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Extended resolvent and applications

Boiti, Pempinelli

1 Extended resolvent generalizes the classical resolvent of di�erential operators.

2 It can be used to study the nonlinear integrable evolution equations, as the

Kadomtsev-Petviashvili I and II equations

3 N solitons with N incoming rays and one outgoing ray

4 Complete description of the Jost solutions

5 Solution of the IVP for KPII

M. Boiti et al, Theor. Math. Phys., 159: 721733 (2009)

M. Boiti et al, Theor. Math. Phys., 165: 1237-1255 (2010)
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1 Study of the Davey-Stewartson Equation
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Singular Sector of Hydrodynamical type Systems

Konopelchenko

1 Singular sector of the classical one-layer Benney system

2 dispersionless Toda equation and large N limit Hermitian Random Matrix Model

3 dispersionless KdV and Hermitian Random Matrix Model

4 Hermitian Random Matrix Model and Euler-Poisson-Darboux equation

5 Gradient Catastrophe and Thom's Catastrophe

6 Instability of vortex �lament by dispersionless da Rios system
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Algebro-Geometric structure in Sato-Grassmannians

Konopelchenko

1 Algebraic varieties and curves in Birkho� strata of Sato Grassmannian

2 Isomorphism among ∞-dim associative algebras and algebraic curves in Birkho�

strata

3 Regularization of degenerate algebraic curves.

4 Harrison's cohomology of algebraic varieties.

5 Deformations of hyperelliptic curves and the dispersionless KP hyerarchy.

6 The Yano-Ako system and the Frobenius manifold theory.
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B G Konopelchenko and G Ortenzi, J. Phys. A: Math. Theor. 42 (2009) 415207

B. G. Konopelchenko, Theoretical and Mathematical Physics, 159(3): 842852

(2009)

B G Konopelchenko, J. Phys. A: Math. Theor. 42 (2009) 454003

B Konopelchenko,J. Phys. A: Math. Theor. 42 (2009) 095201

B Konopelchenko, L Martinez Alonso and E Medina, J. Phys. A: Math. Theor.

43 (2010) 434020

B G Konopelchenko and G Ortenzi, J. Phys. A: Math. Theor. 43 (2010) 195204

B Konopelchenko, L Martinez Alonso and E Medina, Physics Letters A 375

(2011) 867872
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Landol�

Simmetries and Entanglement in Quantum Systems

Landol�

1 Entanglement in continuous solvable models. Witness observables.

2 Darboux transformations to quadratic Hamiltonians

3 Spectral properties of the Weyl-ordered operators involving powers of position

and momentum and their eigenfunctions

4 Observables canonically conjugated to the Hamiltonians.

5 Stationary position-momentum correlated states of time-dependent

hamiltonians.

6 Generalized heterodyne detection for linear multimode �elds.

7 Decoherence phenomena for non-autonomous quantum systems
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Landol�

M. Gianfreda,. G. Landol� and M. G. A. Paris, Theor. Math. Phys., 160(1):

925932 (2009)

M. Gianfreda,. G. Landol�, Theor. Math. Phys. (in press)

M. Gianfreda,. G. Landol�:Spectral problem for Weyl-ordered form of operators,

preprint 2011

M. Gianfreda,. G. Landol�:On the feasibility and robustness of steady

position-momentum correlations for time-dependent quadratic systems, preprint

2011

L. Martina , G. Ruggeri, G. Soliani : Correlation Energy and Entanglement Gap

in Continuous Models, Int. J. Quant. Inf. 6, n. 3 (2011), 766
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Prinari

Inverse Scattering Transform: extensions and Applications

Prinari

1 IST for defocusing V-NLS equation with nonvanishing boundary conditions.

2 Dark-dark and dark-bright soliton interaction for 2-NLS.

3 Asymptotic states for solitons of the 2-NLS equation, to be generalized to

N-components case.

4 NLS in non euclidean spaces

5 IST for discretized NLS

6 Algebraic methods for NLS with nontrivial boundary conditions.

7 Dispersive shock waves and NLS with discontinuous initial data.

8 IST for coupled Maxwell - Bloch systems

9 Analysis of a nonlinear nonlocal ODE system modeling the performance and

clinical outcome of an existing medical ward.
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Prinari

B. Prinari, G. Biondini, and A. D. Trubatch:Inverse Scattering
Transform for the Multi-Component Nonlinear Schr�odinger

Equation with Nonzero Boundary Conditions, Studies in
Applied Math. 126 (2011) 245-302.

M. Lo Schiavo, B. Prinari, A.V. Serio,Mathematical modeling

of quality in a medical structure: a case study, Math. Comp.
Mod. 2011 (in press)

G. Dean, T. Klotz, B. Prinari, F. Vitale: Dark-dark and
dark-bright soliton interactions in the two-component
defocusing nonlinear Schrödinger equation, preprint 2011.
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Renna

Chaotic systems and applications

Renna

1 Qualitative behavior of a periodically kicked mechanical oscillator, with damping.

2 Numerical analysis with (i) sinusoidal and (ii) Gaussian pulses

3 Forcing symmetry and resonance symmetry dominance

4 The mechanisms of diseases spread by a SIRS model with a variable population

size

5 The mechanisms of diseases spread by a SIRS model with seasonal variability

6 Climate change detection by use of bayesian approaches.

L. Renna, F. Paladini, Theor. Math. Phys. 168 (2011)
1010-1019
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Renna

Symmetries in Nonlinear models

Martina

1 Symmetries and solutions for the infrared limit of the pure Yang-Mills theory

and the generalized 2-components Ginzburg-Landau Model

2 Symmetries for Dynamics in Non-Commutative Spaces and Generalizations

3 Symmetries of continuous and discrete Surfaces in Lie Algebras
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Renna

L. M., A. Protogenov, V. Verbus, Theor. Math Phys. (2008)

L. M., A. Protogenov, V. Verbus, J. Nonlinear Math. Phys. 15, 343-351 (2008)

L. M., A. Protogenov, V. Verbus, Theor. Math. Phys. 160, n. (2009), 1058

L. M., A. Protogenov, V. Verbus, Theor. Math. Phys. 167(3)(2011), 843855

L.M. G. Martone, S. Zykov: Studies on the pure Yang-Mills model, in preparation

P. A. Horváthy, L. M., P. C. Stichel, SIGMA 6 (2010) 060, P. Aschieri et al.

ed.s Noncommutative Spaces and Fields

L. M. , Theor. Math. Phys. 167 (3) (2011), 816825, arXiv:1011.3545

A.M. Grundland, L.M.:Symmetries of the CPN−1 model and the continuous

deformations of their associated Surfaces, in preparation



Nonlinear Systems: Theory and Applications LE41 2011/'12

The pure Yang-Mills theory

The pure Yang-Mills theory

Pure SU(2) Yang-Mills - No Matter

S = −
∫

F ∧ ?F ,

F = A + A ∧ A, A = −T aAa
µ (x) xµ, T a ∈ su (2)

?F + A ∧ ?F − ?F ∧ A = 0, F + A ∧ F − F ∧ A = 0.

local gauge invarianceA→ VAV−1 + VV−1, V ∈ SU (2)

F =
1

2
T a
(
∂µA

a
ν − ∂νAa

µ + f abcAb
µA

c
ν

)
xµ∧ xν =

1

2
T aF a

µν x
µ∧ xν .
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Spin-Charge Separation

Spin-Charge Separation

UC(1) Ai
a →

(
Aa, X

±
a

)
, X±a = A1

a ± A2

a, Aa = A3

a.

X+
a = ψ1ea +ψ2ēa, X

−
a =

(
X+
a

)∗
= ψ∗

1
ēa +ψ∗

2
ea eaea = 0, eaēa = 1.

Pab =
2

(
|ψ1|2 − |ψ2|2

)
(eaēb − eb ēa) .

UI(1)− inner symmetryea → e−λea, ψ1 → eλψ1, ψ2 → e−λψ2.

pi =
2

(e4ēi − ei ē4) , qi =
2
εijkej ēk , ~p · ~q = 0, |~p|2 + |~q|2 =

1

4

n+ =−2η
1

ρ2
ψ∗
1
ψ2, n− =2η 1

ρ2
ψ1ψ

∗
2
, n3 =

|ψ1|2 − |ψ2|2

ρ2
,⇒ ~n

r→∞−−−→ ±~̂z

Ĉa = Ca + ∂aη = ˆ̄eb∂aêb = −2 |~q|
(
~k ×~l · ∂a~k

)
=

2~p · ∂a~s
|~p|2

~k =
~p

|~p|
, ~l =

~q

|~q|
, ~s = ~p × ~q
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Quantizing in background

Quantizing in background

Path-Integral Quantization Faddeev-Popov gauge �xing∫
DA S[A] =

(∫
Dα
)∫

DA S[A]δ [G [A]] det

(
δG [Aα]

δα

)
.

InfraRed limit : Classical background + Quantum �uctuations

X±a → X±a + X̂±a , Aa → Aa + Âa.

g .− f . ⊥ UC (1) G± [A] = D
±
Aa

(
X±a + X̂±a

)
− ζ±,

LYM =
1

4
F2
ab +

1

2
(∂aρ)2 +

1

8
ρ2
(
D
Ĉ
a ~n
)2

+ ρ2
[
(∂a~p)2 + (∂a~q)2

]
+

ρ2

2

(
n+

(
∂aˆ̄eb

)2
+ n− (∂aêb)2

)
+

1

2
ρ2J2a +

3

8

(
1− n23

)
ρ4 − 3

8
ρ4,

Fab = (∂aJb − ∂bJa) +
1

2
~n ·DĈ

a ~n ×D
Ĉ
b ~n − n3

(
∂aĈb − ∂bĈa

)
− 2ρ2n3Hab

Ja =
2ρ2

(
ψ∗1D

C
Aaψ1 − ψ1D̄C

Aaψ
∗
1 + ψ∗2D

C
Aaψ2 − ψ2D̄C

Aaψ
∗
2

)



Nonlinear Systems: Theory and Applications LE41 2011/'12

Quantizing in background II

UC(1)×UI(1) -Invariant Fields
~n→ O(3) - nonlinear σ model
(~p, ~q)→ G (4, 2)-nonlinear σ model
Interaction terms: T ∗1,0S2+ × T ∗0,1S2− → R
Static Limit

Hstatica =
1

4
F2
ij +

1

2
(∂iρ)2 +

1

8
ρ2
(
DĈ
i ~n
)2

+
1

4
ρ2
(
∂i~l
)2

+
ρ2

4

{
n+

[(
~m − ~k

)
· ∂i~l

]2
+ n−

[(
~m + ~k

)
· ∂i~l

]2}
+

1

2
ρ2J2i +

3

8

(
1− n23

)
ρ4 −

3

8
ρ4,

Fij = ∂iJj − ∂jJi +
1

2
~n ·DĈ

i ~n ×DĈ
j ~n + n3

(
~l · ∂i~l × ∂j~l − ρ2εijk lk

)
ρ ∈ R; 4 - v.- f. Ja ∈ R; 2 independent comp.s ~n ∈ R, ~n2 = 1, 4 comp.s êa

London Limit ρ→ ∆,

L =
∆2

8

(
DĈ
a ~n
)2

+
3

8
∆4
(
1− n23

)
+

1

16

[
~n ·DĈ

a ~n ×DĈ
b ~n − 2n3

(
∂aĈb − ∂bĈa

)]2
.

(1)
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Reductions of the static pure Yang-Mills Model

Reductions of the static pure Yang-Mills Model

L.M., G. Martone (2011)

~n 6= cost, ρ = ∆ = cost e Ja = 0,

L =
∆2

8
(∂a~n)2 +

1

16

(
~n · ∂a~n × ∂b~n − 4∆2n3Hab

)2 − 3

8
∆4n23; (2a)

~n = ~̂z = cost, ρ 6= cost e Ja 6= 0,

L =
1

4

(
∂aJb − ∂bJa − 2ρ2Hab

)2
+

1

2
(∂aρ)2 +

1

2
ρ2J2a −

3

8
ρ4; (2b)

~n 6= cost, ρ = ∆ = cost e Ja 6= 0, (Current States)

L =
1

4

[
(∂aJb − ∂bJa) +

1

2
(~n · ∂a~n × ∂b~n)− 2∆2n3Hab

]2
+

∆2

2
J2a +

∆2

8
(∂a~n)2 −

3

8
∆4n23.

(2c)
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The Skyrme Faddeev- Model

The Skyrme Faddeev- Model

T. H. R. Skyrme, Proc. R. Soc. Lond. A 260 (1961), 127; Nucl. Phys. 31

(1962), 556.

L. Faddeev, Quantisation of Solitons, preprint IAS Print-75-QS70, 1975

E [~n] =

∫
R3

{
(∂a~n)2 +

(
1

2
(~n · ∂a~n × ∂b~n)

)2
}3

x ,

x → Λx ⇒
∫
R3

(∂a~n)2 3x → Λ

∫
R3

(∂a~n)2 3x∫
R3

(~n · ∂a~n × ∂b~n)2 3x → Λ−1
∫
R3

(~n · ∂a~n × ∂b~n)2 3x ⇒ Λ = 1

∂2a~n − (∂aFab) (~n × ∂b~n) =
(
~n · ∂2a~n

)
~n.
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hop�ons

The Hopf Charge: hop�ons

lim
|~x |→∞

~n (~x) = ~n∞ = (0, 0, 1)⇔ ~n : S3 → S2

The Hopf Invariant N [~n] ∈ π3
(
S2
)

= Z
H = 1

2 (~n · ∂a~n × ∂b~n) xa ∧ xb is closed H = 0
H2
(
S3
)

= {0} ⇒ A = Aaxa : H = A

N [~n] =
1

4π2

∫
S3
H ∧A.

n1 + n2 =(mφ−nψ) sinΘ, n3 = cosΘ C : ~n = ~n∞, S : ~n = −~n∞
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hop�ons - II

The energy bound

E [~n] ≥ c |N [~n]|3/4 , c ≈ (3/16)3/8

A. F. Vakulenko, L. V. Kapitansky, Sov. Phys. Dokl. 24 (1979), 433

A. Kundu e Y. P. Rybakov, J. Phys. A 15 (1982), 269

R. S. Ward, Nonlinearity 12 (1999), 241

M. F. Atiyah e N. S. Manton, Phys. Lett. A 222 (1989), 438

L. D. Faddeev e A. J. Niemi, Nature 387 (1997), 58.

R. Battye e P. Sutcli�e, Proc. Roy. Soc. London A 455 (1999), 4305;Phys. Rev.

Lett. 81 (1998), 4798; J. Hietarinta e P. Salo, Phys. Lett. B 451 (1999), 60.

P. Sutcli�e, Proc. R. Soc. A 463 (2007), 3001

vortices of higher topological charge are metastable con�gurations
N = 7 Trefoil Knot con�gurations
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Stereographic form of the Skyrme-Faddeev model

Stereographic form of the Skyrme-Faddeev model

S2 ↔ C ~n =
(

w+w̄
ww̄+1 ,−

i(w−w̄)
ww̄+1 ,

1−ww̄
ww̄+1

)
w = n1+ın2

1−n3

Lw =

∑3
i=0 gi∂iw ∂i

8π2 (1 + w)2
+ λ

∑3
i ,j=0,i<j gi gj (∂iw ∂j − ∂jw ∂i )

2

16π2 (1 + w)4
.

U = (w , ) Ui = ∂iU, Ui ,j = ∂i∂jU.∑
0≤i≤j≤3

Kij [U,U0, . . . ,U3]Uij − K0 [U,U0, . . . ,U3] = 0

Kij = gi

{
δij

[(
1 + 1

2
U†U

)2
σ1 + λ

2
A
∑

l (1− δil ) glUl ⊗ Ul

]
− λ

(
1− δij

)
AgjUi ⊗ Uj

}
,

K0 =

{(
1 + 1

2
U†U

)
AB

∑
0≤l≤3 glUl ⊗ Ul − 2λ

1+ 1

2
U†U

∑
0≤l<m≤3 glgm [ACUl ⊗ Um]2

}
U

Lie-point Symmetry Group R4 ⊗ SO (3, 1)� SO (3)
→ Lagrangian Symmetries
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Hedgehog Solutions

Hedgehog Solutions

symm. 1D s.alg. ~v = ı (x∂y − y∂x) + α (w∂w − ∂)⇒
w = eıαϕ (cot[θ] + ı cot[χ (r)] csc[θ])

~n · ~σ = U (~n∞ · ~σ)U†

U = exp [χ (r)~ν (ϑ, ϕ) · ~σ] = cosχ (r) I + sinχ (r)~ν (ϑ, ϕ) · ~σ

~ν (ϑ, ϕ) = (sin (mϑ) cos (nϕ) , sin (mϑ) sin (nϕ) , cos (mϑ))

E [χ] n=m=1 =
16π

3
∆

∫
R+

{(
r̃2 + 2 sin2 χ

)
χ′2 + 2 sin2 χ+

sin4 χ

r̃2

}
r̃

(
r̃2 + 2 sin2 χ

)
χ′′ + sin 2χχ′2 + 2r̃χ′ − sin 2χ

(
1 +

sin2 χ

r̃2

)
= 0

r̃ = (1/2)∆ r χ (0) = π and χ (∞) = 0
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Hedgehog Solutions

Hedgehog Solutions

g (r̃) = sin
χ (r̃)

2
.(

8g4 − 8g2 − r̃2
) (

g2 − 1
)
g ′′ + g

[
8g2

(
g2 − 2

)
+ r̃2 + 8

]
g ′2

−2r̃
(
g2 − 1

)
g ′ −

2g
(
2g2 − 1

) (
g2 − 1

)2 (
4g4 − 4g2 − r̃2

)
r̃2

= 0,

NO Painlevé
Approximated solutions by rational f.

grat (r) =
1 + a1r̃ + a2r̃

2

1 + a1r̃ + b2r̃2 + b3r̃3 + b4r̃4
,

a1 = 0.216, a2 = 0.230, b2 = 0.752, b3 = −0.018, b4 = 0.302,
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Hedgehog Pro�le

Hedgehog Pro�le

1 2 3 4 5 6 7
r

0.5

1.0

1.5

2.0

2.5

3.0

ΧHrL

Figura: Blu : numerical solution. Green: χrat = 2 arcsin grat . Red: test
χp-function. Orange: Atiyah - Manton test function. Length unity 2∆−1
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Hedgehog Shape

Hedgehog Shape

Figura: Hedgehog N=1 level surfaces n3 = 0.9 e n3 = −0.9. Color
= Hue [arctan (n2/n1)]
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Rational Maps Ansatz

Rational Maps Ansatz

~n : S3 → S2 ↪→ S2 × S → S2

l l

CP1 ↔ z = tan [θ/2] eıϕ → w (z, r)

ω ∈ SO (3)

On the sphere ωS (z) = αz+β
−β̄zᾱ , |α|2 + |β|2 = 1

In inner ~n or w -space ⇔ ωT (w) = γw+δ
−δ̄w γ̄ , |γ|2 + |δ|2 = 1

symmetric map w (ωS (z)) = ωT (w (z))

R (z) : CP1 → CP1, deg (R) = N 2-dim + 2-dim Irreducible representations of the

SO(3) subgroups (Platonic symm) → Klein Polynomials

F. Klein,Lectures on the Icosahedron,(London, Kegan Paul, 1913)
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Rational Maps Ansatz-II

Rational Maps Ansatz

~νR = 1
1+|R|2

(
R + R̄,−ı

(
R − R̄

)
, 1− |R|2

)
UR = exp [χ (r)~νR · ~σ]

E [χ]R =
16π

3
∆

∫
R+

{(
r̃2 + 2BR sin2 χ

)
χ′2 + 2BR sin2 χ+ IR

sin4 χ

r̃2

}
r̃

BR = −N
∫
C

(
1+|z|2
1+|R|2 |

dR
dz |
)2

2ıdz dz̄
(1+|z|2)2

IR =
∫
C

(
1+|z|2
1+|R|2 |

dR
dz |
)4

2ıdz dz̄
(1+|z|2)2

RD = z2,RT = z3−
√
3ız√

3ız2−1 ,RO = z4+2
√
3ız2+1

z4−2
√
3ız2+1

,RY = z7−z5−7z2−1
z7+z5−7z2+1
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Rational Maps Ansatz

Rational Maps Ansatz

Figura:
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Conclusions

Conclusions and open problems

2c-GL model in Condensed Matter and Pure Yang- Mills in
intermediate energies are relevant

Reduce to similar equations: Skyrme-Faddeev model

Localized perturbations are Knotted Vortices

Knotted Vortices are stabilized by Hopf index

Current states possess di�erent energy bounds

Approximate solutions can be found in the axisymmetric
setting and/or in the rational map ansatz

Higher symmetries (if any) are unknown

Reduction/ modi�cation to integrable systems is unknown (not
even in 2D)

Interaction among hop�ons is under considerations by
numericals and by lattice toroidal moment models
(Protogenov,Verbus)
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Dynamics in Non-Commutative Spaces and Generalizations

Dynamics in Non-Commutative Spaces and Generalizations

V. Bargmann
On Unitary ray representations of continuous groups
Ann. Math. 59 (1954) 1.

J.-M. Lévy-Leblond
(2 + 1)D [K1,K2] = iκ
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The �Exotic� Galilean symmetry
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1 Kirillov - Konstant - Souriau method of the Group Coadjoint
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2 Acceleration-dependent Lagrangian

3 A. Ballesteros et al.

Moyal quantization of 2 + 1 dimensional Galilean systems
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Nonlinear Systems: Theory and Applications LE41 2011/'12

Dynamics in Non-Commutative Spaces and Generalizations

The �Exotic� Galilean symmetry

Can Physics carry �exotic� structure ?

1 Kirillov - Konstant - Souriau method of the Group Coadjoint
Orbits

2 Acceleration-dependent Lagrangian

3 A. Ballesteros et al.

Moyal quantization of 2 + 1 dimensional Galilean systems
Journ. Math. Phys. 33, 3379 (1992).

4 D. R. Grigore
Transitive symplectic manifolds in 1 + 2 dimensions
Journ. Math. Phys. 37, 240 (1996).



Nonlinear Systems: Theory and Applications LE41 2011/'12

Dynamics in Non-Commutative Spaces and Generalizations

The �Exotic� Galilean symmetry

Can Physics carry �exotic� structure ?

1 Kirillov - Konstant - Souriau method of the Group Coadjoint
Orbits

2 Acceleration-dependent Lagrangian

3 A. Ballesteros et al.

Moyal quantization of 2 + 1 dimensional Galilean systems
Journ. Math. Phys. 33, 3379 (1992).

4 D. R. Grigore
Transitive symplectic manifolds in 1 + 2 dimensions
Journ. Math. Phys. 37, 240 (1996).



Nonlinear Systems: Theory and Applications LE41 2011/'12

Dynamics in Non-Commutative Spaces and Generalizations

The �Exotic� Galilean symmetry

Can Physics carry �exotic� structure ?

1 Kirillov - Konstant - Souriau method of the Group Coadjoint
Orbits

2 Acceleration-dependent Lagrangian

3 A. Ballesteros et al.

Moyal quantization of 2 + 1 dimensional Galilean systems
Journ. Math. Phys. 33, 3379 (1992).

4 D. R. Grigore
Transitive symplectic manifolds in 1 + 2 dimensions
Journ. Math. Phys. 37, 240 (1996).



Nonlinear Systems: Theory and Applications LE41 2011/'12

Dynamics in Non-Commutative Spaces and Generalizations

The �Exotic� Galilean symmetry

Can Physics carry �exotic� structure ?

1 Kirillov - Konstant - Souriau method of the Group Coadjoint
Orbits

2 Acceleration-dependent Lagrangian

3 C. Duval, P. A. Horváthy
The Exotic Galilei group and the Peierls substitution
Phys. Lett. B 479, 284 (2000).

4 J. Lukierski et al.
Galilean-invariant (2 + 1)-dimensional models with a

Chern-Simons-like term and d = 2 noncommutative geometry

Annals of Physics (N. Y.) 260, 224 (1997).



Nonlinear Systems: Theory and Applications LE41 2011/'12

Dynamics in Non-Commutative Spaces and Generalizations

The �Exotic� Galilean symmetry

Can Physics carry �exotic� structure ?

1 Kirillov - Konstant - Souriau method of the Group Coadjoint
Orbits

2 Acceleration-dependent Lagrangian

3 C. Duval, P. A. Horváthy
The Exotic Galilei group and the Peierls substitution
Phys. Lett. B 479, 284 (2000).

4 J. Lukierski et al.
Galilean-invariant (2 + 1)-dimensional models with a

Chern-Simons-like term and d = 2 noncommutative geometry

Annals of Physics (N. Y.) 260, 224 (1997).



Nonlinear Systems: Theory and Applications LE41 2011/'12
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The Duval - Horvathy Model

The Duval - Horvathy Model

Ω = Ω0 + eB dq1 ∧ dq2, H = H0 + eV

B = B (~x , t) , V = V (~x , t)

DH-model

m∗ẋi = pi − emθ εijEj , anomalous velocity

ṗi = eEi + eB εij ẋj Lorentz F.

m∗ = m(1− eθB) e�ective mass

Poisson Structure

{x1, x2} =
m

m∗
θ, {xi , pj} =

m

m∗
δij , {p1, p2} =

m

m∗
eB
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The Duval - Horvathy Model

Coupling to an external E.M. �eld

Cartan

1-form
λ = (pi − Ai )dxi −

~p 2

2m
dt +

θ

2
εij pi dpj

Lagrange 2− form σ = dλ σ (γ̃, ·) = 0

A =

∫
γ̃

λ =

∫
γ̃

(
fi (ξ) ξ̇i − H (ξ)

)
dt

[
ξ = (~x , ~p) , γ̃ = (γ, γ̇, t) ⊂ T∗R2 × R

]
6=

∫
γ̃

∂L

∂vi
dx i +

(
L−

∂L

∂vi
vi

)
dt =

∫ t2

t1

Ldt

Hamiltonian EOM

ξ̇i = {ξi ,H},
{
ξi , ξj

}
=
[(
∂ξa fb − ∂ξb fa

)−1]
ij

m∗ → 0⇔ 1

eBcr
= θ ⇒ Constrained

System
⇒ Symplectic

reduction
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The Duval - Horvathy Model

The Symplectic Reduction

Qi = xi +
1−

√
m∗

m

B
εijpj , Pi =

√
m∗

m
pi −

B

2
εijQj

(m∗ → 0) λ = fi

(
~Q
)
dQ i − H

(
~Q,~p

)
∂H

∂pi
= 0⇒ pi

m
= εij

Ej
Bcr

Hall's motions

∂H

∂Q i
= −Ei

{Q1,Q2} =
1

eBcr
= θ, H = V

(
~Q
)

(Peierl's subst.)
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Quantization and Anyons
z =

√
B
2 (Q1 + iQ2)− i P1+iP2√

B

w =
√
B
2 (Q1 − iQ2)− i P1−iP2√

B

,ΩK =
dz ∧ dz + dw ∧ dw

2ı

Bargmann - Fock w.f. ψ = f (z ,w) exp
[
− zz+ww

4

]
[
ẑ , ẑ
]

=
[
ŵ , ŵ

]
= 2, [ŵ , ẑ ] =

[
ŵ , ẑ

]
= 0

Ĥ = Ĥ0 + V̂ , Ĥ0 =
B

2m∗
(
ŵ ŵ + 1

)
m∗  0 and ŵ f = 0⇒ Ψ = f (z) e−

zz
4

ANYONS at the Lowest Landau Level

R. B. Laughlin
Phys.Rev.Lett. 50 ,1395(1983)
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General noncommutative mechanics

L = pi ẋi + Ãi(~x ,~p)ṗi − H(~p, ~x)

{xi , xj} = εij B̃
(
B̃ = εk`∂pk Ã`(~x ,~p)

)
, {xi , pj} = δij , {pi , pj} = 0

xi → qi = xi − Ãi(~x ,~p)
Commutative

Coordinates

pi ẋi + Ãi ṗi = pi q̇i +
d

dt
(Ãipi)
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General noncommutative mechanics

Examples

Examples

Ãi = Ãi (~p),

{xi , xj} = εij B̃(~p) {pi , pj} = 0

{xi , pj} = δij

DH model

Berry phase in momentum space

Ãi = f (p2)(~x · ~p)pi ,
{xi , xj} =

f (p2)εij
1−p2f (p2)

εk`xkp`,

{xi , pj} = δij + f (p2)
1−p2f (p2)

pipj

1) f =
θ

1 + p2θ

H.S. Snyder, Phys. Rev. 71, 38 (1947)
2) f →∞, H = κ ln(p2/2)

Conserved q. Gi = pi t +
p2

2κ
xi

{Gi , pj} =
δij p

2−2pi pj

2κ
,

{H,Gi} = pi , {Gi ,Gj} = 0

κ-deformed Galilei algebra {H, pi , J,Gi}

de Azcarraga et al. J. Math. Phys. 36, 6879 (1995)
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Physical origin of the exotic structure

Group Coadjoint Orbit SO (2, 1)

Ωr = dpα ∧ dxα +
s

2
εαβγ

pαdpβ ∧ dpγ
(p2)3/2

,

Hr =
1

2m

(
p2 −m2c2

)
.

L. Fehér, Ph. D. Thesis (1987);

Skagerstam , Stern, Int. Journ. Mod. Phys. A 5, 1575 (1990)

Lorentz alg. Jµ = εµνρx
νpρ + s

pµ√
p2
, {Jα, Jβ} = εαβγJγ ,

Jackiw-Nair limit

c →∞
s/c2 → m2θ
Hr → 0

⇒
Ωr

∣∣∣
Hr=0

→ Ω0

εijJ
j

c → Ki = mxi − pi t + mθεijpj

non-relativistic shadow J0/c
2 = {K1,K2} → m2θ J0−s → j = ~x×~p+

θ

2
~p 2
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Seiberg-Witten equivalence in E.M. interactions

Minimal substitution/addition

minimal addition for NC variables - Souriau method

DH - model LDH−em = LDH + e (Ai ẋi + A0)

local gauge T. Aµ(~x , t)→ Aµ(~x , t) + ∂µΛ(~x , t)

Gauge Invariance LDH−em → LDH−em + d
dt

Λ

minimal substitution for NC variables

L̃ext = Pi Ẋi + θ
2
εijPi Ṗj − 1

2
(Pi − eÂi )

2 + eÂ0

δÂµ(~X , t) = Â′µ(~X + δ~X , t)− Âµ(~X , t) = ∂µΛ(~X , t)

δXi = −eθεij∂jΛ, δPi = e∂iΛ

⇒ δL̃ext = e d
dt

(
Λ + θ

2
εij∂iΛ pj

)
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εijPi Ṗj − 1

2
(Pi − eÂi )
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Seiberg-Witten equivalence in E.M. interactionsGeneralized Gauge Transf.

δ0Âµ(~X , t) := Â′µ(~X , t)− Âµ(~X , t) = ∂µΛ(~X , t) + e{Âµ(~X , t),Λ(~X , t)}

F̂µν = ∂µÂν − ∂νÂµ + e
{
Âµ, Âν

} (
{Xi ,Xj}LSZ = θδij

)
R. Jackiw,Phys.Rev.Lett.41(1978) 1635

LSZ - DH correspondence

(Xi ,Pi )(LSZ) ↔ (xi , pi )(DH), Âµ(
−→
X , t)→ Aµ(−→x , t)

xi = Xi + eθεij Âj (
−→
X , t), pi = Pi − eÂj (

−→
X , t)

δxi = 0 ⇒ δ0xi = e{xi ,Λ}

{xi , xj}DH =
θ

1− eθB (~x , t)
, ⇔ B (~x , t) =

B̂
(
~X , t

)
1 + eθB̂

(
~X , t

)
Fµν(~x , t) =

F̂µν (~X ,t)

1+eθB̂(~X ,t)

classical (∗Moyal → ·) Seiberg-Witten transformation
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Non canonical systems in 3D

Non canonical systems in 3D

ṙ =
∂εn(k)

∂k
− k̇× ~Θ(k), k̇ = −eE− e ṙ × B(r) (Bloch electron)

ṙ =
∂Es(k)

∂k
+ k̇× ~Θs , k̇ = −e~E , (Spin-Hall e�ect)

Es(k) =
~2

2m

(
A− Bs2

)
k2, ~Θs = s

(
2s2 − 7

2

) ~k

k3
, s = ±1

2
,±3

2

~̇r = ~p − s

ω
grad(

1

n
)× ~p, ~̇p = −n3ω2grad(

1

n
), (Optical Magnus)

M

(
∂Aj

∂qi

)
~̇q + ~F ×~r = −∂h

∂~r
, M~̇r =

∂h

∂~q
, (Bogoliubov q-particle)

ẋi =
pi

m
+ Θij

∂V

∂xj
, ṗi = −m∂V

∂xj
+ mΘij

∂2V

∂xi∂xj
(NC Kepler problem)
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Lagrange-Souriau 2-form

Lagrange-Souriau 2-form

2D) σDH = dpi∧dxi+
1

2
θ εij dpi∧dpj+eB dx1∧dx2+d

(
~p 2

2m
+ eV

)
∧dt

3D) σ = [(1− µi ) dpi − e Ei dt] ∧ (dri − gi dt) + 1
2
e Bk εkij dri ∧ drj +

1
2
κk εkij dpi ∧ dpj + qk εkij dri ∧ dpj

only gauge invariant quantities

closure condition dσ = 0 ( Maxwell's principle)

Kernel condition σ (δy , ·) = 0, δy = (δ~r , δ~p, δt)



Nonlinear Systems: Theory and Applications LE41 2011/'12

Lagrange-Souriau 2-form

Dual Maxwell Laws

Dual Maxwell Laws

∂piEj = ∂piBj = 0

∂rjBj = 0, εkij∂riEj = −∂tBk ,

∂pj
κj = 0, εkij∂pi

[(1− µj) gj ] = ∂tκk ,

∂tµi = ∂ri [(1− µi ) gi ] , 1

2
εkij ∂ri [(1− µj) gj ] = ∂tqk ,

∂ri µj = εijk∂rj qk , ∂riκj = εijk∂pk
µi + ∂pi

qj − δij∂pk
qk

∂rj [(1− µi ) gi ] + ∂ri [(1− µj) gj ] = 0 i 6= j = 1, 2, 3

∂t

(∑
i

µi

)
+ ∂ri [(1− µi ) gi ] = 0 mass conservation

κi =
∑

j 6=i

(
rj∂pjqi (~p)− ri∂pjqj (~p)

)
+ χi (~p)
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Lagrange-Souriau 2-form

Equation of Motion

Equation of Motion

σ (δy , ·) = 0 δy = (δri , δpi , δt)

M∗ ~̇r =
(

(1− diag (µi ))~g + e KM−1 · ~E
)

M∗~̇p =
e

det (M)

(
R ~E − ~g TN~B

)

M? = M +
(
2
(
εijk qk

)
− e ΘM−1B

)
,M = 1− diag (µi )−

(
εijk qk

)
Θij = εijkκk , Bij = εijkBk , det (M) 6= 0

gi ≡ pi
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Lagrange-Souriau 2-form

Hamiltonian Structure

Hamiltonian Structure

∂t ~A = ∂t ~R ≡ 0⇒ σ = ω − dH ∧ dt dω = 0,

H = E (~p, t) + ϕ (~r , t)

ω = ωαβ dξα ∧ dξβ = (δi,j + Ξij ) dr i ∧ dp j +
1

2
[Bij dr i ∧ dr j −Θij dp i ∧ dp j ]

ωα,β =
(
1− 1

2Tr
(
Ξ2 + X (1 + 2Ξ) Θ

) )−1
{(

Θ + [Ξ,Θ] 0
0 −B + [Ξ,B]

)
+
[
1− 1

6Tr
(
Ξ2 + BΘ

)]( 0 1
−1 0

)
+(

0
(
Ξ2 + X Θ

)T
−
(
Ξ2 + BΘ

)
0

)}
,

√
det (ωαβ) = 1− 1

2Tr
(
Ξ2 + B (1 + 2Ξ) Θ

)
6= 0
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Monopole in Momentum Space

Monopole in Momentum Space

Θ = θ
k

k3
(k 6= 0)

A. Bérard, H. Mohrbach Phys. Rev.(2004)

B ≡ 0, ~E = Ex̂ , εn(k) = k2/2

r(t) = x(t)k̂0 + y(t)Ê + z(t)n̂, k̂0⊥Ê, n̂ = k0∧E
k0E

z(t) =
θ

k0

eEt√
k20 + e2E 2t2

⇒ ∆z =
2θ

k0

Fang et al.Science 302, 92 (2003)

Perovskite structure:SrRuO3, AHE, Rashba-Dresselhaus spin-orbit
Hamiltonian

H =
∑
i

fi (k)σi
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Double Monopole

Charge in Magnetic and Dual Monopole

M∗ṙi =

(
pi − eθ

ri
|~p||~r |3

)
|~r |3|~p|3,

M∗ṗi = eεijkpj rk |~p|3

M∗ = |~r |3|~p|3 − eθ ~r · ~p

D. J. P. Morris et al. Science 326, 411 (2009)
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Double Monopole
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Conclusions and Outlook

Generalized models of noncommutative mechanics can be considered

Quantization of the exotic models allows to identify the classical
analogs of the Anyons

The second central extension can be considered as a nonrelativistic
shadow of the particle spin in relativistic models.

In noncommutative models the Minimal Coupling and the Minimal
Addition of a gauge �eld are not equivalent procedures (modulo
total time derivatives). A local Seiberg-Witten transformations
allows to map systems in di�erent phase spaces ( endowed with
di�erent symplectic structure) and �elds acting on, in order to
obtain the same physical results.

Monopoles in momentum space can be conveniently described in
the presented formalism.

The general Hamiltonian Structure of systems described by non
commutative con�guration variables is described.

Applications to Physics: AHE, Grephene, Supersymmetry
extensions, Spin Hall E�ect, Optical Hall E�ect.
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