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i.e. without a spacetime action
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Fierz-Pauli
vDVZ discontinuity
Boulware-Deser ghost
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Massive Gravity as a Field Theory

Brief history

1920 1930 1940 1950 1960 1970 1980 1990 2000 2010 2020

Fierz-Paulitheory. The theory of a single massive spin 2 particle @ at spacetime
Z
d*x R'™(h) %mz(h h h?)

1
=
propagating 5 degrees of freedom

m>h =0 @h =0 h=0

Srp

M. Fierz and W. Pauli (1939)



Massive Gravity as a Field Theory

Fierz-Pauli theory @ curved spacetime

The theory for a massive spin 2 propagating on a xed curved background with mgtric
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Li=o > h r h r hr h r h r h > hr h D h h 2h

I. L. Buchbinder, D. M. Gitman, V. A. Krykhtin and V. D. Pershin (2000)
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Massive Gravity as a Field Theory

Fierz-Pauli theory @ curved spacetime
in the Suckelberg formalism

The theory for a massive spin 2 propagating on a xed curved background with mgtric
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the background an Einstein space
R = ¢

= | L. Buchbinder, D. M. Gitman, V. A. Krykhtin and V. D. Pershin (2000)
Stickelbergtricks. Replacements givenbyh ! h +r A +r A ; Al A +r ’
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Fierz-Pauli
vDVZ discontinuity
Boulware-Deser ghost
z__j| —{ . .
Massive Gravmf In the W({»gdllne Forr‘r}ahsm
String-inspired
First-quantization
Spinning (super)particle




Worldline Formalism

Top-down approach

\Formulation given here [...] as an alternative to second quantization"

PHYSICAL REVIEW VOLUME 80, NUMBER 3 NOVEMBER 1, 1950

Mathematical Formulation of the Quantum Theory of Electromagnetic Interaction

R. P. FEYNMAN*
Department of Physics, Cornell University, Ithaca, New York
(Received June 8, 1950)

The validity of the rules given in previous papers for the solution of problems in quantum electrod
is established. Starting with Fer formulation of the field as a set of harmonic oscillators, the
the oscillators is integrated out in the Lagrangian form of quantum mechanics. There results an expression
for the effect of all virtual photons valid to all orders in ¢?/Ac. It is shown that evaluation of this expression
as a power series in ¢*/kc gives just the terms expected by the aforementioned rules.

In addition, a relation is established between the amplitude for a given process in an arbitrary unquantized
potential and in a quantum electrodynamical field. This relation permits a simple general statement of
the laws of quantum electrodynamics.

A description, in Lagrangian quantum-mechanical form, of particles satisfying the Klein-Gordon equation
is given in an Appendix. It involves the use of an extra parameter analogous to proper time to describe
the trajectory of the particle in four dlmens)om

A second Appendix discusses, in the special case of photons, the problem of finding what real processes
are implied by the formula for virtual processes.

Problems of the divergences of electrodynamics are not discussed.




Worldline Formalism

Top-down approach

FIRST QUANTIZATION
SQED S-matrix in terms ofelativistic particle path integrals

Z, Z x(T)=x° .21 2 Zq
dT i dee L o9 22 1 @ Yaggy
0] x(0)= x 22 0] 7 o 0] o
. T T
i o dx dx
4 d°GETP MO ()

an in nite sequence ofFeynman diagrams



Worldline Formalism

Bottom-up approach

SCALAR PARTICLE [S= d px g(p p +m?d




Worldline Formalism

Bottom-up approach

2 : o
S n |
SCALAR PARTICLE [S= d px g(p p +m?d

canonical quantization [® ;p]=1i ! B = pp +mll

physical stateg i in the Hilbert space

Rjii=0=) ( m) (x)=0
BRST quantization  enlarge Hilbert spacél ! f b;cg
the nilpotent BRST chargeQ = cH

Q =0=) ( m) (x)=0

! ] KLEIN-GORDON \from the N = 0 spinning particle




Worldline Formalism

Bottom-up approach )
z h i

SCALAR PARTICLE [S= d px g(p p +m?d

canonical quantizaton [ :;p]l=i ! B=p p +m2l

physical stategi in the Hilbert space
Rji =0=) ( m?)(x)=0
BRST quantization enlarge Hilbert spacél ! fbo  ;cg
the nilpotent BRST chargeQ = cH
Q =0=) ( m)(x)=0
! ] KLEIN-GORDON \from the N = 0 spinning particle (\?




O(N ) spinning particles



Worldline Formalism

O(N ) spinning particle models

Worldline models for spiis = Nj massless particles in rst quantization, on Minkowski

F. A. Berezin and M. S. Marinov (1977)

V. D. Gershun and V. I. Tkach (1979)


https://doi.org/10.1016/0003-4916(77)90335-9

Worldline Formalism

O(N ) spinning particle models

Worldline models for spiis = N7 massless particles in rst quantization, on Minkowski

Introduction of a bylimensionakreductioma la Kaluza-Klein

_ J. Scherk and J. H. Schwarz (1979) _ F. Bastianelli, R. Bonezzi, O. Corradini and E. Latini (2014)


https://doi.org/10.1016/0550-3213(79)90592-3
https://doi.org/10.1007/JHEP09(2014)158

Worldline Formalism

O(N) spinning particle models

Worldline models for spits = N7 massless particles in rst quantization, on Minkowski

Introduction of a bylimensionakeductiona la Kaluza-Klein

Coupling to more general backgrounddi cult! quantizationa la Dirac

1988 for N > 2 s.p. the target space must be at
1996 N s.p. coupled to maximally symmetric spaces

2008 N s.p. coupled to arbitrary conformally at spaces

S. M. Kuzenko and Z. V. Yarevskaya (1996)

F. Bastianelli, O. Corradini and E. Latini (2008)



Worldline Formalism

O(N) spinning particle models
Worldline models for spiis = N7 massless particles in rst quantization, on Minkowski

Introduction of a bylimensionakeductiona la Kaluza-Klein

Coupling to more general backgrounddi cult! ‘ guantizationa la Dirac‘

| BRST quantization

1988 for N > 2 s.p. the target space must be at
1996 N s.p. coupled to maximally symmetric spaces
2008 N s.p. coupled to arbitrary conformally at spaces

2018 BRST methods: N =4 s.p. coupled to Einstein spaces

P. Dai, Y. T. Huang and W. Siegel (2008) R. Bonezzi, A. Meyer and |. Sachs (2018)



Worldline Formalism

O(N ) spinning particle models

Manifestly covariant description of spirs = N7 particles =) worldline model with gauge symmetries
Z n . \ 4 i

S= d px +5

i o
2 2P

global O(N )-extended worldline supersymmetry with generators

1 .
Hzépz Q= p =i, o
forming
First-classalgebra
fQ;Qug=2 pH [Q:;H]=0 N SUSY algebra
[33; Q] =i ( Qi ik Q3)
[Bu;dee] = 1 (ke wdae awdk + wlxk) R-symmetry algebra




Worldline Formalism

O(N) spinning particle models

Manifestly covariant description of spirs = N7 particles =) worldline model with gauge symmetries
Z h i

S= d px +5

i o
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global O(N )-extended worldline supersymmetry with generators
1 .
Hzépz Q= ,p Ja=i , 3

forming

First-class algebra

fQ;Qg=2 pH [Q:H]=0 N SUSY algebra !
[Ju;Qk] =i ( xQ ik Qs)

[Jis; k] = 1( ok koL adik

iLdak) R -symmetry algebra !




Worldline Formalism

massive N =4 spinning particle

with at target spacetime
7 2 3
S= d4px +i —+, eH i g i q a&R®

rst-class constraints

R -symmetry

j D+l ]

> — -
I= 0 T+ 2 i

Kij:i R




BRST Quantization

FF, arXiv: 2312.15428 [hep-th]



BRST Quantization@ at

BRST Hilbert space

enlargement of the Hilbert space to realize ghost-antighost pairs of operatBrsd g =

SUS H ! f b;cg
q ! [ ghc;; )=+1
g ' [hal ghtb )= 1
j Oi vacuum annihilated by ( ; ; b; ; ) such that‘j i (x5 jei; )‘
the BRST operator associated to the is




BRST Quantization@ at

BRST Hilbert space

enlargement of the Hilbert space to realize ghost-antighost pairs of operatBrsd g =

SUS H ! f b;cg
g ! [ 7] gh(c;; )=+1
q ! [5i]  oh(b;; )= 1
j 0i vacuum annihilated by ( ; ; b; ; ) such that‘j i (x5 jc; )‘
the BRST operator associated to the rst-class is
Q*=0




BRST Quantization@ at

BRST Hilbert space

enlargement of the Hilbert space to realize ghost-antighost pairs of operatBrsd g =

SUS H ! f b;cg
g ! [s'] gh(er: )=+1
O T R E

constraints on the BRST Hilbert space extended by ghost contributibns

Kij:ij+ij+ij joi

|
+
+

G= i j+ i+t i i




BRST Quantization@ at

BRST system @gh@) =0

| PhysicalHilbert space

| Gaugesymmetries

Q =0 = Q
R =0 R =0

I Closureequation
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BRST Quantization@ at

BRST system

| Closureequation | Gaugesymmetries I ‘PhysicaIHiIbert space#

The most generalvavefunctionin Heq is

(% jg=h () ; 2+2h(X)(12 21 SVE)( 12 5 1)C
3 012 201
A1 2% 12 "(XN@a12% 12 29)+f(X)(12 21)C
+(xX)(12 21)

MassiveGravity BV spectrum: massless graviton, Stackelberg elds, symmetries ghosts




BRST Quantization@ at

BRST system

I ‘Closureequation‘ | Gaugesymmetries | PhysicalHilbert space

Field equationsof LinearizedMassiveGravity:

mh 2@@h,+@@h=2m@A,+2@@'
A @@A=m(@h @h)
h @@h =0

Fierz-Paulisystem in thephysical gauge
vDVZ discontinuity in them! 0 limit.




BRST Quantization@ at

BRST system

| Closureequation | ‘Gaugesymmetrieéf | PhysicalHilbert space

From
(x5 J9=i"X( 12 L2 0+(X)(12 20+

with gaugeparameters' (x) and ( x)
h =2@", A= m"




BRST Quantization@ curved

BRST system @ghw) =0

coupling withbackgroundmetric g (x) through covariantization




BRST Quantization@ curved

BRST system

coupling withbackgroundmetric g (x) through covariantization
background curvature the SUSY algebra to be rst class (ftd > 2)

fqiqlg= Ir2 m | IR

... and other horrible stu



BRST Quantization@ curved

BRST system

coupling withbackgroundmetric g (x) through covariantization
background curvature the SUSY algebra to be rst class (ftd > 2)

fqi;qlg= 1 r2 m ; IR
... and other horrible stu

ansatz for the BRST charge including general terms accounting for the

H!D = (r2 md)+ suchthat |Q =cD+r + b

nilpotency is a serious issue [HOPELESS ]

Q%=r %+ D+c[D;r ]20



BRST Quantization@ curved

BRST system

coupling withbackgroundmetric g (x) through covariantization
background curvature the SUSY algebra to be rst class (ftd > 2)

fqi;qlg= 1 r2 m ; IR
... and other horrible stu

ansatz for the BRST charge including general terms accounting for the

H!D = (r2 md)+ suchthat |Q =cD+r + b

nilpotency is a serious issue[HOPELESS] BUT

I
o

?
Q2%=r %+ D+c[D;r]



BRST Quantization@ curved

BRST system
the cohomology has to be studied in theduced BRST Hilbert space

Q%(x;; jg=0

where things get \simpler"

r2+ D= 2R

NI
Py

D;r 1™ isr R +i2r R Sr R +



BRST Quantization@ curved

BRST system

the cohomology has to be studied in theduced BRST Hilbert space
2 o R N
Q°(x; jg=0

where things get \simpler" ’@ the massm doesnot enter in the BRST algebr*a

r2+ DM 2R IR =0
D:;r 1™ isr R +i2r R Sr R +

massive case nilpotency achieved only on Ricci- at manifol



BRST Quantization@ curved

BRST system
The eld equations of the Fierz-Pauli theory @ curved Ricci- at are recovered
[Q =0 @h@) =0]

r2 mh 2rcr hy+r r h+2R h =2mr (Ay+2r r '
r’A r r A=m(r hr h)
rhr r h =0

as well as thegauge symmetries

[ = Q @h@=0
h =2r ( ") A = m"
A= T = m



v OK!
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Massive Gravity in the Worldline Form

i.e. without a spacetime action
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Application

One-loop e ective action

Worldline representation of the QFT e ective action
of Linearized Massive Gravity

Z

[g ]= DGDX e SIXiGig 1=

51 Vol(Gauge

I perturbative calculation using/ick theorem on the free path integral

FF, arXiv: 2402.13766 [hep-th]



Application

One-loop e ective action

Seleey-DeWittcoe cients

1 dT  .ox - d°x P
2, Tl‘“%e 4
4)

[g 1= g(x) a+ aT + aT2+ T3+ O(TH

NS

benchmark for verifying alternative approaches to massive gravity

D+1)(D 2
)= @102
_ D2 31D+508 _,
%D)= =5 R
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