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Summary

0a. Few Reminders on Plasma Physics
0b. Few Reminders on Beam Physics

I. Plasma Wakefields: Linear Regime

II. Plasma Wakefields: Non-Linear Regime

III. Beam-plasma instabilities

Purpose: 
à Provide basic tools and understanding of PWFA
à Stimulate curiosity

Disclaimers: 
• We will barely scratch the surface of the topic

• None of the following is my invention –still learning..
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0a. Plasma Physics

Plasma: 
• Ionized gas 

• Collisions can be (most of time) neglected 
à Electromagnetic interaction dominates

• Large number of particles è collective behavior

• Quasi-neutral (𝑛!"~ 𝑛!#)

https://edisciplinas.usp.br/pluginfile.php/5913606/course/section/6090129/Chen.pdf

ions (+) à npi 

electrons (-) à npe 

https://edisciplinas.usp.br/pluginfile.php/5913606/course/section/6090129/Chen.pdf
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à Electromagnetic interaction dominates

• Large number of particles è collective behavior

• Quasi-neutral (𝑛!"~ 𝑛!#)
à It tends to keep the charge and current neutrality:

Plasma electrons (mip>>mpe) move to compensate for the disturbance
à Plasma screens electromagnetic fields 

neutral plasma

+



Plasma: 
• Ionized gas 

• Collisions can be (most of time) neglected 
à Electromagnetic interaction dominates

• Large number of particles è collective behavior

• Quasi-neutral (𝑛!"~ 𝑛!#)
à It tends to keep the charge and current neutrality:

Plasma electrons (mip>>mpe) move to compensate for the disturbance
à Plasma screens electromagnetic fields 

When the equilibrium is perturbed:

• Electrons oscillate with angular frequency ω!" =
$!""#

%"&$

• Ions with ω!# =
$!%"#

%%&$
≪ ω!" (ions considered immobile for short time-scales)
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0a. Plasma Physics

neutral plasma
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0a. Plasma Physics
• Fields in plasmas are sustained by the charge separation

• As high as the cold wave-breaking field: 𝐸'( =
%" ) *!"

+
à oscillation length cannot exceed plasma wavelength

• E.g. for npe = (1014 – 1018) cm-3, 𝐸'(~ 100
,
%

𝑛!"[ 𝑐𝑚-.] = (1 – 100 GV /m)
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0a. Plasma Physics
• Fields in plasmas are sustained by the charge separation

• As high as the cold wave-breaking field: 𝐸'( =
%" ) *!"

+
à oscillation length cannot exceed plasma wavelength

• E.g. for npe = (1014 – 1018) cm-3, 𝐸'(~ 100
,
%

𝑛!"[ 𝑐𝑚-.] = (1 – 100 GV /m)

Wave «breaks» when 
the maximum 

amplitude is reached
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Seminal paper on plasma wakefield acceleration:
à Plasma waves excited by laser pulse

• RF cavities limited to 100MV/m by breakdown, caused 
e.g. by fatigue, pulse heating, etc..

è one could dream of shrinking down the size of 
accelerators by orders of magnitude!
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0a. Plasma Physics
• Fields in plasmas are sustained by the charge separation

• As high as the cold wave-breaking field: 𝐸'( =
%" ) *!"

+
à oscillation length cannot exceed plasma wavelength

• E.g. for npe = (1014 – 1018) cm-3, 𝐸'(~ 100
,
%

𝑛!"[ 𝑐𝑚-.] = (1 – 100 GV /m)
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~1945 ~2004 Blumenfeld et al., 
Nature 445, 741 (2007)

Acceleration of electrons 
from 42 to 84 GeV in 80 cm 
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0b. Beam Physics

• Relativistic particle bunches:
• Propagate at vb~c
• Not affected by index of refraction
• Large inertia (𝛾m >> m)

https://arxiv.org/pdf/2007.04102.pdf

https://arxiv.org/pdf/2007.04102.pdf
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0b. Beam Physics

• Relativistic particle bunches:
• Propagate at vb~c
• Not affected by index of refraction
• Large inertia (𝛾m >> m)

• In Lab frame, space-charge electric field is almost purely 
transverse:

Rest frame Lab frame

𝐸/ =
1

4𝜋𝜀/
−
𝑒
𝑟0

𝑟
𝑟

𝐸∥2 = 𝐸/
𝐸32 = 𝛾𝐸/

𝜗~
1
𝛾

https://arxiv.org/pdf/2007.04102.pdf

https://arxiv.org/pdf/2007.04102.pdf
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• Relativistic particle bunches:
• Propagate at vb~c
• Not affected by index of refraction
• Large inertia (𝛾m >> m)

• In Lab frame, space-charge electric field is almost purely 
transverse:
• Effectively sets in motion the plasma electrons
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https://arxiv.org/pdf/2007.04102.pdf


14

0b. Beam Physics

• Relativistic particle bunches:
• Propagate at vb~c
• Not affected by index of refraction
• Large inertia (𝛾m >> m)

• In Lab frame, space-charge electric field is almost purely 
transverse:
• Effectively sets in motion the plasma electrons

Rest frame Lab frame

𝐸/ =
1

4𝜋𝜀/
−
𝑒
𝑟0

𝑟
𝑟

𝐸∥2 = 𝐸/
𝐸32 = 𝛾𝐸/

𝜗~
1
𝛾

à Azimuthal magnetic field associated with beam current: 𝐵4 =
5
)
𝐸/

à Net force acting on each electron: 𝐹6 = 𝑒 𝐸6 − 𝛽𝑐𝐵4 = "7&
8#

è Negligible at high energies!

https://arxiv.org/pdf/2007.04102.pdf

https://arxiv.org/pdf/2007.04102.pdf
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0b. Beam Physics

• Propagation of the beam distribution is dominated
by the emittance (at high energies)

𝜎22 = 9&'(
#

:)

𝜎 𝑧 = 𝜎/ + 𝜎/2 𝑧 − 𝑧/
0 + 9&'(

#

:$)
𝑧 − 𝑧/ 0.

https://arxiv.org/pdf/2007.04102.pdf

(M. Ferrario)

https://arxiv.org/pdf/2007.04102.pdf
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0b. Beam Physics

• Propagation of the beam distribution is dominated
by the emittance (at high energies)

𝜎22 = 9&'(
#

:)

𝜎 𝑧 = 𝜎/ + 𝜎/2 𝑧 − 𝑧/
0 + 9&'(

#

:$)
𝑧 − 𝑧/ 0.

• If an external focusing force is applied: 

𝜎22 + 𝑘";<0 𝜎 =
𝜖6%=0

𝜎.

• Emittance à parameter describing how small a beam can be focused
Normally expressed in terms of normalized emittance: 𝜖> = 𝛽𝛾𝜖6%= à preserved upon acceleration

• For delivery to applications we need:
• Injectors that generate beams with small emittance
• Accelerators that preserve emittance

(M. Ferrario)

https://arxiv.org/pdf/2007.04102.pdf

beam quality

https://arxiv.org/pdf/2007.04102.pdf
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I. Wakefields Excitation (linear regime)
• Let’s take a plasma with density npe
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I. Wakefields Excitation (linear regime)

ions (+) 

electrons (-) 

(inspired by P. Muggli’s CAS lecture)

• Let’s take a plasma with density npe
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I. Wakefields Excitation (linear regime)

neutral plasma

(inspired by P. Muggli’s CAS lecture)

• Let’s take a plasma with density npe
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I. Wakefields Excitation (linear regime)

neutral plasma

Vb ~ c

1. Transverse E field expels plasma 
electrons

2. Positively charged region behind 
the bunch head 
à restoring force

lack of electrons

(inspired by P. Muggli’s CAS lecture)

+ e-

• Let’s take a plasma with density npe
• Let’s take a relativistic charged bunch (e.g. e-) with density nb<<npe
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I. Wakefields Excitation (linear regime)

neutral plasma

Vb ~ c

1. Transverse E field expels plasma 
electrons

2. Positively charged region behind 
the bunch head 
à restoring force

lack of electrons
excess of electrons

Linear regime: plasma electrons DO NOT cross longitudinal axis: PERTURBATION!!
Blowout (non-linear) regime: electrons DO cross the axis

(inspired by P. Muggli’s CAS lecture)

++ -- e-

• Let’s take a plasma with density npe
• Let’s take a relativistic charged bunch (e.g. e-) with density nb<<npe
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I. Wakefields Excitation (linear regime)

neutral plasma

Vb ~ c

lack of electrons
excess of electrons

𝜆!" =
2𝜋𝑐
𝜔!"

1. Transverse E field expels plasma 
electrons

2. Positively charged region behind 
the bunch head 
à restoring force

3. Oscillation of plasma e- with 𝜔pe 
à periodic density variation

Linear regime: plasma electrons DO NOT cross longitudinal axis: PERTURBATION!!
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• Let’s take a plasma with density npe
• Let’s take a relativistic charged bunch (e.g. e-) with density nb<<npe
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I. Wakefields Excitation (linear regime)
• Let’s take a plasma with density npe
• Let’s take a relativistic charged bunch (e.g. e-) with density nb<<npe

(inspired by P. Muggli’s CAS lecture)

neutral plasma

Vb ~ c

lack of electrons
excess of electrons

𝜆!" =
2𝜋𝑐
𝜔!"

1. Transverse E field expels plasma 
electrons

2. Positively charged region behind 
the bunch head 
à restoring force

3. Oscillation of plasma e- with 𝜔pe 
à periodic density variation

𝜵 " 𝑬 =
𝝆
𝜺𝟎

           à Wakefieldsß 

Linear regime: plasma electrons DO NOT cross longitudinal axis: PERTURBATION!!
Blowout (non-linear) regime: electrons DO cross the axis

++ -- e-
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I. Wakefields Excitation (linear regime)

(inspired by P. Muggli’s CAS lecture)

neutral plasma

e-

Vb ~ c

𝜆!" =
2𝜋𝑐
𝜔!"

1. Transverse E field expels plasma 
electrons

2. Positively charged region behind 
the bunch head 
à restoring force

3. Oscillation of plasma e- with 𝜔pe 
à periodic density variation

𝜵 " 𝑬 =
𝝆
𝜺𝟎

           à Wakefieldsß 
Longitudinal (accelerating – decelerating) wakefields

Transverse (focusing – defocusing) wakefields 

++ --

• Let’s take a plasma with density npe
• Let’s take a relativistic charged bunch (e.g. e-) with density nb<<npe



I. Linear Regime 

• Discussed for the first time here:
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Basic mechanism: 

à Nonrelativistic fluid equations: 

AB
AC + ∇ # 𝑛�⃗� = 0 ç continuity equation

AD
AC
+ �⃗� # ∇ �⃗� = E

F
( 𝐸 + �⃗� × 𝐵) ç Newton’s law, Lorentz force

SLAC - PUB - 3374 
July 1984 
(4 

A PLASMA WAKE FIELD ACCELERATOR* 

R. D. RUTH, A. W. CHAO, P. L. MORTON, P. B. WILSON 

Stanford Linear Accelerator Center 

Stanford University, Stanford, California, 94305 

Submitted to Particle Accelerators 

* Work supported by the Department of Energy, contract DE - AC03 - 76SF00515. 
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(Detailed didactic explanation)

I. Linear Regime 
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à Nonrelativistic fluid equations: 

AB
AC + ∇ # 𝑛�⃗� = 0 ç continuity equation

AD
AC
+ �⃗� # ∇ �⃗� = E

F
( 𝐸 + �⃗� × 𝐵) ç Newton’s law, Lorentz force

 
à Introduce a perturbation n1 << npe due to a bunch with density nb<<npe
à Linearize
à …

AB!
AC + 𝑛GE(∇ # �⃗�) = 0 ç continuity equation

AD
AC =

E
F𝐸 ç Newton’s law, Lorentz force

SLAC - PUB - 3374 
July 1984 
(4 

A PLASMA WAKE FIELD ACCELERATOR* 

R. D. RUTH, A. W. CHAO, P. L. MORTON, P. B. WILSON 

Stanford Linear Accelerator Center 

Stanford University, Stanford, California, 94305 

Submitted to Particle Accelerators 

* Work supported by the Department of Energy, contract DE - AC03 - 76SF00515. 
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(Detailed didactic explanation)

I. Linear Regime 



AB!
AC
+ 𝑛GE(∇ # �⃗�) = 0ç continuity equation

AD
AC =

E
F𝐸 ç Newton’s law, Lorentz force

 

∇ # 𝐸 = H
I"
= E

I"
(𝑛J + 𝑛K)+
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I. Linear Regime 



AB!
AC
+ 𝑛GE(∇ # �⃗�) = 0ç continuity equation

AD
AC =

E
F𝐸 ç Newton’s law, Lorentz force

à combining
à …

A#B!
AC#

+ 𝜔GEL 𝑛J = −𝜔GEL 𝑛K,  

 

∇ # 𝐸 = H
I"
= E

I"
(𝑛J + 𝑛K)+

No spatial derivatives è no group velocity è no energy transfer
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E
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à combining
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A#B!
AC#
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AB!
AC
+ 𝑛GE(∇ # �⃗�) = 0ç continuity equation

AD
AC =

E
F𝐸 ç Newton’s law, Lorentz force

à combining
à …

A#B!
AC#

+ 𝜔GEL 𝑛J = −𝜔GEL 𝑛K,  1-D:  𝒏𝒃 = 𝝈𝜹 𝒛 − 𝒗𝒃𝒕

∇ # 𝐸 = H
I"
= E

I"
(𝑛J + 𝑛K)+

Change of variables:
• z: distance along plasma 
• t: time
à 𝜉 = 𝑣?𝑡 − 𝑧 : co-moving frame

No spatial derivatives è no group velocity è no energy transfer

+- e-

z

𝜉 At any time t
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AB!
AC
+ 𝑛GE(∇ # �⃗�) = 0ç continuity equation

AD
AC =

E
F𝐸 ç Newton’s law, Lorentz force

à combining
à …

A#B!
AC#

+ 𝜔GEL 𝑛J = −𝜔GEL 𝑛K,  1-D:  𝒏𝒃 = 𝝈𝜹 𝒛 − 𝒗𝒃𝒕

A#B!
AQ# + 𝑘

L𝑛J = −𝑘L𝜎𝛿 𝜉 ,      where 𝑘 = *!"
@*

 à phase velocity 𝑣A = 𝑣?  è no dephasing!

 

∇ # 𝐸 = H
I"
= E

I"
(𝑛J + 𝑛K)+

Change of variables:
• z: distance along plasma 
• t: time
à 𝜉 = 𝑣?𝑡 − 𝑧 : co-moving frame

No spatial derivatives è no group velocity è no energy transfer

+- e-

z

𝜉 At any time t
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I. Linear Regime 



B#$+
BC#

+ 𝑘0𝑛D = −𝑘0𝜎𝛿 𝜉  

à 𝑛D = −𝑘𝜎 sin 𝑘𝜉 , 𝜉 > 0
à 𝑛D = 0, 𝜉 < 0
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I. Linear Regime 



B#$+
BC#

+ 𝑘0𝑛D = −𝑘0𝜎𝛿 𝜉  

à 𝑛D = −𝑘𝜎 sin 𝑘𝜉 , 𝜉 > 0
à 𝑛D = 0, 𝜉 < 0 ç Q: WHY?
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+ 𝑘0𝑛D = −𝑘0𝜎𝛿 𝜉  
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à 𝑛D = 0, 𝜉 < 0
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ç CAUSALITY: no wave AHEAD of the driving bunch 
             (wave has zero group velocity)
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B#$+
BC#

+ 𝑘0𝑛D = −𝑘0𝜎𝛿 𝜉  

à 𝑛D = −𝑘𝜎 sin 𝑘𝜉 , 𝜉 > 0
à 𝑛D = 0, 𝜉 < 0

à 𝐸 = − ":
&$
cos 𝑘𝜉 , 𝜉 > 0

à 𝐸 = 0 , 𝜉 < 0

At 𝜉 = 0, i.e., within the driving bunch??
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B#$+
BC#

+ 𝑘0𝑛D = −𝑘0𝜎𝛿 𝜉  

à 𝑛D = −𝑘𝜎 sin 𝑘𝜉 , 𝜉 > 0
à 𝑛D = 0, 𝜉 < 0

à 𝐸 = − ":
&$
cos 𝑘𝜉 , 𝜉 > 0

à 𝐸 = 0 , 𝜉 < 0

At 𝜉 = 0, i.e., within the driving bunch??

Consider the energy deposited by the bunch per unit length:
&$
0
𝐸0 𝑝𝑒𝑎𝑘 = ": #

0 &$

ç CAUSALITY: no wave AHEAD of the driving bunch 
             (wave has zero group velocity)
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B#$+
BC#

+ 𝑘0𝑛D = −𝑘0𝜎𝛿 𝜉  

à 𝑛D = −𝑘𝜎 sin 𝑘𝜉 , 𝜉 > 0
à 𝑛D = 0, 𝜉 < 0

à 𝐸 = − ":
&$
cos 𝑘𝜉 , 𝜉 > 0

à 𝐸 = 0 , 𝜉 < 0

At 𝜉 = 0, i.e., within the driving bunch??

Consider the energy deposited by the bunch per unit length:
&$
0
𝐸0 𝑝𝑒𝑎𝑘 = ": #

0 &$
must be equal to the energy lost by the bunch: 

𝐸 𝜉 = 0 𝑒𝜎 = ": #

0 &$
è𝑬 𝝃 = 𝟎 = 𝒆𝝈

𝟐 𝜺𝟎

ç CAUSALITY: no wave AHEAD of the driving bunch 
             (wave has zero group velocity)
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At 𝜉 = 0, i.e., within the driving bunch??

Consider the energy deposited by the bunch per unit length:
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0
𝐸0 𝑝𝑒𝑎𝑘 = ": #

0 &$
must be equal to the energy lost by the bunch: 

𝐸 𝜉 = 0 𝑒𝜎 = ": #

0 &$
è𝑬 𝝃 = 𝟎 = 𝒆𝝈

𝟐 𝜺𝟎

ç CAUSALITY: no wave AHEAD of the driving bunch 
             (wave has zero group velocity)

The energy gain behind the bunch E+ can be twice as 
high as the energy loss E-!

It satisfies the “fundamental theorem of beam 
loading”: 𝑅 = 7,

7-
≤ 2

39

(P. Muggli, CAS 2014)
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(P. Muggli, CAS 2014)

I. Linear Regime 

Energy balance: 
𝑄E𝐸- ≥ 𝑄'𝐸F

Energy conservation is satisfied:



Let’s switch to “real” 2-D world:

𝑛? 𝜉, 𝑟 = 𝑛?/ 𝑛?3 𝑟 𝑛?∥ 𝜉

à Apply Green’s function to the solution obtained before:

If you are interested into the full derivation and much deeper considerations:

I. Linear Regime 
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Let’s switch to “real” 2-D world:

𝑛? 𝜉, 𝑟 = 𝑛?/ 𝑛?3 𝑟 𝑛?∥ 𝜉

à Apply Green’s function to the solution obtained before:

Longitudinal wakefields

Convolution
Bunch distribution

Green’s function

Radial dependency

If you are interested into the full derivation and much deeper considerations:
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Let’s switch to “real” 2-D world:

𝑛? 𝜉, 𝑟 = 𝑛?/ 𝑛?3 𝑟 𝑛?∥ 𝜉

à Apply Green’s function to the solution obtained before:

Longitudinal wakefields

Transverse wakefields
𝑊3 = 𝑒(𝐸6 + 𝑣?×𝐵4)
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If you are interested into the full derivation and much deeper considerations:

I. Linear Regime 



Let’s switch to “real” 2-D world:

𝑛? 𝜉, 𝑟 = 𝑛?/ 𝑛?3 𝑟 𝑛?∥ 𝜉

à Apply Green’s function to the solution obtained before:

Longitudinal wakefields

Transverse wakefields
𝑊3 = 𝑒(𝐸6 + 𝑣?×𝐵4)

The relevant beam parameter is the bunch DENSITY, NOT CHARGE!!
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If you are interested into the full derivation and much deeper considerations:

I. Linear Regime 



Let’s switch to “real” 2-D world:

𝑛? 𝜉, 𝑟 = 𝑛?/ 𝑛?3 𝑟 𝑛?∥ 𝜉

à Apply Green’s function to the solution obtained before:

Longitudinal wakefields

Transverse wakefields
𝑊3 = 𝑒(𝐸6 + 𝑣?×𝐵4)

(Ruth et al.)
Wakefields are sinusoidal, G

0
 out of phase wrt each other
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If you are interested into the full derivation and much deeper considerations:

I. Linear Regime 



Let’s switch to “real” 2-D world:

𝑛? 𝜉, 𝑟 = 𝑛?/ 𝑛?3 𝑟 𝑛?∥ 𝜉

à Apply Green’s function to the solution obtained before:

Longitudinal wakefields

Transverse wakefields
𝑊3 = 𝑒(𝐸6 + 𝑣?×𝐵4)

(Ruth et al.)
Wakefields are sinusoidal, G

0
 out of phase wrt each other

Have to give up on the maximum accelerating gradient to 
have stable beam

46

If you are interested into the full derivation and much deeper considerations:

I. Linear Regime 



First experimental demonstration: 1988, Argonne National Laboratory (US)
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I. Linear Regime - Results



First experimental demonstration: 1988, Argonne National Laboratory (US)
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I. Linear Regime - Results



First experimental demonstration: 1988, Argonne National Laboratory (US)

D

W

PLASMA

Energy Measurement
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I. Linear Regime - Results



First experimental demonstration: 1988, Argonne National Laboratory (US)

D

W

PLASMA

Energy Measurement
• Measurement of Witness energy as a function of delay
• Sinusoidal 
• Q: HOW DO I TEST THE EXPECTATION WITH FREQUENCY?

D

W

50

I. Linear Regime - Results



First experimental demonstration: 1988, Argonne National Laboratory (US)

D

W

PLASMA

Energy Measurement
• Measurement of Witness energy as a function of delay
• Sinusoidal 
• Q: HOW DO I TEST THE EXPECTATION WITH FREQUENCY?

à I vary npe

D

W
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First experimental demonstration: 1988, Argonne National Laboratory (US)

D

W

PLASMA

Energy Measurement
• Measurement of Witness energy as a function of delay
• Sinusoidal 
• Q: HOW DO I TEST THE EXPECTATION WITH FREQUENCY?

à I vary npe

• nb =5.7 x 1010 cm-3 << npe è linear regime

D

W

npe = 8.6 x 1012 cm-3 npe = 2.3 x 1013 cm-3
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I. Linear Regime - Results



A few considerations:

• Bunch requirements:

• 𝜎6 ≤
)

*!"
 è avoid instabilities (CFI, see later..)
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I. Linear Regime - Conclusions 

plasma skin depth: 
distance over which plasma 

screens electromagnetic fields



A few considerations:

• Bunch requirements:

• 𝜎6 ≤
)

*!"
 è avoid instabilities (CFI, see later..)

𝜎" = 𝜆#$ : TOO LONG! 
è NO WAKEFIELDS BEHIND THE BUNCH
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A few considerations:

• Bunch requirements:

• 𝜎6 ≤
)

*!"
 è avoid instabilities (CFI, see later..)

𝜎" = 𝜆#$ : TOO LONG! 
è NO WAKEFIELDS BEHIND THE BUNCH

𝜎H =
D
I
𝜆!"  : TOO SHORT! 

è R<<2: NOT EFFECTIVE!
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A few considerations:

• Bunch requirements:

• 𝜎6 ≤
)

*!"
 è avoid instabilities (CFI, see later..)

• 𝜎H = 2 )
*!"

 è most effective

𝜎" = 𝜆#$ : TOO LONG! 
è NO WAKEFIELDS BEHIND THE BUNCH

𝜎H = 2 )
*!"

: JUST RIGHT! 

è R=2: EFFECTIVE!
𝜎H =

D
I
𝜆!"  : TOO SHORT! 

è R<<2: NOT EFFECTIVE!
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I. Linear Regime - Conclusions 



A few considerations:

• Bunch requirements:

• 𝜎6 ≤
)

*!"
 è avoid instabilities (CFI, see later..)

• 𝜎H = 2 )
*!"

 è most effective

• Radial dependency:

• Non-uniform Ez along r
è energy spread

𝜎6 = 50 𝜇𝑚
• Maximum on axis, 

then decay
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A few considerations:

• Bunch requirements:

• 𝜎6 ≤
)

*!"
 è avoid instabilities (CFI, see later..)

• 𝜎H = 2 )
*!"

 è most effective

• Radial dependency:

• Non-uniform Ez along r
è energy spread

• Non-linear W⊥ along r
è emittance growth

𝜎6 = 50 𝜇𝑚
• Maximum on axis, 

then decay

• 0 on axis, 
peaked  at r~ 𝜎6  
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I. Linear Regime - Conclusions 



Linear Regime:

• Satisfying analytical solutions

• Limited accelerating gradient

• Radial dependencies è Energy spread + Emittance Growth

à Switch to non-linear regime  
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I. Linear Regime - Conclusions 



II. Non-linear Regime

Requirement: 
𝑛% ≫ 𝑛&'
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• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions



II. Non-linear Regime

e-

Plasma electrons are pushed out

Requirement: 
𝑛% ≫ 𝑛&'

61

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions



II. Non-linear Regime

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions

e-

No electrons on axis
(blowout)
à Strong restoring force from ions

Requirement: 
𝑛% ≫ 𝑛&'
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II. Non-linear Regime

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions

e-

No electrons on axis
(blowout)They cross the axis after ~𝜆pe

à Singularity
à Non-linearities

Requirement: 
𝑛% ≫ 𝑛&'
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II. Non-linear Regime

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions

e-

No electrons on axis
(blowout)They cross the axis after ~𝜆pe

à Singularity
à Non-linearities

Requirement: 
𝑛% ≫ 𝑛&'
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II. Non-linear Regime

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions

e-

No electrons on axis
(blowout)They cross the axis after ~𝜆pe

à Singularity
à Non-linearities

Requirement: 
𝑛% ≫ 𝑛&'

For an elegant description of the 
bubble evolution
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II. Non-linear Regime

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions

e-

No electrons on axis
(blowout)They cross the axis after ~𝜆pe

à Singularity
à Non-linearities

nbEz

W⊥

𝑘%𝜉

Requirement: 
𝑛% ≫ 𝑛&'
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Along 𝜉:
• Periodic ’’Steepened’’ accelerating field
• Uniform focusing field 



II. Non-linear Regime

• When the electric field of the bunch is strong enough to expel ALL plasma electrons
à BUBBLE of plasma electrons around a column of pure ions

e-

nbEz

W⊥

Along 𝜉:
• Periodic ’’Steepened’’ accelerating field
• Uniform focusing field 

𝑘%𝜉𝑘%𝑟

Ez

W⊥

Along 𝑟 (behind the bunch):
• Uniform accelerating field è uniform acceleration
• Linear focusing force è possible emittance preservation

Requirement: 
𝑛% ≫ 𝑛&'
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II. Non-linear Regime - Results

• Observation at Argonne:
same setup, increased nb

D

W

Periodic, saw-tooth accelerating field
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II. Non-linear Regime - Results

• After this, almost all experiments worked in the non-linear/bubble/blowout regime

~ 2.7 GeV in 10 cm 
npe = 2.8 x 1017 cm-3
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• After this, almost all experiments worked in the non-linear/bubble/blowout regime

~ 2.7 GeV in 10 cm 
npe = 2.8 x 1017 cm-3

~ 42 GeV in 85 cm 
npe = 2.8 x 1017 cm-3
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II. Non-linear Regime - Results



• After this, almost all experiments worked in the non-linear/bubble/blowout regime

BUT: What is ’’wrong’’ with these results from an 
accelerator point of view?

~ 2.7 GeV in 10 cm 
npe = 2.8 x 1017 cm-3

~ 42 GeV in 85 cm 
npe = 2.8 x 1017 cm-3
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II. Non-linear Regime - Results



• After this, almost all experiments worked in the non-linear/bubble/blowout regime

BUT: What is ’’wrong’’ with these results from an 
accelerator point of view?

’’Only’’ acceleration of electrons, not bunches

~ 2.7 GeV in 10 cm 
npe = 2.8 x 1017 cm-3

~ 42 GeV in 85 cm 
npe = 2.8 x 1017 cm-3
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II. Non-linear Regime - Results



• After this, almost all experiments worked in the non-linear/bubble/blowout regime
à transition to bunch acceleration
à not only quantity (energy) but also quality (charge, energy spread, emittance)
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II. Non-linear Regime - Results



II. Non-linear Regime - Results 

• After this, almost all experiments worked in the non-linear/bubble/blowout regime
à transition to bunch acceleration
à not only quantity (energy) but also quality (charge, energy spread, emittance)

Generation of bunch 
train with mask in 

dispersive section (and 
chirped bunch)

74



II. Non-linear Regime - Results 

• After this, almost all experiments worked in the non-linear/bubble/blowout regime
à transition to bunch acceleration
à not only quantity (energy) but also quality (charge, energy spread, emittance)

DRIVERWITNESS

~ 0.9 MeV in 6 mm

Generation of bunch 
train with mask in 

dispersive section (and 
chirped bunch)

then
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• After this, almost all experiments worked in the non-linear/bubble/blowout regime
à transition to bunch acceleration
à not only quantity (energy) but also quality (charge, energy spread, emittance)
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II. Non-linear Regime - Results 



• After this, almost all experiments worked in the non-linear/bubble/blowout regime
à transition to bunch acceleration
à not only quantity (energy) but also quality (charge, energy spread, emittance)

then
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II. Non-linear Regime - Results 



• After this, almost all experiments worked in the non-linear/bubble/blowout regime
à transition to bunch acceleration
à not only quantity (energy) but also quality (charge, energy spread, emittance)

then

Q: WHY IS THE ACCELERATING FIELD DIFFERENT 
WITH AND WITHOUT WITNESS BUNCH?

IS IT GOOD OR BAD? 78

II. Non-linear Regime - Results 



è BEAM LOADING: 
       The presence of the witness bunch affects the wakefields

Linear regime

79

(P. Muggli, CAS 2014)

II. Non-linear Regime – Beam Loading 



è BEAM LOADING: 
       The presence of the witness bunch affects the wakefields

Linear regime

• Triangular/trapezoidal  shape gives constant field

• Short Gaussian placed at the right phase can work 80

(P. Muggli, CAS 2014)

II. Non-linear Regime – Beam Loading 



è BEAM LOADING: 
       The presence of the witness bunch affects the wakefields

Non-linear regime

The bubble closes later

Linear regime

81

(P. Muggli, CAS 2014)

II. Non-linear Regime – Beam Loading 



è BEAM LOADING: 
       The presence of the witness bunch affects the wakefields

Non-linear regime

The bubble closes later
(P. Muggli, CAS 2014)

Linear regime

The point is: compromise on accelerating gradient è smaller energy spread 82

II. Non-linear Regime – Beam Loading 



èExperimental Demonstration: 

Flattened, loaded wake

~GV/m acceleration
Preserved relative energy spread

Combination of beam loading and initial chirp to 
obtain final small energy spread 83

II. Non-linear Regime – Beam Loading 



èExperimental Demonstration: 

Flattened, loaded wake

~GV/m acceleration
Preserved relative energy spread

Combination of beam loading and initial chirp to 
obtain final small energy spread 84

Transformer ratio 𝑅 = 7,
7-

 still limited to 2
à Non-trivial solutions: active reaserch topic

II. Non-linear Regime – Beam Loading 



èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)
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II. Non-linear Regime – Focusing



èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

Equilibrium 
between focusing 
force and 
emittance
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II. Non-linear Regime – Focusing

=0: 
Matching condition



èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

• 𝛽 = :# /
9.

= 0&$%")#8
$!""#

 

• Injection at waist: 𝜎2 𝑧 = 0 = 0

Note: the matching condition is given by 𝛽! 
à Stronger focusing required for higher density 

Equilibrium 
between focusing 
force and 
emittance

87

II. Non-linear Regime – Focusing

=0: 
Matching condition



èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

• 𝛽 = :# /
9.

= 0&$%")#8
$!""#

 

• Injection at waist: 𝜎2 𝑧 = 0 = 0

Note: the matching condition is given by 𝛽! 
à Stronger focusing required for higher density 

Equilibrium 
between focusing 
force and 
emittance
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II. Non-linear Regime – Focusing

=0: 
Matching condition

Matched à no envelope oscillations

Too large
Too small

(L. Verra et al 2020 J. Phys.: Conf. Ser. 1596 012007)



èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

• 𝛽 = :# /
9.

= 0&$%")#8
$!""#

 

• Injection at waist: 𝜎2 𝑧 = 0 = 0

Note: the matching condition is given by 𝛽! 
à Stronger focusing required for higher density 

Equilibrium 
between focusing 
force and 
emittance
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II. Non-linear Regime – Focusing

=0: 
Matching condition

Matched à no envelope oscillations

Too large
Too small

(L. Verra et al 2020 J. Phys.: Conf. Ser. 1596 012007)

Beam leaves the 
plasma at waist
à matched 
èconstant size



èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

Equilibrium 
between focusing 
force and 
emittance

II. Non-linear Regime – Focusing

=0: 
Matching condition

Q: WHY IS IMPORTANT TO MATCH THE BEAM ENVELOPE?
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èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

Equilibrium 
between focusing 
force and 
emittance

II. Non-linear Regime – Focusing

=0: 
Matching condition

Q: WHY IS IMPORTANT TO MATCH THE BEAM ENVELOPE?

(C.A. Lindstrøm and M. Thévenet 2022 JINST 17 P05016 )

• Finite energy spread:
à different energy slices rotate at different rates in transverse phase space
à slice emittance preserved (linear focusing)
à projected (i.e., overall) emittance grows!
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èIon column provides linear focusing force

Radial electric field: 𝐸6 𝑟 = "$!"
0&$

𝑟 (Gauss’ law on cylinder of ions)

à Plug it  in envelope equation: 𝜎622 𝑧 + 𝜎6(𝑧) 𝐾 − 9.#

:&/ H
= 0

Equilibrium 
between focusing 
force and 
emittance

II. Non-linear Regime – Focusing

=0: 
Matching condition

Q: WHY IS IMPORTANT TO MATCH THE BEAM ENVELOPE?

(C.A. Lindstrøm and M. Thévenet 2022 JINST 17 P05016 )

• Finite energy spread:
à different energy slices rotate at different rates in transverse phase space
à slice emittance preserved (linear focusing)
à projected (i.e., overall) emittance grows!
Active Research Topic
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III. Beam-Plasma Instabilities
• When the bunch is long and/or wide enough, beam-plasma instabilities may arise

• Need a positive feedback loop for the instability to grow

DISTURBANCE 

EFFECT

Until saturation is reached



III. Beam-Plasma Instabilities – SMI 
• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself

Initial transverse wakefields

Periodic focusing/defocusing fields

Radial bunch and plasma density 
modulation

Stronger wakefields

Full modulation

Growth mechanism
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III. Beam-Plasma Instabilities – SMI 
• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself

(A.-M. Bachmann, PhD Thesis)

Initial transverse wakefields

Periodic focusing/defocusing fields

Radial bunch and plasma density 
modulation

Stronger wakefields

Full modulation

Growth mechanism
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III. Beam-Plasma Instabilities – SMI 

(M. Turner, EAAC 2019)

(AWAKE Collaboration)

(AWAKE Collaboration)

(AWAKE Collaboration)

SMI demonstration
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• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself
à Resonant wakefield excitation

è interesting for high-gradient acceleration
(AWAKE: see Edda Gschwendtner’s talk)

vb



III. Beam-Plasma Instabilities – SMI 
• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself
à Resonant wakefield excitation

è interesting for high-gradient acceleration
(AWAKE: see Edda Gschwendtner’s talk) (M. Turner, EAAC 2019)

(AWAKE Collaboration)

(AWAKE Collaboration)

(AWAKE Collaboration)

Injection and acceleration
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SMI demonstration
vb



III. Beam-Plasma Instabilities – SMI 
• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself
à Resonant wakefield excitation

è interesting for high-gradient acceleration
(AWAKE: see Edda Gschwendtner’s talk)

à but CONTROL is needed!
à SEEDING: DRIVING INITIAL WAKEFIELDS LARGE ENOUGH

NO SEEDING
à INSTABILITY

SEEDING
à REPRODUCIBLE

(AWAKE Collaboration)
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III. Beam-Plasma Instabilities – SMI 
• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself
à Resonant wakefield excitation

è interesting for high-gradient acceleration
(AWAKE: see Edda Gschwendtner’s talk)

à but CONTROL is needed!
à SEEDING: DRIVING INITIAL WAKEFIELDS LARGE ENOUGH

NO SEEDING
à INSTABILITY

SEEDING
à REPRODUCIBLE

(AWAKE Collaboration)Seeding with wakefields driven 
by preceding electron bunch
à Phase defined by seed 

bunch
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III. Beam-Plasma Instabilities – HOSING 
• Long bunch case: 𝜎H ≫ 𝜆!"

à Wakefields act on the bunch itself
à Resonant wakefield excitation

Initial transverse wakefields

Periodic transverse kick

Radial bunch and plasma density 
modulation

Stronger kick

Hosing/ Beam Breakup

Growth mechanism

Asymmetric version of SMI

UNWANTED for an accelerator,
but important to understand

HOSING

SMI

101Active Research Topic



III. Beam-Plasma Instabilities – CFI 
• WIDE bunch case: 𝜎6 ≫ 𝜆!"

à Plasma tends to neutralize the bunch current
à Return current flows within the bunch if 𝜎6 ≫

)
*!"

= plasma skin depth

à Opposite currents tend to repel each other à formation of filaments

Ib

Ip

Ib

Ip

Narrow Bunch

Wide Bunch
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III. Beam-Plasma Instabilities – CFI 
• WIDE bunch case: 𝜎6 ≫ 𝜆!"

à Plasma tends to neutralize the bunch current
à Return current flows within the bunch if 𝜎6 ≫

)
*!"

= plasma skin depth

à Opposite currents tend to repel each other à formation of filaments

Ib

Ip

Ib

Ip

Narrow Bunch

Wide Bunch

Electron bunch
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III. Beam-Plasma Instabilities – CFI 
• WIDE bunch case: 𝜎6 ≫ 𝜆!"

à Plasma tends to neutralize the bunch current
à Return current flows within the bunch if 𝜎6 ≫

)
*!"

= plasma skin depth

à Opposite currents tend to repel each other à formation of filaments

Ib

Ip

Ib

Ip

Narrow Bunch

Wide Bunch

Electron bunch

Proton bunch

• UNWANTED for PWFA (upper limit for 𝜎6)
• Relevant for plasma-astrophysics 104Active Research Topic

(Accepted Phys. Rev. E)
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Conclusions
• PWFA is an active (and mature) field of research

• Demonstration of very high energy gains

• Quite some work on beam quality

• NOW: working towards real applications

à Light sources
à High-energy particle physics

• Your help is needed!!

• All references here:
https://istnazfisnucl-
my.sharepoint.com/:f:/g/personal/lverra_infn_it/EuyCJFCNnxdDsp99Fh5icw4BmlywN4a2mYmevjnhvxkeCQ?e=tZ8S
hE

https://istnazfisnucl-my.sharepoint.com/:f:/g/personal/lverra_infn_it/EuyCJFCNnxdDsp99Fh5icw4BmlywN4a2mYmevjnhvxkeCQ?e=tZ8ShE
https://istnazfisnucl-my.sharepoint.com/:f:/g/personal/lverra_infn_it/EuyCJFCNnxdDsp99Fh5icw4BmlywN4a2mYmevjnhvxkeCQ?e=tZ8ShE
https://istnazfisnucl-my.sharepoint.com/:f:/g/personal/lverra_infn_it/EuyCJFCNnxdDsp99Fh5icw4BmlywN4a2mYmevjnhvxkeCQ?e=tZ8ShE
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Thank You For Listening!
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Additional Material



Transformer ratio 𝑅 = 7,
7-

 still limited to 2
à How can it be increased?

The maximum possible transformer ratio for a bunch with 
given length and total charge corresponds to that charge 
distribution which causes all particles in the bunch to see 

the same retarding field

II. Non-linear Regime – Transformer Ratio
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Transformer ratio 𝑅 = 7,
7-

 still limited to 2
à How can it be increased?

The maximum possible transformer ratio for a bunch with 
given length and total charge corresponds to that charge 
distribution which causes all particles in the bunch to see 

the same retarding field

Triangular / trapezoidal 
longitudinal distribution

Abrupt down ramp, much shorter 
than 𝜆!"  is key for effective 

excitation
à Challenging to obtain 

experimentally

Proof of principle experiment with moderate energy gain 
R = 4.6 

1) Shaping the drive bunch distribution

II. Non-linear Regime – Transformer Ratio
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Transformer ratio 𝑅 = 7,
7-

 still limited to 2
à How can it be increased?

The maximum possible transformer ration for a bunch with 
given length and total charge corresponds to that charge 
distribution which causes all particles in the bunch to see 

the same retarding field

2) Ramped bunch train

è Constant decelerating field 
within each driver

è Enhanced accelerating field within 
the witness è R>>2

Active Research Topic

II. Non-linear Regime – Transformer Ratio
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IIb. Positrons
à How do wakefields work with positively charged particles?
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à How do wakefields work with positively charged particles?

In principle, just a 𝜋 phase difference

e-++ -- e++ --+
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IIb. Positrons
à How do wakefields work with positively charged particles?

In principle, just a 𝜋 phase difference

e-++ -- e++ --+

Long Bunches:
Head and center lose energy 

e- e+
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IIb. Positrons
à How do wakefields work with positively charged particles?

In principle, just a 𝜋 phase difference (in the linear regime)

e-++ -- e++ --+

Long Bunches:
Head and center lose energy 

Tail gains energy

e- e+
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IIb. Positrons
à How do wakefields work with positively charged particles?

In principle, just a 𝜋 phase difference (in the linear regime)
à Acceleration demonstrated also in the non-linear regime

Initial energy 
Maximum energy 
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IIb. Positrons
à BUT: In the blowout regime, e+ witness bunches need to be placed in the singularity

(P. Muggli, CAS 2014) 116
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ISSUE STILL TO BE SOLVED!!

Active Research Topic


