order scalar perturbations

• cosmic topological defects

• irreducible SGWB from topological defect networks 
• decay of cosmic string loops 
• …

• first order phase transition • true vacuum bubble collision 
• sound waves 
• (M)HD turbulence 
• …

CC and Figueroa arXiv:1801.04268



Possible sources of tensor anisotropic stress in the early universe: 

• Scalar field gradients 

• Bulk fluid motion 

• Gauge fields  

• Second order scalar perturbations, Πij from a combination of  

• … 
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@i , @i�
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⇧ij ⇠ [@i�@j�]
TT

SGWB from a stochastic source in the radiation era

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

The components of the anisotropic stress must be treated as   
random variables 

because we cannot access the detailed properties of the generation 
processes at the moment they operated



Fast source operating in a time interval ηfin - ηin in the radiation dominated era

<latexit sha1_base64="Konc3ZensRoC4h6hGWT3Rt/FAAk="></latexit>

H
rad
r (k, ⌘ > ⌘fin) = A

rad
r (k) cos(k⌘) +B

rad
r (k) sin(k⌘)
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Arad
r (k) =

16⇡G

k

Z ⌘fin

⌘in

d⌧ a(⌧)3 sin(�k⌧)⇧r(k, ⌧),

Brad
r (k) =

16⇡G

k

Z xfin

xin

d⌧ a(⌧)3 cos(k⌧)⇧r(k, ⌧)

We now proceed with two approximate analytical solutions of the GW 
propagation equation: 
• Fast source operating for less than one Hubble time -> peaked SGWB power 

spectrum 
• Continuous source operating for several Hubble times -> flat SGWB power 

spectrum

SGWB from a stochastic source in the radiation era

 unequal time correlator of the anisotropic stress

—————————————————

<latexit sha1_base64="ST2yapZNevINSNC/PP8fXXPd6UU="></latexit>

h⇧r(k, ⌧)⇧
⇤
p(q, ⇣)i =

(2⇡)3

4
�(3)(k� q) �rp ⇧(k, ⌧, ⇣)

Anisotropic stress 
power spectral 

density at unequal 
time 

Typical example: first order phase transition



GW amplitude power spectrum today for modes kη0 ≫ 1
<latexit sha1_base64="O8q2KyjXSHCC6ph4AHkH8uFwTgQ="></latexit>
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1

a20
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]
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d⇢GW

dlogk
=

k2 h2
c(k, ⌘0)

16⇡Ga20

(freely propagating sub-
Hubble modes)

GW energy density power spectrum today for modes kη0 ≫ 1

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="/gwo4B0YSvKxfzM36u10496cA3A="></latexit>

= 8⇡5 �(3)(k� q) �rp
h2
c(k, ⌘0)

k3
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dlogk
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G

a40
k3
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⌘in

d⌧ a3(⌧)

Z ⌘fin

⌘in

d⇣ a3(⇣) cos[k(⌘ � ⇣)]⇧(k, ⌧, ⇣)



GW amplitude power spectrum today for modes kη0 ≫ 1
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⇧(k, ⌧, ⌘) constant over
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(freely propagating sub-
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SUPPOSE:

SGWB from a FAST stochastic source in the radiation era
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GW energy density power spectrum today for modes kη0 ≫ 1
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GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

From the time integrals

SGWB from a FAST stochastic source in the radiation era

{
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GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

{
<latexit sha1_base64="bui9MEbyqZg4851u0QHMAy7LQgo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAk4mtZdOPOCvYBbSyT6aQdOnkwMxFqCP6KGxeKuPU/3Pk3TtostHpg4HDOvdwzx404k8qyvozC3PzC4lJxubSyura+YW5uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV1mfuueCsnC4FaNI+r4eBAwjxGstNQzd7o+VkOCeXKdVmzrLjk8TQ96ZtmqWhOgv8TOSRly1HvmZ7cfktingSIcS9mxrUg5CRaKEU7TUjeWNMJkhAe0o2mAfSqdZJI+Rfta6SMvFPoFCk3UnxsJ9qUc+66ezLLKWS8T//M6sfLOnYQFUaxoQKaHvJgjFaKsCtRnghLFx5pgIpjOisgQC0yULqykS7Bnv/yXNI+q9knVujku1y7yOoqwC3tQARvOoAZXUIcGEHiAJ3iBV+PReDbejPfpaMHId7bhF4yPbygKlF8=</latexit>

O(10�6)

{

<latexit sha1_base64="3QBk2HbigVQjpFUfSH/Sg9Qz4Hk=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEurBkRNFl0Y07K9gHtLFMppN26GQSZiZCCQF/xY0LRdz6He78GydtF1o9MHA4517umePHnCntul9WYWFxaXmluFpaW9/Y3LK3d5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud96oFKxSNzpcUy9EA8ECxjB2kg9e68bYj0kmKc3WQW59+kxQtlRzy67VXcC5y9BM1KGGeo9+7Pbj0gSUqEJx0p1kBtrL8VSM8JpVuomisaYjPCAdgwVOKTKSyfxM+fQKH0niKR5QjsT9edGikOlxqFvJvOwat7Lxf+8TqKDCy9lIk40FWR6KEi4oyMn78LpM0mJ5mNDMJHMZHXIEEtMtGmsZEpA81/+S5onVXRWdW9Py7XLWR1F2IcDqACCc6jBNdShAQRSeIIXeLUerWfrzXqfjhas2c4u/IL18Q2WeJSV</latexit>

O(10�11)

Value for detection 
at LISA

{

Factor depending 
slightly on the 

generation epoch 
through the 
number of 

relativistic d.o.f.

<latexit sha1_base64="/G8cQoPXBdv4TS1iCWLtFYAcO2o=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAkYtFl0Y07K9gHtLFMppN26OTBzESoIfgrblwo4tb/cOffOGmz0OqBgcM593LPHDfiTCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yZ+e17KiQLg1s1iajj42HAPEaw0lLf3Ov5WI0I5sl1WrGtu+S4lh71zbJVtaZAf4mdkzLkaPTNz94gJLFPA0U4lrJrW5FyEiwUI5ympV4saYTJGA9pV9MA+1Q6yTR9ig61MkBeKPQLFJqqPzcS7Es58V09mWWV814m/ud1Y+WdOwkLoljRgMwOeTFHKkRZFWjABCWKTzTBRDCdFZERFpgoXVhJl2DPf/kvaZ1U7VrVujkt1y/yOoqwDwdQARvOoA5X0IAmEHiAJ3iBV+PReDbejPfZaMHId3bhF4yPbyaElF4=</latexit>

O(10�5)

Only slow, very 
anisotropic processes 

have the chance to 
generate detectable 

SGWB signals  
for sub-Hubble sources

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="AI6XVIEiWy7B9MNJrGfgseIa5Zs=">AAAB/XicbVDJSgNBFHwTtxi3cbl5aQxCPBhmxPUW9OLNCGaBZAw9nU7SpGehu0eIw+CvePGgiFf/w5t/Y08yB00saCiq3uNVlxtyJpVlfRu5ufmFxaX8cmFldW19w9zcqssgEoTWSMAD0XSxpJz5tKaY4rQZCoo9l9OGO7xK/cYDFZIF/p0ahdTxcN9nPUaw0lLH3Gl7WA0I5vFNUrKt+/jwIjnomEWrbI2BZomdkSJkqHbMr3Y3IJFHfUU4lrJlW6FyYiwUI5wmhXYkaYjJEPdpS1Mfe1Q68Th9gva10kW9QOjnKzRWf2/E2JNy5Ll6Ms0qp71U/M9rRap37sTMDyNFfTI51Is4UgFKq0BdJihRfKQJJoLprIgMsMBE6cIKugR7+suzpH5Utk/LJ7fHxcplVkcedmEPSmDDGVTgGqpQAwKP8Ayv8GY8GS/Gu/ExGc0Z2c42/IHx+QMuipRo</latexit>

O(10�9)
<latexit sha1_base64="RoeI1uC5mx5Gw1++zyaUgO0ePcY=">AAAB/XicbVDJSgNBFHwTtxi3cbl5aQxCPBhm3I9BL96MYBZIxtDT6SRNeha6e4Q4DP6KFw+KePU/vPk39iRz0MSChqLqPV51uSFnUlnWt5Gbm19YXMovF1ZW19Y3zM2tugwiQWiNBDwQTRdLyplPa4opTpuhoNhzOW24w6vUbzxQIVng36lRSB0P933WYwQrLXXMnbaH1YBgHt8kJdu6jw+Pk4OOWbTK1hholtgZKUKGasf8ancDEnnUV4RjKVu2FSonxkIxwmlSaEeShpgMcZ+2NPWxR6UTj9MnaF8rXdQLhH6+QmP190aMPSlHnqsn06xy2kvF/7xWpHoXTsz8MFLUJ5NDvYgjFaC0CtRlghLFR5pgIpjOisgAC0yULqygS7CnvzxL6kdl+6x8entSrFxmdeRhF/agBDacQwWuoQo1IPAIz/AKb8aT8WK8Gx+T0ZyR7WzDHxifPyVmlGI=</latexit>

O(10�3)

Value detected 
at PTA

<latexit sha1_base64="bui9MEbyqZg4851u0QHMAy7LQgo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAk4mtZdOPOCvYBbSyT6aQdOnkwMxFqCP6KGxeKuPU/3Pk3TtostHpg4HDOvdwzx404k8qyvozC3PzC4lJxubSyura+YW5uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV1mfuueCsnC4FaNI+r4eBAwjxGstNQzd7o+VkOCeXKdVmzrLjk8TQ96ZtmqWhOgv8TOSRly1HvmZ7cfktingSIcS9mxrUg5CRaKEU7TUjeWNMJkhAe0o2mAfSqdZJI+Rfta6SMvFPoFCk3UnxsJ9qUc+66ezLLKWS8T//M6sfLOnYQFUaxoQKaHvJgjFaKsCtRnghLFx5pgIpjOisgQC0yULqykS7Bnv/yXNI+q9knVujku1y7yOoqwC3tQARvOoAZXUIcGEHiAJ3iBV+PReDbejPfpaMHId7bhF4yPbygKlF8=</latexit>

O(10�6)

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>

h2⌦GW(k, ⌘0) =
3
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GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

Fast source: 
independent on k for 
large enough scales 

(uncorrelated)

<latexit sha1_base64="INJDhmIK3B6GS6CKZSmM06AbAsg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGkYElE0WXBTZcV7AOaGCbTm3bo5OHMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apoNCmMY9FzycSOIugrZji0EsEkNDn0PXHN1O/+whCsji6U1kCbkiGEQsYJUpLnllxgHOv5nB4wE2vdp+f2RPPrFp1awa8TOyCVFGBlmd+OYOYpiFEinIiZd+2EuXmRChGOUzKTiohIXRMhtDXNCIhSDefHT/BJ1oZ4CAWuiKFZ+rviZyEUmahrztDokZy0ZuK/3n9VAXXbs6iJFUQ0fmiIOVYxXiaBB4wAVTxTBNCBdO3YjoiglCl8yrrEOzFl5dJ57xuX9at24tqo1HEUUJH6BidIhtdoQZqohZqI4oy9Ixe0ZvxZLwY78bHvHXFKGYq6A+Mzx8wP5PQ</latexit>

`⇤  H
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⇤
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characteristic size of 
the shear stresses

slope 
depending on 

the source 
details

<latexit sha1_base64="GvJtNNuaK3Wv8cZg/VYH3Htke/s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI4qEkouix6MVjBfsBTQib7aRdupvE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpZXVtfaO8Wdna3tmt2nv7bZVkkkKLJjyR3ZAo4CyGlmaaQzeVQETIoROObqZ+5xGkYkl8r8cp+IIMYhYxSrSRArs68oDz4NRTTMADdgO75tSdGfAycQtSQwWagf3l9ROaCYg15USpnuuk2s+J1IxymFS8TEFK6IgMoGdoTAQoP58dPsHHRunjKJGmYo1n6u+JnAilxiI0nYLooVr0puJ/Xi/T0ZWfszjNNMR0vijKONYJnqaA+0wC1XxsCKGSmVsxHRJJqDZZVUwI7uLLy6R9Vncv6s7dea1xXcRRRofoCJ0gF12iBrpFTdRCFGXoGb2iN+vJerHerY95a8kqZg7QH1ifP/H1kp4=</latexit>

k`⇤ ' 1

White noise

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>

h2⌦GW(k, ⌘0) =
3
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GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

<latexit sha1_base64="gWfEZhS6l8hrdbh4yuWzJd3sUTw=">AAACGnicbVDLSgNBEJz1bXytevQyGATNIe6KokfRS44RzAOyYemddOKQ2Qczs0JY8h1e/BUvHhTxJl78G2eTPWi0YIaiqpvuriARXGnH+bLm5hcWl5ZXVktr6xubW/b2TlPFqWTYYLGIZTsAhYJH2NBcC2wnEiEMBLaC4XXut+5RKh5Ht3qUYDeEQcT7nIE2km+77rGHGnzHE4IOaf57Ieg7BiKrjf3KRHGPD8GveCiEXzny7bJTdSagf4lbkDIpUPftD68XszTESDMBSnVcJ9HdDKTmTOC45KUKE2BDGGDH0AhCVN1sctqYHhilR/uxNC/SdKL+7MggVGoUBqYyX1vNern4n9dJdf+im/EoSTVGbDqonwqqY5rnRHtcItNiZAgwyc2ulN2BBKZNmiUTgjt78l/SPKm6Z1Xn5rR8eVXEsUL2yD45JC45J5ekRuqkQRh5IE/khbxaj9az9Wa9T0vnrKJnl/yC9fkNRQSegQ==</latexit>

1/⌘0 ⌧ k ⌧ H⇤ ⌧ 1/(a⇤`⇤){ {
Causality of the 
sourcing process

Range of validity 
of the solution

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="mrhNpIRBT8RC3srNt8Nn3tCQDAk=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRBILMKu7zJooZ0RzAOycZmd3CRDZnaXmVkhLPkCG3/FxkIRW2s7/8bJo9DEAwOHc+7lzjl+xJnStv1tpRYWl5ZX0quZtfWNza3s9k5NhbGkUKUhD2XDJwo4C6CqmebQiCQQ4XOo+/3LkV9/AKlYGNzpQQQtQboB6zBKtJG8bN69EdAlXuJKga/qw0K/6EYyjHSIC30XOPcOivdHXjZnl+wx8DxxpiSHpqh42S+3HdJYQKApJ0o1HTvSrYRIzSiHYcaNFUSE9kkXmoYGRIBqJeM4Q5w3Sht3QmleoPFY/b2REKHUQPhmUhDdU7PeSPzPa8a6c95KWBDFGgI6OdSJOTZhR93gNpNANR8YQqhk5q+Y9ogkVJsGM6YEZzbyPKkdlpzT0sntca58Ma0jjfbQPiogB52hMrpGFVRFFD2iZ/SK3qwn68V6tz4moylrurOL/sD6/AFZeZsH</latexit>

⌦GW(k) / (k`⇤)
3

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>

h2⌦GW(k, ⌘0) =
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• Characteristic time of the source evolution

• Characteristic time of the GW production 
from the Green’s function:

• GW production goes faster than source evolution for all 
relevant wave-numbers including the spectrum peak  

• One assumes that the source is constant in time for a finite 
time interval (which can be larger than the Hubble time)

• One can then easily integrate to find the GW spectrum

<latexit sha1_base64="UAor2GB8firnFvKubAmXFppail8=">AAACEHicbVBNS8NAEN34WetX1KOXxSKKh5JIUS9C0YvHClaFpoTNdqKLu0nYnRRKyE/w4l/x4kERrx69+W/cfhz8ejDweG+GmXlRJoVBz/t0pqZnZufmKwvVxaXllVV3bf3SpLnm0OapTPV1xAxIkUAbBUq4zjQwFUm4iu5Oh/5VH7QRaXKBgwy6it0kIhacoZVCdyfogURGMSx4eRzEmvEiACnDvbLoh0WgFdXKlGXo1ry6NwL9S/wJqZEJWqH7EfRSnitIkEtmTMf3MuwWTKPgEspqkBvIGL9jN9CxNGEKTLcYPVTSbav0aJxqWwnSkfp9omDKmIGKbKdieGt+e0PxP6+TY3zULUSS5QgJHy+Kc0kxpcN0aE9o4CgHljCuhb2V8ltmQ0GbYdWG4P9++S+53K/7B/XGeaPWPJnEUSGbZIvsEp8ckiY5Iy3SJpzck0fyTF6cB+fJeXXexq1TzmRmg/yA8/4FvAedrw==</latexit>

�tc =
`⇤
vrms

<latexit sha1_base64="CKtD4Lutbj9V6imrdoYDrKNgc1g=">AAACC3icbVBNS8NAEN3Ur1q/qh69LC2Cp5KIqMeiF48V7Ac0JWw2m3bpbhJ2J0oJuXvxr3jxoIhX/4A3/43bNgdtfTDweG+GmXl+IrgG2/62Siura+sb5c3K1vbO7l51/6Cj41RR1qaxiFXPJ5oJHrE2cBCslyhGpC9Y1x9fT/3uPVOax9EdTBI2kGQY8ZBTAkbyqjU3YAIIBi9zlcTDhxy7mkvshorQzMmzce5V63bDngEvE6cgdVSg5VW/3CCmqWQRUEG07jt2AoOMKOBUsLzippolhI7JkPUNjYhkepDNfsnxsVECHMbKVAR4pv6eyIjUeiJ90ykJjPSiNxX/8/ophJeDjEdJCiyi80VhKjDEeBoMDrhiFMTEEEIVN7diOiImBTDxVUwIzuLLy6Rz2nDOG2e3Z/XmVRFHGR2hGjpBDrpATXSDWqiNKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AHmkJr7</latexit>

�tgw ⇠ 1

k

<latexit sha1_base64="AuLmG0NG+mIBuAo/WKkO2Co2xj4=">AAACBXicbVDLSsNAFJ34rPUVdamLwSKIi5JIUVdSdOOygn1AE8JkOmmHzkzCzKRQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57woRRpR3n21paXlldWy9tlDe3tnd27b39lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hbit0dEKhqLBz1OiM9RX9CIYqSNFNhHw2svkghnoyDzJIeSqzzPPMJYcJYHdsWpOlPAReIWpAIKNAL7y+vFOOVEaMyQUl3XSbSfIakpZiQve6kiCcJD1CddQwXiRPnZ9IscnhilB6NYmhIaTtXfExniSo15aDo50gM1703E/7xuqqMrP6MiSTUReLYoShnUMZxEAntUEqzZ2BCEJTW3QjxAJhRtgiubENz5lxdJ67zqXlRr97VK/aaIowQOwTE4BS64BHVwBxqgCTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDGxKY+Q==</latexit>

k >
vrms

`⇤

<latexit sha1_base64="u9Cmf9omdLB9DY8P50KPjOVZoJk=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxJBfuATimZNNOGJpkhuSOUoR/hxl9x40IRty7c+Tdm2iLaeiBwOOdccu8JYsENuO6Xk1taXlldy68XNja3tneKu3sNEyWasjqNRKRbATFMcMXqwEGwVqwZkYFgzWB4lfnNe6YNj9QdjGLWkaSveMgpASt1iyd+jwkgGLqpryUOuRr7hktfEhhQItKb8U+Adoslt+xOgBeJNyMlNEOtW/z0exFNJFNABTGm7bkxdFKigVPBxgU/MSwmdEj6rG2pIpKZTjo5aoyPrNLDYaTtU4An6u+JlEhjRjKwyWxZM+9l4n9eO4HwopNyFSfAFJ1+FCYCQ4SzhnCPa0ZBjCwhVHO7K6YDogkF22PBluDNn7xIGqdl76xcua2UqpezOvLoAB2iY+Shc1RF16iG6oiiB/SEXtCr8+g8O2/O+zSac2Yz++gPnI9vkCmfKA==</latexit>

�tfin ⇠ N �tc

A. Roper Pol et al, arXiv:2201.05630

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="GeHpzz4d98vOB2t1xahrLCJRHxs="></latexit>
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Transition from
<latexit sha1_base64="cv9hNzdLjEfV6NzlrQInAP3vLLI=">AAACB3icbVBNS8NAEN3Ur1q/qh4FWSyCeKiJFvVY9OKxgv2ApoTNdtIu3U3i7kYooTcv/hUvHhTx6l/w5r9x2+agrQ8GHu/NMDPPjzlT2ra/rdzC4tLySn61sLa+sblV3N5pqCiRFOo04pFs+UQBZyHUNdMcWrEEInwOTX9wPfabDyAVi8I7PYyhI0gvZAGjRBvJK+4PvNSVAsdABiNXMQH3uOLG7MQFzr1jr1iyy/YEeJ44GSmhDDWv+OV2I5oICDXlRKm2Y8e6kxKpGeUwKriJgpjQAelB29CQCFCddPLHCB8apYuDSJoKNZ6ovydSIpQaCt90CqL7atYbi/957UQHl52UhXGiIaTTRUHCsY7wOBTcZRKo5kNDCJXM3Ippn0hCtYmuYEJwZl+eJ43TsnNePrutlKpXWRx5tIcO0BFy0AWqohtUQ3VE0SN6Rq/ozXqyXqx362PamrOymV30B9bnD06lmPI=</latexit>

kpeak ' 4⇡/`⇤
<latexit sha1_base64="LnMAdAJP9/riDZYVJjpZvP7Lxs8=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpyoBBBwruHAsEn1IbVo5rtNasZ3IdkBVaP+ECwcQ4sqXcONvcNocoGWklUYzu9rd8WNGlXacb6uwsrq2vlHcLG1t7+zu2eX9pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlp+eJP5rQciFY3EvR7HxONoKGhAMdJG6tvlsHc2TbuSQx1NpmHPLfXtilN1ZoDLxM1JBeSo9+2v7iDCCSdCY4aU6rhOrL0USU0xI5NSN1EkRjhEQ9IxVCBOlJfOTp/AY6MMYBBJU0LDmfp7IkVcqTH3TSdHeqQWvUz8z+skOrjyUiriRBOB54uChJk3YZYDHFBJsGZjQxCW1NwK8QhJhLVJKwvBXXx5mTRPq+5F9ezuvFK7zuMogkNwBE6ACy5BDdyCOmgADB7BM3gFb9aT9WK9Wx/z1oKVzxyAP7A+fwCTVJOP</latexit>

k3 to k1 Can be smoother if 
<latexit sha1_base64="wr7q6jUIA2L7HBB25Z/7mJruQ3g=">AAACD3icbVBNS8NAEN34bf2KevSyWBRPNVFRj0UvHhWsCk0Im+1El+5u4u5EKKH+Ai/+FS8eFPHq1Zv/xrT2oK0PBh7vzTAzL86ksOh5X87Y+MTk1PTMbGVufmFxyV1eubBpbjg0eCpTcxUzC1JoaKBACVeZAaZiCZdx+7jnX96BsSLV59jJIFTsWotEcIalFLmbRWAUZdi9bwdWKLil/nbQAomMYtT3EqG7lcitejWvDzpK/AGpkgFOI/czaKU8V6CRS2Zt0/cyDAtmUHAJ3UqQW8gYb7NraJZUMwU2LPr/dOlGqbRokpqyNNK++nuiYMrajorLTsXwxg57PfE/r5ljchgWQmc5guY/i5JcUkxpLxzaEgY4yk5JGDeivJXyG2YYxzLCXgj+8Muj5GKn5u/Xds/2qvWjQRwzZI2sky3ikwNSJyfklDQIJw/kibyQV+fReXbenPef1jFnMLNK/sD5+AZK5Zwu</latexit>

at k ' 1/�tfin
<latexit sha1_base64="8lJhzJ0uCxhYLy+wPLMglRpinIU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjioiYq6kqKbrqsYB/QhDCZTtqhk0mYuRFK6Ae48VfcuFDErR/gzr9x0nahrQcGDuecy9x7gkRwDbb9bS0sLi2vrBbWiusbm1vbpZ3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1gcJv7rQemNI/lPQwT5kWkJ3nIKQEj+aWy22UCCAY/c1WEQy5H186JGxHoUyKy2sg/LpqUXbHHwPPEmZIymqLul77cbkzTiEmggmjdcewEvIwo4FSwUdFNNUsIHZAe6xgqScS0l42PGeFDo3RxGCvzJOCx+nsiI5HWwygwyXxLPevl4n9eJ4Xwysu4TFJgkk4+ClOBIcZ5M7jLFaMghoYQqrjZFdM+UYSC6S8vwZk9eZ40TyvOReXs7rxcvZnWUUD76AAdIQddoiqqoTpqIIoe0TN6RW/Wk/VivVsfk+iCNZ3ZQ39gff4AgIqaoQ==</latexit>
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A. Roper Pol et al, arXiv:2201.05630

𝖿3 at low frequency: 
uncorrelated source

𝖿1 at intermediate frequency: 
duration of the source

Peak at f ~ 1/𝓁∗ 

Slope at high 
frequency depends on 

the source details 

SGWB from a FAST stochastic source in the radiation era



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

• No matching at the end time of the source  
• No free sub-Hubble modes

<latexit sha1_base64="2AHb2VUtxoHaqA7ZKvYBGZ8O+fw="></latexit>
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D. Figueroa et al, arXiv:1212.5458



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

<latexit sha1_base64="DjEHVfVzs67XKtbjZyJfk5tokWw="></latexit>
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• Scaling (property of the topological defects network)  

• Decays very fast in off-diagonal  

• Decays as a power law on the diagonal 
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D. Figueroa et al, arXiv:1212.5458



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

Progressively 
independent on the 

upper bound

<latexit sha1_base64="SIlkyk2dpAxtu9cYj0u6lXf7xG4="></latexit>

d⇢GW

dlogk
(k, ⌘) ⇠ ⌦rad

⇢c
a4

✓
v

MPl

◆4 Z x

xin

dx1

Z x

xin

dx2
p
x1x2 G(x, x1, x2)U(x1, x2)

<latexit sha1_base64="pCYQwV18d2BIzWp1mKMWGym/MVM="></latexit>

h2⌦GW(f) ⇠ h2⌦rad

✓
v

MPl

◆4

F [U ]
RD(1)

TODAY FLAT SPECTRUM AT 
SUB-HORIZON MODES IN THE 

RADIATION ERA

D. Figueroa et al, arXiv:1212.5458



SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

CC and Figueroa arXiv:1801.04268


