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� Fierz-Pauli

� vDVZ discontinuity

� Boulware-Deser ghost
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� String-inspired

� First-quantization

� Spinning (super)particle
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Massive Gravity as a Field Theory
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Fierz-Paulitheory. The theory of a single massive spin 2 particle @ 
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M. Fierz and W. Pauli (1939)
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Massive Gravity as a Field Theory

Fierz-Pauli theory @ curved spacetime � na•�vely @! r

in the St•uckelberg formalism

The theory for a massive spin 2 propagating on a �xed curved background with metric �g��

L FP
m=0 = �

1
2

�r � h�� �r � h�� + �r � h�� �r � h�� � �r � h�� �r � h +
1
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�r � h �r � h +
�R
D

�
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1
2

h2
�

the backgroundmust be an Einstein space

�R�� = � �g��

I. L. Buchbinder, D. M. Gitman, V. A. Krykhtin and V. D. Pershin (2000)
�

St•uckelbergtricks. Replacements given by h�� ! h�� + �r � A� + �r � A� ; A� ! A� + �r � '
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Worldline Formalism

Top-down approach

\Formulation given here [...] as an alternative to second quantization"
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Worldline Formalism

Top-down approach

FIRST QUANTIZATION
SQED S-matrix in terms ofrelativistic particle path integrals

Z 1

0
dT

Z x(T )= x0

x(0)= x
Dx(� ) exp

�
�

i
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� i
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Z T

0
d� 0 dx�
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SECOND QUANTIZATION
an in�nite sequence ofFeynman diagrams
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Worldline Formalism

Bottom-up approach

example:SCALAR PARTICLE S =
Z

d�
h
p� _x � �

e
2

(p� p� + m2)
i

� canonical quantization [x̂ � ; p̂� ] = i � �
� ! Ĥ = p̂� p̂� + m21

physical statesj� i in the Hilbert space

Ĥ j� i = 0 = ) (� � m2) � (x) = 0

� BRST quantization enlarge Hilbert spaceH  ! f b; cg

the nilpotent BRST chargeQ = cH

Q � = 0 = ) (� � m2) � (x) = 0

�! KLEIN-GORDON from the N = 0 spinning particle
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� ! Ĥ = p̂� p̂� + m21

physical statesj�i in the Hilbert space
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Worldline Formalism

O(N ) spinning particle models

� Worldline models for spins = N
2 massless particles in �rst quantization, on Minkowski

� Introduction of a mass bydimensionalreduction �a la Kaluza-Klein

� Coupling to more general backgrounds:di�cult!

quantization �a la Dirac

BRST quantization

1988 for N > 2 s.p. the target space must be 
at

1996 N s.p. coupled to maximally symmetric spaces

2008 N s.p. coupled to arbitrary conformally 
at spaces

2018 BRST methods: N = 4 s.p. coupled to Einstein spaces

F. A. Berezin and M. S. Marinov (1977)

V. D. Gershun and V. I. Tkach (1979)
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Worldline Formalism

O(N ) spinning particle models

� Worldline models for spins = N
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Worldline Formalism

O(N ) spinning particle models
Manifestly covariant description of spins = N

2 particles =) worldline model with gauge symmetries

S =
Z

d�
h
p� _x � +

i
2

� I
�

_� �
I �

1
2

p2
i

� global O(N )-extended worldline supersymmetry with generators

H =
1
2

p2 QI = � �
I p� JIJ = i � �

I � J�

� forming

First-classalgebra

fQ I ; QJg = 2 � IJ H [QI ; H ] = 0
[JIJ ; QK ] = i (� JK QI � � IK QJ )
[JIJ ; JKL ] = i (� JK JIL � � IK JJL � � JLJIK + � ILJJK )

colorwhite� ciao

� N SUSY algebra

� �����! gauged

� R -symmetry algebra

���! optional

F. Fecit (2023)

F. Fecit (2024)

F. Fecit (2023)

F. Fecit (2024)
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Worldline Formalism

massive N = 4 spinning particle
with 
at target spacetime

S =
Z

d�

2

4p� _x � + i � � � _ � + i �� � _� � eH � i � � �q � i �� � q � aR JR

3

5

� �rst-class constraints

SUSY

H = 1
2

�
p� p� + m2�

qi = p �  i + m � i

�qi = p � � i + m �� i

R-symmetry

J j
i =  i � � j + � i �� j � D+1

2 � j
i

K ij = � i � � j + �� i �� j

Gij =  i �  j + � i � j

F. Fecit (2023)

F. Fecit (2024)

F. Fecit (2023)

F. Fecit (2024)

F. Fecit (2024)
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BRST Quantization

FF, arXiv: 2312.15428 [hep-th]



BRST Quantization@ 
at

BRST Hilbert space
� enlargement of the Hilbert space to realize ghost-antighost pairs of operators [P� ; g� g = � �

�

SUSY H  ! f b; cg

qi  ! [� i ; �
 j ] gh(c; 
; �
 ) = +1

�qi  ! [ �� j ; 
 i ] gh(b; �; �� ) = � 1

� j 0i vacuum annihilated by (� � ; ��; b; �
; �� ) such that j	 i � 	( x;  ; � j c; 
; � )

� the BRST operator associated to the SUSY algebra is

Q = c H + 
 � �q + �
 � q � 2�
 � 
 b ; Q 2 ?= 0

Q 2 = � 2 �
 � 
 H + r 2 � 2c � � � �[H; r ] r = 
 � �q + �
 � q r 2 = 
 i �

j f �qi ; qj g

F. Fecit (2023)
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� constraints on the BRST Hilbert space extended by ghost contributions��! [Q ; R] = 0

R-symmetry J i
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BRST Quantization@ 
at

BRST system @gh(#) = 0

I Closureequation I Gaugesymmetries I PhysicalHilbert space

Q 	 = 0 � 	 = Q �

R 	 = 0 R � = 0

F. Fecit (2023)

F. Fecit (2023)

F. Fecit (2023)

F. Fecit (2023)
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BRST Quantization@ 
at

BRST system

@gh(#) = 0

I Closureequation I Gaugesymmetries I PhysicalHilbert space

The most generalwavefunctionin H red is

	( x;  ; � j g) = h�� (x)  �
1  �

2 + 1
2 h(x) ( 
 1� 2 � 
 2� 1) � i

2 v� (x) (  �
1 � 2 �  �

2 � 1)c

� i
2 � � (x) (  �

1 � 2 �  �
2 � 1)

� i A� (x) ( � 1 �
2 +  �

1 � 2) � ' (x) (2� 1� 2 + 
 1� 2 � 
 2� 1) + f (x) ( � 1� 2 � � 2� 1)c

+ �( x) ( � 1� 2 � � 2� 1)

MassiveGravity BV spectrum: massless graviton, St•uckelberg �elds, symmetries ghosts

F. Fecit (2023)
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BRST Quantization@ 
at

BRST system

@gh(#) = 0

I Closureequation I Gaugesymmetries I PhysicalHilbert space

Field equationsof LinearizedMassiveGravity:

�
� � m2�

h�� � 2@(� @� h� ) + @� @� h = 2m@(� A� ) + 2@� @� '

� A� � @� @� A = m (@� h � @� h� )

� h � @� @� h�� = 0

� Fierz-Paulisystem in thephysical gauge.

� vDVZ discontinuity in them ! 0 limit.
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BRST Quantization@ 
at

BRST system

@gh(#) = 0

I Closureequation I Gaugesymmetries I PhysicalHilbert space

From
�( x;  ; � j g) = i " � (x) (  �

1 � 2 �  �
2 � 1) + �( x) ( � 1� 2 � � 2� 1) + � � �

with gaugeparameters" � (x) and �( x)

� h�� = 2@(� " � ) � A� = � m" �

~� A� = @� � ~�' = � m �

F. Fecit (2023)
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BRST Quantization@ curved

BRST system @gh(#) = 0

� coupling withbackgroundmetric g�� (x) through covariantization @� ! r � qi ! q i

� background curvatureobstructs the SUSY algebra to be �rst class (forN > 2)

f q i ; �q j g = � � j
i

�
r 2 � m2�

�  �
i

� � j R����  � � � �

: : : and other stu� : : :

� ansatz for the BRST charge including general terms accounting for the obstructions

H ! D = ( r 2 � m2) + < such that Q = c D + r + �
 � 
 b

� nilpotency is a serious issue [HOPELESS

?

]

BUT

Q 2 = r 2 + �
 � 
 D + c [D; r ] = 0

F. Fecit (2023)
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BRST Quantization@ curved

BRST system
� the cohomology has to be studied in thereduced BRST Hilbert space

Q 2	( x;  ; � j g) != 0

where things get \simpler"

NB the massm doesnot enter in the BRST algebra

r 2 + �
 � 
 D
H red= � �
 � 


�
2R��  � � � � � 1

2R
�

[D; r ]
H red= � iS� r � R�� + i

�
2r � R�� 
 � � � � S� r � R��  � � � � �

+ i
2 S� r � R

F. Fecit (2023)

F. Fecit (2024)

F. Fecit (2023)

F. Fecit (2024)

I massive case nilpotency achieved only on Ricci-
at manifoldsR�� = 0
as

Q 2	( x;  ; � j g) = � 1
2 f (� 1
 2 � � 2
 1) cR � 1

2 � ( � 1
 2 � � 2
 1) R

F. Fecit (2023)
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BRST Quantization@ curved

BRST system

The �eld equations of the Fierz-Pauli theory @ curved Ricci-
at are recovered

[Q 	 = 0 @gh(#) = 0]

�
r 2 � m2�

h�� � 2r (� r � h� ) + r � r � h + 2R���� h�� = 2mr (� A� ) + 2 r � r � '

r 2A� � r � r � A = m(r � h � r � h� )

r 2h � r � r � h�� = 0

as well as thegauge symmetries

[� 	 = Q � @gh(#) = 0]

� h�� = 2r (� " � ) � A� = � m" �

~� A� = r � � ~�' = � m �
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OK!

Sspacetime =
Z

dD x
�
�

1
2

@� h�� @� h�� + @� h�� @� h�� � @� h�� @� h +
1
2

@� h@� h �
1
2

m2 �
h�� h�� � h2�

�

A
Massive Gravity in the Worldline Formalism

a.k.a.

i.e. without a spacetime action
a.k.a.

Sworldline =
Z

d�
h
p� _x � + i � � � _ � + i �� � _� � e H � i � � �q � i �� � q � aR JR

i
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Why?



Application

One-loop e�ective action

Worldline representation of the QFT e�ective action
of Linearized Massive Gravity

�[ g�� ] =
Z

S1

DG DX
Vol(Gauge)

e� S[X ;G; g�� ] =

! perturbative calculation usingWick theorem on the free path integral

FF, arXiv: 2402.13766 [hep-th]
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Application

One-loop e�ective action
Seleey-DeWittcoe�cients

�[ g�� ] = �
1
2

Z 1

0

dT

T 1+ D
2

e� m2T
Z

dD x

(4� )
D
2

p
g(x)

�
a0 + a1T + a2T 2 + a3T 3 + O(T 4)

�

� benchmark for verifying alternative approaches to massive gravity

a0(D) =
(D + 1)( D � 2)

2

a2(D) =
D2 � 31D + 508

360
R2

����

a3(D) =
17D2 � 521D � 15658

90720
R���� R���� R��

�� +
D2 � 37D � 1118

3240
R���� R���� R�

��
�
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Thanks for your attention!
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