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Introduction: conformal field theories coupled to defects

O(x)Local probes in quantum field theory

Extended probes

Low energy: surfaces, interfaces, impurities in samples, vortices, quenches…

High energy: Wilson lines, monopoles, branes…

Common theme: defects arise when a heavy stable degree of freedom interacts 
with light excitations  

[Cardy, 1984]
[McAvity, Osborn, 1995]

…



Introduction: conformal field theories coupled to defects

In a CFT, when the defect is conformal, the coupling to the bulk is captured by

the defect OPE: ϕ ∼ ∑ Ô
defect operators

Simplest correlator subject to crossing 
that probes  isbϕÔ ⟨ϕϕ⟩ ∼ ∑̂

O

b2
ϕÔ
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Introduction: conformal field theories coupled to defects

∑̂
O

b2
ϕÔ

̂gÔ(xi) = ∑
O

cϕϕOaO gO(xi)
ϕ(x1) ϕ(x2) ϕ(x1) ϕ(x2)

=

Lack of positivity Mixed correlators!

 from the four-point functionc2
ϕϕO

 from a correlator of two defectsa2
O

= ∑
O

aO O We need an equation for this correlator

( )*
* We cannot just put zero here

⟨ϕϕ |

⟨Defect |



Conformal boundaries in two-dimensions

In two dimensions, the annulus partition function provides us with an equation: 

=
Trace over 

Hilbert space on a segment
β

eR

⟨B |e−RH |B⟩ = Tre−β Ĥ

[Cardy,1989]

[Collier, Mazac, Wang, 2021][Friedan,Konechny,Schmidt-Colinet, 2012]



Conformal boundaries in two-dimensions

In two dimensions, the annulus partition function provides us with an equation: 

=
Trace over 

Hilbert space on a segment

Spanned by boundary 
operators 

β
eR

⟨B |e−RH |B⟩ = Tre−β Ĥ
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Conformal boundaries in two-dimensions

In two dimensions, the annulus partition function provides us with an equation: 

=
Trace over 

Hilbert space on a segment

Spanned by boundary 
operators 

β
eR

⟨B |e−RH |B⟩ = Tre−β Ĥ

∑
Δ

a2
Δe−πτ(Δ − c

12 ) = ∑
h

nhe− 2π
τ (h − c

24 )

τ =
2R
β

[Cardy,1989]

[Collier, Mazac, Wang, 2021][Friedan,Konechny,Schmidt-Colinet, 2012]



Conformal boundaries in two-dimensions

⟨B |e−RH |B⟩ = Tre−β Ĥ

The trace normalizes the Cardy state  |B⟩

Therefore the disk partition function is physical:

a0 = ⟨0 |B⟩ = g

monotonic under boundary RG flows

gives a boundary contribution to thermal and entanglement entropy:

S =
c
3

RT + log g SEE =
c
6

log
2L
ϵ

+ log g

[Affleck, Ludwig 1991]

[Friedan, Konechny 2004]



Conformal boundaries in two-dimensions

The other sewing relations:

=

=

=

∑
Δℓ

c2
ΔℓFΔℓ(z, z̄) = 0 FΔℓ(z, z̄) = vΔϕgΔℓ(z, z̄) − uΔϕgΔℓ(1 − z,1 − z̄)

gΔ,ℓ(z, z̄) = z
Δ − ℓ

2 z̄
Δ + ℓ

2 κ Δ − ℓ
2

(z) κ Δ + ℓ
2

(z̄)

∑
h

b2
hξ−hκh(−1/ξ) = ∑

Δ

cΔ0aΔξ−Δϕ+ Δ
2 κ Δ

2
(−ξ)

∑
h

nh χh(1/τ) = ∑
Δ

a2
Δχ Δ

2
(τ) ϕ(x1) ϕ(x2)

̂ϕ(x)

[Cardy, Lewellen 1991]

[Lewellen 1992]

[Recknagel, Schomerus, BCFT and worldsheet approach to D-branes,  2013]



A positive semi-definite program

Putting all together:

(1 1)
F00(z, z̄) 1

2
1
2 χ0(τ) (1

1) + ∑
Δ≠0

(cΔℓ aΔ)
FΔℓ(z, z̄) 1

2 δℓ,0 ξ
Δ
2 κ Δ

2
(−ξ)

1
2 δℓ,0 ξ

Δ
2 κ Δ

2
(−ξ) δℓ,0 χ Δ

2
(τ) (cΔℓ

aΔ )
−∑

h
[ nh

g2
χh(1/τ) + b2

h ξΔϕ−h κh(−1/ξ)] = 0 .

We use sl(2) blocks when bootstrapping mixed correlators
Bootstrap strategy: given a trial spectrum, find a linear combination of derivatives evaluated 
at a point, which makes all matrices positive semi-definite (and one positive definite):

1 + ∑
Δ>Δgap

(cΔℓ aΔ) M(Δ)(cΔℓ
aΔ ) − ∑

h>hgap
[ nh

g2
ma(h)+b2

h m2pt(h)] > 0 ,

M(Δ) ⪰ 0 , ma(h) ≤ 0 , m2pt(h) ≤ 0



The parameter space and some technicalities

We use sl(2) blocks when bootstrapping mixed correlators
To avoid discretizing the spectrum, take derivative around :ρ(z⋆), ρ2pt(ξ⋆), τ⋆

ρ(z⋆)
ρ2pt(ξ⋆)

= eπτ⋆
z⋆ =

1
2

τ⋆ = 1
ξ⋆ = 0.03

Δϕ

Δgap

hgap

h2pt
gap

Dimension of the external operator

Dimension of the first unknown bulk operator

Dimension of the first unknown operator on the boundary

Dimension of the first unknown boundary operator in  boundary OPEϕ

c Central charge
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A few plots c = 1/2
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 symmetric boundary state
is extremal
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The boundary conditions for a free boson

The compact free boson Δ − ℓ = ( m
R

+ w
R
2 )

2

Δ + ℓ = ( m
R

− w
R
2 )

2
m, w ∈ ℤ

Boundary conditions at generic radius*

U(1)m × U(1)w

(∂ϕ, ∂̄ϕ) (∂ϕ, − ∂̄ϕ)ϕ ∼ ϕ + 2πR
c = 1

R > 2

|D, φ⟩

|N, φ̃⟩

∂̄ϕ ↔ − ∂̄ϕ
R ↔ 2/R
x0 ↔ x̃0

φ ∼ φ + 2πR

φ̃ ∼ φ̃ + 4π/R g =
R
2

g =
1
R

(m̂, hgap)
U(1)

(1,
2

R2 )(0,1)

(0,1) (1,
R2

2 ) am,0 ≠ 0

a0,w ≠ 0

One-point functions

Boundaries for the  orbifold at generic radiusℤ2

There is no  symmetryU(1) Additional (regular and fractional) branes

ϕ ∼ − ϕ

Additional bulk scalar at Δ =
1
8

Some more exceptional branes at special radii 



A few plots c = 1
Assumptions:

aϕ ≠ 0

Δgap = 4Δϕ

Sufficient to isolate 
the D-brane!

The full system 
does not improve 
over the annulus

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.1 0.2 0.3 0.4 0.5
𝚫𝜙

g2
g-max Virasoro annulus
g-min Virasoro annulus

g-max full system
g-min full system

Dirichlet brane

0.6

0.62

0.64

0.66

0.68

0.7

0.72

0.38 0.4 0.42 0.44 0.46 0.48 0.5 𝚫𝜙

g2



A few plots c = 1 Annulus only 
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slope changes when  ,  

degenerate representation

h =
n2

4

circle branch cannot exceed 
 because of boundary 

limit of the current 
hgap = 1  orbifold breaks , so 

brane spectrum depends on 
position of the brane as well

ℤ2 U(1)

Bound matches closely known classification
[Gaberdiel, Recknagel, Watts, 2002]
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A few plots
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Fake, functional-dependent solution, with no bulk operators in  beyond the identityϕ × ϕ



A few plots

Δϕ = Δj=1/2 =
3
8

Δgap = Δj=1 = 1

Compatible with
a subset of boundaries

where aϕ = 0
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Include more low lying states in the bulk

Explore parameter space

Virasoro

Include more external operators

Include all the sewing relations: nice challenge for the multipoint bootstrap

Interfaces

Higher dimensions

Outlook



Thank you!


