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Finding  Fixed Points in the  
Epsilon expansion
Revisiting old results



What is the space of CFTs  in 3 and 4 and perhaps other dimensions?


Very  non trivial problem  perhaps  tractable with supersymmetry.


In general for any CFT  with a relevant operator then perturbation in this 

operator lead to RG equations whose solutions may flow in the IR to

new fixed points.

The flow may lead to decoupled theories, free theories or there may be

no  non trivial limit.

The epsilon expansion is a historically important procedure for finding 

fixed  points.

Start from a free  theory in        dimensions.    are relevant.              4 − ϵ ϕ4, ψ̄ψ ϕ

Since the starting theory is free the  expansion in   can be carried out 

to  pretty high order and sophisticated resummation techniques used,

ϵ

Can use epsilon expansion to calculate critical exponents in specific theories. 

Historically to 2,3  loops, nowadays to 6,7 loops in scalar theories.

Can also search for critical points more generally. Mostly need only lowest order

contributions in the epsilon expansion.
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General scalar theories     component  real scalars      ns ϕi
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Lowest order RG equations  for a fixed point  
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Solutions covariant under               strongest case             symmetric theory 

Heisenberg fixed point,   Ising,     XY modelns = 1 ns = 2
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At a non trivial fixed point If             ϵ > 0
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ns + 8

   coupled quadratic equations, up to    solutions,   want real solutions. Many solutions involve 𝒩 2𝒩

decoupled theories

= (18)

Sym = Ad

⇣
+ +

⌘
+ Bd/n↵ Sym (19)

✏ = + + (20)
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Many solutions for fixed points with different symmetry groups   are known H ⊂ O(ns)

In applications    is chosen depending on the particular problem, then    is a sum of 

of quartic monomials in    invariant under  . Generally the condition that there is a single  

quadratic invariant     is imposed and      forms an irreducible representation of   

Potentially there can be many couplings.

H V(ϕ)
ϕ H

ϕiϕi ϕi H .

All possible subgroups with a single quadratic invariant were an analysed for   by 

Brezin  et  al (1985) and for    by Hatch et al (1986), pretty non trivial.

ns = 4
ns = 6

General analysis, decompose      into spin 0, spin 2      and spin 4 tensors λijkl d2,ij d4,ijkl

Landau criterion, only first order transitions if there is a cubic invariant?

          defines a relevant operator for    .d4,ijkl ns > 4
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At any fixed points there are various bounds 

Rychkov & Stergiou, Hogervorst & Toldo

   implies   quadratic invariants,   bound restricts numbers of possible 
solutions.        
a2 > 0 > 1 Sns

Different fixed points are characterised by stability matrix eigenvalues  .  κ ϵ, − 1 ≤ κ ≤ 1

For non trivial fixed points there is always one , if more than one there are decoupled 

theories,         if     there is a decoupled free field. Generically

for   a continuous Lie group of dimension    there will be     zero .

There may be  which area only zero at lowest order in .

At a bifurcation where new fixed points emerge or annihilate there are additional zero  . 

Of course  degeneracies of eigenvalues      correspond to representations of   .  

If     for some    .

κ = 1
λ1,ijkl, λ2,ijkl, λ1 ⋅ λ2 = 0, κ = − 1

H dH dO(ns) − dH κ
κ ϵ

κ
κ H

a2 = 0, Sns
= 1

8 ns(1 − κ2), a0 = 1
2 ns(1 + κ) κ
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When the       bound is attained there is a bifurcation.
Sns

H



New CFT fixed points with    can be obtained by taking      copies of the same CFT,

with fields                                 imposing    symmetry and perturbing with

The symmetry group is the wreath product    

a2 = 0 p
𝒮p

Known fixed points
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2  Cubic symmetry


3  Tetrahedral symmetry                                                                    are the vertices  of   a        dimensional 

     hypertetrahedron. This theory has cubic invariants.

 

4                                                          

       

5   Bifundamental                                       symmetry    


6    Bifundamental complex                      symmetry    
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<latexit sha1_base64="O3h1dxqJJJVkJ8tS5JwS392WiQc=">AAACA3icbZDLSsNAFIYn9VbrLepON0OL0KKURETdCEU37qxgL9CEMJlO2qGTSZiZCCEU3PgGPoMbF4q49SXc9W2cti609YeBj/+cw5nz+zGjUlnWyMgtLC4tr+RXC2vrG5tb5vZOU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+4Gpcb90TIWnE71QaEzdEPU4DipHSlmfucU9eCHkEHXhTFhVH0ZBIjbICPbNkVa2J4DzYP1CqFZ3Dp1EtrXvml9ONcBISrjBDUnZsK1ZuhoSimJFhwUkkiREeoB7paORIr3KzyQ1DeKCdLgwioR9XcOL+nshQKGUa+rozRKovZ2tj879aJ1HBuZtRHieKcDxdFCQMqgiOA4FdKghWLNWAsKD6rxD3kUBY6dgKOgR79uR5aB5X7dPqya1O4xJMlQf7oAjKwAZnoAauQR00AAYP4Bm8gjfj0Xgx3o2PaWvO+JnZBX9kfH4DAmyY0A==</latexit>

ns = rs, O(r)⇥O(s)

Conjecture: for     prime and      there are only  , cubic and  tetrahedral fixed points.ns a2 = 0 O(ns)

O(ns)



For      theories  can be constructed in terms of perturbations of combinations 

of theories with  


The simplest examples are biconical theories with     perturbed by  


This example gives two quadratic forms, but there may be many

   

a2 > 0
a2 = 0.

CFT1 + CFT2 ϕ 2
1 ϕ 2

2

Rychkov and Stergiou



When can the Rychkov Stergiou bound be saturated ?   

This might be a solvable problem 
Known examples

<latexit sha1_base64="nuF/ApDtJ4gDmr3rOI4fqgf1d0g="></latexit>

||�||2 =
1

8
ns ✏

2 , a0 = |�| = 1
2ns ✏ , a2 = 0 , a4 = ||d4||2 =

ns(ns � 4)

8(ns + 2)
✏2

<latexit sha1_base64="k4hjLUYBJKgi8r3rPFiljSqfJlk=">AAAB/HicbVDLSsNAFJ3UV62vaJduhhahIpREiroRim7cWcE+oAlhMpm0QyeTODMRQqlf4d6NC0Xc+iHu+jdOHwttPXDhcM693HuPnzAqlWWNjdzK6tr6Rn6zsLW9s7tn7h+0ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO0Prid++5EISWN+r7KEuBHqcRpSjJSWPLPIPQnhJaxB5yFFAbyt1I49s2xVrSngMrHnpFwvOSfP43rW8MxvJ4hxGhGuMENSdm0rUe4QCUUxI6OCk0qSIDxAPdLVlKOISHc4PX4Ej7QSwDAWuriCU/X3xBBFUmaRrzsjpPpy0ZuI/3ndVIUX7pDyJFWE49miMGVQxXCSBAyoIFixTBOEBdW3QtxHAmGl8yroEOzFl5dJ67Rqn1VrdzqNKzBDHhyCEqgAG5yDOrgBDdAEGGTgBbyBd+PJeDU+jM9Za86YzxTBHxhfP2fClak=</latexit>

ns = 4 O(4)
<latexit sha1_base64="sbiz+a9zerJgcxcpNUB+5jiVS9o="></latexit>

ns = 5 S6 ⇥ Z2

Bifundamental theories, solve a diophantine equation
<latexit sha1_base64="GGNQ7ocIu1hhGMg0awYQzI3Z1sM="></latexit>

ns = mn O(m)⇥O(n)/Z2 , (m,n) = (73, 7), . . .
<latexit sha1_base64="tR73/mPmzFw44Meq6inzC+sOqGE="></latexit>

ns = 2mn U(m)⇥ U(n)/U(1) , (m,n) = (49, 5), . . .
<latexit sha1_base64="bXbO6vl4PYD1Ljv657mB6jB9IHQ="></latexit>

ns = 4mn Sp(m)⇥ Sp(n)/Z2 , (m,n) = (37, 4), . . .

There are an infinite sequence of

solutions in each case        

The fields are real, complex, quaternionic



In the spirit of Rychkov Stergiou

I will off a bottle of Trinity College vintage port to anyone finding another

Infinite sequence saturating the bound.

Another example was found by Christian Jepsen by looking at trifundamental

theories with                                     symmetry.


The bound is  saturated for


This appears to be an isolated case and can be obtained from a bifundamental

theory with                                   symmetry 

<latexit sha1_base64="OPH2gvYZcTwmSUgd0ZeyExPa61k=">AAACCnicbVDLSgMxFM3UV62vqks3sUVoEcpMFXVZdOPOCvYBnWHIpJk2NJMZkowwDF27celvuHGhiFu/wF3/xvSxqK0HAueecy8393gRo1KZ5sjIrKyurW9kN3Nb2zu7e/n9g6YMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vMHN2G89EiFpyB9UEhEnQD1OfYqR0pKbP74rcdcq24oGRMJxUS3Dueqs7OaLZsWcAC4Ta0aKtYJ9+jKqJXU3/2N3QxwHhCvMkJQdy4yUkyKhKGZkmLNjSSKEB6hHOppypHc56eSUITzRShf6odCPKzhR5ydSFEiZBJ7uDJDqy0VvLP7ndWLlXzkp5VGsCMfTRX7MoArhOBfYpYJgxRJNEBZU/xXiPhIIK51eTodgLZ68TJrVinVROb/XaVyDKbLgCBRACVjgEtTALaiDBsDgCbyCd/BhPBtvxqfxNW3NGLOZQ/AHxvcvjjGbQg==</latexit>

O(n1)⇥O(n2)⇥O(n3)

<latexit sha1_base64="/Jyc5fgkw3L3ZRfHmqQsJNnXiLw=">AAACAXicbZDLSgMxFIYz9VbrbdSNoEiwCC6kzLRF3RSKbly2YC/QDkMmzdTQTGZIMkIZ6kZ8EzcuFHFV8C3c+Qy+hOlloa0HEj7+/xyS83sRo1JZ1peRWlhcWl5Jr2bW1jc2t8ztnboMY4FJDYcsFE0PScIoJzVFFSPNSBAUeIw0vN7VyG/cESFpyG9UPyJOgLqc+hQjpSXX3OOuDUuQu3l9509hW2MBlgpF18xaOWtccB7sKWTLB8Pq9+PhsOKan+1OiOOAcIUZkrJlW5FyEiQUxYwMMu1YkgjhHuqSlkaOAiKdZLzBAB5rpQP9UOjDFRyrvycSFEjZDzzdGSB1K2e9kfif14qVf+EklEexIhxPHvJjBlUIR3HADhUEK9bXgLCg+q8Q3yKBsNKhZXQI9uzK81DP5+yzXLGq07gEk0qDfXAEToANzkEZXIMKqAEM7sETeAGvxoPxbLwZ75PWlDGd2QV/yvj4AddzlwA=</latexit>

n1 = n2 = 2, n3 = 34

<latexit sha1_base64="+/k/RmUbS0FvxP+BIaKxHxMSL7E=">AAAB+3icbVDLSsNAFJ34rPUV69LN0CK0CCWpRV0W3bizgmkLTSiT6aQdOpmEmYkYQv/CtRsXirj1R9z1b5w+Ftp64MLhnHu59x4/ZlQqy5oYa+sbm1vbuZ387t7+waF5VGjJKBGYODhikej4SBJGOXEUVYx0YkFQ6DPS9kc3U7/9SISkEX9QaUy8EA04DShGSks9s+CUaxXoKhoSCe/K5/UK7Jklq2rNAFeJvSClRtE9e5400mbP/Hb7EU5CwhVmSMqubcXKy5BQFDMyzruJJDHCIzQgXU050ru8bHb7GJ5qpQ+DSOjiCs7U3xMZCqVMQ193hkgN5bI3Ff/zuokKrryM8jhRhOP5oiBhUEVwGgTsU0GwYqkmCAuqb4V4iATCSseV1yHYyy+vklatal9U6/c6jWswRw6cgCIoAxtcgga4BU3gAAyewAt4A+/G2Hg1PozPeeuasZg5Bn9gfP0Ak86VMA==</latexit>

U(2)⇥O(34)



1.9 1.91 1.92 1.93 1.94 1.95 1.96 1.97 1.98 1.99 2
0.4988

0.499

0.4992

0.4994

0.4996

0.4998

0.5

a0

S4

<latexit sha1_base64="lwa2G822kObF7gByzCOmS/KWAII=">AAAB73icbVDLSgNBEOz1GeMr6lGEwSB4CrsS1IsQ8JJjBPOAZAmzk95kyOzsOjMrxJCf8OJBEa/+hp/gzZO/4uRx0MSChqKqm+6uIBFcG9f9cpaWV1bX1jMb2c2t7Z3d3N5+TcepYlhlsYhVI6AaBZdYNdwIbCQKaRQIrAf967Ffv0eleSxvzSBBP6JdyUPOqLFSQ7Y1uSJF0s7l3YI7AVkk3ozkS0cfD0yL70o799nqxCyNUBomqNZNz02MP6TKcCZwlG2lGhPK+rSLTUsljVD7w8m9I3JilQ4JY2VLGjJRf08MaaT1IApsZ0RNT897Y/E/r5ma8NIfcpmkBiWbLgpTQUxMxs+TDlfIjBhYQpni9lbCelRRZmxEWRuCN//yIqmdFbzzQvHGplGGKTJwCMdwCh5cQAnKUIEqMBDwCM/w4tw5T86r8zZtXXJmMwfwB877D2MJkqA=</latexit>

ns = 4



2.5 2.52 2.54 2.56 2.58 2.6 2.62 2.64 2.66 2.68 2.7
0.621

0.622

0.623

0.624

0.625

a0

S5

<latexit sha1_base64="7vi7uC3vMtvZnqcCDSJ8JNlxkIs=">AAAB73icbVDJSgNBEK1xjXGLehShMQiewoy4XYSAlxwjmAWSIfR0epImPT1jd40QQ37CiwdFvPobfoI3T/6KneWgiQ8KHu9VUVUvSKQw6LpfzsLi0vLKamYtu76xubWd29mtmjjVjFdYLGNdD6jhUiheQYGS1xPNaRRIXgt61yO/ds+1EbG6xX7C/Yh2lAgFo2ilumoZckXOSCuXdwvuGGSeeFOSLx58PDAjv8ut3GezHbM04gqZpMY0PDdBf0A1Cib5MNtMDU8o69EOb1iqaMSNPxjfOyRHVmmTMNa2FJKx+ntiQCNj+lFgOyOKXTPrjcT/vEaK4aU/ECpJkSs2WRSmkmBMRs+TttCcoexbQpkW9lbCulRThjairA3Bm315nlRPCt554fTGplGCCTKwD4dwDB5cQBFKUIYKMJDwCM/w4tw5T86r8zZpXXCmM3vwB877D2SOkqE=</latexit>

ns = 5



2.8 2.85 2.9 2.95 3 3.05 3.1 3.15 3.2 3.25 3.3 3.35 3.4 3.45 3.5
0.73

0.735

0.74

0.745

0.75

a0

S6

<latexit sha1_base64="s7kDhBcfZj83ujNCWxy6uVjDLpg=">AAAB73icbVDLSgNBEOz1GeMr6lGEwSB4Crsi0YsQ8JJjBPOAZAmzk95kyOzsOjMrxJCf8OJBEa/+hp/gzZO/4uRx0MSChqKqm+6uIBFcG9f9cpaWV1bX1jMb2c2t7Z3d3N5+TcepYlhlsYhVI6AaBZdYNdwIbCQKaRQIrAf967Ffv0eleSxvzSBBP6JdyUPOqLFSQ7Y1uSJF0s7l3YI7AVkk3ozkS0cfD0yL70o799nqxCyNUBomqNZNz02MP6TKcCZwlG2lGhPK+rSLTUsljVD7w8m9I3JilQ4JY2VLGjJRf08MaaT1IApsZ0RNT897Y/E/r5ma8NIfcpmkBiWbLgpTQUxMxs+TDlfIjBhYQpni9lbCelRRZmxEWRuCN//yIqmdFbxi4fzGplGGKTJwCMdwCh5cQAnKUIEqMBDwCM/w4tw5T86r8zZtXXJmMwfwB877D2YTkqI=</latexit>

ns = 6



3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 4 4.1 4.2
0.84

0.845

0.85

0.855

0.86

0.865

0.87

0.875

a0

S7

<latexit sha1_base64="JuUIu+78FBzHeG1iY1iIqJ7k1fQ=">AAAB7nicbVDLSgNBEOyNrxhfUY8iDAbBU9gVMV6EgJccI5gHJEuYnUySIbOzy0yvEJd8hBcPinj1O/wEb578FSePgyYWNBRV3XR3BbEUBl33y8msrK6tb2Q3c1vbO7t7+f2DuokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1geDPxG/dcGxGpOxzF3A9pX4meYBSt1FAdQ65JqZMvuEV3CrJMvDkplI8/HpiR39VO/rPdjVgScoVMUmNanhujn1KNgkk+zrUTw2PKhrTPW5YqGnLjp9Nzx+TUKl3Si7QthWSq/p5IaWjMKAxsZ0hxYBa9ifif10qwd+WnQsUJcsVmi3qJJBiRye+kKzRnKEeWUKaFvZWwAdWUoU0oZ0PwFl9eJvXzondZvLi1aVRghiwcwQmcgQclKEMFqlADBkN4hGd4cWLnyXl13matGWc+cwh/4Lz/ABA0knk=</latexit>

ns = 7



There is related problem for three index traceless tensor  

For the di�erent examples considered here results for a, b in (8.9) and also “, ” are then

ya a b “ ”

1. (n≠3)(n≠2)(n+1)(n+4)(n+6)
6 n(ns+2)2

2n4+11n3≠71n2≠90n+72
18 n(ns+2)

1
n2 (n3+3n2≠4n+4) 1 ≠ 2

n

2. 8(n≠3)(n≠2)
n(ns+2)2 2 n2≠5n+2

n(ns+2)
4

n2 (n≠1)2 2 ≠ 2
n

3. 4 (ns≠3)(ns≠8)
3(ns+2)2

4(n4≠20n2+9)
9 n(ns+2)

4
n2 (n2+1) ≠ 2

n

4. 8 (ns≠1)(ns≠3)
3(ns+2)2

(n≠5)(n+4)(2n≠1)
9(ns+2) 3≠n ≠1

5. 2(ns≠1)(ns≠3)
3(ns+2)2

(n≠4)(n+5)(2n+1)
18(ns+2) 3+n 1

6. (n≠6)(n≠4)(n≠1)(n+2)(n+3)
6 n(ns+2)2

2n4≠11n3≠71n2+90n+72
18 n(ns+2)

1
n2 (≠n3+3n2+4n+4) ≠1 ≠ 2

n

(8.28)

The results for dabcddabcd = 1
2ns(ns + 2)a correspond in cases 3,4,5 to the evaluation of

the quartic Casimir for SU(n), SO(n), Sp(n) [58]. In general for a > 0 it is necessary to
restrict n > 3 except for case 6 when n > 6 is required.

8.1 Further Algebraic Relations

For the characterisation of the di�erent possibilities we may further define for cases 1,2,3,6
additional invariant tensors

tr
!
t(atbtc)" = n – dabc , = n– , (8.29)

where dabc is symmetric and traceless, These three index d-tensors are constrained by the
one and two loop identities

dacddbcd = –d ”ab , dadedbef dcfd = —d dabc , ddbf defgdaghddhideic = “d dabc , (8.30)

or diagrammatically

= –d , = —d , = “d , (8.31)

and at three loops there are two primitive diagrams and it is then necessary that

= ”d , = ‘d . (8.32)

More general versions of these equations with more than one d-tensor were discussed
for various n in [59].

28

Relevant for             supersymmetric                  

theories in three dimensions

<latexit sha1_base64="x3MOXofXqrszdElS6NUfCu8kJgA=">AAAB83icbVDLSgNBEOyNr7i+oh69DAbBU9gVUS/BoBdPEsE8ILuE2ckkGTI7O8zMCmHJb3jxoKhXv8O7F/FvnDwOGi1oKKq66e6KJGfaeN6Xk1tYXFpeya+6a+sbm1uF7Z26TlJFaI0kPFHNCGvKmaA1wwynTakojiNOG9Hgcuw37qjSLBG3ZihpGOOeYF1GsLFSkAUEc3Q9QmXktwtFr+RNgP4Sf0aK5+9uWb58utV24SPoJCSNqTCEY61bvidNmGFlGOF05AapphKTAe7RlqUCx1SH2eTmETqwSgd1E2VLGDRRf05kONZ6GEe2M8amr+e9sfif10pN9yzMmJCpoYJMF3VTjkyCxgGgDlOUGD60BBPF7K2I9LHCxNiYXBuCP//yX1I/KvknpeMbr1i5gCnysAf7cAg+nEIFrqAKNSAg4R4e4clJnQfn2Xmdtuac2cwu/ILz9g2/fZPY</latexit>

N = 1

<latexit sha1_base64="soKP9l3ee2EkMmK8QlRFzLn9Ux4="></latexit>

� ns � 2

2(ns + 2)
 �d/↵d  ns � 2

ns � 1

In general there are bounds

The upper bound requires

The results in (8.37) with this restriction all correspond to

—y2
(1) = 1

n —1 y4 , (8.39)

with formulae for —1 given in (8.36). The reduction depends on non trivial relations between
A, Ad, B, Bd which are satisfied in each of the cases listed. Except for the last case —1 > 0,
and there are fixed points in an Á-expansion, for n Ø 3. For the N = 1

2 supersymmetric
theory then taking Y abc æ y dabc there is a single coupling theory with a —-function and
“�, with three loop coe�cients given in (7.23), (7.24), expanded as

—y =
!3

2 –d + 2 —d
"
y3 ≠ 3

!1
2 –d

2 + –d —d + 2 —d
2"

y5

+
!15

8 –d
3 + 9

4 –d
2—d + 27

2 –d —d
2 + 30 —d

3"
y7

+
!
(9

2 –d + 30 —d)“d + 36 ‘d
"
’3 y7 + O(y9) ,

“� = 1
2 –d y2 ≠ 1

2 –d
2y4 +

!5
8 –d

3 ≠ 1
4 –d

2—d + 5
2 –d —d

2 + 3
2 –d “d ’3

"
y6 + O(y8) . (8.40)

Of course the lowest order term corresponds to (8.37). Furthermore

“�2 = 2 –d y2 ≠ (5 –d
2 + 4 –d—d)y4

+
!
10 –d

3 + 7 –d
2—d + 22 –d —d

2 + 6(–d
2—d + 6 –d —d

2 + 4 –d “d)’3
"
y6

+ 2 “� + O(y8) . (8.41)

The bounds (8.19) becomes ≠ ns≠2
2(ns+2) –d Æ —d Æ ns≠2

ns≠1 –d. The upper bound for —d

corresponds to the vanishing of W–—“” in (8.18) and holds exactly for case 2 in (8.33) for
any n. The lower bound for —d corresponds to the vanishing of S–—“” in (8.18) which
becomes in this case the condition

dabedcde + dadedbce + daceddbe = K
!
”ab”cd + ”ad”bc + ”ac”db"

, K = 2 –d
ns+2 , (8.42)

or diagrammatically

+ + = K
1

+ +
2

(8.43)

This was analysed in [64] and related to the F4 family of Lie groups.
A uniform treatment is obtained by considering hermitian traceless n ◊ n matrices

{ea}, a = 1, . . . , ns, satisfying

1
2(eaeb + ebea) = 1

n ”ab 1n + dabc ec , dabc = d(abc) , daac = 0 . (8.44)

Of course this implies eaea = 1
nns 1n, tr(eaeb) = ”ab. The algebra defined by (8.44) is

equivalent to the result that hermitian real, complex and quaternionic matrices form a
special real Jordan algebra. Furthermore 3 ◊ 3 hermitian octonionic matrices also form an
exceptional real Jordan, or Albert, algebra, with F4 as the automorphism group. For 3 ◊ 3
hermitian traceless matrices

x = xaea , x3 ≠ 1
2 tr(x2) x ≠ 1

3 tr(x3)13 = 0 . (8.45)

30

There are four solutions  
<latexit sha1_base64="xcTuKNl2mZhoI8vPfuawDkPUNus=">AAACBHicbVDLSsNAFJ3UV62vqMtuhhah0lKSWrQboejGZQXbCm0Jk+mkHTqZhJmJEEIXbvwC/8GNC0Xc+hHu+jdOHwttPXDhcM693HuPGzIqlWVNjNTa+sbmVno7s7O7t39gHh61ZBAJTJo4YIG4d5EkjHLSVFQxch8KgnyXkbY7up767QciJA34nYpD0vPRgFOPYqS05JhZ7kh4Cc+6ivpEwoJdqpSqpdopLFagY+atsjUDXCX2guTruW7xeVKPG4753e0HOPIJV5ghKTu2FapegoSimJFxphtJEiI8QgPS0ZQjvbKXzJ4YwxOt9KEXCF1cwZn6eyJBvpSx7+pOH6mhXPam4n9eJ1JerZdQHkaKcDxf5EUMqgBOE4F9KghWLNYEYUH1rRAPkUBY6dwyOgR7+eVV0qqU7fNy9VancQXmSIMsyIECsMEFqIMb0ABNgMEjeAFv4N14Ml6ND+Nz3poyFjPH4A+Mrx9B5Jec</latexit>

ns = 3⇥ (1, 2, 4, 8) + 2
<latexit sha1_base64="IdUy+Cn2ncdgq0/ttlIwmaANqCI=">AAAB8nicbVDLSgNBEJyNryS+oh69DAbBU9g1oh6DXjxGMA/cLGF2MpsMmZ1ZZnrFEPIZHvSgiFfBf/Hm1+jkcdDEgoaiqpvurjAR3IDrfjmZpeWV1bVsLr++sbm1XdjZrRuVaspqVAmlmyExTHDJasBBsGaiGYlDwRph/3LsN+6YNlzJGxgkLIhJV/KIUwJW8su4BTxmBpdxu1B0S+4EeJF4M1Ks5JLH24/772q78NnqKJrGTAIVxBjfcxMIhkQDp4KN8q3UsITQPuky31JJ7J5gODl5hA+t0sGR0rYk4In6e2JIYmMGcWg7YwI9M++Nxf88P4XoPBhymaTAJJ0uilKBQeHx/7jDNaMgBpYQqrm9FdMe0YSCTSlvQ/DmX14k9eOSd1o6ubZpXKApsmgfHaAj5KEzVEFXqIpqiCKFHtAzenHAeXJenbdpa8aZzeyhP3DefwDIR5QD</latexit>

3⇥ 3 Hermitian traceless matrices         satisfying    <latexit sha1_base64="GPXquW11BQLMBNRUH6+1hneRfEc=">AAAB63icbVC7SgNBFJ2NrxhfUcHGZjAIVmFXRC1DbCwTMA9IljA7uZsMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFEUGjTikWoHRANnEhqGGQ7tWAERAYdWMLrJ/NY9KM0ieWfGMfiCDCQLGSUmk6DHcK9YcsvuFHiZeHNSqhzVv9l79aPWK352+xFNBEhDOdG647mx8VOiDKMcJoVuoiEmdEQG0LFUEgHaT6e3TvCpVfo4jJQtafBU/T2REqH1WAS2UxAz1IteJv7ndRITXvspk3FiQNLZojDh2EQ4exz3mQJq+NgSQhWzt2I6JIpQY+Mp2BC8xZeXSfO87F2WL+o2jSqaIY+O0Qk6Qx66QhV0i2qogSgaogf0hJ4d4Tw6L87rrDXnzGcO0R84bz97yZGV</latexit>ei
<latexit sha1_base64="7YFKIe6apHmbCJhwG0G/Ts3EiJ0="></latexit>

1
2 (eiej + ejei) =

1
3�ij I3 + dijk ek

Then if                      the Cayley Hamilton theorem

Is equivalent to the above with 
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The results in (8.37) with this restriction all correspond to

—y2
(1) = 1

n —1 y4 , (8.39)

with formulae for —1 given in (8.36). The reduction depends on non trivial relations between
A, Ad, B, Bd which are satisfied in each of the cases listed. Except for the last case —1 > 0,
and there are fixed points in an Á-expansion, for n Ø 3. For the N = 1

2 supersymmetric
theory then taking Y abc æ y dabc there is a single coupling theory with a —-function and
“�, with three loop coe�cients given in (7.23), (7.24), expanded as

—y =
!3

2 –d + 2 —d
"
y3 ≠ 3

!1
2 –d

2 + –d —d + 2 —d
2"

y5

+
!15

8 –d
3 + 9

4 –d
2—d + 27

2 –d —d
2 + 30 —d

3"
y7

+
!
(9

2 –d + 30 —d)“d + 36 ‘d
"
’3 y7 + O(y9) ,

“� = 1
2 –d y2 ≠ 1

2 –d
2y4 +

!5
8 –d

3 ≠ 1
4 –d

2—d + 5
2 –d —d

2 + 3
2 –d “d ’3

"
y6 + O(y8) . (8.40)

Of course the lowest order term corresponds to (8.37). Furthermore

“�2 = 2 –d y2 ≠ (5 –d
2 + 4 –d—d)y4

+
!
10 –d

3 + 7 –d
2—d + 22 –d —d

2 + 6(–d
2—d + 6 –d —d

2 + 4 –d “d)’3
"
y6

+ 2 “� + O(y8) . (8.41)

The bounds (8.19) becomes ≠ ns≠2
2(ns+2) –d Æ —d Æ ns≠2

ns≠1 –d. The upper bound for —d

corresponds to the vanishing of W–—“” in (8.18) and holds exactly for case 2 in (8.33) for
any n. The lower bound for —d corresponds to the vanishing of S–—“” in (8.18) which
becomes in this case the condition

dabedcde + dadedbce + daceddbe = K
!
”ab”cd + ”ad”bc + ”ac”db"

, K = 2 –d
ns+2 , (8.42)

or diagrammatically

+ + = K
1

+ +
2

(8.43)

This was analysed in [64] and related to the F4 family of Lie groups.
A uniform treatment is obtained by considering hermitian traceless n ◊ n matrices

{ea}, a = 1, . . . , ns, satisfying

1
2(eaeb + ebea) = 1

n ”ab 1n + dabc ec , dabc = d(abc) , daac = 0 . (8.44)

Of course this implies eaea = 1
nns 1n, tr(eaeb) = ”ab. The algebra defined by (8.44) is

equivalent to the result that hermitian real, complex and quaternionic matrices form a
special real Jordan algebra. Furthermore 3 ◊ 3 hermitian octonionic matrices also form an
exceptional real Jordan, or Albert, algebra, with F4 as the automorphism group. For 3 ◊ 3
hermitian traceless matrices

x = xaea , x3 ≠ 1
2 tr(x2) x ≠ 1

3 tr(x3)13 = 0 . (8.45)
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K = 1
6

This theorem holds for real, complex, quaternionic  and octonionic matrices
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Some comments on the A theorem and the epsilon expansion

In four dimensions one can demonstrate perturbatively

1 Is There Version of the a-theorem in 4� " Dimensions?

Whenever the title of a paper is a question with a yes/no answer the final conclusion is almost

invariably in the negative. Here we discuss whether the a-theorem might be extended in

some contexts to 4� " dimensions with a possible a�rmative answer.

In 4 dimensions a strong version can be obtained in a perturbative context for renor-

maliseable theories with general dimensionless couplings gI in the form

dA(g) = TIJ(g) dg
I�J

(g) , (1)

where A at a fixed point reduces to the a anomaly, the coe�cient of the Euler density in

the energy momentum tensor trace on a curved background, and �J
is the usual pertur-

bative �-function. The tensor TIJ is initially defined in terms of quantities necessary for

renormalisation on a curved background but may be obtained by flat space calculations

such that the integrability conditions necessary for (1) to hold are valid. TIJ in general is

not symmetric but at lowest order it is and is positive so that under RG flow to the IR A
decreases in the perturbative regime. A further constraint is that the antisymmetric part

is expressible as

T[IJ ] = @IWJ � @JWI . (2)

Crucially (1) is invariant, for any fixed �I
, under the changes

�A = gIJ �
I�J , � TIJ = L� gIJ + @I

�
gJK�K

�
� @J

�
gIK�K

�
, �WJ = gJK�K , (3)

for any symmetric gIJ(g). This may be used to remove at least some antisymmetric pieces

from TIJ .

To extend such results away from 4 dimensions we presume aMS scheme so that �I ! �̂I

where

�̂I
(g) = �kI " g

I
+ �I

(g) , (4)

for d��I = kI ". Solving �̂I
(g) = 0 generates the usual perturbative "-expansion for fixed

points. The question then is whether (1) can be extended, by taking A ! Â, TIJ ! T̂IJ , to

hold when �I ! �̂I
. There is of course no general proof but at low loop orders the question

can be investigated by hand. In general using the obvious extension of (3) all terms in an

" expansion of Â of order two or higher can be removed. Itt is then necessary that T̂IJ is

independent of " so that T̂IJ = TIJ . An extended version of (1) then requires that

TIJ dg
IkJg

J
= dA0 , Â = A� "A0 . (5)

This is an additional constraint on the form of TIJ but in general this is not fully determined

by requiring (1) at " = 0.

Here we focus on applications to a general �4
theory when gI ! �ijkl using and extending

the results of Jack and Poole and assuming that the corresponding A, Tijkl,mnpq,�ijkl for �4

are constructed in terms of diagrams as in conventional perturbation theory. Thus �ijkl is
determined in terms of 1PI, 1VI (one particle irreducible, one vertex irreducible) vertex and

propagator graphs and A in terms of 1PI, 1VI vacuum graphs with 4 lines, or edges, incident
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hold when �I ! �̂I
. There is of course no general proof but at low loop orders the question

can be investigated by hand. In general using the obvious extension of (3) all terms in an
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In some cases this can be use to set the antisymmetric part of             to zero
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In                     dimensions, with minimal subtraction,
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�I(g) ! �̂I(g) = �" gI + �I(g) This fixes the scheme
Suppose the A equation is valid with

then one can use                  variations to make           linear in        

and             independent   
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�I ! �̂I , A ! Â , TIJ ! T̂IJ

For  the theorem to be valid away from four dimensions it is necessary that
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TIJg
J = @IA

0 This is not automatic as it requires an integrability condition



In               theory at            loops there are          vacuum graphs,                inequivalent

vertices,           graphs with one inequivalent vertex,            contributions to

and          contributions to symmetric 
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GIJ

at each vertex. For each vacuum graph G, A is expressible as A =
P

G AG and if G contains

VG inequivalent vertices then (1) decomposes into VG equations for each contribution AG .
TIJ is also expressible as a sum over contributions of vacuum graphs G with two vertices

in G identified and labelled by I, J . If the two vertices I, J are equivalent then TG,IJ is

symmetric, otherwise it is not. For each G the number of di↵erent contributions to TG,IJ is

then denoted as NT,G while for symmetric GG,IJ the number is NG,G . In general TG,IJgJ

has VG independent terms. If VG > 1 then (5) requires VG � 1 relations in order satisfy

the integrability conditions necessary to define A0
G . At each loop order L we define for �4

vacuum graphs

N(L) =
P

GL
1 , NV (L) =

P
GL

VGL , NS(L) =
P

GL
�VGL ,1 , NT/G(L) =

P
GL

NT/G,GL
,

(6)

and at low L

L N(L) NV (L) NS(L) NT (L) NG(L)

3 1 1 1 1 1

4 1 1 1 1 1

5 3 3 3 7 7

6 5 10 2 26 18

7 17 36 5 142 97

8 42 164 2 453

9 177 819 9

. (7)

The number of conditions necessary to satisfy (5) is NV (L) � N(L). At loop order L
there are N(L) independent AGL and (3) decomposes into NV (L) linear equations and so

NV (L)�N(L) is also the number of conditions once all AGL have been eliminated. There are

NV (L) independent contributions to WI at L loops and then, if the condition (2) is imposed,

the number of independent antisymmetric contributions to TIJ at L loops is reduced from

NT (L)�NG(L) to NV (L)�N(L).

Correspondingly the �-functions in �4
theory, as calculated in the usual MS scheme,

are determined in terms of 1PI, 1VI graphs with four and two external lines, Gv and G�.

Graphs, excluding any in which a single line begins and ends at the same vertex, with

four external lines which are 1VR are denoted by GvR. Corresponding graphs which are

1PR, excluding those in which a G� graph in attached to a single vertex, are termed GvP.

Primitive graphs Gvp with four external lines have no subgraphs which would give rise to

subdivergences. The numbers of each such four external line graph at loop number L

nv(L) =
P

Gv,L
1 , nv1VR(L) =

P
GvR,L

1 , nv1PR(L) =
P

GvP,L
1 , nvp(L) =

P
Gvp,L

1 , (8)

and for graphs with two external lines

n�,sym/nonsym(L) =
P

G�,sym/nonsym,L
1 , (9)

where, for later relevance, graphs which are symmetric and non symmetric are distinguished.

At the loop orders relevant here the numbers of di↵erent graphs which contribute in �4

2

       loop      is relevant for              loop   beta’s   and you need            loop      

  the number of antisymmetric contributions to        is                       

  the          freedom for      loop         involves              loop                            
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<latexit sha1_base64="uY3rPQpf4SpSyY7ni7xkhQvbkgI=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdEbURozaWCZgLJEuYnZxNxszOLjOzQgh5AhsLRWz1YextxLdxcik08YeBj/8/hznnBAlnSrvut5VZWFxaXsmu2mvrG5tbue2dqopTSbFCYx7LekAUciawopnmWE8kkijgWAt616O8do9SsVjc6n6CfkQ6goWMEm2s8mUrl3cL7ljOPHhTyF982OfJ+5ddauU+m+2YphEKTTlRquG5ifYHRGpGOQ7tZqowIbRHOtgwKEiEyh+MBx06B8ZpO2EszRPaGbu/OwYkUqofBaYyIrqrZrOR+V/WSHV45g+YSFKNgk4+ClPu6NgZbe20mUSqed8AoZKZWR3aJZJQbW5jmyN4syvPQ/Wo4J0UjstuvngFE2VhD/bhEDw4hSLcQAkqQAHhAZ7g2bqzHq0X63VSmrGmPbvwR9bbD/VSkAs=</latexit>

A
<latexit sha1_base64="ADPfFsaTcUQrpl1A4n4XkkTRlH0=">AAAB6nicbVC7SgNBFL3rM4mvqKXNYBBsDLsiahm0sbCIaB6YLGF2MpsMmZ1ZZmbFsOQTbCyUYGvvv9j5NTp5FJp44MLhnHu5954g5kwb1/1yFhaXlldWM9nc2vrG5lZ+e6eqZaIIrRDJpaoHWFPOBK0YZjitx4riKOC0FvQuR37tgSrNpLgz/Zj6Ee4IFjKCjZVur4+8Vr7gFt0x0DzxpqRQysbD+4/H73Ir/9lsS5JEVBjCsdYNz42Nn2JlGOF0kGsmmsaY9HCHNiwVOKLaT8enDtCBVdoolMqWMGis/p5IcaR1PwpsZ4RNV896I/E/r5GY8NxPmYgTQwWZLAoTjoxEo79RmylKDO9bgoli9lZEulhhYmw6ORuCN/vyPKkeF73T4smNTeMCJsjAHuzDIXhwBiW4gjJUgEAHnuAFXh3uPDtD523SuuBMZ3bhD5z3H57AkRk=</latexit>

L� 1
<latexit sha1_base64="QGskPLg0l+wfCvWL0GNYMjGMQho=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdEbURgxZaJmAukCxhdnI2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQxB8GPv7/HOacEyScKe2631ZmYXFpeSW7aq+tb2xu5bZ3qipOJcUKjXks6wFRyJnAimaaYz2RSKKAYy3oXY3y2j1KxWJxq/sJ+hHpCBYySrSxytetXN4tuGM58+BNIX/xYZ8n7192qZX7bLZjmkYoNOVEqYbnJtofEKkZ5Ti0m6nChNAe6WDDoCARKn8wHnToHBin7YSxNE9oZ+z+7hiQSKl+FJjKiOiums1G5n9ZI9XhmT9gIkk1Cjr5KEy5o2NntLXTZhKp5n0DhEpmZnVol0hCtbmNbY7gza48D9WjgndSOC67+eIlTJSFPdiHQ/DgFIpwAyWoAAWEB3iCZ+vOerRerNdJacaa9uzCH1lvP/5qkBE=</latexit>

G

          Is the number of  terms 

you get on amputating one 

vertex from a vacuum graph

<latexit sha1_base64="0+/Gs5ggV3dae68C6mRO6fmmCcM=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FhJguYByRJmJ7PJkJnZZWZWCEs+wcZCEVtb/8IvsLPxW5w8Ck08cOFwzr3ce08Qc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvd3nTqnXzBLboToEXizUihdFD9Zu/lj0on/9nuRiQRVBrCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiyVWFDtp5NTR+jYKl0URsqWNGii/p5IsdB6KALbKbDp63lvLP7ntRITXvopk3FiqCTTRWHCkYnQ+G/UZYoSw4eWYKKYvRWRPlaYGJtOzobgzb+8SOqnRe+8eFa1aZRhiiwcwhGcgAcXUIJrqEANCPTgAZ7g2eHOo/PivE5bM85sZh/+wHn7AeVPkUE=</latexit>

NV



Maybe there are deeper principles at work. It is a surprise to me that 

there is a consistent framework for the six loop beta functions

with additional consistency conditions

It hasn’t fallen yet!



Thank you for your attention


And to the organisers for a great meeting and

the invitation to come


