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Modeling & Optimizing 
Plasma Accelerators

Modeling 

•Analytical Models 

•Particle-In-Cell Models 

•Machine-learning Models

Optimization 

• Objective functions 

• Multi-objective optimization



Longitudinal motion

• H. Ding, A. Döpp et al. Phys. Rev. E 101, 023209 
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Modeling laser-plasma interaction 
The linear wakefield regime



( ∂2

∂ξ2 + k2
p) ϕ = δ(ξ) G(ξ) = 1

2 sin[kp(ξ − ξ′ )]

ϕ = ∫
ξ

−∞
f(ξ′ )G(ξ − ξ′ )dξ′ 

Consider impulse response: Find the Green’s function 

Convolve the actual excitation 
with the Green’s function:

Modeling laser-plasma interaction 
The linear wakefield regime



Longitudinal motion (mostly) • H. Ding, A. Döpp et al. Phys. Rev. E 101, 023209 
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Modeling laser-plasma interaction 
The non-linear wakefield regime



Longitudinal motion (mostly)

Approximation only valid if mainly longitudinal motion! 

This is the case for large focus when the transverse 

ponderomotive force is small.

• H. Ding, A. Döpp et al. Phys. Rev. E 101, 023209 
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Modeling laser-plasma interaction 
The non-linear wakefield regime



Modeling laser-plasma interaction 
The highly non-linear “blow-out” regime

• H. Ding, A. Döpp et al. Phys. Rev. E 101, 023209 
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No direct differential equation for 

the fields: Need to model from 
first principles!



Modeling laser-plasma interaction 
The Vlasov equation

df
dt

= ∂f
∂t

+ ⃗vx ⋅ (∇x f) + ⃗vp ⋅ ( ⃗v
c

∇p f) = 0

• We are interested in the evolution of a particle distribution in space, velocity and time  

• In a collisionless system, where particles are neither created nor destroyed, the continuity equation is valid:

ρ( ⃗x, ⃗v, t)

How does distribution change due to momentum 
changes (forces)?

How does distribution change to 
movement of particles?

∂fe
∂t

+ ⃗ve ⋅ ∇x fe − e ( ⃗E + ⃗ve

c
× ⃗B ) ⋅ ∇p fe = 0

∂fi
∂t

+ ⃗vi ⋅ ∇x fi + Zie ( ⃗E + ⃗vi

c
× ⃗B ) ⋅ ∇p fi = 0

Electrons

Ions



Modeling laser-plasma interaction 
The Maxwell equations

∇ × ⃗B = 4π
c

⃗j + 1
c

∂ ⃗E
∂t

• At the same time we need to fulfill the Maxwell equations

∇ ⋅ ⃗B = 0

∇ × ⃗E = − 1
c

∂ ⃗B
∂t

∇ ⋅ ⃗E = 4πρ

ρ = e∫ (Zi fi − fe)d3p ⃗j = e∫ (Zi ⃗vi fi − ⃗ve fe)d3p

• With the charge density  and current  defined asρ j



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Fixed spatial grid

Freely moving 
macro-particles

i
i + 1

j

j + 1



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Fixed spatial grid

Freely moving 
macro-particles

i
i + 1

j

j + 1

f( ⃗x, ⃗v, t)

⃗x

⃗v

1 macro-particle represents 
1000’s of electrons / ions

The PIC assumption is basically that particles initially close to another stay close to another



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Deposition

(ρi, ⃗j j+1)

(ρi,j, ⃗j i,j)

(ρi,j+1, ⃗j i,j+1)

(ρi+1,j+1, ⃗j i+1,j+1)

i
i + 1

j

j + 1



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Update fields

(ρi, ⃗j j+1) → ( ⃗E i,j+1, ⃗B i,j+1)

(ρ, ⃗j) → ( ⃗E , ⃗B )

(ρ, ⃗j) → ( ⃗E , ⃗B )

(ρ, ⃗j) → ( ⃗E , ⃗B )



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Interpolation

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Lorentz solver

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B ) → FL



Modeling laser-plasma interaction 
The Particle-In-Cell Method

Particle movement

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B )

( ⃗E , ⃗B ) → FL



Modeling laser-plasma interaction 
The Particle-In-Cell Method | Geometries

z
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z

r
θ

Cartesian

Cylindrical

Figures from FBPIC documentation



Modeling laser-plasma interaction 
The Particle-In-Cell Method | Reference frames

Figures from FBPIC documentation

Laboratory frame (can be co-moving)

Boosted frame
γp



Modeling laser-plasma interaction 
The Particle-In-Cell Method | The Output

• Field data: Meshes of all fields, as well as the deposited 

density and currents 

• Particle data: List of macro particles with their 

individual weights and the phase space values (position, 

momentum).

• We are talking about GBs of data. But often we are 

actually only interested in a single number that we 

can optimize. 

• We do this via an objective function that reduces the 

entire distribution function to a single scalar number 

.O[ f( ⃗x, ⃗v, t)] = z



Modeling laser-plasma interaction 
Towards optimization

⃗x ⃗y zPIC Simulation Calculate Objective

(minutes, hours, days)

Choose new input ⃗x

(Charge, bandwidth, energy, etc.)

PIC Input

PIC output

Quantity to improve



⃗x zSurrogate Model

Choose new input ⃗x

PIC Input

Quantity to improve

Training data

Direct Objective Prediction

Machine learning

Modeling laser-plasma interaction 
Towards optimization



Modeling laser-plasma accelerators 
Which neural network architecture to choose?

Perceptron Multilayer Perceptron

In
pu
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ay

er

O
ut

pu
t l

ay
er

U-Net

Variational  
Autoencoder

μ

σ
z

Probabilistic 
Encoder

Probabilistic 
Decoder

Sample

Autoencoder

Bottleneck 
layer

Encoder Decoder

w1

w2

Co
nv

ol
ut
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lay
er

Po
ol

ing
 la

ye
r

Flattening

Convolutional Neural Network

2D 1D

2D
 In

pu
t l

ay
er

Skip-connection (in ResNet)

Skip-connection

Recurrent Neural Network

Hidden layersf (∑ xiwi + b)Neuron activation:

Recurrent cell

x1

x2

•A. Döpp et al. Data-driven Science and Machine Learning Methods in Laser-Plasma 

Physics, High Power Laser Science and Engineering 11 55 (2023)  | arXiv:2212.00026 (2022)



Modeling laser-plasma accelerators 
The multilayer perceptron 2nd Hidden 

layer 
(30 neurons)

1st Hidden 
layer 
(30 neurons)

Input layer 
(15 values)

Output layer  
(3 neurons) 
Prediction y

Median Energy Ēpred
Energy spread  ΔEpred

Charge Qpred

Elaser

λ0

Δλ

⋯

zfoc

Zernike coefficients

normalize

ReLU 
activation

x



Modeling laser-plasma accelerators 
The multilayer perceptron 2nd Hidden 

layer 
(30 neurons)

1st Hidden 
layer 
(30 neurons)

Input layer 
(15 values)

Output layer  
(3 neurons) 
Prediction y

Median Energy Ēpred
Energy spread  ΔEpred

Charge Qpred

Elaser

λ0

Δλ

⋯

zfoc

Zernike coefficients

normalize

ReLU 
activation

20% dropout

x

(Backpropagation)
Training

ℓ1(ypred, ytrain) = ∑ ∥ypred − ytrain∥

∥Ēpred − Ētrain∥ +
∥ΔEpred − ΔEtrain∥

= ∥Qpred − Qtrain∥ +

Loss function



Modeling laser-plasma accelerators 
The multilayer perceptron 2nd Hidden 

layer 
(30 neurons)

1st Hidden 
layer 
(30 neurons)

Input layer 
(15 values)

Output layer  
(3 neurons) 
Prediction y

Median Energy Ēpred
Energy spread  ΔEpred

Charge Qpred

Elaser

λ0

Δλ

⋯

zfoc

Zernike coefficients

20% dropout

(Backpropagation)
Training

ℓ1(ypred, ytrain) = ∑ ∥ypred − ytrain∥

∥Ēpred − Ētrain∥ +
∥ΔEpred − ΔEtrain∥

= ∥Qpred − Qtrain∥ +

Loss function

Neural nets need a lot of data and are hard to interpret 

(explainable models are preferred in accelerator control)
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Modeling laser-plasma accelerators 
Gaussian Process Regression

• Non-parametric method: Predicts function values 

based on observed data without a predetermined model. 

• Covariance function/Kernel: Defines the relationship 

between points, capturing their correlations. 

• Probabilistic description: Provides a full description of 

the function, including mean and uncertainty. 

•A. Döpp et al. Data-driven Science and Machine Learning 

Methods in Laser-Plasma Physics, High Power Laser Science 
and Engineering 11 55 (2023)  | arXiv:2212.00026 (2022)
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f(x) ∼ GP(μ(x), σ(x, x′ ))

Modeling laser-plasma accelerators 
Gaussian Process Regression

•A. Döpp et al. Data-driven Science and Machine Learning 

Methods in Laser-Plasma Physics, High Power Laser Science 
and Engineering 11 55 (2023)  | arXiv:2212.00026 (2022)
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Modeling laser-plasma accelerators 
Gaussian Process Regression
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Modeling laser-plasma accelerators 
Gaussian Process Regression

• Irshad, F., Karsch, S., & Döpp, A. Multi-objective and multi-fidelity Bayesian optimization of 

laser-plasma acceleration. Phys. Rev. Research 5, 013063 (2023)



Modeling laser-plasma accelerators 
Summarizing the different approaches

⃗x ⃗y z

Evaluate „micro“ model many times

Input Output( ∂2

∂ξ2 + k2
p) ϕ = δ(ξ) G(ξ) = 1

2 sin[kp(ξ − ξ′ )]

Evaluate „macro“ model once

df
dt

= ∂f
∂t

+ ⃗vx ⋅ (∇x f) + ⃗vp ⋅ ( ⃗v
c

∇p f) = 0

∇ × ⃗B = 4π
c

⃗j + 1
c

∂ ⃗E
∂t

∇ ⋅ ⃗B = 0

∇ × ⃗E = − 1
c

∂ ⃗B
∂t

∇ ⋅ ⃗E = 4πρ

Linear Wakefield

PIC

Objective

Infer the macro model from training data 
(assuming a some constraints, like local smoothness as in diffusion equation)



Optimizing laser-plasma accelerators 
Choosing the right objective

σ

μ
a

f(a, μ, σ) = a ⋅ exp− (x − μ)2
2σ2

How to reduce this to a single number?! 
 ?  ?  ?a + μ − σ (a ⋅ μ)/σ a3 + 0.315σ/(12 + 0.1μ)



Optimizing laser-plasma accelerators 
Choosing the right objective

• Say we want to optimize three electron beam 

parameters: 

• Charge  (total charge, charge within FWHM, etc.) 

• Bandwidth (standard deviation , median absolute 

deviation , etc.) 

• Distance to a target energy (using 

mean energy, median energy, peak energy, etc.) 

Q
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• Different metrics 

• Different weights 

• Choosing different metrics or weights for each 

objective changes the outcome in an a priori 

unknown way! 

• How to solve this problem?

• Irshad, F., Karsch, S., & Döpp, A. Multi-objective and multi-fidelity Bayesian optimization of 

laser-plasma acceleration. Phys. Rev. Research 5, 013063 (2023)



Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem
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Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



„Dominated“  
points

„N
on-dominated“  

points

Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



Pareto front 
(trade-off curve)

In multi-objective optimization we have multiple (competing) goals with different trade-offs.

Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



In multi-objective optimization we have multiple (competing) goals with different trade-offs.

Hypervolume  
improvement

Pareto front 
(trade-off curve)

Optimizing laser-plasma accelerators 
Multi-objective optimization | The conference dinner problem



Optimizing laser-plasma accelerators 
Multi-objective optimization | PIC simulations

1. Irshad, F., Karsch, S., & Döpp, A. Leveraging trust for joint multi-objective and multi-fidelity optimization. Machine Learning: Science and Technology 5 (1), 015056 (2024)
2. Irshad, F., Karsch, S., & Döpp, A. Multi-objective and multi-fidelity Bayesian optimization of laser-plasma acceleration. Phys. Rev. Research 5, 013063 (2023)
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Optimizing laser-plasma accelerators 
Multi-objective optimization | Experiments

Input space (8D)

• Jet focus & height,  

• Blade focus & height,  

• Dispersion ( , , ) 

• Gas Pressure

ϕ2 ϕ3 ϕ4

Output space (3D)

• Charge 

• Energy 

• Bandwidth

Observation



Model

Probabilistic  
Pareto front

Increasing
 

likelihood

Input space (8D)

• Jet focus & height,  

• Blade focus & height,  

• Dispersion ( , , ) 

• Gas Pressure

ϕ2 ϕ3 ϕ4
Observation

[MeV]

[p
C

]

Optimizing laser-plasma accelerators 
Multi-objective optimization | Experiments



• Inverse Optimization: Given a target (e.g. 

energy), we can search the model for most likely 

positions in input space. 

• Tricky part: Inverse from 1D to 8D has no unique 

solution. Use Gaussian Mixture Network to 

predict tuning curves. 

• Tuning also works in experiments!

Optimizing laser-plasma accelerators 
Multi-objective optimization | Experiments



• What to do with my data? 

• What are established machine learning 

techniques? 

• Which method is suitable for my 

application? 

• Extensive review / tutorial paper (30+ 

pages) on data-driven science and machine 

learning methods in laser-plasma physics 

Data-driven Science and Machine Learning Methods in Laser-Plasma Physics

Andreas Döpp,1, ⇤ Christoph Eberle,1 Sunny Howard,1, 2 Faran Irshad,1 Jinpu Lin,1 and Matthew Streeter3

1Ludwig–Maximilians–Universität München, Am Coulombwall 1, 85748 Garching, Germany
2Department of Physics, Clarendon Laboratory, University of Oxford,

Parks Road, Oxford OX1 3PU, United Kingdom
3Centre for Plasma Physics, Queens University Belfast, Belfast BT7 1NN, United Kingdom

Laser-plasma physics has developed rapidly over the past few decades as lasers have become both
more powerful and more widely available. Early experimental and numerical research in this field
was dominated by single-shot experiments with limited parameter exploration. However, recent
technological improvements make it possible to gather data for hundreds or thousands of di↵erent
settings in both experiments and simulations. This has sparked interest in using advanced techniques
from mathematics, statistics and computer science to deal with, and benefit from, big data. At the
same time, sophisticated modeling techniques also provide new ways for researchers to deal e↵ectively
with situation where still only sparse data are available. This paper aims to present an overview
of relevant machine learning methods with focus on applicability to laser-plasma physics and its
important sub-fields of laser-plasma acceleration and inertial confinement fusion.
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