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Introduction
Strongly coupled physics is notoriously difficult to access, especially 
analytically. 
We do not have small parameters in which to do a perturbative 
expansion. Our most basic notions of field theory are of a perturbative 
nature.
Make use of symmetries, look at special limits/subsectors where things 
simplify.

3

Examples: 
• large-N limit, ’t Hooft limit
• ε expansion
• supersymmetric sectors
• large spin
• integrability
• ….



Introduction
Study theories with a global symmetry group.  
Hilbert space of the theory can be decomposed into sectors of fixed 
charge Q. 
Study subsectors with large charge Q.

Best case scenario: Large charge Q becomes controlling parameter in a 
perturbative expansion!
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vacuum + Goldstone + 1/Q-suppressed corrections

Effective theory at large Q:

Working at large charge Q always leads to simplifications. For hard 
problems, large charge may however not be enough (combine with other 
limits, etc.)



Introduction
Conformal field theories (CFTs) play an important role in theoretical 
physics:
• fixed points in RG flows
• critical phenomena
• quantum gravity (via AdS/CFT)
• string theory (WS theory)

But: CFTs do not have any intrinsic scales, most have by naturalness 
couplings of O(1). 
Possibilities: analytic (2d), conformal bootstrap (d>2), lattice calculations, 
non-perturbative methods…
Prime candidate for the large-charge approach.
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2.1 The large charge program: Sectors of large charge in (strongly coupled) CFTs
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Figure 2.1: Diagrammatic representation of the space of conformal data with axes given by the scaling
dimension ¢, the spin J and the charge Q. Outlined are the accessible areas for ¢ as a function of J ,Q.
Figure inspired by [152].

The superfluid ground state |Qi within the EFT computes the scaling dimension ¢(Q) of the lowest-
lying operator O

Q . Excitations on top of the EFT vacuum |Qi describe operators with charge Q and
slightly larger scaling dimensions. These are captured below the cut-off§ø Ω1/(D°1) by the EFT and are
described by the superfluid phonon — a NG mode coming from the spontaneous breaking of the global
symmetry U (1)0 ΩG within the EFT — whose properties are largely independent of the properties of
the underlying CFT. The derivative and the loop expansions within the EFT are controlled by the ratio
between the UV and IR scales, which is given by the charge 1/Q1/(D°1).

Path integral at fixed charge and symmetry breaking

The implementation of the LCE can be well understood from the path integral. In the following, we will
consider a generic global symmetry group G and not restrict our analysis to O(2).
Consider a D-dimensional CFT described by a path integral that is invariant under a continuous global
internal symmetry G . A primary operator within the CFT carries charges Q1, . . . ,QN under the Cartan
generators Q(G)

I of G .9 Working in Euclidean space, the LCE aims to investigate and extract CFT data
from correlators of the form

hOQ†(xout)Ok (xk ) · · ·O1(x1)OQ(xin)i , (2.4)

where the conjugate operator O
Q† ªO

°Q carries the inverse charge °Q =°(Q1, . . . ,QN ). In the context
of the LCE Q will be assumed to be large and O

Q to be heavy while the other operator insertions are
generic and carry quantum numbers of order O (1). Inserted at the origin xin,out = 0,1 — via the
state–operator correspondence — the primary operator O

Q(0) |0i acting on the vacuum corresponds
to a (primary) state |Qi= |Q1, . . . ,QN i of charge Q on the cylinder R£SD°1

r0
. In- and out-states on the

9Equivalently, we can ask O to transform within a specific representation under the action of G . Representations are labelled
by the Cartan charges of the highest-weight element within the representation.
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Introduction
The large charge expansion is complementary to other CFT approaches 
like large spin and the conformal bootstrap:
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1.1 Conformal field theory

spin — often times crossing symmetry is represented diagrammatically as

X

k

O1 O4

Ok

O2 O3

=
X

k

O1 O4

Ok

O2 O3

. (1.108)

This is the crossing-symmetry equation for a scalar four-point function. End points represent operators
in the correlator, vertices represent the OPE and internal lines represent operators that are summed
over (this refers to e.g. the internal sum in Eq. (1.91)).47 The diagrammatic representation in Eq. (1.108)
conveniently encodes all constraints on four-point correlators coming from the OPE.
Crossing symmetry is respected by all four-point functions of local primary operators in a unitary
CFT. By choosing different operators O4 one can recover OPE associativity from the crossing equation
Eq. (1.108). The fact that all four-point functions in a unitary CFT satisfy crossing symmetry implies
recursively crossing symmetry of all N -point functions.
For higher-point functions the diagrammatic representation in Eq. (1.108) also lends itself to cleanly
represent the constraints imposed on them by crossing symmetry. For example, crossing symmetry
gives the following constraint on a particular five-point function,

X

i , j

O1

O2

O3 O4

O5

Oi O j =
X

i , j

O1

O2

O3 O4

O5

Oi
O j

. (1.109)

The existence of the crossing equation Eq. (1.108) and its implications on correlation functions of local
operators is at the core of the conformal bootstrap program. The crossing symmetry equation has been
known for a long time, but only in 2008 it was realized that, instead of trying to solve Eq. (1.108) exactly,
the crossing-symmetry equation can be used to derive bounds on CFT data by studying its geometric
properties [14].

We return to the four-point function Eq. (1.89) (i.e. Eq. (1.91)) of identical scalars in a unitary CFT. In
this case crossing symmetry is equivalent to the condition that the four-point function is invariant
under 1,2 $ 3,4, or equivalently,

g (u, v) =
≥u

v

¥¢
g (v,u) . (1.110)

Eq. (1.110) implies that there is an infinite number of primaries contributing to the OPE, and hence
there is an infinite number of conformal blocks in the crossing equation [22]. In fact, this is a general
feature — the crossing equation cannot be satisfied block-by-block.
We will use the identical scalar four-point function in Eq. (1.89) to outline the basic idea of the original

47Note that in Eq. (1.108) there is no possibility to contract the operators O1 and O3 / O2 and O4 in the OPE as there is no sphere
that only includes the two operator insertions we would want and no other insertion. This is a general geometrical statement
satisfied by four distinct points in flat space. Hence, for a four-point function there are always only two out of the three remaining
operators that can be contracted with any given operator in question.
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Booth bootstrap and large spin are based on crossing symmetry



Introduction

works especially well for strongly coupled systems!
7

Consider systems with large quantum number
many degrees of freedom

emergent phenomena

semiclassical description

e.g. superfluid



Introduction
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Is the microscopic theory 
accessible?

• weakly coupled
• large-N limit
• ε expansion
• susy
• integrable

strongly coupled

• large Q + large N
• large Q + ε expansion
• large Q + susy
• large Q + integrability

work @large Q

large-Q EFT, 
expansion in 1/Q

go beyond perturbation theory in 1/Q, calculate 
non-perturbative (exponential) corrections!

noyes



Introduction
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The seem to be 2 main categories of behavior for systems at large 
quantum number:

Superfluid
isolated vacuum
• Wilson-Fisher CFT
• NRCFT (unitary 

Fermi gas)
• N=2 SCFT in 3d
• asymptotically safe 

model in 4d
• NJL model

EFT of the moduli 
space

moduli space of vacua
• free boson
• N=2 theories in 4d



Introduction

To which models can we apply the large Q expansion?
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- O(N) vector model in 3D
- NJL in 3D
- non-relativistic CFTs
- integrable models
- SCFTs 
- …



The O(2) model
11



The O(2) model
Simplest example: O(2) model in (2+1) dimensions

Flows to Wilson-Fisher fixed point in IR.

Look at scales: put system in box (2-sphere) of scale R
Second scale given by U(1) charge Q:

⇢1/2 ⇠ Q1/2/R

Study the CFT at the fixed point in a sector with
1

R
⌧ ⇤ ⌧ Q1/2

R
⌧ g2

Global U(1) symmetry: � ! �+ const.

cut-off of effective theory

UV scale

LUV = @µ�
⇤ @µ�� g2(�⇤�)2

Assume that also the IR DOF are encoded by cplx scalar

12

'IR = a ei�

<latexit sha1_base64="oPzGtRSC6ThItvK5mDmwKmIbp8w="></latexit>



The O(2) model
Fixing the charge breaks symmetries:

Dynamics is described by a single Goldstone field χ:

LLO = k3/2(@µ�@µ�)3/2
<latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit><latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit><latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit><latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit>

can get this purely by 
dimensional analysis

D
0 = D � µO(2)

SO(3, 2)⇥O(2) ! SO(3)⇥D ⇥O(2) SO(3)⇥D
0

<latexit sha1_base64="YS0Ilx9XQLZLbk5Dg8LQoPrwJ5Q="></latexit>
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non-const. vev

Lowest-energy solution: homogeneous ground state

� = µt, µ =
⇢

b2v2
<latexit sha1_base64="2vTHWZtivcpjncpXXMjDeEvvuEA="></latexit>

Beyond LO: use dimensional analysis, parity and scale invariance to 
determine (tree-level) operators in effective action (Lorentz scalars of 
scaling dimension 3, including couplings to geometric invariants)

Broken U(1) - superfluid!



The O(2) model

@� ⇠ ⇢1/2, @ . . . @� ⇠ ⇢�1/4
<latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit><latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit><latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit><latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit>

Use ρ-scaling to determine which terms are not suppressed:
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LO Lagrangian

L = k3/2(@µ�@
µ�)3/2 + k1/2R(@µ�@

µ�)1/2 +O(Q�1/2)

Result for NLSM action in D=3:

dimensionless parameters suppressed by inverse 
powers of Q

Energy of classical ground state at fixed charge:

E⌃(Q) =
c3/2
p
V
Q3/2 +

c1/2
2

R
p

V Q1/2 +O(Q�1/2)

2 dimensionless parameters

dependence on manifold

cannot be calculated 
within EFT!

curvature coupling



The O(2) model
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Expand action around GS to second order in fields:

Compute zeros of inverse propagator for fluctuations and get dispersion 
relation:

⇒ χ  is indeed a “conformal” Goldstone

!~p =
|~p|p
2

L = k3/2µ
3 + k1/2Rµ+ (@t�̂)

2 � 1
2 (rS2 �̂)2 + . . .

<latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit><latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit><latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit><latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit>

dictated by conf. invariance 1/
p
d

<latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit><latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit><latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit><latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit>

Yes! All effects except Casimir energy of χ are suppressed (negative ρ-
scaling).

Are also the quantum effects controlled?

vacuum + Goldstone + 1/Q-suppressed corrections

Effective theory at large Q:

� = µt+ �̂

<latexit sha1_base64="IJLMSI4QkTlc2VZNf/ffVSO5ezw="></latexit>



$MBTTJDBM BOBMZTJT (PMETUPOFT $BOPOJDBM RVBOUJ[BUJPO $POGPSNBM EJNFOTJPOT $PODMVTJPOT

3BEJBM RVBOUJ[BUJPO

Δ4E−�

RE

)

R × 4E−�

4E−�

%PNFOJDP 0SMBOEP "UUBDLJOH TUSPOH DPVQMJOH XJUI MBSHF DIBSHF

The O(2) model
We’re ready to calculate observables:
CFT: conformal data (scaling dim. + 3pt coefficients)!

conformal
dimension energy

Scaling dimension of lowest operator of charge Q:
energy of class. ground state

quantum correction from Casimir energy of Goldstone
S. Hellerman, D. Orlando, S. R., M. Watanabe, arXiv:1505.01537 [hep-th]

D(Q) = R0(E0 + ECas) = c3/2Q
3/2 + c1/2Q

1/2
� 0.0937 · · ·+O(Q�1/2)

<latexit sha1_base64="PdtevhE66nWgxpZnpGrJF06qQEU="></latexit>
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Use state-operator correspondence of CFT:



Independent calculation on the lattice:
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D. Banerjee, Sh. Chandrasekharan, D. Orlando [hep-th/1707.00711]

The O(2) model

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

works for small 
charge. Why??

Excellent 
agreement!!

Large-charge expansion works extremely well for O(2).

c3/2 = 1.195(10)

c1/2 = 0.075(10)
<latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit>

Testing our prediction:
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Beyond O(2): 

3d O(2N) vector model

18



SO(3, 2)⇥O(2N) ! SO(3)⇥D ⇥ U(N) ! SO(3)⇥D
0 ⇥ U(N � 1)

<latexit sha1_base64="6mhm+OB1smwLTMjan6Djxx/SRVY="></latexit>

Where else can we apply the large-charge expansion?

Beyond O(2)

Obvious generalization in 3d: O(2N) vector model
non-Abelian global symmetry group: new effects 
Different symmetry breaking patterns possible, inhomogeneous ground 
states possible.

On top of the conformal Goldstone of O(2), a new sector with N-1 non-
relativistic type II Goldstones and N-1 massive modes with m=2µ 
appears.

19

Homogeneous case: same form of ground state, 

We expect dim[U(N)/U(N-1)] = 2N-1 Goldstone d.o.f.



The O(2N) vector model

Counting type I and type II modes, indeed,

Non-relativistic Goldstones contribute to the conformal dimensions only 
at higher order. 
The ground-state energy is again determined by a single relativistic 
Goldstone!

N-dependent universal for O(2N)

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

L. Alvarez-Gaume, O. Loukas, D. Orlando and S. R., arXiv:1610.04495 [hep-th] 

Same formula for scaling dimensions as for O(2):

verified at large N for
CP(N-1) model de la Fuente

20

Dispersion relation: 
! =

p2

2µ
+Oµ�3

<latexit sha1_base64="fk1UBuCRw/QxBpX2bvmICDMVvYo="></latexit>

The non-relativistic Goldstones count double. Nielsen and Chadha; Murayama and Watanabe 

1 + 2(N � 1) = 2N � 1 = dim(U(N)/U(N � 1))

<latexit sha1_base64="uTCTPYRKDS2pawjkn9GJzAUhA5M="></latexit>



The O(2N) vector model

Lattice data for O(4) model:

c3/2 = 1.068(4)

c1/2 = 0.083(3)
<latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit>

Again excellent agreement with large-Q prediction!

D. Banerjee, Sh. Chandrasekharan, D. Orlando, S.R. 1902.09542
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D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

Testing our prediction:



The O(2N) vector model

Numerical bootstrap data for O(3) model:

Again excellent agreement with large-Q prediction!
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D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

J. Rong, N. Su, 2311.00933

3. LARGE CHARGE OPERATORS OF THE O(3) CFT

Our numerical bootstrap setup allows us to access many operators with high O(3) representa-

tions. To be precise, for Lorentzian scalars with l = even, operators with O(3) isospin up to j = 8

appear in our bootstrap setups.4 The scaling dimension of those operators can be estimated by

choosing a feasible point in our setup and using the Extreme Functional Method (EFM) [55] On

the other hand, large quantum charge e↵ective theory [43–48] predicts the asymptotic behavior of

such operators to be (1.3).

In the case of the O(3) model, one can take Q = j. Initially, it was expected that the above

formula is valid for when 0  l ⌧
p
Q. The recent Monte Carlo simulation, however, shows that

for O(2) and O(4) CFTs, the above asymptotic behavior works even when Q ⇠ O(1). In Figure 1,

we plot our data against the large charge e↵ective theory, for both l = 0 and l = 2 operators.5 Our

results suggest that the large charge formula works even for small charge operators. We remark

that this is the first time that (1.3) has been tested for l 6= 0. For the charge 8 operators, our value

is strongly a↵ected by the sharing e↵ect and unreliable. But it can be improved in the future by

increasing ⇤.

2 3 4 5 6
Q

1

2

3

4

5

6

7

Δ

ℓ=0
ℓ=2

FIG. 1: The scaling dimension of large charge spin 0 and spin 2 operators, obtained using the Extremal
Functional Method. The curves are obtained by fitting the spin-0 and spin 2 operators against the large
charge formula �Q,l=0 = c3/2Q

3/2 + c1/2Q
1/2

� 0.094.

Fitting both spin 0 and spin 2 operators’ dimensions by (1.3), we get (1.4). From the figure we

observed both sectors match well with the large charge expansion formula.

4. DISCUSSION

Using the conformal data obtained from our conformal bootstrap setup, we can also calculate the

perturbation correction to the anomalous dimension of the critical exponents ⌘ and ⌫, corresponding

4 Scalar operator with j = 7 can not appear. The operators in t4 ⇥ t4 OPE are odd spin.
5 In our numerics, we observed certain fake operators below the expected value range. This is likely due to the
sharing e↵ect [56, 57]. They typically have smaller OPE coe�cients in the EFM data than the actual operators.
We didn’t plot those operators in the figure.

7

Testing our prediction:



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>
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S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Standard large-N methods, expand path integral at fixed charge around 
saddle point (no EFT!)

Scaling dimension for Q/N>>1:

�(Q)

2N
=

2

3

✓
Q

2N

◆3/2

+
1

6

✓
Q

2N

◆1/2

� 7

720

✓
Q

2N

◆�1/2

� 71

181440

✓
Q

2N

◆�3/2

+ . . .

<latexit sha1_base64="XLjfoaP/dH2IHLCZ1WJAEaGwnl8="></latexit>

L. Alvarez-Gaume, D. Orlando, S.R. 1909.02571

same Q-scaling as in EFT

Extra control parameter at large N: can go further!

Small charge limit, Q/N<<1:
�(Q)

Q
=

1

2
+

4

⇡2

Q

N
+O

✓
Q

2N

◆2

In this limit, the operator of charge Q is    . 'Q

engineering dimension of φ



Find coefficients of the expansion (leading order in N):

Comparison of results:

24

The large-N limit

c3/2 =
1

3

r
2

N

<latexit sha1_base64="wPEPWOuueVnHquS1Qi7oU0+jPL4="></latexit>

c1/2 =
1

3

r
N

2

<latexit sha1_base64="LHZgwbz+D7y6OmJJJOH4JjZ8FDU="></latexit>

NLO in N: reproduce dispersion relations of Goldstones.

LO at Large NNLO at Large N

Lattice MCLattice MCBootstrap
2 3 4 5 6 7 8 90.200.250.300.350.400.450.50LO at Large NNLO at Large NLattice MCLattice MCBootstrap

2 3 4 5 6 7 8 90.20
0.25
0.30
0.35
0.40
0.45

Singh, arXiv:2203.00059 [hep-lat]

L. Alvarez-Gaume, D. Orlando, S.R. 1909.02571

D. Banerjee, Sh. Chandrasekharan, D. Orlando, S.R. 1902.09542 J. Rong, N. Su, 2311.00933

N. Dondi, G. Sberveglieri 2409.06781



Resurgence analysis
Since we can compute all the coefficients of the large-Q expansion, we 
can do a resurgence analysis to relate the large and small-charge regimes.
Asymptotic series which diverges as (2L)!

We can write the transseries. Find non-perturbative corrections:

e�2⇡k
p

Q/(2N)

<latexit sha1_base64="AeeKCediNm1nQzKDcZw/9RO1wQo="></latexit>

Geometric interpretation: particles of 
mass µ propagating on the equator of 
the 2-sphere. 

CFT + resurgence: This picture must work for any N!
Figure 4 – Unstable mode n = 1 (left), zero mode n = 2 (middle) and massive mode
n = 8 (right) for the fluctuations around a geodesic winding once around the sphere
(red).

a point (see Figure �), in contrast to what happened in the torus case, where winding
geodesics are topologically stable saddles.

The zero mode corresponds to a rigid rotation of the sphere, which is a symmetry
of the quadratic action. In fact, it is easy to see that

8
<

:
✓↵cl =

⇡

2 + ↵ sin(2⇡k⌧),

�cl = 2⇡k⌧,
(�.��)

is a family of solutions of the ��� (�.��) at leading order in the modulus ↵ 2 (0,⇡).
This is exactly the fluctuation h2k

✓
, and using the rules of instanton calculus we can

trade the integral over the mode amplitude c2k for an integral over the modulus ↵,
which parametrizes the family of solutions:

Z dc2kp
2⇡

=

r
1
2

Z d↵p
2⇡

=

p
⇡

2 . (�.��)

The integral over the remaining modes produces the following functional determi-
nant:

det 0
✓
-
r2

2t
�
@2
⌧ + (2⇡k)2�

◆- 1
2

=

p
2⇡|k|rp

t
det

✓
-
r2

2t@
2
⌧

◆- 1
2

det 0
✓

Id +
4⇡2k2

@2
⌧

◆- 1
2

,

(�.��)
where we divided and multiplied by the n = 2k eigenvalue of @2

⌧ in order to recover
our initial normalization.8 The remaining determinant does not need regularization
and reads

det 0
✓

Id +
4⇡2k2

@2
⌧

◆- 1
2

= e
i⇡⌫q

2

0

B@
1Y

n=0
n 6=2k

����1 -
4k2

n2

����
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8 No multiplicative anomaly arises in this determinant splitting [��].

��

The optimal truncation is            terms. This explains why the 
comparison to the lattice calculation works so well.

O(
p
Q)
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Will large Q work for fermionic models?

Let’s start with the multicomponent Nambu-Jona-Lasinio (NJL) model, 
also known as the chiral Gross-Neveu (GN) model in 3D:

27

There are two conserved currents:

We can study this model at large N with standard methods. 

Let us assume that Aa is real, �ab = ��ab, and minimize with respect to Aa:

⇤ = |Aa|
2(�µ

2 + r) +
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2
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(4.47)

So, we can clearly choose � to be real, and then the saddle-point condition reads

µ
2 = r + �, (4.48)

which returns us to the result from the scalar Hubbard-Stratonovich field. Integrating
out the û’s now results in
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û
Im
a

◆T ✓ �
�@

2
� µ

2 + r + �
�

2iµ@⌧
�2iµ@⌧

�
�@

2
� µ

2 + r � �
�
◆✓

û
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(4.49)
This seems to be different from the result found with the scalar collective field. Probably

made a
mistake.
Check a
different
Ansatz
without
assuming
Aa to be
real.

5 The more complicated Hubbard-Stratonovich transform

5.1 From the chiral Gross-Neveu model to the Cooper BCS model

Consider D = 3 and let us start of with the chiral GN model,

ScGN = �

Z
d3x
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 ̄ai/@ a +
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We perform two H-S transformations (�25 = 1),
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(5.2)
This model is related to the Cooper BCS model with the action

SBCS = �

Z
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h
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b
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jµ =  ̄�µ , j5µ =  ̄�µ�5 
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We find that only the axial charge gives rise to a condensate at criticality.
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Like for the scalar case, we get a condensate at fixed charge, but not WF 
universality class.

The end result is similar to the scalar case in the sense that we have an 
EFT in terms of Goldstones fluctuating around a condensate.

Can go to a different frame using the Pauli-Gürsey transformation:

This model gives rise to superconductivity from Cooper pair formation!

Once again, a H-S transformation is performed,
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There is a transformation between those models, the so called Pauli-Gürsey (PG)
transformation,

 a 7!
1

2
(1� �

5) a +
1

2
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5)C ̄T

a . (5.5)

Remember the identities (Eucl. space)

�0�µ�
†

0 = �
†

µ, �0�5�0 = ��
T

5 (5.6)

5.2 Introducing the correct auxiliary fields for the Gross-Neveu
model

6 Fixing the charge for interacting Fermions (Rafael)

6.1 Is there a better choice of Hubbard-Stratonovich field?

There are three distinct ways in which we can write down the potential in terms of
fermion bilinears,
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The first one is the standard choice of fermion bilinear, the second one is called the
Cooper channel and the third one is called the exchange channel. The choice of
bilinear will change the for of the Hubbard-Stratonovich field as follows:
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(6.2)
At large N for the three different interactions we now have the following effective
actions: The fields

C and X

commute
with the
fermionic
variables,
since the
are es-
sentially
fermion
bilinears
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Let us assume that Aa is real, �ab = ��ab, and minimize with respect to Aa:
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(4.47)

So, we can clearly choose � to be real, and then the saddle-point condition reads

µ
2 = r + �, (4.48)

which returns us to the result from the scalar Hubbard-Stratonovich field. Integrating
out the û’s now results in
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This seems to be different from the result found with the scalar collective field. Probably

made a
mistake.
Check a
different
Ansatz
without
assuming
Aa to be
real.

5 The more complicated Hubbard-Stratonovich transform

5.1 From the chiral Gross-Neveu model to the Cooper BCS model

Consider D = 3 and let us start of with the chiral GN model,
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We perform two H-S transformations (�25 = 1),
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This model is related to the Cooper BCS model with the action
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The condensate consists of Cooper pairs - superconductor!
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Nonrelativistic CFTs

Can be realized in the lab via cold atoms in a trap.  Tuning via 
Feshbach resonances: unitary point, correlation length = ∞, 
interaction length = 0

Motivation: unitary Fermi gas (3+1)D

At unitary point: described by a non-relativistic superfluid.
Effective action (small momentum expansion)

Son & Wingate
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Nonrelativistic CFTs

Schrödinger algebra: contains the Galilean algebra with central extension 
(particle number) plus

Non-relativistic systems are not invariant under the full conformal group.

The Schrödinger Lagrangian (in d space-dim) is invariant under Schrödinger 
symmetry:

(t, xi) ! (t0, x0
i) = (e2⌧ t, e⌧xi)
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scale transformation:

special conf. transf:

most general potential 
compatible with symmetry31

What is a nonrelativstic CFT?



Nonrelativistic CFTs

Follow the same recipe as for O(2):

System has an inbuilt a global U(1) symmetry (charge=particle number).

U = @t✓ �
~
2m

@i✓ @i✓

The leading piece of the effective action for θ can be found by dimensional 
analysis:

L(0) = c0 ~(2�d)/2md/2U (d+2)/2

The first quantum correction to this (semi-classical) result is the Casimir 
energy, it goes as        Q1/d

 = a ei✓

32
S. Favrod, D.Orlando, S.R.1809.06371

µ = k
d+ 2

d

~
m
⇢2/d✓ = µt+ �

Homogeneous ground state:

Let’s build an EFT at large Q!
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There is also a state-operator correspondence for NRCFTs:

Nonrelativistic CFTs

This interestingly corresponds to the situation in the lab!

conformal
dimension

energy of 
system in 
harmonic 
trap

2

rithmic terms in the expansion, classified by tree-level
operator insertions (§ III A) and one-loop quantum terms
(§ III B). In Section IV we discuss the connected multi-
vertex contributions to the classical solution, showing that
such corrections only enter at negative order in µ, and
thus do not affect the results of our analysis of terms with
nonnegative powers of µ.

II. LARGE CHARGE EFFECTIVE ACTION

A. Heuristics

The theories of interest are invariant under the non-
relativistic incarnation of the conformal group, the
Schrödinger group, which includes a U(1) central exten-
sion that corresponds to particle-number conservation.
Such theories admit a tractable semi-classical description
when the associated particle number Q is large [5, 31–36].
This regime is achieved by taking advantage of the non-
relativistic state-operator correspondence, whereby the
(charged) operator spectrum is mapped bijectively to the
energy spectrum of the system subjected to an external
harmonic potential A0(~x) =

m!
2

2~ |~x|
2 [63–65], with trap-

ping frequency !. Explicitly, with ~ = m = 1, we have

E0 = ! ·�(Q) , (1)

where �(Q) is the lowest operator dimension of charge Q,
and E0 is the ground-state energy of the system with Q

particles in the trap. Borrowing intuition from quantum
mechanical systems in confining potentials and turning
points, it is clear that the particle density decreases as we
recede from the center of the trap. The resulting droplet
of trapped particles occupies a finite region of space that
is characterized by the strength ! of the potential and the
charge Q itself. As we shall see, the droplet is supported
over a region that is classically spherical, with radius
Rcl ⇠ Q

1/(2d)
/
p
!. Note that this structure is distinct

from the relativistic state-operator correspondence, where
the theory is mapped to a rigid cylinder, and the superfluid
configuration in the ground state is homogeneous [6, 7].
One important convenience in this construction is that
trapping potentials used in ultracold atom experiments
are well approximated by a harmonic potential [62, 68], so
that E0 is an experimentally accessible observable. More-
over, the Thomas-Fermi approximation commonly used to
fit these data holds when the number of particles is large,
corresponding to the leading-order, large-charge predic-
tion. To get a feeling for how things scale, consider the
charge and energy densities in the bulk (i.e., sufficiently
far from the edge of the cloud):

charge density ⇠
Q

Vol
⇠ !

d/2
p

Q ,

energy density ⇠
E0

Vol
⇠ !

d/2+1�(Q)/
p
Q ,

(2)

where the volume of the cloud scales as Vol ⇠ R
d

cl ⇠
p
Q/!

d/2. We can take the limit Q ! 1 and ! ! 0 with
the charge density held fixed. In this limit we expect the
energy density will remain fixed as well, and we should
recover a homogeneous ground state. For this limit to
exist, the scaling of �(Q) has to go like

�(Q) ⇠ Q
(d+1)/d

, (3)

to leading order. The low-energy effective theory for
the Goldstone mode � associated with the spontaneous
breaking of the U(1) symmetry is characterized by the
infrared (ir) scale R

�1
cl and the ultraviolet (uv) scale

⇢
1/d, where ⇢ is the charge density above. The derivative

expansion in the bulk eft is thus controlled by

R
�1
cl /⇢

1/d
⇠ Q

�1/d
. (4)

This ratio needs to be small for the effective description
to be tractable, which requires the charge to be large.
Assuming parity invariance, corrections to Eq. (3) are
in fact controlled by the square of this ratio. While this
seems to reproduce exactly the relativistic result [6], an
entirely new structure arises from the boundary dynamics
of the system [35, 36]. The edge of the cloud is character-
ized by the vanishing of the particle density ⇢, which can
be thought of as a Dirichlet boundary condition, where
the location of the boundary can itself fluctuate. The
breakdown of the bulk eft in this region gives rise to
divergences in the theory, which can be controlled by the
presence of operators localized at the edge [35]. The first
edge contribution to �(Q) enters at order Q

(2d�1)/(3d),
and the role of the dressing field/uv scale is played by
the gradient of ⇢1/d rather than ⇢

1/d itself. Consequently,
the expansion parameter scales like Q

�2/(3d). Moreover,
the cancellation of edge divergences is resp onsible for the
presence of log(Q) terms in the expansion of �(Q). This
yields the general structure [36]
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In the next section, we discuss this in detail and recover
these results of from the nonlinear sigma model (nlsm)
perspective using dimensional regularization (DimReg)
and we clarify when the log(Q) terms occur.

Also for NRCFTs, the form of the two-point function is fixed:
where Φ† is a primary of charge Q ≫ 1 and φi are also charged 3 primaries with qi ≪ Q.4

In the Galilean frame, the general form of a two point function is fixed to be

⟨O1(x1)O2(x2)⟩ = cδ∆1,∆2δQ1,−Q2

exp
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iQ2
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2t

]

(t1 − t2)∆1
(2.11)

where c is a numerical constant, ∆i is the dimension of the operator Oi, Qi is the charge

of Oi. The symmetry algebra constrains the general form of a three-point function upto a

arbitrary function of a cross-ratio vijk defined below:

⟨O1(x1)O2(x2)O3(x3)⟩ ≡ G(x1;x2;x3)

= F (v123) exp

[

−i
Q1

2

x⃗213
t13

− i
Q2

2

x⃗223
t23

]
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i<j

t
∆
2 −∆i−∆j
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where ∆ ≡
∑

i ∆i , xij ≡ xi − xj , and F (vijk) is a function of the cross-ratio vijk defined:

vijk =
1

2

(

x⃗2jk
tjk

−
x⃗2ik
tik

+
x⃗2ij
tij

)

(2.13)

We note that the three point function becomes zero unless
∑

Qi = 0.

3 Lightning Review of Coset Construction

A symmetry is said to be spontaneously broken if the lowest energy state, the ground state,

is not an eigenstate of the associated charge. The low-energy effective action, describing

the physics above the ground state, is still invariant under the full global symmetry group

but the broken subgroup is realized non-linearly. Typically this means the effective action

describes some number of Goldstones.

The coset construction gives a general method for constructing effective actions with

appropriate non-linearly realized symmetry actions. It was developed for internal symme-

tries by CCZW [26, 27] and later generalized to space-time symmetries[28]. Here we give a

nimble review of the method and its application to the superfluid. We refer to the original

literature and the recent review [29] for more details. The primary objective of the coset

construction is to write down the most general action, invariant under a global symmetry

group G but where only the subgroup G0 is linearly realized. Let us consider a symmetry

group which contains the group of translations, generated by Pa. Let us denote the bro-

ken generators as Xb corresponding to associated Goldstones πb(x). We denote unbroken

generators as Tc.

We can define the exponential map from space-time to the coset space G/G0

U ≡ eiP̄axa

eiXbπb(x) (3.1)

3The state-operator correspondence breaks down for neutral operators as they actually trivially on the

vacuum and their representation theory is not well understood. [13] explores how to circumvent this issue.
4Here we point out that if an operator is explicitly written as a function of oscillator co-ordinate, it is to

be understood that we have already employed the mapping (2.8). Thus φi(y1) in (2.10) should technically

be written as φ̃i(y1), albeit we omit “tilde” sign for notational simplicity.

– 6 –

Son and Nishida 0706.3746
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Disadvantage: charge distribution is inhomogeneous (but spherically symmetric).

Nonrelativistic CFTs

Bulk EFT breaks down near the edge of the particle cloud.

Need to include terms describing the physics at the cloud edge.

Bulk EFT:

3
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to �̇, respecting general coordinate invariance [5]. Here, �
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state, it acquires the usual vacuum expectation value
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potential. For comparison, the equivalent Lagrangian in
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C. Higher-order terms
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Classically, the ground-state density is thus seen to de-
crease away from the origin (z = 1), and vanishes when
z = 0, i.e., r = Rcl, which indicates that the particles
are confined in a cloud (or droplet) that is classically
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is obtained by integrating the charge density over the
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is convenient to express every vev in terms of z, which
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Besides U and its derivatives, the only operator allowed
by general coordinate invariance with a nonvanishing vev
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with hZi = d. Therefore, in the bulk, all nontrivial opera-
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Nonrelativistic CFTs

Include higher-order terms in the EFT: only operator allowed besides U and its 
derivatives is

All non-trivial composite operators that can appear have the form
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crease away from the origin (z = 1), and vanishes when
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can also be recovered using the coset construction [32],
wherein the aforementioned dressing rule comes from inte-
grating out (via an inverse Higgs constraint) the massive
dilaton mode.

Using Eq. (12), we see that the contributions to the
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spontaneous breaking of U(1). In the superfluid ground
state, it acquires the usual vacuum expectation value
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Classically, the ground-state density is thus seen to de-
crease away from the origin (z = 1), and vanishes when
z = 0, i.e., r = Rcl, which indicates that the particles
are confined in a cloud (or droplet) that is classically
spherically symmetric with radius Rcl. The total charge
is obtained by integrating the charge density over the
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is convenient to express every vev in terms of z, which
simplifies the computation of Eqns. (10) and (11). In fact,
we shall always do so, using the following properties:

(@if(|~x|))(@ig(|~x|)) =
2(1� z)

µ
f
0(z)g0(z) ,

r
2
f(|~x|) =

2

µ


(1� z)f 00(z)�

d

2
f
0(z)

�
,

Z

cloud
ddx f(|~x|) =

(2⇡µ)d/2

�
�
d

2

�
Z 1

0
dz (1� z)d/2�1

f(z) ,

(12)
where primes refer to derivatives with respect to z, and
both f and g are spherically invariant.

C. Higher-order terms

Besides U and its derivatives, the only operator allowed
by general coordinate invariance with a nonvanishing vev
in the superfluid ground state is

Z = r
2
A0 �

1

d
(r2

�)2 , (13)
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Classically, the ground-state density is thus seen to de-
crease away from the origin (z = 1), and vanishes when
z = 0, i.e., r = Rcl, which indicates that the particles
are confined in a cloud (or droplet) that is classically
spherically symmetric with radius Rcl. The total charge
is obtained by integrating the charge density over the
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Z = r
2
A0 �

1

d
(r2

�)2 , (13)

with hZi = d. Therefore, in the bulk, all nontrivial opera-
tors are composite operators made out of integer powers
of (@iU)2 and Z, which are then dressed to marginality
with an appropriate (possibly fractional) power of U [36]:

O
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bulk ⌘ cm,n · (@iU)2mZ

n
U

d/2+1�(3m+2n)
, (14)

where m and n are integers, and we have explicitly incor-
porated the Wilsonian coefficients cm,n. This structure
can also be recovered using the coset construction [32],
wherein the aforementioned dressing rule comes from inte-
grating out (via an inverse Higgs constraint) the massive
dilaton mode.

Using Eq. (12), we see that the contributions to the
charge and to the conformal dimension from the insertion
of O(m,n)

bulk are respectively given by
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It is convenient to let ! = 1 (along with ~ = m = 1).

Wilsonian coefficients integers 

vev of U on ground state:
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B. Leading order

Consider the leading-order Lagrangian1 of the nlsm in d

spatial dimensions [5, 31, 32]:
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, (6)

where
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2
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2
(@i�)

2
. (7)

The harmonic trap A0(r) ⌘
1
2r

2 (with r = |~x|) is coupled
to �̇, respecting general coordinate invariance [5]. Here, �
is the only massless low-energy degree of freedom present
in the theory, i.e., the Goldstone boson associated with the
spontaneous breaking of U(1). In the superfluid ground
state, it acquires the usual vacuum expectation value
(vev) h�i = µ · t, where µ is referred to as the chemical

potential. For comparison, the equivalent Lagrangian in
the relativistic case would read L = c0(@�)d+1 [6, 7].

In the ground state, U takes the vev

hUi = µ�
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2
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2
⌘ µ · z , (8)

where z is a dimensionless coordinate z ⌘ 1� r
2
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The ground-state charge density is
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Classically, the ground-state density is thus seen to de-
crease away from the origin (z = 1), and vanishes when
z = 0, i.e., r = Rcl, which indicates that the particles
are confined in a cloud (or droplet) that is classically
spherically symmetric with radius Rcl. The total charge
is obtained by integrating the charge density over the
volume of the cloud, relating Q to the chemical potential:

µ =
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It follows that the ground-state energy — and, therefore,

the dimension of the lowest operator of charge Q — is

�(Q) =
d

d+ 1
⇣Q

(d+1)/d
. (11)

Since the ground state preserves spherical symmetry, it
is convenient to express every vev in terms of z, which
simplifies the computation of Eqns. (10) and (11). In fact,
we shall always do so, using the following properties:
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where primes refer to derivatives with respect to z, and
both f and g are spherically invariant.

C. Higher-order terms

Besides U and its derivatives, the only operator allowed
by general coordinate invariance with a nonvanishing vev
in the superfluid ground state is
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with hZi = d. Therefore, in the bulk, all nontrivial opera-
tors are composite operators made out of integer powers
of (@iU)2 and Z, which are then dressed to marginality
with an appropriate (possibly fractional) power of U [36]:
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where m and n are integers, and we have explicitly incor-
porated the Wilsonian coefficients cm,n. This structure
can also be recovered using the coset construction [32],
wherein the aforementioned dressing rule comes from inte-
grating out (via an inverse Higgs constraint) the massive
dilaton mode.

Using Eq. (12), we see that the contributions to the
charge and to the conformal dimension from the insertion
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It is convenient to let ! = 1 (along with ~ = m = 1).
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B. Leading order
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1
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2 (with r = |~x|) is coupled
to �̇, respecting general coordinate invariance [5]. Here, �
is the only massless low-energy degree of freedom present
in the theory, i.e., the Goldstone boson associated with the
spontaneous breaking of U(1). In the superfluid ground
state, it acquires the usual vacuum expectation value
(vev) h�i = µ · t, where µ is referred to as the chemical

potential. For comparison, the equivalent Lagrangian in
the relativistic case would read L = c0(@�)d+1 [6, 7].

In the ground state, U takes the vev
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Classically, the ground-state density is thus seen to de-
crease away from the origin (z = 1), and vanishes when
z = 0, i.e., r = Rcl, which indicates that the particles
are confined in a cloud (or droplet) that is classically
spherically symmetric with radius Rcl. The total charge
is obtained by integrating the charge density over the
volume of the cloud, relating Q to the chemical potential:
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It follows that the ground-state energy — and, therefore,

the dimension of the lowest operator of charge Q — is
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. (11)

Since the ground state preserves spherical symmetry, it
is convenient to express every vev in terms of z, which
simplifies the computation of Eqns. (10) and (11). In fact,
we shall always do so, using the following properties:
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where primes refer to derivatives with respect to z, and
both f and g are spherically invariant.

C. Higher-order terms

Besides U and its derivatives, the only operator allowed
by general coordinate invariance with a nonvanishing vev
in the superfluid ground state is

Z = r
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�)2 , (13)

with hZi = d. Therefore, in the bulk, all nontrivial opera-
tors are composite operators made out of integer powers
of (@iU)2 and Z, which are then dressed to marginality
with an appropriate (possibly fractional) power of U [36]:
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, (14)

where m and n are integers, and we have explicitly incor-
porated the Wilsonian coefficients cm,n. This structure
can also be recovered using the coset construction [32],
wherein the aforementioned dressing rule comes from inte-
grating out (via an inverse Higgs constraint) the massive
dilaton mode.

Using Eq. (12), we see that the contributions to the
charge and to the conformal dimension from the insertion
of O(m,n)

bulk are respectively given by
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The contributions of the bulk operators to Δ can have edge divergences if 
• d is even
• the operator has positive Q-scaling

We can always regulate these divergences with an edge counter term of the 
same μ-scaling.

This gives rise to log(Q) terms in Δ.

Must also consider terms located at the cloud edge!
Most general form:

4

and
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(16)

where we have used the analytic continuation of the Beta
function. Note that the (0, 0)-contribution gives back
Eqs. (10) and (11). Since the large-charge regime corre-
sponds to the large-µ regime2, it is convenient to identify
the leading µ-scaling of the integrated operator in the
conformal dimension:

JO(m,n)
bulk Kµ ⌘ d+ 1� 2(m+ n) , (17)

where we have introduced the notation J·Kµ to extract the
scaling exponent.

Together with these bulk operators, one must consider
insertions localized at the edge of the cloud [35], which,
as we will discuss in detail in the following, are needed
to regulate possible divergences in Eq. (16). The general
form of an edge operator is [36]
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, (18)

where p is an integer, p is a Wilsonian coefficient, and
�(U) is an operator-valued �-function associated with the
vanishing of the particle density. Such an operator con-
tributes to the total charge and the conformal dimension,
respectively, as follows:
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(20)

where a prime refers to a derivative with respect to z, and
�
0(z) is defined via integration by parts. As above, we

2
Had we kept track of the strength ! of the potential, we would

have had µ � !.

denote the leading µ-scaling of the edge operator as

JZ(p)
edgeKµ =

2(d� p)� 1

3
. (21)

Summing all the possible contributions to the conformal
dimension and the charge and eliminating µ, we find that
the expression of � = �(Q) takes the form of a Puiseux
series [69]
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(22)

where the third line is due to the non-linear interactions
between the contributions of the bulk and edge operators.
The appearence of logarithmic terms in the conformal
dimension is related to the renormalization of edge di-
vergences using edge operators of the form in Eq. (18).
Such a divergence was first observed in [32] for d = 2, and
subsequently renormalized in [35] to find
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In what follows, we will generalize this observation.

III. LOGARITHMIC TERMS

A. Logarithms from tree-level insertions

We have seen in Eq. (16) that an insertion of O
(m,n)
bulk

contributes to the conformal dimension to leading-order
as

�(m,n) = C
d

m,n
µ
d+1�2(m+n)

⇥
�
�
d

2 +m
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�
�
d

2 + 2� (3m+ 2n)
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� (d+ 2� 2(m+ n))
, (24)

Wilsonian coefficient

integer

operator-valued delta-function
Hellerman and Swanson, 2010.07967
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Additionally, there is a universal log(Q)-term from the Casimir energy in odd d.

Scaling dimension in d=3:

7

B. The universal one-loop logarithm in odd d

With the structure of the tree-level terms established, we
can move on to the study of quantum corrections. The
leading quantum contribution to the conformal dimension
�(Q) enters at order Q0 [35]. This comes from the Casimir
energy of the fluctuations over the ground state, whose
spectrum is given by [32]

E
d

n,l
=

r
4n

d
(n+ l + d� 1) + l , n, l = 0, 1, . . . , (38)

with multiplicities M
d�1
l

enumerated by the modes on
the S

d�1 sphere:

M
d�1
l

= (2l + d� 2)
�(l + d� 2)

�(l + 1)�(d� 1)
. (39)

The Casimir energy is then given by4

E
d

Casimir =
1

2

1X0

n,l=0

M
d�1
l

E
d

n,l
. (40)

This expression is clearly divergent and needs to be
regulated. Generally, there are two possibilities: Either
this is the only contribution entering at order Q0, whereby
the result of regularization must be finite and constitutes
a universal prediction of the theory, or there are other
tree-level terms which appear with unknown Wilsonian
coefficients. In the case at hand (in odd d), the Casimir
energy can be singular and be renormalized by tree-level
contributions, as with relativistic systems [11]. When this
happens, the renormalization results in the presence of a
universal Q

0 log(Q) term.
We have seen that tree-level terms contribute to the con-

formal dimension with µ-scaling determined by Eqns. (17)
and (21). Edge operators never contribute at order Q

0,
while bulk operators can only do so when d is odd. In
particular, in d = 2, the regularization of the Casimir en-
ergy results in a universal prediction which was computed
in [34, 35]:

E
d=2
Casimir = �0.294159 . . . (41)

In d = 3, on the other hand, the three operators

O
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�5/2
,

O
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2
U

�3/2
,

(42)

contribute at order Q
0. As we shall see shortly, they can

be used to regularize the simple pole in the ⇣-regulated
Casimir energy.

More generally, if the Casimir energy in d+ 2✏ has a
simple pole for ✏ = 0, i.e.,

E
d+2✏
Casimir =

E�1

✏
+ E0 +O(✏) , (43)

we can use bulk operators O
(m,n)
bulk satisfying m + n =

(d+1)/2 as counterterms in DimReg. We can write their
cumulative leading-order contribution to �(Q) as

�(m,n) = C
d+2✏
m,n

µ
2✏

= C
d

m,n

�
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which we know to be regular as ✏ ! 0 from the analysis
in the previous section.

The individual Wilsonian coefficients of these operators
can be renormalized arbitrarily by

cm,n = c
ren
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+
c
(�1)
m,n

✏
, (45)

where c
ren
m,n

is regular, provided the following overall con-
dition is satisfied:
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�
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✏
. (46)

In concert with the structure of the classical divergences,
the result is that the divergence in the Casimir energy is
traded for a logarithm:

lim
✏!0

(Ed+2✏
Casimir +�(m,n)) = const. � 2E�1 log(µ)

= const. �
2

d
E�1 log(Q) .

(47)

The novelty with respect to the discussion in the previous
section is that E�1 can only come from the Casimir energy,
is thus universal, and can be computed to yield a concrete
prediction of the theory (as is the case in relativistic
systems [11]).

The Casimir energy contains higher-order corrections in
1/Q, of course, which generically will have to be regulated
and can give logarithms multiplied by negative powers
of Q in the conformal dimension. In any case, they will
have to be regulated by bulk or edge operators that are
not divergent (only bulk operators with positive µ-scaling
can be divergent), so we do not face situations in which a
divergence in the Casimir energy is to be regulated by a
bulk operator that must, itself, be regulated by an edge
term. This excludes the presence of double logarithms
coming from one-loop effects in the expansion.

C. The universal one-loop logarithm in d = 3

In this section, we compute the universal Q0 log(Q) con-
tribution to the conformal dimensions in the special case
d = 3 + 2✏ using DimReg.
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The Casimir energy is
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where Hl is the l-th harmonic number. We are interested in the behavior around the pole, which is completely
determined by the large-l behavior of the sum. We can thus further expand
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Up to terms that vanish in the ✏ ! 0 limit, the Casimir energy sum is given by
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This expression readily yields to zeta-function regularization. Applying the binomial expansion four times in a row,
we can rewrite the sum in terms of the Mordell–Tornheim zeta function ⇣MT (s1, s2, s3), defined as [70–72]
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The analytic structure of this special function is known [73–75], and from the expansion
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we see that there are poles with unit residue if5

8
><

>:

s1 + s3 = 1, 0,�1,�2, . . .

s2 + s3 = 1, 0,�1,�2, . . .

s1 + s2 + s3 = 2 .

(55)

In our case, only the third channel in this set can produce
singularities, which arise for

k1 + k2 + k3 + 2k � 2✏ = 4 . (56)

4
The prime indicates that the zero mode n = l = 0 is excluded.

5
Note that when s2 is a positive (non-zero) integer, the expression

admits two singular pieces that cancel each other.

Summing all the contributions, we find the final result
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Using the general formula in Eq. (47), we thus find that
the conformal dimensions have a universal Q0 log(Q) term
given by
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This expression readily yields to zeta-function regularization. Applying the binomial expansion four times in a row,
we can rewrite the sum in terms of the Mordell–Tornheim zeta function ⇣MT (s1, s2, s3), defined as [70–72]

⇣MT (s1, s2, s3) ⌘
1X

n,l=1

l
�s1n

�s2(n+ l)�s3 . (52)

We obtain:
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�
15

16

◆k ✓
�
1

2

◆k1
✓
�
1

4

◆k2
✓
�
3

4

◆k3

⇥ ⇣MT (k1 � 2✏� 1, k + k2 �
1/2, k + k3 �

1/2) + regular. (53)

The analytic structure of this special function is known [73–75], and from the expansion

⇣MT (s1, s2, s3) =
�(s2 + s3 � 1)�(1� s2)

�(s3)
⇣(s1 + s2 + s3 � 1) +

M�1X

k=0

✓
�s3

k

◆
⇣(s1 + s3 + k)⇣(s2 � k) + regular, (54)

we see that there are poles with unit residue if5

8
><

>:

s1 + s3 = 1, 0,�1,�2, . . .

s2 + s3 = 1, 0,�1,�2, . . .

s1 + s2 + s3 = 2 .

(55)

In our case, only the third channel in this set can produce
singularities, which arise for

k1 + k2 + k3 + 2k � 2✏ = 4 . (56)

4
The prime indicates that the zero mode n = l = 0 is excluded.

5
Note that when s2 is a positive (non-zero) integer, the expression

admits two singular pieces that cancel each other.

Summing all the contributions, we find the final result

E
3+2✏
Casimir = �

1

2
p
3✏

+ regular. (57)

Using the general formula in Eq. (47), we thus find that
the conformal dimensions have a universal Q0 log(Q) term
given by

�(Q)

����
Q0

=
1

3
p
3
log(Q) + const. (58)

protected by scale invariance
bulk contributions

edge contributions

bulk+edge

S. Hellerman, D. Orlando, V. Pellizzani, S. R., I. Swanson, 2111.12094

Casimir energy 

D. Orlando, V. Pellizzani, S. R., 2010.07942
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Nonrelativistic CFTs
Large-N treatment: 
Analogous to relativistic case (Stratonovich transform, integrating out fermions, 
evaluate functional determinant)
Much harder - problem is not homogeneous - vev of collective field non-constant!
Perform gradient expansion 

- reproduce the terms in the EFT (both bulk and boundary)
- can compute the Wilsonian coefficients in the bulk

S. Hellerman, D. Orlando, V. Pellizzani, S. R., I. Swanson, 2311.14793
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Figure 1 – Charge density as a function of the radial position in the harmonic trap for
" = !/µ = 1/20. Shown are the leading bulk contribution (red) and the bulk contribu-
tion including the first correction (blue). The bulk approximation is consistent outside the
�-layer (shaded), where the edge expansion is needed.

of the original fermionic degrees of freedom (���) becomes a nontrivial problem in the
presence of the potential. Only when working at large charge is it possible to perform a
gradient expansion in the bulk, as the dimensionless parameter " ⇠ 1/µR2

cl in front of the
gradient plays the role of \ in the quantum mechanical problem of the heat kernel.

At large charge, there is a spontaneous symmetry breaking (���), which, at large N, is
due to an explicit realization of the Cooper mechanism. This is because the collective
field �(x) (which acquires a non-trivial vacuum expectation value (���) and plays the
role of a gap for the fermions) is a bilinear of the fundamental fermions,

�0(r) = h�(r)i /
*
X

a

 #a "a

+
< 0. (�.��)

Below, we compute the form of the gap to second order in 1/", finding

�0(⌧, r) = y0(µ\ � V(r)) + y1
\2

m

(rV(r))2
(µ\ � V(r))2

+ y2
\2

m

4V(r)
µ\ � V(r) + . . . , (�.��)

with y0 ⇡ 1.1622 . . . , y1 ⇡ �0.00434691 . . . , and y2 ⇡ �0.160794 . . . .
We also compute the energy in the harmonic trap to second order in 1/", (again,

�

edge region

LO

NLO
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⇠ ⇡ 0.5906 . . .

Bertsch parameter: ratio between the ground-
state energy of the Fermi gas at unitarity and that 
of the noninteracting Fermi gas: 
                 reproduces mean-field value

Chapter I Introduction

of the invariant building-block10

U(t, r) = ‰̇ ≠ A0(r) ≠ ~
2m

(Ǫ̀‰)2. (I.15)

Note that the superfluid density is given by fl = P Õ(U). Upon turning o� the background potential
A0(r) and evaluating this relation in the superfluid ground state, one finds fl0 = P Õ(µ), which
must reproduce the equation of state, so P is interpreted at zero temperature as the pressure.
Finally, the equation of motion is the continuity equation:

fl̇ ≠ Ò · (flv) = 0, (I.16)

where v is the superfluid density introduced earlier.

If we now specialize to the unitary regime, there is a unique choice for the function P (µ) as
dictated by dimensional analysis:

P (µ) = c0

Ú
m3

~ µ
5
2 . (I.17)

In turn, this fixes completely the leading-order Lagrangian, and it is easy enough to verify that
the Bertsch parameter is related to the Wilsonian coe�cient c0 as

c0 = 25/2

15fi2›3/2 . (I.18)

The phonon dispersion relation is fixed at leading order by solving the continuity equation at
linear order in the fluctuations fi, namely11

fï ≠ 2~
md

(µ ≠ A0(r)) + ~
m

Ǫ̀A0 · Ǫ̀fi = 0. (I.19)

The case of interest for us is that of a harmonic potential A0(r) = mÊ2

2~ r2, in which case this
linearized equation of motion reduces to a hypergeomtric equation, which yields the following
spectrum of phonon excitations [51]:12

Ed
n,l = ~Ê

Ú
4
d

n2 + 4n + 4
d

ln ≠ 4
d

n + l. (I.20)

We shall come back to this dispersion relation much later.

We are now reaching the end of this condensed matter detour. There is one final observation
we would like to make which is of central importance for the philosophy underlying this thesis,
namely, the fate of the controlling parameter in this eft description. Going back to d = 3, the
next-to-leading order Lagrangian contains two additional Wilsonian coe�cients [47]:

Leff (‰) = c0

Ú
m3

~ U5/2 + c1
Ô
~m

(Ǫ̀U)2

U
1
2

+ c2

Ú
~3

m

51
Ǫ̀2‰

22
≠ 9m

~ Ǫ̀2A0(r)
6

U
1
2 , (I.21)

10Here, m corresponds to the e�ective mass of the bosonic degree of freedom forming the superfluid, denoted
mb earlier. We drop the subscript for convenience.

11For later convenience, we wrote the result in general spatial dimension d, in which case the leading-order
Lagrangian at unitarity is proportional to U

d

2 +1.
12These excitations are actually associated with either internal motion (’breathing mode’) or center-of-mass

excitations.

10
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Nonrelativistic CFTs
Nuclear physics:
Consider system with only neutrons: neutron-neutron scattering length very 
large, system is near unitarity: described by NRCFT (same EFT as unitary 
Fermi gas - non-relativistic superfluid) with small range and scattering length 
corrections. “un-unclear physics” - nuclear physics w/o nucleons

S. Beane, D. Orlando, S. R., 2403.18898

Calculate n-pt correlation functions at large Q directly from insertions in the 
path integral

2-pt fn: Droplet of 
superfluid evolving 
between insertion 
points.

Hammer and Son; Dutta Chowdhuri, Mishra, Son
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Nonrelativistic CFTs

Range and scattering length corrections :
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Conformal dimension at unitarity:

Endres, Kaplan, Lee, Nicholson; Yin, Blume

correlated Gaussian 
basis set expansion
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Nonrelativistic CFTs

S. Beane, D. Orlando, S. R.,  to appear

Energy per particle :

with

X = i@⌧✓ � (@i✓)2
2M . (�.�)

The density and Hamiltonian density are given by, respectively,

⇢ = ��L
�X

, H = L � §✓@L
@ §✓

, (�.�)

where §✓ ⌘ @⌧✓. The Euler–Lagrange equations take the form

@⌧⇢ + 1
M

@i (i@i✓⇢) = 0 . (�.�)

At LO, one finds the ground-state solution

✓ = �i µ ⌧ , X = µ . (�.�)

3.2. Symmetry breaking operators by matching

A spurion analysis immediately gives the leading symmetry-breaking operators in the
superfluid EFT

L�� = g1 a
�1
MX

2 + g2 a
�2
M

1/2
X

3/2 + h1 rM
2
X

3 + h2 r
2
M

5/2
X

7/2 + . . . , (�.�)

where the gi and the hi are dimensionless constants. Here it is assumed that the
scattering length and effective range effects are tuned independently; i.e., no mixed
operators are considered. Note that the shape parameter corrections enter at O(r3). In
the homogeneous ground state, with M = 1, the grand canonical potential is read off
from the Lagrange density as:

⌦(µ) = �c0µ
5/2 + g1a

�1
µ

2 + g2a
�2
µ

3/2 + h1rµ
3 + h2r

2
µ

7/2 + . . . . (�.�)

4. Grand canonical observables

4.1. Energy per particle

Using dimensional analysis, the energy per particle E/N of the interacting Fermi gas in
the near-Schrödinger limit can be written at very-low densities as [��, ��]

E/N =
3
5
k

2
F

2M

 
⇠ � ⇣

kFa
� ⇣2

k
2
F
a2

+ . . . + ⌘ kFr + ⌘2 k
2
F
r

2 + . . .

!
. (�.�)

Rev: (None) ((None)) � (None)

scattering length effective range
Here the various dimensionless universal parameters have been determined using
quantum Monte Carlo simulations. From Ref. [��], ⇠ = 0.372(5) (Bertsch parameter)
and ⌘ = 0.12(3). From the simulation data in Ref. [��], it is straightforward to extract
⇣ = 0.8(3) and ⇣2 = 1.0(6).

� (fm�3)
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Figure 2 – Energy per particle in neutron matter at low densities, as taken from Eq. (4.1).

It is straightforward to obtain Eq. (�.�) in the superfluid EFT. The energy density can
be obtained from the grand canonical potential by the (Euclidean) Legendre transform,

⌦(µ) = E(µ) + µ⇢ . (�.�)

Note that while the density ⇢ is fixed in terms of kF, the chemical potential µ is shifted
away from the Fermi energy by the symmetry-breaking effects. That is,

⇢ =
k

3
F

3⇡2 = ��⌦(µ)
�µ

. (�.�)
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Concrete examples where a strongly-coupled CFT simplifies significantly 
at large charge.
O(2N) model in 3d: in the limit of large U(1) charge Q, we computed the 
conformal dimensions in a controlled perturbative expansion: 
• Excellent agreement with lattice results for O(2), O(4)
• large Q and large N: path integral at saddle pt., more control than in 

EFT, can calculate coefficients
• can follow the flow away from conformal point, find the full effective 

potential
NJL model: similar results, condensate due to Cooper pairs.
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Many other interesting applications!

NRCFTs are also highly suited for the large-charge approach. 
U(1) symmetry: particle number
Examples:
• unitary Fermi gas (4D)
• nuclear reactions involving neutrons in the end state
• anyons (3D)

State-operator correspondence involves harmonic potential.

Can compute 2- and 3-point functions in the limit of large Q



• Further study of supersymmetric models at large R-charge (higher-

dim. moduli spaces)

• Connection to holography (gravity duals)

• Operators with spin; connection to large-spin results

• Use/check large-charge results in conformal bootstrap

• Further lattice simulations: inhomogeneous sector, general O(N)

• CFTs in other dimensions (2, 5, 6)

• Integrability and large Q

Hellerman, Maeda, Orlando, Reffert, Watanabe;
Argyres et al.

Jafferis and Zhiboedov; Rong and Su

Further directions

Loukas, Orlando, Reffert, Sarkar;
De la Fuente, Zosso;
Giombi, Komatsu, Offertaler;
Perlmutter et al.

Cuomo, de la Fuente, Monin, Pirtskhalava, Rattazzi; Cuomo 

Chandrasekharan et al.;
Singh
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Komargodski, Mezei, Pal, Raviv-Moshe;
Araujo, Celikbas, Reffert, Orlando;
Moser, Orlando, Reffert 

Dodelson, Hellerman, Watanabe, Yamazaki



• Chern-Simons matter theories @large charge

• 4-ε expansion @large charge

• going away from the conformal point

• non-relativistic CFTs

• Boundary CFTs at large Q

• Swampland, weak gravity conjecture

• Study fermionic theories. Can large-charge approach be used for QCD 

(e.g. large baryon number)?

• Gauge theories @large charge, Standard Model

Arias-Tamargo, Rodriguez-Gomez, Russo; 
Badel, Cuomo, Monin, Rattazzi; Watanabe;
Antipin et al.

Watanabe

Further directions
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Orlando, Reffert, Sannino;
Orlando, Pellizzani, Reffert

Komargodski, Mezei, Pal, Raviv-Moshe; 
Antipin, Bersini, Panopoulos;
Dondi, Hellerman, Kalogerakis, Moser, Orlando, Reffert;

Cuomo, Mezei, Raviv-Moshe 

Favrod, Orlando, Reffert; Kravec, Pal;
Orlando, Pellizzani, Reffert;
Hellerman, Swanson; Pellizzani

Aharony, Palti; Antipin et al.
Orlando, Palti

Antipin, Bersini, Sannino et al.



Thank you for your 
attention!
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Integrability and Large Charge
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Integrability and Large charge
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The large charge-expansion can be applied to integrable models to 
actually solve them.

This has been done for several examples.

I’ll briefly review 2d models:

- CFT: SU(2) WZW model and its marginal deformation 
- massive integrable case: YB deformed SU(2) PCM

Just like combining large Q with large N gave us more control, also 
combining large Q with integrability gives us extra control.

Sometimes, integrability emerges in the large-charge sector.
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In 2d CFTs, the U(1) sector decouples from the full dynamics at large 
charge. 
It cannot be used to write an EFT as a large-charge expansion that 
controls the dynamics.

It is however possible to use the large-Q expansion to simplify models 
with a known NSLM description:
Work in a double-scaling limit (large Q and controlling scale), use e.g. 
WKB approximation to compute conformal dimensions.

Komargodski, Mezei, Pal, Raviv-Moshe, 
2112.12583

We find that the scaling dimension of the lowest operator of charge Q 
takes the form of an expansion in 1/Q starting at         .

<latexit sha1_base64="73V4UwOP5Az0I2ORp6sMjKjmb/k="></latexit>

O(Q2)

Can verify these result in the case of solvable models.
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conformal dimension of the lowest operator of charge Q is written as an expansion in
1/Q starting at order O

�
Q2� .

In this note, we first compute the spectrum of a system with an ���� description using
a geometrical approach in which the large charge is the controlling parameter in a
Wentzel–Kramers–Brillouin (���) approximation. Then, we exploit the fact that some
two-dimensional ���s are exactly solvable to compare our large-charge results with the
exact partition function specialized to a sector of fixed charge. This allows us to verify our
general results and spell out the precise regimes of validity of the large-charge expansion
and of the double-scaling limit.

We make in particular use of the fact that Wess–Zumino–Witten (���) models at level
k admit a geometrical interpretation in the limit k ! 1. For the SU(2) ��� model, this
limit corresponds to an ���� with target space S3. In the limit k � Q, Q̄ � 1, we can use
the ��� approximation and find the scaling dimension

� =
(Q + Q̄)(Q + Q̄ + 2)

2k , (�.�)

which is matched by the exact result from the partition function. Also the marginal
JJ̄ deformation can be treated in the same way. In the limit k � Q � 1, Q is not the
dominating controlling parameter, but serves to simplify the computation. Our treatment
of the SU(2)k ��� model gives a proof of concept for the usefulness of working at large
charge in a double scaling limit together with the controlling parameter of the theory.
This approach will be valuable in the study of more general models for which an exact
solution is not known.

The plan of this note is as follows. In Section two we study ���s which by assumption have
an ���� description. The most general such action is the one of the string worldsheet. In
Section �.�, we make use of some classical string theory results that allow us to identify
the operator appearing in the one-loop tachyon beta-function equation with the cylinder
Hamiltonian, which in geometrical terms is interpreted as a generalized Laplacian. In
Section �.�, we observe that in the limit of large charge, the eigenvalue equation of this
Laplacian has the right form to admit a ��� approximation. In Section �.�, we consider
three examples, in which the ��� hierarchy can be solved: the case of two-dimensional
target space, the case of the three-sphere corresponding to the semi-classical k ! 1

limit of the SU(2)k ��� model, and the marginal deformation of this latter example.
In Section three, we consider the fixed-charge sectors of the completely solvable SU(2)k

��� model and its marginal deformations starting from the exact partition function. First
we briefly introduce the ��� model (Section �.�) and the parafermion decomposition
(Section �.�), specializing the general results to a sector of fixed charge and finding the
lowest-energy state. Via the state-operator correspondence, this leads us directly to

�

 WZW models admit a geometrical description for 
<latexit sha1_base64="EVBtTQBJxMSs80KnoR2Pgc/pf8Y="></latexit>

k ! 1

SU(2) WZW: NLSM on target space 
<latexit sha1_base64="ZEVWvTkhWpzQp/nJv6HS7wp4B0Y="></latexit>

S3

Example: SU(2) WZW model. 

conformal dimension of the lowest operator of charge Q is written as an expansion in
1/Q starting at order O

�
Q2� .

In this note, we first compute the spectrum of a system with an ���� description using
a geometrical approach in which the large charge is the controlling parameter in a
Wentzel–Kramers–Brillouin (���) approximation. Then, we exploit the fact that some
two-dimensional ���s are exactly solvable to compare our large-charge results with the
exact partition function specialized to a sector of fixed charge. This allows us to verify our
general results and spell out the precise regimes of validity of the large-charge expansion
and of the double-scaling limit.

We make in particular use of the fact that Wess–Zumino–Witten (���) models at level
k admit a geometrical interpretation in the limit k ! 1. For the SU(2) ��� model, this
limit corresponds to an ���� with target space S3. In the limit k � Q, Q̄ � 1, we can use
the ��� approximation and find the scaling dimension

� =
(Q + Q̄)(Q + Q̄ + 2)

2k , (�.�)

which is matched by the exact result from the partition function. Also the marginal
JJ̄ deformation can be treated in the same way. In the limit k � Q � 1, Q is not the
dominating controlling parameter, but serves to simplify the computation. Our treatment
of the SU(2)k ��� model gives a proof of concept for the usefulness of working at large
charge in a double scaling limit together with the controlling parameter of the theory.
This approach will be valuable in the study of more general models for which an exact
solution is not known.

The plan of this note is as follows. In Section two we study ���s which by assumption have
an ���� description. The most general such action is the one of the string worldsheet. In
Section �.�, we make use of some classical string theory results that allow us to identify
the operator appearing in the one-loop tachyon beta-function equation with the cylinder
Hamiltonian, which in geometrical terms is interpreted as a generalized Laplacian. In
Section �.�, we observe that in the limit of large charge, the eigenvalue equation of this
Laplacian has the right form to admit a ��� approximation. In Section �.�, we consider
three examples, in which the ��� hierarchy can be solved: the case of two-dimensional
target space, the case of the three-sphere corresponding to the semi-classical k ! 1

limit of the SU(2)k ��� model, and the marginal deformation of this latter example.
In Section three, we consider the fixed-charge sectors of the completely solvable SU(2)k

��� model and its marginal deformations starting from the exact partition function. First
we briefly introduce the ��� model (Section �.�) and the parafermion decomposition
(Section �.�), specializing the general results to a sector of fixed charge and finding the
lowest-energy state. Via the state-operator correspondence, this leads us directly to

�

In the limit                   , we find using the WKB approximation 

and take the cylinder limit,

⌧ = i
�

2⇡R , � ! 1, (�.�)

so that
Z = Tr

⇣
e��/R(L0+L̄0�c/12)

⌘
. (�.�)

From here, we can extract the conformal dimension � of the lowest operator in the
corresponding ensemble as the free energy in the infinite cylinder limit:

� lim
�!1

R

�
log(Z) = � �

c

12, (�.�)

where � = h + h̄ and h, h̄ are the conformal weights.

3.1. The WZW model

The simplest non-trivial example of a solvable ��� in two dimensions is the SU(2)k
Wess–Zumino–Witten model, which for integer k is a rational ��� based on the affine
algebra csu(2)k. In the limit k ! 1 it admits a semi-classical description in terms of an
���� on the three-sphere, which is the group manifold of SU(2). Its action is

S =
k

16⇡

æ
dzdz̄Tr

⇥
@µg�1 @µg

⇤
+ k� , (�.�)

� = �
i

24⇡

æ
d3y ✏↵�� Tr

⇥
g�1 @↵gg�1 @�gg�1 @�g

⇤
, (�.�)

where g is an element of SU(2), and the second integral goes over a �-manifold that has
the worldsheet as its boundary. The model has a global SU(2) ⇥ SU(2) symmetry since
the group can act on the left and on the right. We can thus fix two charges corresponding
to a left and a right U(1).

For this model, the full partition function is known. To identify the sectors of fixed
charge, we start from the grand-canonical partition function which includes the dual
chemical potentials:

Z(z, z̄;q, q̄) = Tr
h
e��/R(L0+L̄0�c/12)yJ3

0 ȳJ̄3
0

i
, (�.�)

where y = e2⇡iz and the J3
0, J̄3

0 are the Cartan generators of the left and right SU(�). This
partition function can be expressed in terms of the characters �l of the affine algebra
csu(2), where l labels the representation:

Z =
’
l,l0

�l(z; ⌧)Mll0�l0(z̄; ⌧). (�.�)

��

Global SU(2)xSU(2) symmetry, can fix 2 charges (left and right U(1))
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Continuous line of marginal deformations generated by

We can always choose Mll0 = �ll0 . The SU(�) ��� model has a continuous line of marginal
deformations which are generated by adding the operator

æ
dzdz̄ J3

0J̄
3
0 (�.�)

to the action [��]. In the deformed case, the SU(2)⇥SU(2) symmetry of the semi-classical
model is broken to U(1) ⇥U(1).

3.2. The parafermion decomposition

The ��� model is made of two building blocks: an su(2)/u(1) piece associated to
parafermions and a u(1) associated to a free boson at the self-dual radius. The two pieces
are not independent, they are related by an orbifold [��]:

✓
su(2)k
u(1) ⌦ u(1)pk

◆
/ök. (�.��)

We intend to fix the charge associated to the bosonic u(1)pk, so it is convenient for us to
write the characters in terms of this decomposition:

�l(z; ⌧) = Trl[qL0�
c
24 e2⇡izJ3

0] =
k’

m=�k+1
clm(q)✓ml(q, z). (�.��)

We use the conventions in which 0  l  k�1 is an integer, �k+1  m  k, and l�m = 0
mod 2. The theta function is given by

✓ml(q, z) =
’
n2ö

ql(n+
m
2l )

2
z(ln+

m
2 ) (�.��)

and clm are the string functions [��] (see also [��]). The added advantage of this
decomposition is that the marginal deformation only acts on the u(1) boson by changing
its radius away from the self-dual point, and does not modify the parafermion string
functions [��, ��, ��, ��]: ✓

su(2)k
u(1) ⌦ u(1)pk�

◆
/ök. (�.��)

� is now the deformation parameter, and � = 1 corresponds to the undeformed model.
For irrational values of �2, the resulting theory is not a rational ���.

Having an explicit expression for the characters, we can derive the full torus partition
function for any value of the marginal deformation parameter [��]:

��

Depending on the value of the charges there are two qualitatively different behaviors:

• If Q + Q̄ < k, then (Q + Q̄)k = Q + Q̄ and the dimension is

� =
(Q + Q̄)(Q + Q̄ + 2)

2(k + 2) +
1 � �2

2k

✓
Q2

�2 � Q̄2
◆

, (�.��)

which, in the special case � = 1, reduces to

� =
(Q + Q̄)(Q + Q̄ + 2)

2(k + 2) . (�.��)

This is the dimension of a primary along the line of marginal deformations of the SU(2)
��� model parametrized by �. Geometrically, at the undeformed point � = 1 this is the
eigenvalue of the Laplacian on a three-sphere of radius

p
k + 2 with angular momentum

Q + Q̄. For generic values of �, the SU(2) symmetry is clearly broken, but the expression
still only depends on Q and Q̄, and it still can be interpreted as the eigenvalues of a
Laplacian on a deformed sphere. These results reproduce respectively the expressions
in Eq. (�.��) and Eq. (�.��) in the appropriate semiclassical limit k ! 1.

• If Q + Q̄ > k, the dimension is

� =
1
2k

✓
Q2

�2 + �2Q̄2
◆
+ ak(Q, Q̄), (�.��)

where ak(Q, Q̄) is defined in Eq.(�.��) and is generically of order Q0 for fixed k. From
the general theory, we expect in this regime a U(1) ⇥U(1) sector to decouple. In fact, the
conformal dimension is given by the sum of the contribution of the two fixed charges,
that enter precisely with a term proportional to their square (as in the compact free boson
discussed in Appendix A), and another term that is not controlled by the large charge.
The axial-vector duality is then understood as the T-duality that relates the momenta
Q to the windings Q̄. In this regime we do not expect the theory to be described by a
simple ���. The dominating scale is fixed by the large charge Q which only controls a
subsector of the full dynamics. Even for k large, we are not in the standard semi-classical
regime of the ��� model.

Since this model is exactly solvable, we can identify precisely the regimes of validity
of the large-charge expansions. If the charge is the dominating controlling parameter
(Q + Q̄ � 1, Q + Q̄ � k), we see that the two U(1)s decouple from the rest of the model
and the large charge does not control the entire dynamics. The spectrum is the one of a
free boson plus order-one corrections. In the regime where the theory is not controlled by
Q, but there is an ���� description (k � Q+ Q̄ � 1), we find that the scaling dimensions
have an expansion in Q and Q̄ starting at (Q + Q̄)2. In the special ��� case we studied,
it only contains two terms.

��

Can verify by specializing to the fixed-charge sector in the exact partition 
function!

Breaks global symmetry down to U(1)xU(1)

Scaling dimension of lowest charged operator:

Interesting approach to study more general model without known exact 
solution.
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Integrability is an accidental property of generic 2d O(2)-symmetric 
asymptotically free theories when the charge density is much larger than 
the dynamical scale.

Dodelson, Hellerman, Watanabe, Yamazaki, 
2310.01823

Exists infinite tower of higher spin conserved currents in the most 
generic EFT at large chemical potential.
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We have seen that for 2d CFTs, the U(1) sector does not control the 
dynamics. Let’s instead study a massive case that is integrable. 

Volin, 0904.2744

Integrable systems in 2d

We can start from the thermodynamic Bethe ansatz equations - the 
thermodynamic limit is actually a large-charge limit!

From here, we can get the energy density which is in turn related to the 
free energy by a Legendre transform.

1 Introduction

In this work, we use the thermodynamic Bethe ansatz (TBA) equation

�[✓]�
Z

B

�B

K
⇥
✓ � ✓0

⇤
�
⇥
✓0
⇤
d✓0 = m cosh[✓], ✓2 < B2 (1.1)

(where �[✓] is the density of Bethe roots) to derive a perturbative expression for the free

energy of a 2d integrable field theory, namely the Yang-Baxter deformation of the principal

chiral model (PCM).

Given the Hamiltonian H of this theory, one can consider a charge Q associated with

a global conserved current, and h an external field coupled to Q. The free energy per unit

volume of this system is then

F(h) = � lim
V,�!1

1

V �
log Tr e��(H�hQ), (1.2)

where V is the volume of space and � is the length of Euclidean time. For large h, and

considering the theory in the limit where it is asymptotically free, we can compute F(h)

in perturbation theory.

Turning on the chemical potential h beyond a certain treshold results in a density ⇢ of

particles charged with respect to Q, with an energy per unit volume denoted as e(⇢). Both

of these quantities can be computed in terms of �[✓]. The central quantity of interest, that

is, the free energy density F(h) is the Legendre transform of e(⇢):

⇢ = �F 0(h),

F(h)� F(0) = e(⇢)� ⇢h.
(1.3)

To compute e(⇢) and ⇢ explicitly we employ a method due to Volin [1], which uses the

TBA equation (1.1) to obtain perturbative expressions (in 1/B, where B is large) for these

quantities, given the kernel K[✓].

The analysis of the Yang-Baxter deformed PCM is best understood as a special limit

of the bi-Yang-Baxter deformed PCM, which has the Lagrangian:

L⇣,⌘[g] = Tr

✓
g�1@+g

1

1� ⌘R� ⇣Rg
g�1@�g

◆
. (1.4)

In the case of the bi-Yang-Baxter deformation of the PCM for SU(2), we know from Fateev

[2] that the TBA kernel has a form that can be expressed as

1�K(!) =
sinh [⇡! (p1 + p2) /2]

2 sinh [⇡!p1/2] sinh [⇡!p2/2]
tanh(⇡!/2), (1.5)

where p1 and p2 are related to the deformation parameters as

p1 =
2⇡

t⌘
, p2 =

2⇡

t⇣
, (1.6)

where ⌘ and ⇣ are the deformation parameters of the bi-Yang-Baxter model, and t is a

coupling constant.

2

By studying the large ρ, or equivalently, large B asymptotics, Volin found 
an expansion of the energy density in terms of 1/B for the O(N) vector 
model - secretly a large-charge expansion.
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Ashwinkumar, Orlando, S.R., Sberveglieri, to 
appear

Integrable systems in 2d

Can apply Volin’s method to other integrable systems, e.g. the Yang-Baxter 
deformed principal chiral model for SU(2):

1 Introduction

In this work, we use the thermodynamic Bethe ansatz (TBA) equation

�[✓]�
Z

B

�B

K
⇥
✓ � ✓0

⇤
�
⇥
✓0
⇤
d✓0 = m cosh[✓], ✓2 < B2 (1.1)

(where �[✓] is the density of Bethe roots) to derive a perturbative expression for the free

energy of a 2d integrable field theory, namely the Yang-Baxter deformation of the principal

chiral model (PCM).

Given the Hamiltonian H of this theory, one can consider a charge Q associated with

a global conserved current, and h an external field coupled to Q. The free energy per unit

volume of this system is then

F(h) = � lim
V,�!1

1

V �
log Tr e��(H�hQ), (1.2)

where V is the volume of space and � is the length of Euclidean time. For large h, and

considering the theory in the limit where it is asymptotically free, we can compute F(h)

in perturbation theory.

Turning on the chemical potential h beyond a certain treshold results in a density ⇢ of

particles charged with respect to Q, with an energy per unit volume denoted as e(⇢). Both

of these quantities can be computed in terms of �[✓]. The central quantity of interest, that

is, the free energy density F(h) is the Legendre transform of e(⇢):

⇢ = �F 0(h),

F(h)� F(0) = e(⇢)� ⇢h.
(1.3)

To compute e(⇢) and ⇢ explicitly we employ a method due to Volin [1], which uses the

TBA equation (1.1) to obtain perturbative expressions (in 1/B, where B is large) for these

quantities, given the kernel K[✓].

The analysis of the Yang-Baxter deformed PCM is best understood as a special limit

of the bi-Yang-Baxter deformed PCM, which has the Lagrangian:

L⇣,⌘[g] = Tr

✓
g�1@+g

1

1� ⌘R� ⇣Rg
g�1@�g

◆
. (1.4)

In the case of the bi-Yang-Baxter deformation of the PCM for SU(2), we know from Fateev

[2] that the TBA kernel has a form that can be expressed as

1�K(!) =
sinh [⇡! (p1 + p2) /2]

2 sinh [⇡!p1/2] sinh [⇡!p2/2]
tanh(⇡!/2), (1.5)

where p1 and p2 are related to the deformation parameters as

p1 =
2⇡

t⌘
, p2 =

2⇡

t⇣
, (1.6)

where ⌘ and ⇣ are the deformation parameters of the bi-Yang-Baxter model, and t is a

coupling constant.

2

Work at η small, ζ=0 and B large → perturbative expansion in 
asymptotically free theory

Next step: find renormalon contributions to the free energy (poles or 
branch cuts in the Borel plane)

<latexit sha1_base64="EpnAuu53YAGX9J6PVylk1oNwkxE="></latexit>

k2(e/⇢2) =↵+
↵2

2
+ ↵3

✓
1

4
+

1

6p̃

◆
+ ↵4

✓
5

16
� 3⇣(3)

32
+

log 2

6p̃

◆

+ ↵5

✓
53

96
� 9⇣(3)

64
+

1� 4
3 log 2 + 2(log 2)2

16p̃

◆
+ . . .
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Simplest case: systems with a 1-dim. moduli space on the Coulomb branch. 
The charge that is taken to be large is the R-charge and we want to write 
the EFT of the Coulomb branch. 

Let’s start with the SCFT case. Things are very different for SCFTs with a 
moduli space.

How can we write an EFT? Need extra ingredient.
Make use of SUSY properties.

Since we are in D=4, there is a Weyl anomaly, which must be reproduced 
in the EFT.

1D Coulomb branch: the EFT at large charge is encoded by single vector 
multiplet.



SCFTs at large R-charge

Compute 3-pt function on a conformally flat 4D space:

OPE of chiral primaries is non-singular. Choose

hO
n1(x1)O

n2(x0
1)Ō

n3(x2)i =
Cn1,n2,n1+n2

|x1 � x2|
2n1DO |x0

1 � x2|
2n2DO

3-pt function becomes a 2-pt function:

x1 = x0
1

Coulomb branch is generated by   .O

O
n1(x1)O

n2(x1) = O
n1+n2(x1)

Write EFT controlled by n as Q = nDO

Notice that the R-charge QO / DO

eq0 = ZYn = Cn0,n�n0,n̄ = |x1 � x2|
2nDO hO

n(x1)Ō
n(x2)i = eqn�q0

57

2-pt functions are a solved problem for BPS operators, scaling dimension 
goes like Q 



SCFTs at large R-charge
1D Coulomb branch: EFT encoded by single vector multiplet.

Now we can write down our 2-pt function:

CFT: no dependence on A

Introduce � =

r
Im(⌧)

4⇡
A O = NO �DO

hO
n(x1)Ō

n(x2)i =
1

Z

Z
D�O

n(x1)O
n(x2)e

�Sfree

Z =

Z
D� e�Sfree

Assume for now that free theory for cplx scalar is dominating in the large-
Q expansion:

cplx scalar of vector multiplet

S =

Z

R4

d4x
Im(⌧)

4⇡
@µA @µĀ+ . . .

58



SCFTs at large R-charge

Minimize to find the fixed-charge ground state:

Rewrite
Z

D�O
n(x1)O

n(x2)e
�Sfree =

Z
D� e�(Sfree+Ssources)

Sfree+sources = �2Q logNO +

Z
d4x

⇥
@µ�@µ�̄�Q log � �(x� x1)�Q log �̄ �(x� x2)

⇤

�(x) =
ei�0|x1�x2|

2⇡(x� x2)2
p

Q �̄(x) =
e�i�0|x1�x2|

2⇡(x� x1)2
p

Q

Find value of the full action at the minimum:
Sfull = Q [�2 logNO + 1 + 2 log(2⇡)]�Q logQ

= k1Q�Q logQ+ 2Q log |x1 � x2|+O(Q0)

→ directly gives leading term in Q-expansion   

eq0 = Z

qn = Q logQ+ k1Q+O(Q0)

Q = nDO O = NO �DO

|x1 � x2|
2nDO hO

n(x1)Ō
n(x2)i = eqn�q0
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SCFTs at large R-charge
So far: used only free kinetic term.
In general, there will be higher-order corrections.

One can show that:
• all manifestly superconformal terms will give a contribution that is 

subleading in Q
• theories with a 1D Coulomb branch have no other F-terms

Only other possible term is the Wess-Zumino term in the bosonic action.

Necessary to compensate Weyl-anomaly mismatch between CFT and EFT:

LWZ = �⌧ 2↵E4(g)

↵ = 1
2 (aCFT � aEFT )

Euler density

Calculate on S4
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SCFTs at large R-charge
Contribution to action:

Full result:

Can compute the          perturbatively by expandingkm(↵)

� = �cl + �fluc

Just like in the O(2) model, 1/Q is the loop-counting parameter for the 
theory of �fluc

SWZ

���
cl
= �(↵+ 1

2 ) logQ

qn � q0 = Q logQ+ k1Q+ (↵+ 1
2 ) logQ+

1X

m=1

km(↵)

Qm

Sfree + SWZ

quantum corrections 
in

⌧ ⇠ � log |�|
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SCFTs at large R-charge

Can in principle proceed order by order to compute quantum corrections.

Order 1/Q:
There’s a better way! 

k1(↵) =
1
2 (↵

2 + ↵+ 1
6 )

Use recursion relation for theories with marginal coupling.
Baggio, Niarchos, Papadodimas;
Gerchkovitz, Gomis, Ishtiaque, Karasik, Komargodski, Pufu;@@̄qn = eqn+1�qn � eqn�qn�1

Toda lattice equation.

Look for solution with EFT-inspired form
independent of τ 

qn = Qf(⌧, ⌧̄) + k0(⌧, ⌧̄) +Q logQ+ (↵+ 1
2 ) logQ+

1X

m=1

km(↵)

Qm

qn � q0 = Q logQ+ k1Q+ (↵+ 1
2 ) logQ+

1X

m=1

km(↵)

Qm

Sfree + SWZ

quantum corr. in

| {z }
class. ground state
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SCFTs at large R-charge
Solve recursion (using the result for        ):k1(↵)

qn = 2nA(⌧, ⌧̄) +B(⌧, ⌧̄) + log�(2n+ ↵+ 1)

theory dependent universal, valid for 
any theory, depends 
only on α 

Logic:
- EFT works for any theory (incl. non-Lagrangian)
- can solve it order by order via Feynman diagrams
- for Lagrangian theories, we can use the recursion relation
- result is valid for all theories, as it is independent of τ.
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SCFTs at large R-charge

For the case of SU(2) gauge theory with 4 flavors, we can compare our EFT 
results to localization results:

1

2

5

10

20

38

10 20 30 40 50

0.1

0.2

0.3

0.4

0.5

0.6

0.7

42
n
qn

Im ⌧

Figure 3.1 – Second difference in n for 42
n
q
(loc)
n

(dots) and for 42
n
q
EFT
n

(continuous
lines) as function of Im ⌧ at fixed values of n. The numerical results quickly reach a ⌧-
independent value that is well approximated by the asymptotic formula when n is larger
than n & 5.

Lacking a closed-form expression, we instead compare our prediction (�.��) with
data from the numerical evaluation of correlation functions, as in [�].

We begin with the zero-instanton approximation to the sphere partition function
Z = Z0 = exp{q0} ! Z

[zero-instanton] and evolve up to n = 40 using the recursion
relations to get an approximate answer; we expect that the omission of instanton
effects should lead to errors no larger than relative size exp{-2⇡ Im(⌧)}, which is
smaller than 2 ⇥ 10-3 for Im(⌧) > 1.

In the Appendix F we present data for correlation functions. We take the second
difference with respect to n in qn to cancel the n

0 and n
1 terms in Yn,

42
nqn = qn+2 - 2qn+1 + qn, (�.��)

and we compare the m
-1 and smaller terms.

We find that the numerical values are in beautiful agreement with the prediction
(�.��). Quite rapidly, already for ⌧ ' 4i, the ⌧-dependence drops for all values of n.
The asymptotic values is well approximated by our prediction 42

nq
���
n for n larger

that n & 5, where the discrepancy between the ��� result and the localization is of
order 1 - 42

nq
���

/42
nq

(loc)��
n=5,Im(⌧)�1 ⇡ 1%. Even for n = 1, the discrepancy is

only of order 1- 42
nq

���
/42

nq
(loc)��

n=1,Im(⌧)�1 ⇡ 8% (see Fig. �.�). In Sec. �, we will
estimate the behavior of the discrepancy as function of J and Im ⌧.

��

Gerchkovitz, Gomis, Ishtiaque, Karasik, Komargodski, Pufu;

numerics for 
localization 

EFT result

Extremely good match for n>5!
EFT predictions have been verified. Grassi, Komargodski, Tizzano;

qn = 2nA(⌧, ⌧̄) +B(⌧, ⌧̄) + log�(2n+ ↵+ 1)

Solve known recursion:
universal
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SCFTs at large R-charge
We can even estimate the exponential corrections due to the propagation 
of massive BPS particles:

5 10 15 20

5.×10-5

1.×10-4

5.×10-4

0.001

0.005

42
n

⇣
q

(loc)
n - q

EFT

n

⌘

Im ⌧

� = 1

� = 2

� = 3

� = 4

Figure 5.1 – Second difference in n for the discrepancy between localization and EFT
results 42

n

�
q
(loc)
n

- q
EFT
n

�
(dots) compared to 42

n
(1.6 e-

p
⇡�/2) (continuous lines) as

functions of Im ⌧ at fixed values of n/ Im ⌧ = �/(4⇡). The agreement is quite good
already for � = 3.

and then can estimate the leading correction to be

log(Yn)

����
����

localization
- log(Yn)

����
����

���
⇡ 1.6 e-⇡

p
J/(2 Im⌧) = 1.6 e-

p
⇡�/2. (�.�)

In Figure �.� we show how this simple form already reproduces the localization data
for values of � ⇡ 3. In Figure �.� we show how adding this contribution improves the
agreement between our prediction and the localization data also at smaller values of
n (this is to be compared with the purely perturbative results shown in Figure �.�).

6 Discussion

In this article, we have studied N = 2 superconformal field theories with a one-
complex-dimensional Coulomb branch in a sector of fixed and large R-charge J.
Making use of the resulting effective field theory on the Coulomb branch at large
J, we have improved the results of [�], giving the 1/J expansion of the two-point
functions Yn = |x- y|

2n�O

⌦
(O(x))n(Ō(y))n

↵
to all orders. The absence of higher-

order F-terms in our ��� on the Coulomb branch plays a critical role: it implies that
the effective action on the Coulomb branch is given by the tree-level effective kinetic
term, the supersymmetrized �� term for the spontaneously broken Weyl invariance,
and unknown D-terms which do not affect correlation functions of chiral primaries.

��

�2
n(1.6 e

�
p
⇡�/2)
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