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© Non-autonomous vs. autonomous equations
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Isomonodromy-CFT-gauge theory correspondence

The following objects are related:
o N =2* SU(2) gauge theory
@ 1-point c=1 Virasoro conformal blocks on a torus (AGT relation)

o Classical isomonodomric tau functions on a torus (spherical case:
Gamayun, lorgov, Lisovyy; toric case: Bonelli, Del Monte, PG,
Tanzini)

Extended relation includes ¢ = oo conformal blocks/quantum Lamé
potential, and probably ¢ = —2 tau functions.
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Isomonodromic deformations: elliptic Calogero-Moser

@ Autonomous Calogero-Moser system:

d*Q(t)
dt?

(2mi)’® = mge'(2Q(t)|70)

p is a Weierstrass p-function:

R D S N e )

(n,m)€Z2\(0,0)

@ Non-autonomous Calogero-Moser system (special case of Painlevé VI

equation):
2 d?Q(7
@rip A = w20l
@ There is an autonomous limit m = % T=179+ ht, h = 0,
To = const
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Elliptic Calogero-Moser system, solutions

@ Autonomous system is integrable = exactly solvable:

92(2Q(t)’27'0) . 92(2wt+ ¢0)|2Tsw)
93(2Q(t)’27’0) N 93(2wt+ ¢0)|2Tsw)

Parameters 75y, w, ¢g are functions of m and of initial conditions.

93 . Z|T § : q 27|'an q= e27rlT
n€Z+2

@ Non-autonomous system is still exactly solvable:

92(2(\)(7)’27—) B ZHGZJrl C(a + ) 47Tin77q(a+n)2B(a +n,m, q)
6:(2Q(7)[2r) > nez Cla+ n)etmimglatn?B(a+ n,m, q)

@ Solution is highly transcendental, C and B are explained later.
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Isomonodromy-CFT-gauge theory correspondence

G(1-m+2a)G(1—m-2
o C(a) = (G(1+23@g1—2a) 2

G(x+1) =T(x)G(x)

, G is a Barnes G-function,

e B(a,m,q) is a toric 1-point Virasoro conformal block in ¢ =1
conformal field theory with external dimension m? and internal
dimension a%. Namely, B(a, m, q) = try, (sz(O)qL°_1/24).

e Equivalently, by AGT, B(a, m, q) is an instanton partition function of
N =2 SU(2) supersymmetric gauge theory with scalar VEV a and
with adjoint multiplet of mass m. It is also called Nekrasov function.

@ Such Fourier-like series are called “Kyiv formulas” and were first
found by Gamayun, lorgov, Lisovyy for Painlevé VI in 1207.0787.
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© Nekrasov partition functions
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Explicit formulas

Nau(x) = ][ (x

SEA
Y. are Youg diagram
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My..v., (m+ (e — €)a)

Ny, v, ((e—€)a) ~

+ax(s) + hi(s) + 1) [ T — (1) — au(t) — 1).
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5. [ and a arg leg gnd arm lengths:

L 2
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Several terms of expansion

m2 _ m2 m2 _ m2 _ 2m2

m? — 3)(m? — 1)(m? + 2)m? m? — 1)(m* — m? + 2)m?
RUES LI GRS LN LEL LS +2>+

Lt [ = 9)m? — 4P (m? 12w (= 4)(m — 1)*(2m* — 2m? 4 Q)
q9 36(a2 — 1)2 48(a? — 7)?
_(m? = 4)(m* = 1)(11m°® — 106m* + 131m° + 108)m2+
216(a2 — 1)
n (m? —1)(3m® — 22m® + 65m* — 46m? + 24)m?
2442
2 —1)(8m® — 24m® + 15m* + m?* — 162)m?
(m* —1)(8m i+ 15m' 4 m m ),
108(3 - Z)
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Trivial example: N =4 SYM

om=0
_ 1 gl
° B(2.0.9) = [0 = @
e C(a)=1
o Defining equation: 2Z2Qn)27) _ 0a(2ar-+20|27)

03(2Q(7)|21) — 63(2at+2n|27)

e Q=ar+n
o P =2mia
o H = (2mia)?
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© Riemann-Hilbert problems
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Isomonodromic Lax pair

@ Non-autonomous Calogero-Moser system is described by compatibility
condition of two equations (Takasaki, or Korotkin for different form):

V(z)L(z,7) = 0,)(z), 21i0:Y(z) = Y(z)L-(z, 1),
which gives
2mi0; L, (z,7) = [L(z,7), L (2, 7)) + O, L (2, T)

@ Lax matrices are

(PO mx(-20().2)
LD = (e T or )

o 0 y(-20(r).2)
LT(Z7T) = —m ( y(ZQ(T),Z) 0 > )
where x(§,z) = %ﬁg;)a (€ 2) = 0ex(§, 2).
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Isomonodromic Lax pair

@ Transformation properties of the Lax matrix:
L (Z—I—T 7_) _ e—27TiQ(T)O'3L (Z T)e27TiQ(T)O'3 o3 = 1 0
V4 b 4 b 9 0 _1

L(z+1,7) = L,(z,7)

Q(7) is a modulus of the vector bundle
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Monodromy parameterization

@ Monodromies are My, M4, Mg:
y(Z + ]-7 T) = MAy(Z,T),
V(z+7,7) = MpY(z,7)e? @73,
y(e27riz, T) = MoY(z, 7).

@ Relation of monodromies to parameters in the Kyiv formula:

eZvria 0 sinm(2a—m) e—27rin __sinmm e—27ri77
AﬂA — i A”B — sin2ma _ sin2ma
0 e—2mia | > sinm o2in sin w(2a+m) e2min
sin2wa

sin2mwa

Mo = My Mg*MaMp.
@ a and 7 are the complex Fenchel-Nielsen coordinates.
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Approximate solution of the linear system

> "
>
Cin Cout
—1p0—-1
o Ma Mg=My~Mg
Pants decomposition of Ci 1 Trinion
@ Linear system on the trinion:
A1

0:.9(2) = V(2)Lape(2),  Lapt(z) = —2miAg — e

@ Monodromies of ) and 37 should match, so function 37(2)—132(2) is
single-valued on the trinion.
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Another way to draw a torus

7 5 Cou 1+
. Vi
0 Cin 1
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Riemann-Hilbert problem on a torus

e Consider the ratio V(z) = Y(2)"1V(z)

@ It is single-valued and invertible on a trinion (or in the fundamental
domain) Sz € (—97/2,37/2)

o V(z+1)=V(z2)
o Jump on the B-cycle: W(z + 7) = J(2)V(z)e* Q]
Formula for the jump: J(z) = Y(z + ) *Mg(z)
e Solution of the Riemann-Hilbert problem gives )(z) from known )(z)
@ Ordinary Riemann-Hilbert problem on a complex sphere: find

holomorphic invertible matrix-valued function W(z) with jump J(z)
on some contour [, such that ¥V, (z)|, = J(2)V_(2)|;
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e Fredholm determinants
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Fredholm determinant from the 3-pt problem

@ Formula for solution on the 3-punctured sphere:
5(2) — (1 _ e—27ri2)m % dlag( 2miaz e—27riaZ)><
y ( 2Fi(m, m — 2a,—2a, e72") —5oFi(1+m,m—2a,1-2a, e2"’z)>

—2miz

I 2Fi(1+m, 1+ m+2a,2+2a, e_QW’Z) 2F1(m,1—|—m—|—2a,1—|—2a,e‘2”iz)

23+

@ Determinant:

TOD — get I — e 2miptro-]_ -1 n-J
TR T |-|+J71 I— e27rlp77—82|-|+_]
M, is a projector onto modes e~2™" n >0, Nno=I-MN4t

e e2™7 is a U(1) modification of Mg

o Relation to the solution: #7 (1) = e2miP ] __ 91(7’7)(:(? Tem- Value
of Q is defined by zeros of T(11) in p

e Tau function: 2mi0; log Tem(7) := Hem(7)
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© 1-forms and modular transformations
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Modular transformation 7 = —1/7

2
@rip X = it 2q(ri)
T
e If Q(a,n, m,7) is a solution, then —7Q(4,7, m, —1/7) is another

solution.

@ Monodromy parameterization in different channels:

27ia sinm(2a—m) _—2xin _ sinmtm ,—2xin
My = € 0 . Mg = sin2ra € . sin2ma €
A 0 —2mia | » B sintm 27in sinm(2a+m) orin
e - e - €
sin2wa sin2ma
up to overall conjugation:
sinw(25—m) _—2xifi _ sinwm ,—2mif —27i5
My = sn2r3 € . ﬂngﬂée Mg = e O,N
A sintm 27if} sin 7(23+m) e2miij |’ B 0 g?ia

sin2w3 sin 23
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Explicit monodromy mapping

We should have tr M4 = tr Ma, tr MaMpg = tr MpMpg, tr Mg = tr Mg
Explicit expressions are

o ilo sin(mra — mm/2 + ) sin(ra + mm/2 — )
~ 4ni Csin(ra —m/2 — ) sin(ra +mm/2 + mn)’
_ sin(ta —m™m/2 — 7
— (3 — m/2 — )

1
2mi 8 sin(ra+ mm/2 — me)’
and the inverse formulas

~ log sin(ma —mm/2 + ) sin(ra+ mm/2 — )
a= = _: )
4ri S|n(7ra—7rm/2—7rn)sm(7ra+7rm/2+7r7“7)
1 sin(ma—mm/2 —
n=a+ —log ( / )
2mi

sin(ra+mm/2 — 7))’
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Modular transformation

Trivial example: Q(a,n,0,7) = ar + 7,
Q(a,n,0,7) = —7Q(n,—a,0,—1/7), & = n, therefore 7j = —a.

Transformation of the tau function:

2

Tem(a,n,m,m) = T - Tem(3, 7, m, —1/7)e2Q@nmn> /7 =m

. L
Trivial example: Tem(a,n,0,7) = €277,

Tem(8,1,0,—1/7) = e 2min?/T

o . 2
_ e—471'/an7~CM(a7 n, 0’ T)e—ZWIQ(a,n,O,T) /T

2mip 01(p—QI7)01(p+Q|T
n(r)?

@ Tau function e )TCM has modular prefactor

P2 2
e2mip /7'7.m ]
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Differential of the tau function

@ Introduce generalized monodromies and isomonodromic deformations.

V(z) ~ C(z — zk)™ G (1 + O(z — z))

(in our case zx = 0). Instead of preserving My, now preserve Cg.

@ Prove by explicit derivative computation that dlog7 = w — w3pt,
where

1
W= THTdT + Pdp@Q + trmdpaGo Gyt
i
is the analog of Bertola-Malgrange 1-form,

Wt = trmdGP(GP') Y + trad G (G — trad G (GPP)

@ Toric analog of lIts, Lisovyy, Prokhorov approach.
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Connection constant

@ Differential of the connection constant is

®
dlog <'Y‘¢> =d Iog;; = 3Pt — 3Pt

@ Then it can be integrated:

1 _ garizi G (@ = m/241) G (a— m/2 — 7j) (2m)"G(m)
@(a + m/2 + 1j) G (a4 m/2 — ) eimm?/2

® G(14+2a)G(1—2a)  G(1—m+25)G(1—m—23)

® G1-m+2a)G1-m—2a)  G(1+23)G(1—25)

where G(x) = ggfi;

I
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Tau functions vs. conformal blocks

Tau function better related to conformal filed theory: Zp ~ #&7(11)

Modular transformation of the tau function:

_m? ool )T
ZD:—TTme2mp/TZD

Modular transformation of conformal block:

) oco+il
B(a,m,7)=71""T / daS(a,a)B(a, m,T)
—oo+iA
@ Tau function is an element in the space of conformal blocks that
diagonalizes Verlinde loop operators. It also diagonalizes the action of
the modular transformations.
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Modular transformation of conformal blocks

o ZD(37777m777P): )
ﬁzn,kez e2minn g2mit(k+5+3)" Ani(k+5+3)(p+3) 3 (a+2,m,7)
° Zp(a,n, m,7,p) =

1 S Tk L) DB (54 3, m,7)

° B(av m, 7—) = fOl dp fol d’l7 77(7_)e_i’m—/ze_27ri(p+1/2)ZD(av n,m,T, 10)
@ The answer for the fusion kernel:

u
S(a,3) = T(a,7) 72

a

@ Explicit expression, simpler than Ponsot-Teschner integral.
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Relation to canonical transformation

@ Generating function of the canonical transformation:
AriF(a,n) =Na—m/2—n)—Na+m/24+7n)—ANa+m/2—7)+
Na—m/2+7) + N(m) + itm? /2

o A(x) = log G(x) + xlogsinmx, N'(x) = log (27 sin 7x).

H H .5 aF(azﬁ) — BF(azﬁ)
@ Canonical transformation: a = o7 1= s

1
. S 2
@ Fusion kernel: S = e47”(F 355 —m5m) (gf)
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Thank you for your attention! |
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