<%

Constraints from Superconformal Symmetry

&

UNI\/ERSITA
SCWI for higher point functions in A = 4 SYM DI PARMA

Sophie Miiller!
Based on WIP w Carlo Meneghelli*

Napoli, 23.09.2024

LUniversity of Parma



Outline

1. Motivation:
Why higher point functions? Why SCWI?

2. 4pt functions:
Obtaining the SCWI, comparison with known results

3. 5pt functions:
some results, some difficulties, some WIP



Motivation



Why higher point correlators?

CFT data : {A, N}
1
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Why higher point correlators?

CFT data : {A, N}
1
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Set the stage



psu(2, 2|4) and its analytic superspace
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psu(2, 2|4) and its analytic superspace

psu(2,2|4) Analytic superspace
= s5u(2,2) x su(4)r xad ot
oL X a = Mat(2|2
. Q’_a7(_?a,i:1./...,4; a,a=1,2 AA (—ao'z aé) € Mat(2[2)
5'a, Sia S
D, Pu, Kus My Q.5 - a,d=1,2 aa=12
Q.S R' X2 = (xFo,)* : Minkowski

= y?9 : Internal space

)
half-BPS multiplets =

= p%? p*?: Grassmann-odd coord.



Stress tensor multiplet

[0,2,0]- multiplet of su(4)g

A
2 0,200 _

G/ \O
; 0.1 1) 11,000,

0,1,0]1. 0,1,0]

3 100210100 (1,013 3 20010
3 0,0, 1] (3 0 [1,0,0(1,4) 0,0, 13,1y [1,0,0(0,3)
4 10,0,0)00) fioagen [0,0,0]0.0)
3 —[1,0,013,0) —[0,0, 10,3
5 ~[0,0,013.1)

[Dolan, Osborn, 2002]



Stress tensor multiplet

[0,2,0]- multiplet of su(4)r stress-tensor multiplet
A
’ AN T(X) = (exp (Paé Qaa + p* Qad)) Oz
0.1, [11.0) _
Va ( \)‘ / g _020/ (X7 y)
[0,1,0]1,0y 0,1,0)0,1 —a 1
3 I/[“~°~71m>\ /[1 0. 1]y, >\ ;wm{ -+ pa%\lfof;; EX7 y) + ,Oaa\Uad (Xv Y)
H [0,0,1)y ) [1,0,0)) 0,014y (10,00, 4 pa5ac s (G5
s N o N 1Y _p jaa,aa( 7)/)
4 10,0000 P st ’.\ (0.0.000) + PZF (x,y)+ 52,_- (x,y)
2 ~[1,0,0] 3.0 —0,0,1) 3, + p p‘w‘ B.s (x y) + ..
N
5 ~[0,0,0]¢s.1)

[Dolan, Osborn, 2002]



Stress tensor multiplet

[0,2,0]- multiplet of su(4)r

[0,2,0]0,0)
5 N
[0,1,1](%,0) [],1.0](0,%)

[0.1,0]1, [0.1,0] 0,

[00.2]0.0) [1,0.1)3,4 [2,0.0](0.0
/

NS NS N

) [130:[)](1,%) [0707 1](%,1) [11

[Dolan, Osborn, 2002]

stress-tensor multiplet

T(X) = (exp (pa‘:”Qaa +p* Qad)) Oy
=0s (x,¥)
+ pasWVas (X, y) + P74V 4 (x, )
+ P07 Jadias (X, ¥) + ..



Stress tensor multiplet

[0,2,0]- multiplet of su(4)r

[0: 27 0]([],[]) ~ ®Qd
[Ou]-:l](é,ﬂ)“"l)nd []!170](0,%)”§um
[0,1,0](1, [0,1,0]0,
[0.0.2]c0.0) (1,0, 14,4 [2.0.0) 00,
s
NS NS
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Stress tensor multiplet

[0,2,0]- multiplet of su(4)g

[0,2,0](0,0) ~ g

/ N
0,1, 1 0y~ Waa (1,1,0)¢0,4)~ Fai
SN SN\
O 1,0 1)t 4yt ool
( NS NS N
) [1,0,0](1,1 0,013 [

[Dolan, Osborn, 2002]

stress-tensor multiplet

T(X) = (exp (paéQa; + p*¢ Qm)) O
=0 (x,Y)
+ pasVas (X, y) + 17 Vaa (x, y)
+ 0207 Jaian (X, y) + ..

jad,aé :jad,aé(xa y)
1 9 0

- Emwozo’(&}’)




Correction term at order pp - Origin

15) 0
OxXaa 8.y aa

= Very schematically : {Q, Q} ~P~L {Qaé, Qad} ~

ox

= Constraint on multiplet:

8p+1Wp(X) =0
. N 9
P = Covariantization of (—Oyaé Wp=0

>p+1
A
aXAAg = massless field equations for p =1
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Correction term at order pp - Origin

15) 0
OxXaa 8.y aa

= Very schematically : {Q, Q} P~2 = {Qaé, Qad} ~

ox

= Constraint on multiplet:

PTIW,(X) =0 +1
P(X) = Covariantization of (%)p Wp=0

0
|A| FA A
= (e aXAAg = massless field equations for p =1

10 0

Qayaaa aq 020 (%, y)

= jao'z,aé :Jad,aé(xa }/)



Summary stress tensor multiplet on analytic superspace

T(X) =02 (x,y)

+ pasWas (X, ¥) + 57V (x, y)

. 1 . .
+ paapaajad;aé (Xa )/) - Epocapaa
+ ...

o 0

Oya3 Ox“

oz Q20 (x,y)




Correlation functions



Step 1 : Insert multiplet expansion

(T (X)) T (X2) T (X3) T (Xa)) =



Step 1 : Insert multiplet expansion
(T (X1) T (X2) T (X3) T (Xa)) =
= <020/ (x1,¥1) O20' (x2, y2) O20 (X3, ¥3) O20 (X4, ya))
+Zpo‘a 57 (Tadsas (%, ¥i) [ [ O2or (x y))

k#i

0D
- = Z P57 DX By (O20r (x1,y1) O20 (X2, ¥2) O20 (X3, ¥3) O20r (Xa, ya))
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(T (X1) T (X2) T (X3) T (Xa)) =
= <020' (x1,y1) O20r (X2, y2) Oa20r (%3, y3) O20r (x4, ya))

+Zpaa 5 jaaaa Xiy Yi HO20, Xk,)/k)>
k#i
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Step 1 : Insert multiplet expansion
(T (X1) T (X2) T (X3) T (Xa)) =
= <Ozo/ (x1,y1) O20r (X2, y2) Oa20r (%3, y3) O20r (x4, ya))

+Zpaa aa jaaaa Xis Yi HO20/ Xk,)/k)>
k#i
1 o__9

_ = oa -ac

2 < 1pi Pi axaaa a3
1=

(Oa0r (X1, y1) O20r (%2, y2) Ot (X3, ¥3) O20r (X4, ya))

+ZZP?‘3PJ3Q a3 (X0, ¥i) Vaa (X5, y5) O20r (X, yie) O20r (x1, 1))
i=1 j#i

+ ...
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Step 2 : Impose bosonic invariance
correlator = ) structures X unspecified function of the invariants
Conformal invariance: SU(2,2)

1

2pt function: (Op,(x1)0n,(%2)) = 55 ¢, A1=A2=A
X12
1 x2)x2 X2y X3
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X{X34 X353, X353,

R-symmetry invariance: SU(4)r

4pt function: (Oz(y1)O2(y2)O02(y3)O2(ya)) ~ yiryia



Step 2 : Impose bosonic invariance

correlator = > prefactor x unspecified function of the invariants

Conformal invariance: SU(2,2)

1
2pt function: (Op,(x1)0n,(x2)) = 55 ¢, A1=LA2=A
2915
1 x2,x2 X2 X2
4pt function: <02(X1)OQ(X2)OQ(X3)OQ(X4)> = — - )“‘(u7 v)7 u= 12734 | _ 714723
xf2x§‘4 X123X224 x123x224

R-symmetry invariance: SU(4)r « [0,2,0]%* D 6 singlets

4pt function: (O2(y1)02(y2)O2(y3)O02(ya)) ~ Viryss + Yisyss + YiaYss + YioYisYaYa

2.2 2 2 2.2 2 2
+ Yi2Y1aY23Y3a + Yi3Y14Y23Y24



Step 2 :

Impose bosonic invariance

(020 (1) 020/ (2) 02 (3) O (4)) = Yi2¥3a 5 £ (0,

XirX 34

YiaViYanYs

7 2
XioXT3X54 X34

v)+

4 4
Y13Y24
4 4
X13%24

fa(u, v) +

4 4
Y14Y23
fo(u,v) + fiu,
Xf4><§3
Y12)/14}/23}/34
T3 202 Bl V) +
XioXTa X533,

v)

Mf‘

DB oD
XE X2 X33 X5,

(u,

v)



Step 2 : Impose bosonic invariance

4 4
<O20/(1)020/(2)020/( )020/ (4)> _)/12_)/34 f( ) + yi3y244 20U, vV

X12 34 X13X24

)’122}’123}/24}’34 fi(u, v) +
XioXT3X54 X34

(Tad,25(1) 20/ (2) O/ (3) o0 (4)) = ~ yiryai (i

4 4
f( ) + Ya4)’23

+ f(u,v)
X14X23
Y12)/14}/23}/34 f( ) + )’13)’14}/23}/24 f
X2, %%, X2 X2 X2 X2, X2
12%X14%23 34 13%X14%23%24

Yyt aa (Xi7 g

X1 )aa g(u, V)

(Was(1)Wae(2) 000 (3) 020 (4)) v viw3i(vas vivia )aa (1 XX ) hi(u, v)
2 —1 —1
o )’12(}’12 )éa (X12 )da hQ(U: V)

(u,

v)



Step 2 : Impose bosonic invariance

4 4 4 4 4 4
(O (1) 020 (2) 0201 (3) Oy (8)) = L2L2 £ (u, v) + L2 (4, v) 4+ B (4, v)
X12X34 X13%X04 X14%3

2 2 2 2 2 2 2 2 2 2 2 2
)’12)’13}/224)/324 ﬁl(lh v) + )/12)/14}/23}/324 f5(u, v) + Y13Y14Y23Y24

R PRNORe) 2 02 2 2
X12X13X24X34 X12X14%23X34 X13X14%23%04

(Tai,a5(1) 020/ (2) 20 (3) O/ (8)) : ~ vy (var iy ) aa (a7 Xiixis e g1, V)
(Was(1)W.s(2) 020 (3) 000 (8)) i~ yiuvai(va: yiyia s (X35 Xixi2 e ha(u, v)
2 —1 —1
~ }’12()/12 )éa (X12 )r'm h2(“: V)

(020 Ozpr Oagr Oapr) - 6 structures
(Taa,2a020 Oz Oagr) - 4.3 .2 = 24 structures = 6 + 168 unknown functions
(WaaWaa O Oagr) : 4-3.6-2 = 144 structures

fo(u, v)



Step 3 : Impose supersymmetric invariance

(T (X)) T (X)) T (X3) T (Xa)) =
= (O (1) Onpr (2) Oy (3) Onr (4))

4
+ ) R (Tai () | [ O (0
i=1

ki
4
1 ad —ack 8
-5 Pi Pi =& Aoas (Onor (1) Oqpr (2) O (3) Oner (4))
2 ox dy
i=1
+ g g /)Qa _;(Y s \Uau (J) Ozt (k) Onor (1))
=1 j#i

+ ...

10



Step 3 : Impose supersymmetric invariance

(T (X)) T (X)) T (X3) T (Xa))
= (O (1) Onpr (2) Oy (3) Onr (4))

4
o) | [0)
i=1

ki
4
1 & a _.'ad 0 9

3 Pi Pi Oxac w (Onor (1) Oqpr (2) O (3) Oner (4))
i=1

4

YD (Vas () Vai ) Oay (K) Oy (1)
i=1 i

+ ...

= Apply supersymmetric constraints to relate correlators.
= |nsert bosonic expressions for correlators.

way.

4
0
0= = (oo
,;3%)?“’< >

(Linear) independence of structures = get many equations relating the unknown functions in an algebraic

10



4pt constraints of superconformal symmetry

= All 168 descendent functions are fixed in terms of the superprimary ones.

= 6 further PDEs for the unknown primary functions:

Drukker-Plefka twist [Drukker Plefka, 2009]

O_ZO

(u,v) O_Z(‘)

(u,v)

4 further equations equivalent to chiral algebra twist:

(1,0)(, 5
f b
0 # + 26092, 2) + £,09(2,3),
0.1 (2. 2
0= %M + 2£09(2,2) + A0z, 2),
5 _ 110, 5 L0, 5
:(z ) L (z,2) 4 % 3 (z,2) + @(170)(2 )
z z—-1
0,1 = 0,1
. :(Z_ l)fl(z )(Z, z) 2f! i(? z) n f(O,l)(z z)

[Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees,
2013]

11



4pt constraints of superconformal symmetry

= All 168 descendent functions are fixed in terms of the superprimary ones.

= 6 further PDEs for the unknown primary functions:

Drukker-Plefka twist [Drukker, Plefka, 2009]
o 0 ° 1o}

0=) -f(z2).0=) (2
i=1 i=1

2.2
_ X125 o
=2 .2 %%
X13%04
2.2
Xy X
v="M28 (1 2)(1-32)

2 .2
X13%24

[Dolan, Osborn, 2002]

4 further equations equivalent to chiral algebra twist:

_ f1(1,0)(zj) (1,0)

0 . +2f,7(2,2) + 719(z, 2),
0 :w + zfz(o"l)(z7 z) + A0V(z,2),
zZ
G- l)flil,o)(L z) . zg(l_ﬁ)(z, z) + 19, 3),
z z—1
G 1)’3(: "D, li(? 2 4 O, 2)

[Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees,

2013] "



4pt result

(TTTT) =prefactor - H(z, z|y,y)

(2= )z - 7)(E - y)
(z=2)(y—-Y)

+ (z—y)(z—y)(¥y — 2)(z — ¥)h(z,2)

H(z,2Z|y,y) =a+ [(

etz erz) by o

[P. Heslop, 2023]

= Method works!

= For 4pt, there is no more than DP and CA twist conditions from Supersymmetry.

12



What about five points?



5pt correlator of stress tensor multiplets

(TA)T(2)T(3)T(4)T(5))

Strategy:

1. Insert same multiplet field expansion of 7(X).

2. Use bosonic symmetries to express correlators in structures and functions of cross
ratios.

3. Relate them by imposing supersymmetric invariance.

13



5pt correlator of stress tensor multiplets

(TQ)T(2)TR)T(A)T(5))

Number of structures:

<020/020/020/0201020/> . 22 structures = f,-({ua}), i=1,..22

22 + 2660
<jad7aé020/020/020/020/> : 5.21-4 = 420 structures .
2 unknown functions
(V0aVas O Ory On) 5.4.28-4 = 2240 structures
2 2 2 2
X12X34 = X14X23 -
uy = =21Z1, V1 = :(1—21)(1—21),
X123X224 X123X224
Cross ratios: N 2 se
s :X223Xz;5 — 22227 vy = X225X3;4 _ (1 _ 22)(1 _ 22)’
[V. Schomerus et al., 2021] X24%35 X04X35

UP =S _ oz 2) + (1 m - 2)(1 -7 - 2)
7X224X123X325 = wilz1 Z1 )\ 22 V) zZ1 22 Z1 49 14



5pt correlator : Constraints from superconformal symmetry

= From 2660 descendent functions, SUSY fixed 2554. = O(pp) : 6 unfixed
functions.

= 35 PDEs for the superprimary functions:

22
5x: ; 88ulfi(u1’ Vi, U, V2, U£5)) =0, ... (DP type) (1)
10x: uy;—Gp = ubiGa for all pairs of u,, up (2)
ou, Oup
20x: others (3)

The equations are obeyed both, at one-loop order [Drukker, Plefka, 2008], as well as on
the SUGRA side [Goncalves, Pereira, Zhou, 2019].

15



Further WIP

= Further simplifying the SCWI. = Solving them?
= Constraining the 5pt blocks.

Thank you!

16



Backup Slides



Work In Progress . Solve 11211.

(11) (11211) (11) = Mf({ us}) + Mf({ u}) + Mf({ua})

2

12X34X45X53 45X12X23 31 X12X23X34X45X51
}/12}’23J/35)/54Y41 £ ({ }) J/12}/24Y45}/53}’31 f ({ }) Y12}/25}’54Y43Y31 fo ({ })
X2 X2 X2 X2y X2 X2 X2, X2 X2 X2 X2 X2 X2y X2 X2
12X23X35X54 X471 12X24X45X53X31 12X05X54X43X31

Constraints on primary:
Solutions:

= The correlator (11211) is parametrised by a

single function H of five variables and a
8 constant.

d C .
10x: uy—fp = up——f, for all pairs of u,, up = This function further satisfies 2nd order
dua Dus PDEs

5x: Z f(u1,V1,U2,V2,U§5)):07 ... (DP type)

5x: others

17



psu(1,1)2)

Analytic superspace:
= After imposing SUSY, there is only one
X — (X P) unfixed descendent function.
Py = Among the superprimary functions, we get the

Multiplet expansion: following relations:

o 0
W = <1 pPp— > J(x,y) _ a0 4 (21, 2); 2% _ 5, XX _
SRy 0= Zf 12) O*Zf wa)i o =a = a
( ) —I—pG(X y) +ppT( ) 0:(1721)5(071)(21*22)"' ( z; +22+1)12(0,1)(21,22)+2f3(0‘1)(21722)
J 3@(; 2: T =1 of psu(1,1[2 ” ”
. ( ’ ‘ ) + 50D (2, ) + 7(5(0"1)(21722) + (ZIZZ ) 64(1.0)(21, )
. (21 — Dz 1,0 (21 =1)(z1—2+1) (1,0
COl’l’elator.' . — @Dz (z1,22) — WG (z1, 2)
6-+95 functions after bosonic (@-D@-=z+1) 90 ) (5 =Dz ao,

symmetries. (22 — 1)z (zz— Dz ® 18



psu(1,1]2) - Solution

Analytic superspace:

Py
Multiplet expansion:

_0 0
W= (1 - ppaxay> J(x,y)

+pG(x,y) + pG(x,y) + ppT(x)
J=3,G,6=2;T =1 of psu(1,1]2)

Correlator:
6+95 functions after bosonic
symmetries.

(J(1)4(2)4(3)J(4)4(5)) |bare

2122

—((z1 = 1) A1(z1, 22) + (22 — y2)Ao(21, 22)

_}/1)/2

1-— 1-—
== ( . Zl) As(z1, 22)
y2 22

1-— 1-=z
+ ( 2 2) Ay(z1, 22))
yi Z1
n (=1+y1+y2)1 — z1)(y2 — 22)
viyiziz

As(z1, 22)

with Ai(z1,22) = H(l’o)(zl, n)+c(n)+k

Ao(z1,22) = HOD(z1, 25) + c(22) + =
18



psu(1,1]2) : more details

2
12Y13Y23 12Y23Y43Y15Y45 31Y32Y41Y25Y45
X12X13X23X;5 X12X23X43X15X45 X31X32X41X25X45
+Y12Y13Y43Y25Y45 £+ Y13Y34Y42Y25Y51 fo + Y12Y24Y43Y35Y51 £:
X12X13X43X25X45 X13X34X42X25X51 X12X24C43X35X51

2222 _ X2 =X (1 —y2)% (2 — y3) (v — ya) (va — y5)
(X1 —X2)2(X2 —X3)(X3 —X4) (X4 —X5)2 Yo — Y4
<J(1)J(2)J(3)J(4)J( )) |bare
V1y3 yi(y2 = 1)y» 2.2 viya(yi +y2 — 1)
Y1Y2 (Zl 2f1( )+ z1(z2 — 1)z fa )+ 7n2(z1 + 20 — 1)

(b = 1)(2 — 1)y vilyi +y2 — 1)
(zi - 1)(22 — l)zi iz, 22) + (Zi+—zj_1)ﬁ1(21722) +

f3(z1, 2)

ey L)
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