
Chiara Caprini  
University of Geneva and CERN

Astrophysical and 
cosmological aspects of  

gravitational waves



How can GW help to probe the universe?

because of the weakness of the gravitational interaction the universe 
is “transparent” to GWs
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GW can bring direct information from the early universe: 
phenomena occurring in the early universe can produce stochastic 

GW backgrounds (SGWB) a fossil radiation like the CMB 

tests of high energy phenomena 

early 
universe

How can GW help to probe the universe?



Binaries of compact objects (black holes, neutron stars…) orbiting around 
each other and possibly merging emit GWs  

Provide information on binary formation and evolution, cosmological 
structure formation, black hole growth and environment, tests of General 

Relativity in strong and weak regime, tests of the cosmic expansion… 

late 
universe

How can GW help to probe the universe?



Summary of the course

• FIRST PART: GW definition, GW energy momentum tensor, 
GW in FLRW space-time, GW equation of motion, relevant 
solutions 

• SECOND PART: Stochastic GW background from the early 
universe (with a digression on PTA measurement), and a few 
examples of SGWB sources  

• THIRD PART: GW emission from binaires and their 
cosmological applications: standard sirens

C.C. and D.G. Figueroa, “Cosmological backgrounds of GWs”, arXiv:1801.04268



What are gravitational waves?

• GWs emerge naturally in General Relativity:  

Newtonian theory + special relativity = a causal theory of gravitation 

There must be some form of radiation propagating information causally: 
GWs! 

• “waves” in physics are propagating perturbations over a background. In 
General Relativity:  

1. take a background space-time metric (the gravitational field)  
2. define a small perturbation over this background metric 
3. insert it into the equations that describe the space-time dynamics 

(Einstein equations) 
4. (if everything goes well) one finds a dynamical solution for the 

perturbation which is propagating as a wave -> GWs!

Which background metric to choose? 
Simplest choice: flat space-time



GWs in linearised theory over Minkowski

Affine connection

Riemann 
tensor

Einstein 
tensor

Linearise in hµν , raise and lower indices with ηµν
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trace-reversed 
metric perturbation 

(OK - still small)
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“Gravitational Waves”, M. Maggiore, Oxford University Press 2008
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gµ⌫(x) = ⌘µ⌫ + hµ⌫(x) , |hµ⌫(x)| ⌧ 1



Affine connection

Riemann 
tensor

Einstein 
tensor

Linearise in hµν , raise and lower indices with ηµν
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we would like to set 
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GWs in linearised theory over Minkowski
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GR is invariant under general coordinate transformation 

the linearised theory is invariant under  
infinitesimal (slowly varying) coordinate transformation
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By a suitable coordinate transformation, it is 
always possible to go to the LORENTZ GAUGE 

GWs in linearised theory over Minkowski
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IN LORENTZ GAUGE EINSTEIN EQUATIONS TAKE 
THE FORM OF A WAVE EQUATION
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Tµν source energy 
momentum tensor

GWs in linearised theory over Minkowski

From the Lorentz gauge condition one gets

The energy-momentum tensor of the source is conserved

the source does not loose energy and momentum by the GW emission 

in linearised theory, the background space-time is flat, i.e. the source is 
described by Newtonian gravity 

linearised theory does not describe how GW emission influences the source, 
but the behaviour of test masses is described in the full metric
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<latexit sha1_base64="0FjR+aIj73E8Xy6Rb+dSosfzHd0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgutCTiayOUutBlhb6gCWEynbRDJ5MwMxFLyG+48VfcuFDEpa78G6dtEG09cOFwzr3ce48fMyqVZX0Zc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4GvmtOyIkjXhdDWPihqjHaUAxUlryTMupRvcwdXwkYD/zUidMHJ5k8BIepfYZdGIKrzPnsP7jeGbJKltjwFli56QEctQ888PpRjgJCVeYISk7thUrN0VCUcxIVnQSSWKEB6hHOppyFBLppuPPMrivlS4MIqGLKzhWf0+kKJRyGPq6M0SqL6e9kfif10lUcOGmlMeJIhxPFgUJgyqCo5hglwqCFRtqgrCg+laI+0ggrHSYRR2CPf3yLGkel+3TsnV7UqpU8zgKYBfsgQNgg3NQATegBhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxif38zBn44=</latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫

IN LORENTZ GAUGE EINSTEIN EQUATIONS TAKE 
THE FORM OF A WAVE EQUATION

<latexit sha1_base64="dTN9rMU04El6CTfwyqkRSmyZ9ns=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQwBq7ArijZC0MYygrlAdllmJ5NkyMzsMhchLPsENr6KjYUittZ2vo2TZIuY+MPAz3fO4cz545RRpT3vx1lZXVvf2Cxtlbd3dvf23YPDlkqMxKSJE5bITowUYVSQpqaakU4qCeIxI+14dDuptx+JVDQRD3qckpCjgaB9ipG2KHKrWRAjCYd5lAXcBMLk8BrOMWEsziO34tW8qeCy8QtTAY Uakfsd9BJsOBEaM6RU1/dSHWZIaooZycuBUSRFeIQGpGutQJyoMJuek8OqJT3YT6R9QsMpnZ/IEFdqzGPbyZEeqsXaBP5X6xrdvwozKlKjicCzRX3DoE7gJBvYo5JgzcbWICyp/SvEQyQR1jbBsg3BXzx52bTOav5Fzbs/r9RvijhK4BicgFPgg0tQB3egAZoAgyfwAt7Au/PsvDofzuesdcUpZo7AHzlfv4O5nGg=</latexit>

h̄µ⌫ = h̄⌫µ

<latexit sha1_base64="8Pm+f/uYlNohSzCMlP4LU6Zqz1A=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQCBakChbGItGH1ITIcZ3WquNEtoOoonwCC7/CwgBCrIxs/A1OmwFajmTp3HPu1fU9fsyoVJb1bZQWFpeWV8qrlbX1jc0tc3unLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dJX7nXsiJI34rRrHxA3RgNOAYqS05JmHToyEoojdpU6YZKnjIwGHmZdXDk+y2sMRvIBWxTOrVt2aAM4TuyBVUKDpmV9OP8JJSLjCDEnZs61YuWm+DDOSVZxEkhjhERqQnqYchUS66eSgDB5opQ+DSOjHFZyovydSFEo5Dn3dGSI1lLNeLv7n9RIVnLsp5XGiCMfTRUHCoIpgng7sU0GwYmNNEBZU/xXiIRIIK51hHoI9e/I8aR/X7dO6dXNSbVwWcZTBHtgHNWCDM9AA16AJWgCDR/AMXsGb8WS8GO/Gx7S1ZBQzu+APjM8f8/+cdw==</latexit>

@µh̄µ⌫(x) = 0 6 radiative components

ARE THESE ALL PHYSICAL?

satisfying to remain in the Lorentz gauge

<latexit sha1_base64="kq3idOt2ACIe4iw2Y7s6MAnN0us=">AAACK3icbVBLSwMxGMz6rPVV9eglWARBKLui6LHUi8cK9gHdsmTT7DY0myx5qGXp//HiX/GgBx949X+Ytoto60BgMjMfyTdhyqjSrvvuLCwuLa+sFtaK6xubW9ulnd2mEkZi0sCCCdkOkSKMctLQVDPSTiVBSchIKxxcjv3WLZGKCn6jhynpJijmNKIYaSsFpVrmh0jC/ijI/MT43IygzwSPJY37Gkkp7uB84hj69/TnGpTKbsWdAM4TLydlkKMelJ79nsAmIVxjhpTqeG6quxmSmmJGRkXfKJIiPEAx6VjKUUJUN5vsOoKHVunBSEh7uIYT9fdEhhKlhklokwnSfTXrjcX/vI7R0UU3ozw1mnA8fSgyDGoBx8XBHpUEaza0BGFJ7V8h7iOJsLb1Fm0J3uzK86R5UvHOKu71ablay+sogH1wAI6AB85BFVyBOmgADB7AE3gFb86j8+J8OJ/T6IKTz+yBP3C+vgGbr6ke</latexit>

h̄µ⌫ �! h̄µ⌫ + ⇠µ⌫
<latexit sha1_base64="hr3BJFrXUGpYqs+kBbGzhISn/ko="></latexit>

⇠⌫µ ⌘ ⌘⌫µ@
↵⇠↵ � @µ⇠⌫ � @⌫⇠µwith 

IF IN VACUUM:

<latexit sha1_base64="RjqWR0LE/XyYbAI9WNY0hFFtYJw=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARRaHMiKLLohuXFewFOtOSSdNpaCYZkoy2DH0HN76KGxeKuHXjzrcxbWehrT8EPv5zDifnD2JGlXacbyu3sLi0vJJfLaytb2xu2ds7NSUSiUkVCyZkI0CKMMpJVVPNSCOWBEUBI/Wgfz2u1++JVFTwOz2MiR+hkNMuxUgbq20fDw5bqRclI+gxwUNJw55GUooHOMj8E+gNaMtg2y46JWciOA9uBkWQqdK2v7yOwElEuMYMKdV0nVj7KZKaYkZGBS9RJEa4j0LSNMhRRJSfTm4awQPjdGBXSPO4hhP390SKIqWGUWA6I6R7arY2Nv+rNRPdvfRTyuNEE46ni7oJg1rAcUCwQyXBmg0NICyp+SvEPSQR1ibGggnBnT15HmqnJfe85NyeFctXWRx5sAf2wRFwwQUogxtQAVWAwSN4Bq/gzXqyXqx362PamrOymV3wR9bnD0/Enms=</latexit>

x0µ �! xµ + ⇠µ
<latexit sha1_base64="tV3PHVWyZdMj+1AHJ9oVmDlXWjk=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohchxIvHCOYB2TXMTmaTITOzy8ysJiz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFSacaeO6305uZXVtfSO/Wdja3tndK+4fNHScKkLrJOaxaoVYU84krRtmOG0limIRctoMBzcTv/lIlWaxvDejhAYC9ySLGMHGSg9+NR4if8g6vkiv3U6x5JbdKdAy8eakBHPUOsUvvxuTVFBpCMdatz03MUGGlWGE03HBTzVNMBngHm1bKrGgOsimV4/RiVW6KIqVLWnQVP09kWGh9UiEtlNg09eL3kT8z2unJroKMiaT1FBJZouilCMTo0kEqMsUJYaPLMFEMXsrIn2sMDE2qIINwVt8eZk0zsreRdm9Oy9VqvM48nAEx3AKHlxCBW6hBnUgoOAZXuHNeXJenHfnY9aac+Yzh/AHzucPqMKR9g==</latexit>⇤⇠µ = 0

Tµν source energy 
momentum tensor

GWs in linearised theory over Minkowski

<latexit sha1_base64="3T4jx3XuAoOiCxnr6NZ+fCO7EJ8=">AAACKHicbVDLSgMxFM3UV62vqks3wSKtCGVGFN2IpW5cVrAP6Awlk6ZtaJIZk4y0DP0cN/6KGxFFuvVLzLRFtPXAhZNz7iX3Hj9kVGnbHluppeWV1bX0emZjc2t7J7u7V1NBJDGp4oAFsuEjRRgVpKqpZqQRSoK4z0jd798kfv2RSEUDca+HIfE46graoRhpI7Wy1245GORdH0nYa8Uuj1wRjfKuopw8JFZhzjpxB/TncXxlt7I5u2hPABeJMyM5MEOllX1z2wGOOBEaM6RU07FD7cVIaooZGWXcSJEQ4T7qkqahAnGivHhy6AgeGaUNO4E0JTScqL8nYsSVGnLfdHKke2reS8T/vGakO5deTEUYaSLw9KNOxKAOYJIabFNJsGZDQxCW1OwKcQ9JhLXJNmNCcOZPXiS106JzXrTvznKl8iyONDgAh6AAHHABSuAWVEAVYPAEXsA7+LCerVfr0xpPW1PWbGYf/IH19Q1kWabM</latexit>

⇤0h̄0
µ⌫ ' ⇤(h̄µ⌫ + ⇠µ⌫) = 0

(16-6) (-4)

<latexit sha1_base64="ZlaQ9t+RZZf3CbCXPwhOgK5Fdtc=">AAAB83icdVBdSwJBFJ21L7Mvq8dehiToaZnVNHsIpF56NFATXJHZcVYHZ2eX+Qhk8W/00kMRvfZneuvfNKsGFXXgwuGce7n3niDhTGmEPpzcyura+kZ+s7C1vbO7V9w/6KjYSELbJOax7AZYUc4EbWumOe0mkuIo4PQumFxn/t09lYrFoqWnCe1HeCRYyAjWVvJbg9SPjC/M7BINiiXkolq1clGFyK0ir17OSLnqIVSBnovmKIElmoPiuz+MiYmo0IRjpXoeSnQ/xVIzwums4BtFE0wmeER7lgocUdVP5zfP4IlVhjCMpS2h4Vz9PpHiSKlpFNjOCOux+u1l4l9ez+iw3k+ZSIymgiwWhYZDHcMsADhkkhLNp5ZgIpm9FZIxlphoG1PBhvD1KfyfdMquV3Nrt2elxtUyjjw4AsfgFHjgHDTADWiCNiAgAQ/gCTw7xnl0XpzXRWvOWc4cgh9w3j4BLjaRzg==</latexit>

Tµ⌫ = 0



TRANSVERSE TRACELESS GAUGE

Restricting to vacuum space-time, the residual coordinate 
freedom can be used to fix 4 constraints 

<latexit sha1_base64="suh+0psEOT9d2v/wZPAjNhMRF5M=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFWCQLAgVbAwFok+pCZEjuu0Vm0nsh2kKgoDv8LCAEKsfAYbf4PTZoCWI13do3PulX1PmDCqtON8WwuLS8srq5W16vrG5ta2vbPbVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXRd+54FIRWNxp8cJ8TkaCBpRjLSRAns/80Ik4fA+83ia50H2WPRLJ7BrTt2ZAM4TtyQ1UKIZ2F9eP8YpJ0JjhpTquU6i/QxJTTEjedVLFUkQHqEB6RkqECfKzyYH5PDIKH0YxdKU0HCi/t7IEFdqzEMzyZEeqlmvEP/zeqmOLvyMiiTVRODpQ1HKoI5hkQbsU0mwZmNDEJbU/BXiIZIIa5NZ1YTgzp48T9ondfes7tye1hpXZRwVcAAOwTFwwTlogBvQBC2AQQ6ewSt4s56sF+vd+piOLljlzh74A+vzBxoulro=</latexit>

h̄µ
µ = 0

<latexit sha1_base64="bJFv2BTXpFOIHThYy6T2ctLL6X0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBfsB7VKyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgntYe9DPPJNe6VK7iKZ0DLxM9JBXLUe+Wvbl/RNGbSUkGM6fg4sUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TtBJ07po0hpV9Kimfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgWyCk2fR32uGbVi7AihmrtbER0STah1EZVcCP7iy8ukeVb1L6r4/rxSu8njKMIRHMMp+HAJNbiDOjSAgoBneIU379F78d69j3lrwctnDuEPvM8fcZuPkw==</latexit>

h0i = 0
<latexit sha1_base64="tg00DAMmPsKgMDb7kdUHJG9ChP4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBfsB7VKyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgntYe9DOPJNe6VK7iKZ0DLxM9JBXLUe+Wvbl/RNGbSUkGM6fg4sUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TtBJ07po0hpV9Kimfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgWyCk2fR32uGbVi7AihmrtbER0STah1EZVcCP7iy8ukeVb1L6r4/rxSu8njKMIRHMMp+HAJNbiDOjSAgoBneIU379F78d69j3lrwctnDuEPvM8fGoyPWg==</latexit>

h00 = 0
come for free

There are only 2 remaining physical degrees of freedom in the metric

GWs in linearised theory over Minkowski, in vacuum

<latexit sha1_base64="Sm2Z6XuTZUH1Tt9mgRys/sDO9ik=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokouhGKblxWsA9oY5hMp+3YySTMTMQS8ituXCji1h9x5984abPQ1gMXDufcO3PvCWLOlHacb2tpeWV1bb20Ud7c2t7ZtfcqLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H4+vcbz9SqVgk7vQkpl6Ih4INGMHaSL5d6cVYaob5PRv5KXvILh3frjo1Zwq0SNyCVKFAw7e/ev2IJCEVmnCsVNd1Yu2l+buE06zcSxSNMRnjIe0aKnBIlZdOd8/QkVH6aBBJU0Kjqfp7IsWhUpMwMJ0h1iM17+Xif1430YMLL2UiTjQVZPbRIOFIRygPAvWZpETziSGYSGZ2RWSEJSbaxFU2IbjzJy+S1knNPas5t6fV+lURRwkO4BCOwYVzqMMNNKAJBJ7gGV7hzcqsF+vd+pi1LlnFzD78gfX5Aw/hlHI=</latexit>

@ihij = 0

<latexit sha1_base64="LkC+HBTnxYZB6kW+5hH1XBY9y+o=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREpLoRSt24rGAf0IQwmU7asZMHMxNpCVm68VfcuFDErZ/gzr9x0mahrQcuHM65l3vvcSNGhTSMb62wtLyyulZcL21sbm3v6Lt7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxR9eZ33kgXNAwuJOTiNg+GgTUoxhJJTn6odUIxzAZpk5C79OK5SM5dL1knJ7KE3gFDUcvG1VjCrhIzJyUQY6mo39Z/RDHPgkkZkiInmlE0k4QlxQzkpasWJAI4REakJ6iAfKJsJPpIyk8VkofeiFXFUg4VX9PJMgXYuK7qjM7VMx7mfif14uld2knNIhiSQI8W+TFDMoQZqnAPuUESzZRBGFO1a0QDxFHWKrsSioEc/7lRdI+q5q1au32vFxv5HEUwQE4AhVgggtQBzegCVoAg0fwDF7Bm/akvWjv2sestaDlM/vgD7TPH3OEmPc=</latexit>⇤hij(x, t) = 0

Plane waves, transverse, moving at the speed of light   
with two independent polarisation components +, ×

<latexit sha1_base64="l4Y34ExLetVFwH/ZpqpiUK2slzU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLsZDYZMo91ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj26nfeqLaMCUf7DihocADyWJGsHVSe3TdVYIOcK9U9iv+DGiZBDkpQ456r/TV7SuSCiot4diYTuAnNsywtoxwOil2U0MTTEZ4QDuOSiyoCbPZvRN06pQ+ipV2JS2aqb8nMiyMGYvIdQpsh2bRm4r/eZ3UxldhxmSSWirJfFGccmQVmj6P+kxTYvnYEUw0c7ciMsQaE+siKroQgsWXl0nzvBJUK9X7i3LtJo+jAMdwAmcQwCXU4A7q0AACHJ7hFd68R+/Fe/c+5q0rXj5zBH/gff4A4KuP4g==</latexit>

k = !

<latexit sha1_base64="8Z9SF+mH0HKh1+o97wyN1ol4TUI="></latexit>

hij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
hr(k) e

r
ij(k̂)e

�ik(t�k̂·x)



• Free wave traveling in 
the z direction hTT

ij (z, t) =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

ij

cos [!(t� z)]
<latexit sha1_base64="V+o2TyNe964p3PArwQByrjATPz8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1h72Mjaa9csWv+nOgVRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywum01E0NTTAZ4wHtOCqxoCbM5tdO0ZlT+ihW2pW0aK7+nsiwMGYiItcpsB2aZW8m/ud1UhvfhBmTSWqpJItFccqRVWj2OuozTYnlE0cw0czdisgQa0ysC6jkQgiWX14lzYtqcFX1Hy4rtds8jiKcwCmcQwDXUIN7qEMDCIzgGV7hzVPei/fufSxaC14+cwx/4H3+ANXoj0w=</latexit>

hij

<latexit sha1_base64="LUDvMMSWSM8BeW9CzatcvDr5gAU="></latexit>

e+ij(k̂) = m̂i m̂j � n̂i n̂j

e⇥ij(k̂) = m̂i n̂j + n̂i m̂j

<latexit sha1_base64="rsn84XDQSCfaK6t1X92PLZkUcik=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSNx8EIYlmw2rNrbsLkHXiFaQGBVrD6tdglLAs5gqZpMb0PTdFP6caBZN8VhlkhqeURXTM+5YqGnPj54tzZ+TCKiMSJtqWQrJQf0/kNDZmGge2M6Y4MaveXPzP62cY3vq5UGmGXLHlojCTBBMy/52MhOYM5dQSyrSwtxI2oZoytAlVbAje6svrpHNV9xp19+G61mwWcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzBxwBj2k=</latexit>

k

<latexit sha1_base64="mItJD4Fbj/oUEXj0TNzMKIn+13Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkZnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23TJJphk2WiER3ImpQcIVNy63ATqqRykhgOxrfzfz2E2rDE/VoJymGkg4Vjzmj1kntvBfFRE77lapf8+cgqyQoSBUKNPqVr94gYZlEZZmgxnQDP7VhTrXlTOC03MsMppSN6RC7jioq0YT5/NwpOXfKgMSJdqUsmau/J3IqjZnIyHVKakdm2ZuJ/3ndzMa3Yc5VmllUbLEozgSxCZn9TgZcI7Ni4ghlmrtbCRtRTZl1CZVdCMHyy6ukdVkLrmv+w1W1Xi/iKMEpnMEFBHADdbiHBjSBwRie4RXevNR78d69j0XrmlfMnMAfeJ8/HwuPaw==</latexit>m

<latexit sha1_base64="1LF45X10yc9HPw76Hq/gciZF0o4=">AAAB7nicbVDLSgNBEOzxGeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkdnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e4KUymM9bxvsra+sbm1Xdop7+7tHxxWjo5bJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfzfz2E2ojEvVoJykGMRsqEQnOrJPaeS+MqJr2K1Wv5s1BV4lfkCoUaPQrX71BwrMYleWSGdP1vdQGOdNWcInTci8zmDI+ZkPsOqpYjCbI5+dO6blTBjRKtCtl6Vz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRbZALlWYWFV8sijJJbUJnv9OB0MitnDjCuBbuVspHTDNuXUJlF4K//PIqaV3W/Oua93BVrdeLOEpwCmdwAT7cQB3uoQFN4DCGZ3iFN5KSF/JOPhata6SYOYE/IJ8/IJCPbA==</latexit>n

• Polarisation tensors

• Metric line element
<latexit sha1_base64="CaeguFp8FFSCLwNmN3ECvb3g7eI="></latexit>

ds2 = �dt2 + dz2 + (1 + h+ cos[!(t� z)])dx2+

+ (1� h+ cos[!(t� z)])dy2 + 2h⇥ cos[!(t� z)]dxdy

• Polarisation states are related to the spin of the massless particle 
expected upon quantisation <latexit sha1_base64="/Iw3swO06m/7l1+cQWtupyWw0AE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkSPUiFL14rGg/oClls920SzebsDsRSgj4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzDw/FlyD43xbhZXVtfWN4mZpa3tnd8/eP2jpKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sc3U7/9yJTmkXyAScx6IRlKHnBKwEh9++j+ygsUoWnVi3mWejBiQLK+XXYqzgx4mbg5KaMcjb795Q0imoRMAhVE667rxNBLiQJOBctKXqJZTOiYDFnXUElCpnvp7PwMnxplgINImZKAZ+rviZSEWk9C33SGBEZ60ZuK/3ndBILLXsplnACTdL4oSASGCE+zwAOuGAUxMYRQxc2tmI6ISQNMYiUTgrv48jJpVSturVK7Oy/Xr/M4iugYnaAz5KILVEe3qIGaiKIUPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8wd6OZXZ</latexit>

S =
2⇡

✓

Misner, Thorne, Wheeler  
“Gravitation”  
Chapter 35.6

Where θ is the rotation angle under which the polarisation modes 
are invariant 

GWs in linearised theory over Minkowski, in vacuum

<latexit sha1_base64="O81ihjscwD2Amj4VxiGYedupUyk=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh6MZlBfuAJpTJdNIOncyEmYlQQ8CNv+LGhSJu/Ql3/o3TNAttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rK5FITFpYMCG7AVKEUU5ammpGurEkKAoY6QTj66nfuSdSUcHv9CQmfoSGnIYUI22kvn2QekEIx9mlJyIyRNAbIZ1LD1nfrjo1JwdcJG5BqqBAs29/eQOBk4hwjRlSquc6sfZTJDXFjGQVL1EkRniMhqRnKEcRUX6a/5DBY6MMYCikKa5hrv6eSFGk1CQKTGeE9EjNe1PxP6+X6PDCTymPE004ni0KEwa1gNNA4IBKgjWbGIKwpOZWiEdIIqxNbBUTgjv/8iJpn9bceq1+e1ZtXBVxlMEhOAInwAXnoAFuQBO0AAaP4Bm8gjfryXqx3q2PWWvJKmb2wR9Ynz9+Apdy</latexit>

k = !ẑ



<latexit sha1_base64="5zoWG1tBmC0aIk7Cw+Oz3Tut+88=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIsgKCURRY9FLx4r2A9oQthsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVco+N8W6WV1bX1jfJmZWt7Z3evun/Q1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7qZ+54kpzRP5iOOU+TEZSB5xStBI3jA4Ox8GHvKY6aBac+rODPYycQtSgwLNoPrl9ROaxUwiFUTrnuuk6OdEIaeCTSpepllK6IgMWM9QScwSP5/dPLFPjNK3o0SZkmjP1N8TOYm1Hseh6YwJDvWiNxX/83oZRjd+zmWaIZN0vijKhI2JPQ3A7nPFKIqxIYQqbm616ZAoQtHEVDEhuIsvL5P2Rd29qjsPl7XGbRFHGY7gGE7BhWtowD00oQUUUniGV3izMuvFerc+5q0lq5g5hD+wPn8AhKKRWQ==</latexit>

h+, h⇥

• Effect of GW on a ring of test masses

Geodesic deviation equation

<latexit sha1_base64="QpoEIwwOZEoOXun+oFlivJpLjuw="></latexit>

⇠̈i = �Ri
0j0⇠

j =
1

2
ḧij⇠

j

<latexit sha1_base64="qQ8MEaYYjVBnm2ki4saBr/DPdjg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6MVjBfuBTSib7aRdutmE3YlQSv+FFw+KePXfePPfuG1z0OqDgcd7M8zMC1MpDLrul1NYWV1b3yhulra2d3b3yvsHLZNkmkOTJzLRnZAZkEJBEwVK6KQaWBxKaIejm5nffgRtRKLucZxCELOBEpHgDK304OMQkF35qeiVK27VnYP+JV5OKiRHo1f+9PsJz2JQyCUzpuu5KQYTplFwCdOSnxlIGR+xAXQtVSwGE0zmF0/piVX6NEq0LYV0rv6cmLDYmHEc2s6Y4dAsezPxP6+bYXQZTIRKMwTFF4uiTFJM6Ox92hcaOMqxJYxrYW+lfMg042hDKtkQvOWX/5LWWdWrVWt355X6dR5HkRyRY3JKPHJB6uSWNEiTcKLIE3khr45xnp03533RWnDymUPyC87HN3fpkM0=</latexit>

✓ = ⇡
invariant under rotation around 
the z-axis of  

<latexit sha1_base64="81UltG/TTtQ4QFMflI8DtN7vwPo="></latexit>

h✓
+ = h+ cos 2✓ � h⇥ sin 2✓

h✓
⇥ = h⇥ cos 2✓ + h+ sin 2✓

Graviton is a spin 2 particle

GWs in linearised theory over Minkowski, in vacuum



To exhibit the two physical d.o.f. of GWs we had to restrict to vacuum 

However, the fact that GWs have only two physical components is a 
manifestation of the intrinsic nature of the gravitational interaction, 
mediated by the graviton, a spin-two massless field that has only two 

independent helicity states  
It should be true also in space-time with matter

1. Drop the condition of vacuum 
2. Exploit the invariance of Minkowski space-time under spatial rotations, 

and split the metric perturbation into irreducible components under 
rotations (scalar, vector, tensor) 

3. Construct metric perturbation variables that are invariant under 
infinitesimal coordinate transformations 

4. Find the metric perturbation variable that obeys a wave equation -> we 
define GWs without restricting to vacuum 

WHAT WE DO NEXT:

GWs in linearised theory over Minkowski, with matter



GWs in linearised theory over Minkowski, with matter

E.E. Flanagan and S.A. Hughes, “The basics of GW theory”, arXiv:gr-qc/0501041

“Space-time and geometry: an introduction to GWs”, S. Carroll, Pearson Education Limited, 2014

“The Cosmic Microwave Background”, R. Durrer, Cambridge University Press, 2008

2. Exploit the invariance of Minkowski space-time under spatial rotations, 
and split the metric perturbation into irreducible components under 
rotations

<latexit sha1_base64="fmhaYudpJbWHxbZmzh1JWUJGStQ="></latexit>

gµ⌫(x) = ⌘µ⌫ + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

<latexit sha1_base64="woCfj0ERIYOuPkVDAx+RT4O8XNQ=">AAACAXicbVBNS8MwGE7n15xfVS+Cl+AqeJDRDkSPYyJ4nOA+YC0jzdItLG1DkgqjzIt/xYsHRbz6L7z5b0y7HnTzgYQnz/O+vHkfnzMqlW1/G6WV1bX1jfJmZWt7Z3fP3D/oyDgRmLRxzGLR85EkjEakrahipMcFQaHPSNefXGd+94EISePoXk058UI0imhAMVJaGphHlsvH1DqHVjO7XC7zx401MKt2zc4Bl4lTkCoo0BqYX+4wxklIIoUZkrLv2Fx5KRKKYkZmFTeRhCM8QSPS1zRCIZFemm8wg6daGcIgFvpECubq744UhVJOQ19XhkiN5aKXif95/UQFV15KI54oEuH5oCBhUMUwiwMOqSBYsakmCAuq/wrxGAmElQ6tokNwFldeJp16zbmo2Xf1aqNZxFEGx+AEnAEHXIIGuAUt0AYYPIJn8ArejCfjxXg3PualJaPoOQR/YHz+ABMPk20=</latexit>

�, B,  , E

scalars vectors
<latexit sha1_base64="/Cn9VwRYK7oUOraxpusjsg96Kpw=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwIGW3IHosCuKxov2AdinZdLYNzWaXJCuU0r/hxYMiXv0z3vw3pu0etPXBMI/3ZsjkBYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz95hMqzWP5aEYJ+hHtSx5yRo2VOqWHLi+dk9Ktbd1C0S27M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nN0/IqVV6JIyVLWnITP29MaaR1qMosJMRNQO96E3F/7x2asIrf8xlkhqUbP5QmApiYjINgPS4QmbEyBLKFLe3EjagijJjY8rbELzFLy+TRqXsXZTd+0qxep3FkYNjOIEz8OASqnAHNagDgwSe4RXenNR5cd6dj/noipPtHMEfOJ8/a8mP+Q==</latexit>

Si, Fi

tensor

<latexit sha1_base64="gwhGWI2QY4TUnn4HYf3lLO5VQnk="></latexit>

h00 = �2�

h0i = @iB + Si (@iSi = 0)

hij = �2 �ij + (@i@j �
1

3
�ijr2)E + @iFj + @jFi +Hij

(@iFi = 0, @iHij = 0, Hii = 0)

<latexit sha1_base64="VgHsPIGs6hFEdfu/mlZFOx1nVac=">AAAB73icbVDLTgJBEOz1ifhCPXqZCCaeyC6J0SPRC0dM5JHAhswODYzMzq4zsyZkw0948aAxXv0db/6NA+xBwUo6qVR1p7sriAXXxnW/nbX1jc2t7dxOfndv/+CwcHTc1FGiGDZYJCLVDqhGwSU2DDcC27FCGgYCW8H4dua3nlBpHsl7M4nRD+lQ8gFn1FipXar1Uv4wLfUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n907JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgbXfsplnBiUbLFokAhiIjJ7nvS5QmbExBLKFLe3EjaiijJjI8rbELzll1dJs1L2LsvuXaVYvcniyMEpnMEFeHAFVahBHRrAQMAzvMKb8+i8OO/Ox6J1zclmTuAPnM8fXqOPhg==</latexit>

Hij



GWs in linearised theory over Minkowski, with matter

3. Construct metric perturbation variables that are invariant under 
infinitesimal coordinate transformations

<latexit sha1_base64="RjqWR0LE/XyYbAI9WNY0hFFtYJw=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARRaHMiKLLohuXFewFOtOSSdNpaCYZkoy2DH0HN76KGxeKuHXjzrcxbWehrT8EPv5zDifnD2JGlXacbyu3sLi0vJJfLaytb2xu2ds7NSUSiUkVCyZkI0CKMMpJVVPNSCOWBEUBI/Wgfz2u1++JVFTwOz2MiR+hkNMuxUgbq20fDw5bqRclI+gxwUNJw55GUooHOMj8E+gNaMtg2y46JWciOA9uBkWQqdK2v7yOwElEuMYMKdV0nVj7KZKaYkZGBS9RJEa4j0LSNMhRRJSfTm4awQPjdGBXSPO4hhP390SKIqWGUWA6I6R7arY2Nv+rNRPdvfRTyuNEE46ni7oJg1rAcUCwQyXBmg0NICyp+SvEPSQR1ibGggnBnT15HmqnJfe85NyeFctXWRx5sAf2wRFwwQUogxtQAVWAwSN4Bq/gzXqyXqx362PamrOymV3wR9bnD0/Enms=</latexit>

x0µ �! xµ + ⇠µ
<latexit sha1_base64="zAHfPPi4aj1b9GFt6yXsByABHJg=">AAACNHicbZDLSgMxFIYz3q23UZdugkXaLiwzouhGKLoR3ChYLXTKkElTG5pkhlykZehDufFB3IjgQhG3PoOZdha2eiDw8/3nJDl/lDCqtOe9OjOzc/MLi0vLhZXVtfUNd3PrVsVGYlLHMYtlI0KKMCpIXVPNSCORBPGIkbuod575dw9EKhqLGz1ISIuje0E7FCNtUehedkthGnATCDMs90sVeAq7v0AF7sMgQVJTxMKM9mlonQkqxpSb0C16VW9U8K/wc1EEeV2F7nPQjrHhRGjMkFJN30t0K80uxowMC4FRJEG4h+5J00qBOFGtdLT0EO5Z0oadWNojNBzR3xMp4koNeGQ7OdJdNe1l8D+vaXTnpJVSkRhNBB4/1DEM6hhmCcI2lQRrNrACYUntXyHuIomwtjkXbAj+9Mp/xe1B1T+qeteHxdpZHscS2AG7oAx8cAxq4AJcgTrA4BG8gHfw4Tw5b86n8zVunXHymW0wUc73D3khqs4=</latexit>

h0
µ⌫(x

0) = hµ⌫(x)� @µ⇠⌫ � @⌫⇠µ

<latexit sha1_base64="FfX3ANZvwO9K5eKKzdo+MQQcSm4="></latexit>

⇠µ = (⇠0, ⇠i) ⌘ (d0, @id+ di) with @idi = 0

Two scalars, one vector and one tensor gauge invariant variables

16 free functions - 6 contraints - 4 constraints = 
6 physical degrees of freedom 

Automatically 
gauge invariant  
(no tensor gauge 
transformation)

<latexit sha1_base64="AkmBxlC6CvL6014h3C4Tt8JT2EU="></latexit>

� ⌘ �+ Ḃ � Ë/2

⇥ ⌘ �2 �r2
E/3

⌃i ⌘ Si � Ḟi with @i⌃i = 0

Hij with @iHij = 0 H
i
i = 0



GWs in linearised theory over Minkowski, with matter

<latexit sha1_base64="3ufIVArZXCSo9LYwmRakUp3ryzU="></latexit>

T00 = ⇢

T0i = @iu+ ui (@iui = 0)

Tij = p�ij + (@i@j �
1

3
�ijr2)� + @ivj + @jvi +⇧ij

(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

scalars vectors tensor
<latexit sha1_base64="cYr/PfGXTeIjzc020ox3I+4Qsgk=">AAACA3icbVDLSgMxFM3UV62vUXe6CXYEF1JmCqLLohuXFewDOkPJpJk2NMkMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiCXwzn3cnNPmDCqtOt+W6WV1bX1jfJmZWt7Z3fP3j9oqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOb3K/80CkorG415OEBBwNBY0oRtpIffvI8eUods6hk+YlyYuv6JAjp29X3Zo7A1wmXkGqoECzb3/5gxinnAiNGVKq57mJDjIkNcWMTCt+qkiC8BgNSc9QgThRQTa7YQpPjTKAUSzNExrO1N8TGeJKTXhoOjnSI7Xo5eJ/Xi/V0VWQUZGkmgg8XxSlDOoY5oHAAZUEazYxBGFJzV8hHiGJsDaxVUwI3uLJy6Rdr3kXNfeuXm1cF3GUwTE4AWfAA5egAW5BE7QABo/gGbyCN+vJerHerY95a8kqZg7BH1ifPzCClKw=</latexit>⇢, u, p, �

<latexit sha1_base64="S2czcfb74BOfdPgRQGBqZrru+7w=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIph4IrskRo9ELx4xkUeEDZkdBhiZnd3M9JqQDX/hxYPGePVvvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMb2Z+64lrIyJ1j5OY+yEdKjEQjKKVHsrduuil4nFa7hVLbsWdg6wSLyMlyFDvFb+6/YglIVfIJDWm47kx+inVKJjk00I3MTymbEyHvGOpoiE3fjq/eErOrNIng0jbUkjm6u+JlIbGTMLAdoYUR2bZm4n/eZ0EB1d+KlScIFdssWiQSIIRmb1P+kJzhnJiCWVa2FsJG1FNGdqQCjYEb/nlVdKsVryLintXLdWuszjycAKncA4eXEINbqEODWCg4Ble4c0xzovz7nwsWnNONnMMf+B8/gDlapBn</latexit>

⇧ij
<latexit sha1_base64="OFwjYZ+q8YnVBWEqhgialawnHcE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBhZSkILosunFZwT6gDWUynbRDJ5Mwj0IJ/Q03LhRx68+482+ctllo64HLPZxzL3PnhClnSnvet1PY2Nza3inulvb2Dw6P3OOTlkqMJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+H7utydUKpaIJz1NaRDjoWARI1hbqVcxfVa5QpWJbX237FW9BdA68XNShhyNvvvVGyTExFRowrFSXd9LdZBhqRnhdFbqGUVTTMZ4SLuWChxTFWSLm2fowioDFCXSltBoof7eyHCs1DQO7WSM9UitenPxP69rdHQbZEykRlNBlg9FhiOdoHkAaMAkJZpPLcFEMnsrIiMsMdE2ppINwV/98jpp1ar+ddV7rJXrd3kcRTiDc7gEH26gDg/QgCYQSOEZXuHNMc6L8+58LEcLTr5zCn/gfP4A6fWQSw==</latexit>ui, vi

1. Drop the condition of empty space-time

Gauge invariant automatically but four further constraints given by   
energy-momentum conservation  

(OK since we are still in linearised theory!)
<latexit sha1_base64="xVjcAGTib9oNqcl3PEZloxrDwcs=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGFN0IRTcuK/QFnXHIpJk2NMkMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHPvTe4JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRTe53HohUNBZNPU6Iz9FA0IhipI0U2AdegqSmiAUeT2HzPjOXJ9LJlRPYVafmTAEXiVuQKijQCOwvrx/jlBOhMUNK9Vwn0X6Wj8eMTCpeqkiC8AgNSM9QgThRfjZdYQKPjdKHUSzNERpO1d8dGeJKjXloKjnSQzXv5eJ/Xi/V0aWfUZGkmgg8eyhKGdQxzPOAfSoJ1mxsCMKSmr9CPEQSYW1Sq5gQ3PmVF0n7tOae15y7s2r9uoijDA7BETgBLrgAdXALGqAFMHgEz+AVvFlP1ov1bn3MSktW0bMP/sD6/AEm5ZdD</latexit>

@µT
µ⌫ = 0

16 free functions - 6 contraints - 4 constraints = 
6 physical degrees of freedom 



GWs in linearised theory over Minkowski, with matter

4. Find the metric perturbation variable that obeys a wave 
equation -> we define GWs in non-vacuum space-times 

Write Einstein equations in terms of the 6 gauge invariant variables

<latexit sha1_base64="ORONjSTENeqvUn+89kCEctBdcBI="></latexit>

r2⇥ = �8⇡G⇢ r2� = 4⇡G (⇢+ 3p� 3u̇)

r2⌃i = �16⇡GSi ⇤Hij = �16⇡G⇧ij

Three Poisson-like equations, one wave equation 
Only the TT metric components are radiative

Cosmological case: the same procedure, exploiting the symmetries (homogeneity 
and isotropy) of FLRW spacetime, but: 

• There is a energy-momentum tensor also in the background 
• The equation of the tensor perturbations contains Hubble friction (see later) 

—————————————————



GWs in linearised theory over Minkowski, with matter

4. Find the metric perturbation variable that obeys a wave 
equation -> we define GWs in non-vacuum space-times 

Write Einstein equations in terms of the 6 gauge invariant variables

<latexit sha1_base64="ORONjSTENeqvUn+89kCEctBdcBI="></latexit>

r2⇥ = �8⇡G⇢ r2� = 4⇡G (⇢+ 3p� 3u̇)

r2⌃i = �16⇡GSi ⇤Hij = �16⇡G⇧ij

Three Poisson-like equations, one wave equation 
Only the TT metric components are radiative

Cosmological case: the same procedure, exploiting the symmetries (homogeneity 
and isotropy) of FLRW spacetime, but: 

• One finds a wave equation also for the Bardeen potential (sound waves in the fluid)

—————————————————

<latexit sha1_base64="ZfWZHyHgoYXpKhJofnDdnFwxALk="></latexit>

�̈+ 3H(1 + c2s)�̇+ [H2(1 + 3c2s)�H
2(1 + 3w) + k2c2s]� = 0



GW energy-momentum tensor and GW propagation

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008

E.E. Flanagan and S.A. Hughes, “The basics of GW theory”, arXiv:gr-qc/0501041

R.A. Isaacson, Physical Review, Volume 166, number 5, pages 1263 and 1272, 1968

According to GR, any form of energy contributes to space-time curvature 
Are GWs a source of space-time curvature?

• One needs to go beyond linearisation over Minkowski, otherwise one 
excludes from the beginning the presence of any background space-time 
curvature 

<latexit sha1_base64="N+AvFQRWHSUkxVL9ndOZy6i6Kpk="></latexit>

gµ⌫(x) = ḡµ⌫(x) + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

• In this new setting, how to decide what is the background and what is 
the fluctuation? 

1. The background space-time has a clear symmetry (static, FLRW…) 
2. It is possible to resort to a clear separation of scales/frequencies 



<latexit sha1_base64="UOTtCAo2jl1fwed9XpOvHtiDP7s=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhAsJNyJomWIjYVFBPMByXHsbfaSJXu75+6eEI74I2wsFLH179j5b9wkV2jig4HHezPMzAsTzrRx3W9naXlldW29sFHc3Nre2S3t7Te1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UqWZFPdmlFA/xn3BIkawsVL7NqidPkVBLSiV3Yo7BVokXk7KkKMelL66PUnSmApDONa647mJ8TOsDCOcjovdVNMEkyHu046lAsdU+9n03jE6tkoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+53VSE135GRNJaqggs0VRypGRaPI86jFFieEjSzBRzN6KyAArTIyNqGhD8OZfXiTNs4p3UXHvzsvVWh5HAQ7hCE7Ag0uowg3UoQEEODzDK7w5D86L8+58zFqXnHzmAP7A+fwBNMGPbA==</latexit>

LB , fB

<latexit sha1_base64="IotQiIVIud1vja12NUHyYOvCoFE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae2Q7mTybShmcyQZIRS6le4caGIW//GnX9j2s5CWw8EDuecS+49QSq4Nq777Swtr6yurRc2iptb2zu7pb39hk4yRVmdJiJRrQA1E1yyuuFGsFaqGMaBYM1gcDPxm49MaZ7IezNMmR9jT/KIUzRWeugIGw3x9CnqlspuxZ2CLBIvJ2XIUeuWvjphQrOYSUMFat323NT4I1SGU8HGxU6mWYp0gD3WtlRizLQ/mm48JsdWCUmUKPukIVP198QIY62HcWCTMZq+nvcm4n9eOzPRlT/iMs0Mk3T2UZQJYhIyOZ+EXDFqxNASpIrbXQnto0JqbElFW4I3f/IiaZxVvIuKe3derl7ndRTgEI7gBDy4hCrcQg3qQEHCM7zCm6OdF+fd+ZhFl5x85gD+wPn8AVJYkK8=</latexit>

�, f

typical scale of spatial variations / 
frequency of time variations of the 

background 
(needn’t be related among themselves)

typical length-scale / 
frequency of the GWs 

<latexit sha1_base64="i0SzYxYkgGgwsQZgJYWSNHePE6w=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokouhGKblxWsA9oQplMJu3QySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnBClnSjvOt7Wyura+sVnZqm7v7O7t2weHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G49up332kUrFEPOg8pX6Mh4JFjGBtpIFd87gJh/jaiyQmBZkU0WRg152GMwNaJm5J6lCiNbC/vDAhWUyFJhwr1XedVPsFlpoRTidVL1M0xWSMh7RvqMAxVX4xO36CTowSoiiR5gmNZurviQLHSuVxYJIx1iO16E3F/7x+pqMrv2AizTQVZL4oyjjSCZo2gUImKdE8NwQTycytiIywaUGbvqqmBHfxy8ukc9ZwLxrO/Xm9eVPWUYEjOIZTcOESmnAHLWgDgRye4RXerCfrxXq3PubRFaucqcEfWJ8/JVKVGA==</latexit>

� =
c

f

• There are two expansions in the game: 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="XZlXoKr3pksqYCJcAFj136PD1Q4=">AAACGXicbVDLSsNAFJ34rPEVdelmsAgupCSi6LLUjQsXFewDmhAmk0k7dDIJMxOhhPQz3Pgrblwo4lJX/o3TNgttPTBwOOce7twTpIxKZdvfxtLyyuraemXD3Nza3tm19vbbMskEJi2csER0AyQJo5y0FFWMdFNBUBww0gmG1xO/80CEpAm/V6OUeDHqcxpRjJSWfMt2I4Fw7jIdCVGR3/qNArqMQed0PDZnZqS1PCpl36raNXsKuEicklRBiaZvfbphgrOYcIUZkrLn2KnyciQUxYwUpptJkiI8RH3S05SjmEgvn15WwGOthDBKhH5cwan6O5GjWMpRHOjJGKmBnPcm4n9eL1PRlZdTnmaKcDxbFGUMqgROaoIhFQQrNtIEYUH1XyEeIN2G0mWaugRn/uRF0j6rORc1++68Wm+UdVTAITgCJ8ABl6AObkATtAAGj+AZvII348l4Md6Nj9noklFmDsAfGF8/fief8g==</latexit>

�

LB
⌧ 1,

fB
f

⌧ 11. 2.

• In order to effectively implement the distinction among background and 
GWs, one needs to average physical quantities 

<latexit sha1_base64="98nicORJJtAhVdkA0TYmRqcYpx0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQUXZa6ceGign1AE8JkctMOnTyYmQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOdcZu7xU86ksqxvY2l5ZXVtvbJR3dza3tk19/Y7MskEhTZNeCJ6PpHAWQxtxRSHXiqARD6Hrj+6LvzuAwjJkvhejVNwIzKIWcgoUVryzCOH63BAHM6x4xOBHSiYnluviT2zZtWtKfAisUtSQyVanvnlBAnNIogV5UTKvm2lys2JUIxymFSdTEJK6IgMoK9pTCKQbj49Y4JPtBLgMBF6YoWn6u+NnERSjiNfJyOihnLeK8T/vH6mwis3Z3GaKYjp7KEw41gluOgEB0wAVXysCaGC6b9iOiSCUKWbq+oS7PmTF0nnrG5f1K2781qjWdZRQYfoGJ0iG12iBrpBLdRGFD2iZ/SK3own48V4Nz5m0SWj3DlAf2B8/gA9RZet</latexit>

� ⌧ ¯̀⌧ LB

<latexit sha1_base64="Op/44LUKUDO0CBObH0yPHFcMJbo=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwVVJRNFlqRuXFewFmhAm00k7dJIJMxOhhuKruHGhiFvfw51v47TNQlvP6uP/z+Gc84cpZ0o7zrdVWlldW98ob1a2tnd29+z9g7YSmSS0RQQXshtiRTlLaEszzWk3lRTHIaedcHQz9TsPVComkns9Tqkf40HCIkawNlJgH0VBw+MceSGWKEJTjFBgV52aMyu0DG4BVSiqGdhfXl+QLKaJJhwr1XOdVPs5lpoRTicVL1M0xWSEB7RnMMExVX4+u36CTo3SR5Ew+0Wi0Uz9PZHjWKlxHJrOGOuhWvSm4n9eL9PRtZ+zJM00Tch8UZRxpAWaRoH6TFKi+dgAJpKZWxEZYomJNoFVTAju4svL0D6vuZc15+6iWm8UcZThGE7gDFy4gjrcQhNaQOARnuEV3qwn68V6tz7mrSWrmDmEP2V9/gBlMJPj</latexit>

fB ⌧ f̄ ⌧ f

GW energy-momentum tensor and GW propagation

<latexit sha1_base64="J3h0MO3M68cqUVpuBbD3YWmd7as=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiB4CjMi0WPQi8cIZoHMMPR0KkmTnp6xl0AY8hte/BUvHhTxqCf/xs5yiIkPCh7vVVFVL0o5U9p1f5zc2vrG5lZ+u7Czu7d/UDw8aqjESAp1mvBEtiKigDMBdc00h1YqgcQRh2Y0uJ34zSFIxRLxoEcpBDHpCdZllGgrhUXXj4jEvTDzY+MLM8Y+PBo2xD4nosdhwfHlVAmLJbfsToFXiTcnJTRHLSx++Z2EmhiEppwo1fbcVAcZkZpRDuOCbxSkhA5ID9qWChKDCrLpZ2N8ZpUO7ibSltB4qi5OZCRWahRHtjMmuq+WvYn4n9c2unsdZEykRoOgs0Vdw7FO8CQm3GESqOYjSwiVzN6KaZ9IQrUNs2BD8JZfXiWNi7JXKVfuL0vVm3kceXSCTtE58tAVqqI7VEN1RNETekFv6N15dl6dD+dz1ppz5jPH6A+c71+DK6FH</latexit>

ḡµ⌫ ⌘ hgµ⌫i
<latexit sha1_base64="teKMHaGyTN9+WCqd+aBWx89yA/A=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KolIdSMU3bisYB/QhDCZTtqhM5MwD6GEbtz4K25cKOLWf3Dn3zhts9DWAxcO59zLvffEGaNKe963s7S8srq2Xtoob25t7+y6e/stlRqJSROnLJWdGCnCqCBNTTUjnUwSxGNG2vHwZuK3H4hUNBX3epSRkKO+oAnFSFspco9gwJDoMwIHUR5wEwgzDuRUufIit+JVvSngIvELUgEFGpH7FfRSbDgRGjOkVNf3Mh3mSGqKGRmXA6NIhvAQ9UnXUoE4UWE+/WIMT6zSg0kqbQkNp+rviRxxpUY8tp0c6YGa9ybif17X6OQyzKnIjCYCzxYlhkGdwkkksEclwZqNLEFYUnsrxAMkEdY2uLINwZ9/eZG0zqp+rVq7O6/Ur4s4SuAQHINT4IMLUAe3oAGaAINH8AxewZvz5Lw4787HrHXJKWYOwB84nz8gEJhb</latexit>

hhµ⌫i = 0
“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



<latexit sha1_base64="UOTtCAo2jl1fwed9XpOvHtiDP7s=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhAsJNyJomWIjYVFBPMByXHsbfaSJXu75+6eEI74I2wsFLH179j5b9wkV2jig4HHezPMzAsTzrRx3W9naXlldW29sFHc3Nre2S3t7Te1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UqWZFPdmlFA/xn3BIkawsVL7NqidPkVBLSiV3Yo7BVokXk7KkKMelL66PUnSmApDONa647mJ8TOsDCOcjovdVNMEkyHu046lAsdU+9n03jE6tkoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+53VSE135GRNJaqggs0VRypGRaPI86jFFieEjSzBRzN6KyAArTIyNqGhD8OZfXiTNs4p3UXHvzsvVWh5HAQ7hCE7Ag0uowg3UoQEEODzDK7w5D86L8+58zFqXnHzmAP7A+fwBNMGPbA==</latexit>

LB , fB

<latexit sha1_base64="IotQiIVIud1vja12NUHyYOvCoFE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae2Q7mTybShmcyQZIRS6le4caGIW//GnX9j2s5CWw8EDuecS+49QSq4Nq777Swtr6yurRc2iptb2zu7pb39hk4yRVmdJiJRrQA1E1yyuuFGsFaqGMaBYM1gcDPxm49MaZ7IezNMmR9jT/KIUzRWeugIGw3x9CnqlspuxZ2CLBIvJ2XIUeuWvjphQrOYSUMFat323NT4I1SGU8HGxU6mWYp0gD3WtlRizLQ/mm48JsdWCUmUKPukIVP198QIY62HcWCTMZq+nvcm4n9eOzPRlT/iMs0Mk3T2UZQJYhIyOZ+EXDFqxNASpIrbXQnto0JqbElFW4I3f/IiaZxVvIuKe3derl7ndRTgEI7gBDy4hCrcQg3qQEHCM7zCm6OdF+fd+ZhFl5x85gD+wPn8AVJYkK8=</latexit>

�, f

typical scale of spatial variations / 
frequency of time variations of the 

background 
(needn’t be related among themselves)

typical length-scale / 
frequency of the GWs 

<latexit sha1_base64="i0SzYxYkgGgwsQZgJYWSNHePE6w=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokouhGKblxWsA9oQplMJu3QySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnBClnSjvOt7Wyura+sVnZqm7v7O7t2weHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G49up332kUrFEPOg8pX6Mh4JFjGBtpIFd87gJh/jaiyQmBZkU0WRg152GMwNaJm5J6lCiNbC/vDAhWUyFJhwr1XedVPsFlpoRTidVL1M0xWSMh7RvqMAxVX4xO36CTowSoiiR5gmNZurviQLHSuVxYJIx1iO16E3F/7x+pqMrv2AizTQVZL4oyjjSCZo2gUImKdE8NwQTycytiIywaUGbvqqmBHfxy8ukc9ZwLxrO/Xm9eVPWUYEjOIZTcOESmnAHLWgDgRye4RXerCfrxXq3PubRFaucqcEfWJ8/JVKVGA==</latexit>

� =
c

f

GW energy-momentum tensor and GW propagation

By expanding the Einstein equations to second order in                       
and separating the background and first order 
components by averaging, one finds 

<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

• The expression for the GW energy momentum tensor (how GWs 
influence the background) 

• The equation representing GW propagation on a curved background



Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫

The quadratic term can influence 
the background, as it contains 

both high and low modes

<latexit sha1_base64="Z5a+ck6wHedQiGpKEngyiBPw2do="></latexit>

R̄µ⌫ = [�R(2)
µ⌫ ]

low + 8⇡G
h
Tµ⌫ � 1

2
gµ⌫T

ilowBackground 
Einstein equation

Matter sourcing the 
bckg curvature

GWs sourcing the 
bckg curvature

Necessary condition for GW to make sense

The linear term 
averages to zero

<latexit sha1_base64="a6e8HUIwZjG6Wcy3GWC3bMN8GrY=">AAACDXicbZC7TsMwFIadcivlFmBksShITFGCQLAgVbAwFolepCRUjuu0Vm0nsh1QFfUFWHgVFgYQYmVn421w2wzQ8kuWPv/nHNnnj1JGlXbdb6u0sLi0vFJeraytb2xu2ds7TZVkEpMGTlgi2xFShFFBGppqRtqpJIhHjLSiwdW43ronUtFE3OphSkKOeoLGFCNtrI59EDAkeoxAx3ECOcUL6JtbeJcHkkOWPIw6dtV13IngPHgFVEGhesf+CroJzjgRGjOklO+5qQ5zJDXFjIwqQaZIivAA9YhvUCBOVJhPthnBQ+N0YZxIc4SGE/f3RI64UkMemU6OdF/N1sbmfzU/0/F5mFORZpoIPH0ozhjUCRxHA7tUEqzZ0ADCkpq/QtxHEmFtAqyYELzZleeheex4p457c1KtXRZxlMEe2AdHwANnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvJKmZ2wR9Znz/UgJon</latexit>

h...i = [...]low

<latexit sha1_base64="T4Gx7o1PLD5miDgJRDnN4U9pEcc=">AAACEXicbVDLSsNAFJ34rPVVdelmsAh1U5Ki6LLUjQvBCvYBTQyT6aQdOnkwcyOUkF9w46+4caGIW3fu/BsnbRfaeuDC4Zx7ufceLxZcgWl+G0vLK6tr64WN4ubW9s5uaW+/raJEUtaikYhk1yOKCR6yFnAQrBtLRgJPsI43usz9zgOTikfhHYxj5gRkEHKfUwJacksVOyAwpESkNxm2BfOhYvuS0NTK0mu3kdmSD4Zwcl9zS2Wzak6AF4k1I2U0Q9Mtfdn9iCYBC4EKolTPMmNwUiKBU8Gyop0oFhM6IgPW0zQkAVNOOvkow8da6WM/krpCwBP190RKAqXGgac78/vVvJeL/3m9BPwLJ+VhnAAL6XSRnwgMEc7jwX0uGQUx1oRQyfWtmA6JDgR0iEUdgjX/8iJp16rWWdW8PS3XG7M4CugQHaEKstA5qqMr1EQtRNEjekav6M14Ml6Md+Nj2rpkzGYO0B8Ynz9Bsp1E</latexit>

O

✓
1

LB

◆2
<latexit sha1_base64="WXW9l0llvCJLQURbf0mwUqSK31M=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39EnmSD4YwvF9rWeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/ADDvn3M=</latexit>

O

✓
h

�

◆2

<latexit sha1_base64="jUP8i6pqMQVJz2A+3PF8GmHaUTU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQUXZa6ceGign1AE8JkMmmHzkzCzEQoISs3/oobF4q49Rvc+TdO2yy09cDA4Zx7uHNPmDKqtON8W0vLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyJFGBWkralmpJdKgnjISDccXU/87gORiibiXo9T4nM0EDSmGGkjBfbR0GNEKUU59GKJcO4xE45Qkd8GzSKwa07dmQIuErckNVCiFdhfXpTgjBOhMUNK9V0n1X6OpKaYkaLqZYqkCI/QgPQNFYgT5efTMwp4YpQIxok0T2g4VX8ncsSVGvPQTHKkh2rem4j/ef1Mx1d+TkWaaSLwbFGcMagTOOkERlQSrNnYEIQlNX+FeIhMG9o0VzUluPMnL5LOWd29qDt357VGs6yjAg7BMTgFLrgEDXADWqANMHgEz+AVvFlP1ov1bn3MRpesMnMA/sD6/AG4HZlH</latexit>

h . �

LB

GW energy-momentum tensor and GW propagation
<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆



Rearranging the Einstein equations and performing the average leads to:

GW energy-momentum tensor

<latexit sha1_base64="J1E36irPfeulLKDPR8dntRNFjRc="></latexit>

Ḡµ⌫ = hRµ⌫i �
1

2
ḡµ⌫hRi = 8⇡G(hTµ⌫i+ TGW

µ⌫ )

Dynamics of the 
bckg space-time

Low-mode part 
of the matter 
component

GWs

{ { {

not separately 
conserved!

<latexit sha1_base64="qUgiphh9G9IAVcGGyWZZCreQEdc="></latexit>

⇢GW =
hḣij ḣiji
32⇡G

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)

GW energy-momentum tensor and GW propagation

GW energy density:

<latexit sha1_base64="1rEMJU1FtFF7X3f5C/vrEtFttzo="></latexit>

TGW
µ⌫ = � 1

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i

calculating R(2)µν  
and reducing to the TT gauge

<latexit sha1_base64="YXUkM4zYpdtsXmPIj+MimDFQFJo="></latexit>

TGW
µ⌫ =

1

32⇡G
hrµh↵�r⌫h

↵�i



<latexit sha1_base64="n5redv3s0PYnngEwPHcgc198ick="></latexit>

R(1)
µ⌫ = [�R(2)

µ⌫ ]
high + 8⇡G

h
Tµ⌫ � 1

2
gµ⌫T

ihighPerturbed 
Einstein equation

Negligible 
(non-linear interaction of 

the wave with itself)

Matter possibly 
sourcing GWs<latexit sha1_base64="WXW9l0llvCJLQURbf0mwUqSK31M=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39EnmSD4YwvF9rWeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/ADDvn3M=</latexit>

O

✓
h

�

◆2

<latexit sha1_base64="bufL5EMZ8mxzEEcz8Iw65I1U+Co=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39Ml9LXMkHwzhuGeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/AC8vn3M=</latexit>

O

✓
h

�2

◆

GW energy-momentum tensor and GW propagation

Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫
Focus on the linear term:

<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆



Perturbed 
Einstein equation

GW energy-momentum tensor and GW propagation

Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫
Focus on the linear term:

<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆

<latexit sha1_base64="9iAybMRdq2KsWfS+lhQ0Bi6qsI4="></latexit>

R(1)
µ⌫ � 1

2
(ḡµ⌫R

(1) + hµ⌫R̄) ' 8⇡G [Tµ⌫ ]
high

{ {

Evolution of GWs on a curved but 
smooth / slowly evolving 

background such as gravitational 
redshift and lensing

Possible source of GWs

<latexit sha1_base64="3BXMvgc9m6TVc9JRKoCqysE7jxs="></latexit>

�1

2
⇤h̄µ⌫+R�

µ⌫
�h̄�� +r(⌫r�h̄µ)� � 1

2
ḡµ⌫r↵r� h̄↵�+

+R↵�


1

2
ḡµ⌫ h̄↵� � 1

2
h̄µ⌫ ḡ↵� + ḡ�(µh̄⌫)↵

�
= 8⇡G �Tµ⌫

calculating R(1)µν:



Perturbed 
Einstein equation

GW energy-momentum tensor and GW propagation

Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫
Focus on the linear term:

<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆

<latexit sha1_base64="9iAybMRdq2KsWfS+lhQ0Bi6qsI4="></latexit>

R(1)
µ⌫ � 1

2
(ḡµ⌫R

(1) + hµ⌫R̄) ' 8⇡G [Tµ⌫ ]
high

In a FLRW universe, equation of sourcing and propagation of GWs 

<latexit sha1_base64="VOxoqHK4GNTJKiThvn+IPEXHqHU="></latexit>

ds2 = �dt2 + a2(t) (�ij + hij) dx
idxj

<latexit sha1_base64="mAFbcNQBMQOqMFFCj9UtYS7aBGU=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFcFUSUXQjFN24rGAv0IYwmU7asZNJmJkIJXTnxldx40IRt76CO9/GSdqFVn8Y+PjPOZw5f5BwprTjfFmlhcWl5ZXyamVtfWNzy97eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF3l9fY9lYrF4laPE+pFeCBYyAjWxvLt/V6CpWaY+wwN/YzdTdBFASwHx7erTs0phP6CO4MqzNTw7c9ePyZpRIUmHCvVdZ1Ee1m+g3A6qfRSRRNMRnhAuwYFjqjysuKOCTo0Th+FsTRPaFS4PycyHCk1jgLTGWE9VPO13Pyv1k11eO5lTCSppoJMF4UpRzpGeSiozyQlmo8NYCKZ+SsiQywx0Sa6ignBnT/5L7SOa+5pzbk5qdYvZ3GUYQ8O4AhcOIM6XEMDmkDgAZ7gBV6tR+vZerPep60lazazC79kfXwDaNGYWQ==</latexit>

@ihij = hii = 0

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

Neglecting scalar 
and vector 

perturbations



GW propagation equation in FLRW

• In the rest of the course, we will be dealing with solutions of the above 
equation  

• It can be derived also from cosmological perturbation theory, here I 
presented the connection with a more general approach 

• In cosmology, the FLRW space-time is homogeneous and isotropic, so 
tensor modes can be defined also when λ ～ LB  (exemple: horizon re-
entry after inflation), but one cannot say these are GWs, unless modes 
are well within the horizon (λ ≪ LB)

COMMENTS



Perfect fluid

Source: tensor 
anisotropic stress

<latexit sha1_base64="nRikM9xAm77uKNgrgVrtbf9ZRAo="></latexit>

�Tij = p̄ �gij + a2[�p �ij + (@i@j �
1

3
�ijr2)� + 2@(ivj) +⇧ij ]

(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

NO GWs FROM THE HOMOGENEOUS MATTER COMPONENT

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

GW propagation equation in FLRW



Perfect fluid

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

One exploits the translational invariance and performs a F.T. in space

<latexit sha1_base64="/XOoIhDzxQxi1OLgIsQCoetEIOY="></latexit>

hij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
hr(k, t) e

�ik·x erij(k̂)

Source: tensor 
anisotropic stress

<latexit sha1_base64="JvOlDsXoRXPGrsGWG1bzcbfPNCM="></latexit>

⇧ij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
⇧r(k, t) e

�ik·x erij(k̂)

GW propagation equation in FLRW



Perfect fluid

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

One exploits the translational invariance and performs a F.T. in space

The evolution equation 
decouples for each 
polarisation mode

<latexit sha1_base64="/XOoIhDzxQxi1OLgIsQCoetEIOY="></latexit>

hij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
hr(k, t) e

�ik·x erij(k̂)

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

Source: tensor 
anisotropic stress

not just plane waves as before

conformal time, Hubble factor and comoving wavenumber

GW propagation equation in FLRW



<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>

Hr(k, ⌘) = a hr(k, ⌘)

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

Solution of the homogeneous equation

<latexit sha1_base64="V4lKMVlrLkf+aFOOG2ToTXhsbiU="></latexit>

H
00
r (k, ⌘) +

✓
k
2 � a

00

a

◆
Hr(k, ⌘) = 0

Power-law scale factor

<latexit sha1_base64="n7HIzaXUCwnXzF+w14LTBimn7FQ="></latexit>

hr(k, ⌘) =
Ar(k)

an⌘n�1
jn�1(k⌘) +

Br(k)

an⌘n�1
yn�1(k⌘)

Covering matter (n=2) and radiation domination (n=1), and De Sitter inflation n=-1)

<latexit sha1_base64="Ve7rFKJ8XMDqk3VXLy4t2v5w9OE=">AAAB+nicbZDLSsNAFIYn9VbrrdWlm8Ei1E1JRKoboejGZQV7gTaWk+mkHTqZhJmJUmIfxY0LRdz6JO58GydtFtr6w8DHf87hnPm9iDOlbfvbyq2srq1v5DcLW9s7u3vF0n5LhbEktElCHsqOB4pyJmhTM81pJ5IUAo/Ttje+TuvtByoVC8WdnkTUDWAomM8IaGP1iyWo9KiGk0voixTujVe2q/ZMeBmcDMooU6Nf/OoNQhIHVGjCQamuY0faTUBqRjidFnqxohGQMQxp16CAgCo3mZ0+xcfGGWA/lOYJjWfu74kEAqUmgWc6A9AjtVhLzf9q3Vj7F27CRBRrKsh8kR9zrEOc5oAHTFKi+cQAEMnMrZiMQALRJq2CCcFZ/PIytE6rTq1auz0r16+yOPLoEB2hCnLQOaqjG9RATUTQI3pGr+jNerJerHfrY96as7KZA/RH1ucPYZKTdQ==</latexit>

a(⌘) = an⌘
n

Two notable limiting cases: sub-Hubble and super-Hubble modes

GW propagation equation in FLRW

<latexit sha1_base64="1b37g8JyBWsTFXR76uIhw00XHP0=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvUVU2KVJcFN11WsA9oYrmZTtqhk2SYmQglFNz4K25cKOLWn3Dn3zhps9DqgYHDOfcy9xyfMyqVbX8ZhZXVtfWN4mZpa3tnd8/cP+jIOBGYtHHMYtHzQRJGI9JWVDHS44JA6DPS9SfXmd+9J0LSOLpVU068EEYRDSgGpaWBeQSVyjm4XMRcxZYbghpjYGlzdlcbmGW7as9h/SVOTsooR2tgfrrDGCchiRRmIGXfsbnyUhCKYkZmJTeRhAOewIj0NY0gJNJL5xlm1qlWhlYQC/0iZc3VnxsphFJOQ19PZkfKZS8T//P6iQquvJRGPFEkwouPgoRZOm5WiDWkgmDFppoAFlTfauExCMBK11bSJTjLkf+STq3q1Kv1m4tyo5HXUUTH6ASdIQddogZqohZqI4we0BN6Qa/Go/FsvBnvi9GCke8col8wPr4B92uXHQ==</latexit>
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CASE 1: Sub-Hubble modes, relevant for propagation after the source stops
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<latexit sha1_base64="ITXxUePfhDwCG0mmpySO9qGUW44="></latexit>

hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

In this limit, GWs 
are plane waves 
with redshifting 

amplitude

Suppose the source operates in a time interval ηfin - ηin in the radiation 
dominated era

Matching at ηfin with the homogeneous solution to find the GW signal today
<latexit sha1_base64="Konc3ZensRoC4h6hGWT3Rt/FAAk="></latexit>

H
rad
r (k, ⌘ > ⌘fin) = A

rad
r (k) cos(k⌘) +B

rad
r (k) sin(k⌘)

<latexit sha1_base64="fqYCgEWrW+9ckq4fA7AjJ0E2Y/g="></latexit>

H
rad
r (k, ⌘ < ⌘fin) =

16⇡G

k

Z ⌘

⌘in

d⌧ a(⌧)3 sin[k(⌘ � ⌧)]⇧r(k, ⌧)

GW propagation equation in FLRW

<latexit sha1_base64="ZApAKyBfHPxmXgFKxQ1pvQlztFI="></latexit>

Arad
r (k) =

16⇡G

k

Z ⌘fin

⌘in

d⌧ a(⌧)3 sin(�k⌧)⇧r(k, ⌧)
<latexit sha1_base64="1anKr/Uh7HqJvTbtlAOw9njSM48="></latexit>

Brad
r (k) =

16⇡G

k

Z ⌘fin

⌘in

d⌧ a(⌧)3 cos(k⌧)⇧r(k, ⌧)

What are the coefficients Ar(k) and Br(k) from the initial condition?



CASE 2: Super-Hubble modes, relevant for inflationary tensor perturbations

<latexit sha1_base64="jzRESjbmvp1vlDlWISbQ2yWMRNU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpii4LbrqsYB/QpGUynbZDJ5MwMxFqKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnThBzprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2QmwopwJ2tRMc9qJJcVhwGk7mNxmfvuBSsUica+nMfVDPBJsyAjWRurbJ5Ne1eMceSHWY4J5Wp/1qn277FScOdAqcXNShhyNvv3lDSKShFRowrFSXdeJtZ9iqRnhdFbyEkVjTCZ4RLuGChxS5afz9DN0bpQBGkbSPKHRXP29keJQqWkYmMkspFr2MvE/r5vo4Y2fMhEnmgqyODRMONIRyqpAAyYp0XxqCCaSmayIjLHERJvCSqYEd/nLq6RVrbhXFefuslyr5XUU4RTO4AJcuIYa1KEBTSDwCM/wCm/Wk/VivVsfi9GCle8cwx9Ynz/KFJTK</latexit>
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hr(k, ⌘) = Ar(k) +Br(k)
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keq⌘ � 1
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Initial condition 
from inflation, 
Ar(k) constant 

After Hubble re-entry, 
GWs oscillating as plane 

waves and redshifting 
with the expansion

Full solution with inflationary initial conditions 
Hubble re-entry at the radiation-matter transition

GW propagation equation in FLRW

Decaying mode, 
negligible



Summary up to here:

• We have defined GWs and GW energy density without ambiguity in the 
FLRW spacetime, making the connection with linearised gravity 

• After their generation by some sourcing process, GWs in the FLRW 
space-time oscillate and decay with the expansion of the universe  

• The sourcing process can be connected to the presence of anisotropic 
stresses at first order in cosmological perturbation theory, and/or to 
an inflationary phase 

• We have gone as far as we could in all generality; to continue solving 
the equation one needs to specify more the characteristics of the 
sourcing process  

• However, before analysing examples of GW sourcing processes in the 
early universe, we proceed with presenting some general features of 
signals from the early universe, and with describing present and future 
GW detectors with a particular focus on PTAs



Why sources in the early universe produce SGWBs?

LIGO website

A stochastic GW background is a signal for which only the statistical properties can 
be accessed because it is given by the incoherent superposition of sources that 

cannot be individually resolved

• For example, the superposition of deterministic GW signals from astrophysical 
binary sources with too low signal-to-noise ratio, or too much overlap in time 
and frequency -> confusion noise (Examples: LVK, LISA, PTAs…) 

• Early universe GW sources produce SGWBs because they are homogeneously  

and isotropically distributed over the entire universe, and/or correlated on 
scales much  smaller than the detector resolution



Why sources in the early universe produce SGWBs?
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`⇤
characteristic length-scale of the source 
(typical size of variation of the tensor anisotropic stresses)

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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Angular size on the sky 
today of a region in which 

the SGWB signal is 
correlated `2(T⇤)
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⇥⇤ =
`⇤

dA(z⇤)
Angular diameter distance

Number of uncorrelated regions accessible today
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⇥(T⇤ = 100GeV) ' 10�12deg

Suppose a GW detector angular resolution of 10 deg 
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z⇤ . 17
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⇥(z⇤ = 1090) ' 0.9 deg

Only the statistical properties of the signal can be accessed



• We access today the GW signal from many independent horizon volumes:  
hij(x,t) must be treated as a random variable, only its statistical properties can 
be accessed, e.g. its correlator 

where <…> is an ensemble average 

• The universe is homogeneous and isotropic, so the GW source is operating 
everywhere at the same time with the same average properties (“a-causal” initial 
conditions from Inflation)  

• Under the ergodic hypothesis, the ensemble average can be substituted with 
volume / time averages: we identify this average with the volume / time one 
necessary to define the GW energy momentum tensor 

• Notable exception: SGWB from Inflation (intrinsic quantum fluctuations that 
become classical (stochastic) outside the horizon)

Why sources in the early universe produce SGWBs?
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hhr(x, ⌘1)hs(y, ⌘2)i



The SGWB is in general homogenous and isotropic, unpolarised and Gaussian

<latexit sha1_base64="8HWUL9OSUG5I/eIGBRc7OxV+Y4U="></latexit>

hhij(x, ⌘1)hlm(y, ⌘2)i = Fijlm(|x� y|, ⌘1, ⌘2)
As the FLRW space-time

If the sourcing process preserves parity

Central limit theorem: the signal comes from the 
superposition of many independent regions 

Helicity basis
There are 

exceptions!

<latexit sha1_base64="g0VzEISW/VWsc8hzVZtbC6uGGNA=">AAACInicbVDLSsNAFJ3UV62vqEs3g0UQlJIURV0IBTcuK9gHNDFMppN27GQSZiZCCfkWN/6KGxeKuhL8GCdtFW09MHA451zu3OPHjEplWR9GYW5+YXGpuFxaWV1b3zA3t5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8gcXud+6I0LSiF+rYUzcEPU4DShGSkueeUa8lN5mN6kTh7CanTuBQDj9Fg+yXKbO4U9K0ZDILEurmWeWrYo1Apwl9oSUwQR1z3xzuhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6mHOlNbjo6MYN7WunCIBL6cQVH6u+JFIVSDkNfJ0Ok+nLay8X/vE6iglM3pTxOFOF4vChIGFQRzPuCXSoIVmyoCcKC6r9C3Ee6JKVbLekS7OmTZ0mzWrGPK9bVUblWm9RRBDtgF+wDG5yAGrgEddAAGNyDR/AMXowH48l4Nd7H0YIxmdkGf2B8fgFdLaVr</latexit>

e±2
ij =

e+ij ± i e⇥ij
2
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hh+2(k, ⌘)h+2(k, ⌘)� h�2(k, ⌘)h�2(k, ⌘)i = hh+(k, ⌘)h⇥(k, ⌘)i = 0

Certainly some induced anisotropy, e.g. the dipole with 
respect to the cosmological frame

More challenging to detect than the “monopole” 

Characterisation of a primordial SGWB



{
Statistical 

homogeneity and 
isotropy

Gaussianity: the two-point 
correlation function is 

enough to fully describe 
the SGWB

Unpolarised

Power spectrum of the GW amplitude

Related to the variance of the 
GW amplitude in real space

For freely propagating sub-Hubble modes, and taking the time-average:
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⇤
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⇤
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hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

Characterisation of a primordial SGWB



Power spectrum of the GW energy density

<latexit sha1_base64="4k2lNg7ralbcLDRf8eAhMwrra5Y="></latexit>

⇢GW =
hḣij(x, t) ḣij(x, t)i

32⇡G
=

hh0
ij(x, ⌘)h

0
ij(x, ⌘)i

32⇡Ga2(⌘)
=

Z +1

0

dk

k

d⇢GW

dlogk

<latexit sha1_base64="oZ9uxKVo2dnUwLoMUAA4XPefByY="></latexit>

d⇢GW

dlogk
=

k2 h2
c(k, ⌘)

16⇡Ga2(⌘)

<latexit sha1_base64="lZzxj3M6rRRIkCtUdJu4ZPWj9HY=">AAACGnicbVDLSgNBEJz1GeNr1aOXwSBGCGE3KHoMePEYwTwgu1lmJ51kyOzDmVkhLPkOL/6KFw+KeBMv/o2TZA8msaChqOqmu8uPOZPKsn6MldW19Y3N3FZ+e2d3b988OGzIKBEU6jTikWj5RAJnIdQVUxxasQAS+Bya/vBm4jcfQUgWhfdqFIMbkH7IeowSpSXPtNPBmUfHnbQyLg5L2AFFzrEjWQAPeNipYKc08Oic65kFq2xNgZeJnZECylDzzC+nG9EkgFBRTqRs21as3JQIxSiHcd5JJMSEDkkf2pqGJADpptPXxvhUK13ci4SuUOGp+nciJYGUo8DXnQFRA7noTcT/vHaietduysI4URDS2aJewrGK8CQn3GUCqOIjTQgVTN+K6YAIQpVOM69DsBdfXiaNStm+LFt3F4VqNYsjh47RCSoiG12hKrpFNVRHFD2hF/SG3o1n49X4MD5nrStGNnOE5mB8/wKa+p60</latexit>

h0
c
2
(k, ⌘) ' k2 h2

c(k, ⌘)

<latexit sha1_base64="EalCppjtKzcBbkwKyPEAwk0j6go="></latexit>

hh0
r(k, ⌘)h

0
p
⇤
(q, ⌘)i = 8⇡5

k3
�(3)(k� q) �rp h

0
c
2
(k, ⌘)

<latexit sha1_base64="kQrv3Cu9nyeLfa4YFzcXH8WgHPk=">AAACE3icbVC7TsMwFHV4lvIKMLJYVEiFoUpQEYyVGGAsEn1ITYgc12mtOnFkO0iVlX9g4VdYGECIlYWNv8FtM0DLkSwdnXOvrs8JU0alcpxva2l5ZXVtvbRR3tza3tm19/bbkmcCkxbmjItuiCRhNCEtRRUj3VQQFIeMdMLR1cTvPBAhKU/u1DglfowGCY0oRspIgX3qiSEPtCdieN3JvVTwVHHoRQJh7eYaVT2i0Mm9rud5YFecmjMFXCRuQSqgQDOwv7w+x1lMEoUZkrLnOqnyNRKKYkbyspdJkiI8QgPSMzRBMZG+nmbK4bFR+jDiwrxEwan6e0OjWMpxHJrJGKmhnPcm4n9eL1PRpa9pkmaKJHh2KMoYNLEnBcE+FQQrNjYEYUHNXyEeItOHMjWWTQnufORF0j6ruec157ZeaTSKOkrgEByBKnDBBWiAG9AELYDBI3gGr+DNerJerHfrYza6ZBU7B+APrM8fKGmeUQ==</latexit>

⇢GW / 1

a(⌘)4
GW energy density scales like radiation for 

freely propagating sub-Hubble modes  
(free massless particles)

<latexit sha1_base64="kzPgKMHXcVFf5ium1Avr4ZCeHAc="></latexit>

d⇢GW

d log k

For freely propagating sub-Hubble modes, and taking the time-average:

Characterisation of a primordial SGWB



GW energy density parameter

<latexit sha1_base64="0Rmq+vqTQpWoPN8hlOCcliZ1woQ="></latexit>

h2 ⌦GW(k, ⌘0) =
h2⇢⇤
⇢c

✓
a⇤
a0

◆4 ✓ 1

⇢⇤

d⇢GW

dlogk
(k, ⌘⇤)

◆

Evaluated today, for a source 
that operated at time η✻ 

• The source has stopped operating so the waves are freely propagating  

• The expansion of the universe is negligible over the time of the 
measurement so that the SGWB appears stationary 

• One can F.T. in time as well 

To make connection with the detection process one assumes that

<latexit sha1_base64="qlpZh8FfSs/w7iFZchynjhZ4V7s=">AAACBnicbVDLSsNAFL2pr1pfUZciBIvgqiTF10YounFZwT6gCWEynbRDJ5MwMxFKyMqNv+LGhSJu/QZ3/o3TNgttPXDhzDn3MveeIGFUKtv+NkpLyyura+X1ysbm1vaOubvXlnEqMGnhmMWiGyBJGOWkpahipJsIgqKAkU4wupn4nQciJI35vRonxIvQgNOQYqS05JuH4ZUbCoQzJ8/qbkLz2WuUZ8i3c9+s2jV7CmuROAWpQoGmb365/RinEeEKMyRlz7ET5WVIKIoZyStuKkmC8AgNSE9TjiIivWx6Rm4da6VvhbHQxZU1VX9PZCiSchwFujNCaijnvYn4n9dLVXjpZZQnqSIczz4KU2ap2JpkYvWpIFixsSYIC6p3tfAQ6RyUTq6iQ3DmT14k7XrNOa+d3Z1WG9dFHGU4gCM4AQcuoAG30IQWYHiEZ3iFN+PJeDHejY9Za8koZvbhD4zPH50ZmT0=</latexit>

f =
1

2⇡

k

a0

Characterisation of a primordial SGWB

<latexit sha1_base64="iZfzlo/SxYqFjAX8JfAiIaJvCK8="></latexit>

⌦GW(f) =
4⇡2

3H2
0

f
3
Sh(f)

<latexit sha1_base64="b5Lo7w3jFB25W6Up7D+uTvWmF1o="></latexit>

hh̄r(f, k̂)h̄
⇤
p(g, q̂)i = a40 f

2 g2hAr(k)A
⇤
p(q)i =

=
1

8⇡
�(f � g) �(2)(k̂� q̂) �rp Sh(f)

Power spectral density



characteristic frequency of the SGWB signal
<latexit sha1_base64="BgooSXV2t0JAjfosacowHchxalo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSJIFyURRTdCwU2XFewDmhAm05t26OThzEQoIRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsKZVJb1bSwtr6yurZc2yptb2zu75t5+W8apoNCiMY9F1ycSOIugpZji0E0EkNDn0PFHNxO/8wBCsji6U+ME3JAMIhYwSpSWPPMo8KrXTiAIzew8c4Bzr5o7A7jHDa/qmRWrZk2BF4ldkAoq0PTML6cf0zSESFFOpOzZVqLcjAjFKIe87KQSEkJHZAA9TSMSgnSz6Rc5PtFKHwex0BUpPFV/T2QklHIc+rozJGoo572J+J/XS1Vw5WYsSlIFEZ0tClKOVYwnkeA+E0AVH2tCqGD6VkyHREeidHBlHYI9//IiaZ/V7IuadXteqdeLOEroEB2jU2SjS1RHDdRELUTRI3pGr+jNeDJejHfjY9a6ZBQzB+gPjM8fLPeXtg==</latexit>

f⇤ =
1

`⇤
� H⇤

<latexit sha1_base64="24aKRBMrXyREQek6JHMVTZ0owaE=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLIF2URBTdCAU3XVawF2hCmExP2qGTSZiZCLUUX8WNC0Xc+h7ufBunbRba+sPAx3/O4Zz5w5QzpR3n2yqsrK6tbxQ3S1vbO7t79v5BSyWZpNCkCU9kJyQKOBPQ1Exz6KQSSBxyaIfD22m9/QBSsUTc61EKfkz6gkWMEm2swD7yIFWMG6zceMB5UKkHlcAuO1VnJrwMbg5llKsR2F9eL6FZDEJTTpTquk6q/TGRmlEOk5KXKUgJHZI+dA0KEoPyx7PrJ/jUOD0cJdI8ofHM/T0xJrFSozg0nTHRA7VYm5r/1bqZjq79MRNppkHQ+aIo41gneBoF7jEJVPORAUIlM7diOiCSUG0CK5kQ3MUvL0PrvOpeVp27i3KtlsdRRMfoBJ0hF12hGqqjBmoiih7RM3pFb9aT9WK9Wx/z1oKVzxyiP7I+fwBjp5SE</latexit>

✏⇤ = `⇤H⇤
Ratio of the typical length-scale of the GW sourcing 

process (size of the anisotropic stresses) and the 
Hubble scale at the generation time

<latexit sha1_base64="L5h8komC+Go1khIgiHbw06bKocU="></latexit>

f = f⇤
a⇤
a0

=
1.65⇥ 10

�7

✏⇤

✓
g(T⇤)

100

◆1/6 T⇤
GeV

Hz

Characterisation of a primordial SGWB



✏⇤ = 1
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Characteristic frequency of the GW signal

<latexit sha1_base64="5iuNtBwYt1aBji8kOcuzjrgnO20=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSJmIosuiiC4r9AVNCJPppB06k4SZiVBCdm78FTcuFHHrL7jzb5y2WWjrgQuHc+7l3nuChDOlEfq2FhaXlldWS2vl9Y3NrW17Z7el4lQS2iQxj2UnwIpyFtGmZprTTiIpFgGn7WB4PfbbD1QqFkcNPUqoJ3A/YiEjWBvJtw8afuZKAW/auauYgA5C0D2ZSLe0lft2BVXRBHCeOAWpgAJ13/5yezFJBY004ViproMS7WVYakY4zctuqmiCyRD3adfQCAuqvGzyRw6PjNKDYSxNRRpO1N8TGRZKjURgOgXWAzXrjcX/vG6qw0svY1GSahqR6aIw5VDHcBwK7DFJieYjQzCRzNwKyQBLTLSJrmxCcGZfniet06pzXkX3Z5XaVRFHCeyDQ3AMHHABauAO1EETEPAInsEreLOerBfr3fqYti5Yxcwe+APr8weIDJfQ</latexit>

TEW ⇠ 100GeV
<latexit sha1_base64="bk+65c1Tp3/nZQJbrwuXTE9zqUE=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdUfRY9NJjBfsB3VKyabYNTbJLkhXapb/EiwdFvPpTvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxyW3aPjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+H7ut5+o0iyWj2aS0J7AQ8kiRrCxUt8tR4FmAmWBEkjUp7O+W/Gq3gJonfg5qUCORt/9CgYxSQWVhnCsddf3EtPLsDKMcDorBammCSZjPKRdSyUWVPeyxeEzdG6VAYpiZUsatFB/T2RYaD0Roe0U2Iz0qjcX//O6qYluexmTSWqoJMtFUcqRidE8BTRgihLDJ5Zgopi9FZERVpgYm1XJhuCvvrxOWpdV/7rqPVxVand5HEU4hTO4AB9uoAZ1aEATCKTwDK/w5kydF+fd+Vi2Fpx85gT+wPn8AXDqkvI=</latexit>

f ⇠ mHz LISA

<latexit sha1_base64="sk9xfUCqVFONqd4E3ecx9YY+vb8=">AAAB/HicbVDLSgNBEOz1GeMrmqOXwSB4kLArih6DXnKMYB6QXcLsZDYZMjO7zMwK6xJ/xYsHRbz6Id78GyePgyYWNBRV3XR3hQln2rjut7Oyura+sVnYKm7v7O7tlw4OWzpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho9uJ336gSrNY3pssoYHAA8kiRrCxUq9UjnzNBPJc/yz3lUCy/jjulSpu1Z0CLRNvTiowR6NX+vL7MUkFlYZwrHXXcxMT5FgZRjgdF/1U0wSTER7QrqUSC6qDfHr8GJ1YpY+iWNmSBk3V3xM5FlpnIrSdApuhXvQm4n9eNzXRdZAzmaSGSjJbFKUcmRhNkkB9pigxPLMEE8XsrYgMscLE2LyKNgRv8eVl0jqvepdV9+6iUruZx1GAIziGU/DgCmpQhwY0gUAGz/AKb86T8+K8Ox+z1hVnPlOGP3A+fwB6Z5QE</latexit>

f ⇠ 10 nHz PTA
<latexit sha1_base64="NythXe1kUYv18I9ZMHmvWJS5HTc=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZRERV0W68KN0EJf0IQwmU7aoTNJmJkIJWTpxl9x40IRt36CO//GadqFth64cDjnXu69x48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkZD0lJUMdKNBUHcZ6Tjj2oTv/NAhKRR2FTjmLgcDUIaUIyUljzzsOmljuCwUbvNHEk5tC0LOqe5dk/amWeWrYqVAy4Se0bKYIa6Z345/QgnnIQKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE/TEHEi3TR/JIPHWunDIBK6QgVz9fdEiriUY+7rTo7UUM57E/E/r5eo4NpNaRgnioR4uihIGFQRnKQC+1QQrNhYE4QF1bdCPEQCYaWzK+kQ7PmXF0n7rGJfVs4bF+XqzSyOIjgAR+AE2OAKVMEdqIMWwOARPINX8GY8GS/Gu/ExbS0Ys5l98AfG5w8a0Zgg</latexit>

TQCD ⇠ 100MeV
<latexit sha1_base64="2i6e7+IIDIBK1ch12ctUn1RtJ/Q=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBGki5KoqMuCmy4r2Ac0IUymN+3QmSTMTMQS+ituXCji1h9x5984bbPQ1gOXezjnXubOCVPOlHacb2ttfWNza7u0U97d2z84tI8qHZVkkkKbJjyRvZAo4CyGtmaaQy+VQETIoRuO72Z+9xGkYkn8oCcp+IIMYxYxSrSRArviAedBrRnUPMUEduqOG9hV0+bAq8QtSBUVaAX2lzdIaCYg1pQTpfquk2o/J1IzymFa9jIFKaFjMoS+oTERoPx8fvsUnxllgKNEmoo1nqu/N3IilJqI0EwKokdq2ZuJ/3n9TEe3fs7iNNMQ08VDUcaxTvAsCDxgEqjmE0MIlczciumISEK1iatsQnCXv7xKOhd197p+eX9VbTSKOEroBJ2ic+SiG9RATdRCbUTRE3pGr+jNmlov1rv1sRhds4qdY/QH1ucPm5WS3A==</latexit>

`⇤H⇤ ⇠ 0.01

<latexit sha1_base64="/UvvAb6u3Qm6C6Ch47054evuk2E=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgXZREfC0LbrqsYB/QhDCZTtqhM0mYmQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vvCVPOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlLOYtjXTnPZSSbEIOe2G47uZ332kUrEkftCTlPoCD2MWMYK1kQK74lHOg1ozqHmKCeQGdtWpO3OgVeIWpAoFWoH95Q0Skgkaa8KxUn3XSbWfY6kZ4XRa9jJFU0zGeEj7hsZYUOXn88On6MwoAxQl0lSs0Vz9PZFjodREhKZTYD1Sy95M/M/rZzq69XMWp5mmMVksijKOdIJmKaABk5RoPjEEE8nMrYiMsMREm6zKJgR3+eVV0rmou9f1q/vLaqNRxFGCEziFc3DhBhrQhBa0gUAGz/AKb9aT9WK9Wx+L1jWrmDmGP7A+fwBGS5Iy</latexit>

`⇤H⇤ ⇠ 1

<latexit sha1_base64="W7ymEAknVqyJ8cogt5BR2iDyskM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZREpOqu6EKXLfQFTQyT6bQdOpOEmYlQQpZu/BU3LhRx6ye482+cpllo64ELh3Pu5d57/IhRqSzr2ygsLa+srhXXSxubW9s75u5eW4axwKSFQxaKro8kYTQgLUUVI91IEMR9Rjr++Gbqdx6IkDQMmmoSEZejYUAHFCOlJc88bHqJIzisN1JHUg5t6/4KOqeZdkvaqWeWrYqVAS4SOydlkKPumV9OP8QxJ4HCDEnZs61IuQkSimJG0pITSxIhPEZD0tM0QJxIN8keSeGxVvpwEApdgYKZ+nsiQVzKCfd1J0dqJOe9qfif14vV4NJNaBDFigR4tmgQM6hCOE0F9qkgWLGJJggLqm+FeIQEwkpnV9Ih2PMvL5L2WcWuVqqN83LtOo+jCA7AETgBNrgANXAH6qAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AFeu5hN</latexit>

TPQ ⇠ 109 GeV
<latexit sha1_base64="/UvvAb6u3Qm6C6Ch47054evuk2E=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgXZREfC0LbrqsYB/QhDCZTtqhM0mYmQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vvCVPOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlLOYtjXTnPZSSbEIOe2G47uZ332kUrEkftCTlPoCD2MWMYK1kQK74lHOg1ozqHmKCeQGdtWpO3OgVeIWpAoFWoH95Q0Skgkaa8KxUn3XSbWfY6kZ4XRa9jJFU0zGeEj7hsZYUOXn88On6MwoAxQl0lSs0Vz9PZFjodREhKZTYD1Sy95M/M/rZzq69XMWp5mmMVksijKOdIJmKaABk5RoPjEEE8nMrYiMsMREm6zKJgR3+eVV0rmou9f1q/vLaqNRxFGCEziFc3DhBhrQhBa0gUAGz/AKb9aT9WK9Wx+L1jWrmDmGP7A+fwBGS5Iy</latexit>

`⇤H⇤ ⇠ 1
<latexit sha1_base64="BUQ9R3QAAJlGuY1wB4asF/edpUs=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkoiUl0W3XRZwT6gCWUynbRDZ5IwMxHaUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KEM6Ud59taWV1b39gsbBW3d3b39u2Dw6aKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2guHd1G89UqlYHD3oUUJ9gfsRCxnB2khd+zj0FBPIdRzkXWSeFKg2nnTtklN2ZkDLxM1JCXLUu/aX14tJKmikCcdKdVwn0X6GpWaE00nRSxVNMBniPu0YGmFBlZ/Nrp+gM6P0UBhLU5FGM/X3RIaFUiMRmE6B9UAtelPxP6+T6vDGz1iUpJpGZL4oTDnSMZpGgXpMUqL5yBBMJDO3IjLAEhNtAiuaENzFl5dJ87LsVsqV+6tS9TaPowAncArn4MI1VKEGdWgAgTE8wyu8WU/Wi/VufcxbV6x85gj+wPr8AXaKk/c=</latexit>

f ⇠ 100Hz LVK
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<latexit sha1_base64="HW3ysmnW0o0cr3/+HaqoHcgjP80=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmtgh6LHvRYwX5Ady3ZdLYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2mzpOFYUGjXms2iHRwJmEhmGGQztRQETIoRUOryd+6xGUZrG8N6MEAkH6kkWMEmOlB891/dPMVwLfQHPcLZXdijsFXiReTsooR71b+vJ7MU0FSEM50brjuYkJMqIMoxzGRT/VkBA6JH3oWCqJAB1k06vH+NgqPRzFypY0eKr+nsiI0HokQtspiBnoeW8i/ud1UhNdBhmTSWpA0tmiKOXYxHgSAe4xBdTwkSWEKmZvxXRAFKHGBlW0IXjzLy+SZrXinVWqd+fl2lUeRwEdoiN0gjx0gWroFtVRA1Gk0DN6RW/Ok/PivDsfs9YlJ585QH/gfP4A4paReA==</latexit>

100MeV
<latexit sha1_base64="OBIZoL+i441vu8dYF1fa9h8qqt0=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmtgh6LXrwIFewHdNeSTWfb0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXphwpo3rfjtLyyura+uFjeLm1vbObmlvv6njVFFo0JjHqh0SDZxJaBhmOLQTBUSEHFrh8Hritx5BaRbLezNKIBCkL1nEKDFWevBc1z/NfCXwLTTH3VLZrbhT4EXi5aSMctS7pS+/F9NUgDSUE607npuYICPKMMphXPRTDQmhQ9KHjqWSCNBBNr16jI+t0sNRrGxJg6fq74mMCK1HIrSdgpiBnvcm4n9eJzXRZZAxmaQGJJ0tilKOTYwnEeAeU0ANH1lCqGL2VkwHRBFqbFBFG4I3//IiaVYr3lmlenderl3lcRTQITpCJ8hDF6iGblAdNRBFCj2jV/TmPDkvzrvzMWtdcvKZA/QHzucP68CRfg==</latexit>

light elements

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

BBN Recombination

reheating, baryogenesis, phase 
transitions, dark matter…

GW

Discovery potential of primordial SGWB detection

PTALISAEarth-
based


