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Integrability: current status
and open questions




Quantum Spectral Curve

1) Impose analytic properties on 4+4 functions
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2) Impose algebraic constraints
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3) Read off charges of the state from asymptotics
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Local operators

35

[NG, Julius, N.Sokolova ‘23]

All 219 states with bare
dimension <=6

Improved performance at
weak coupling,

allowing to start numeric
from perturbation theory (1
loop could be enough)

C++ code to generate more if
needed
(https://github.com/julius-
julius/qsc)

Merges with analytic
bootstrap at strong coupling
giving new predictions for
structure constants

[LF Alday, T Hansen, JA Silva ‘23]
[LF Alday, T Hansen ‘23]


https://github.com/julius-julius/qsc
https://github.com/julius-julius/qsc
https://github.com/julius-julius/qsc

Light-ray operators?

Gromov,FLM,S




SUSY?

B, y — deformations, orbifolds etc

Extreme case — fishnet:

Lag = Ntr (1061 +|062]” + (47)°€*$1 630102 ) .

Re(A)

RG-flow for dbl trace terms at 7 loops:




Going beyond the spectrum

- In a planar theory n-point correlators of local reduce to a product of 2-point functions
- As it is a gauge theory there are non-local observables such as Wilson-Loops
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Strategy 1: approximate by cusps SoV Strategy 2: expand around straight line (this talk)

- First non-trivial correction to 3pt is very interesting: before wrapping at weak coupling
integrability, Bethe ansatz and more general Hexagon works well till the wrapping order
- Beyond wrapping there are signs that Hexagon+QSC can re-sum all orders for HLL at least



Tools to go beyond spectrum

Integrability: SoV, Hexagons Bootstrability = Integrability + Bootstrap



Is the spectrum of N=4 and its
deformations sufficient to solve
planar theory?



Concrete set-up

N. Drukker "12
D. Correa, J. Maldacena, and A. Sever 12
N. NG and F. Levkovich-Maslyuk "15

Know the spectrum of the defect CFT

All correlators are O(N”0)

e o— r—0— No “double traces” problem
O 0 0, O
i 2 3 4 Price to pay: less symmetry, same number of operators

P. Liendo, C. Meneghelli, and V. Mitev "18

P. Ferrero and C. Meneghelli 21

P. Liendo and C. Meneghelli "16

L. Bianchi, G. Bliard, V. Forini, L. Griguolo, and D. Seminara 20



1/2 BPS Wilson line

........ 't ceccccce
fdt(iA,+ @ ) ,
W= TrPe Il [Maldacena, '98]
® 16 preserved supercharges 0Sp(2.2|4)
Bosonic subgroup SO(1,2) X SO3) X SO(5)

® Superconformal defect where local operators reorganise in representations of the

preserved superalgebra.
‘/\A
Non-protected long operators

Oy =%y,

Protected 1/2 BPS multiplets
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Simplest 4-point function

The simplest operator in % :
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With cross ratio and
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Crossing equation:




Constraints of superconformal symmetry

Studying the related topological sector ) <W1> _ 2,0
F=1+ C2 . 3 I/I/c1rcleI/I/01rcle . .
= BES = Ty 2 Known differential operator
circle
reproduced by integrability
[Cavaglia, NG, Julius, Preti '22]

QQ[()() — ”:)(2 + @){ o f()() [Liendo Meneghelli Mitev “17]

Operator Product Expansion /

Q0 = Fi(0+ 2..C Afm
)

/
fitn) =

Superconformal blocks

|
singlets of SO(5) X SO(3),

nontrivial dimensions

1
\_ falx) = ﬂ[ﬂ(“l o Fi(A+ 1,A+2,2(A +2); )()]/




Constraints of conformal symmetry

The reduced correlator f( y) still obeys to the crossing equation

== f+xfA- =0

and rewriting it in terms of the OPE expansion we obtain

561()() + + C%,I,A?A(Z) =0

Existing results e Numerical bootstrap [Liendo, Meneghelli, Mitev °17]

® Functional bootstrap at strong coupling [Meneghelli Ferrero *21, +more recently]



Integrability for
the spectrum of
Insertions




Integrability for the cusped“ﬁ#WiIson line

P |cos 0+ sin 0
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Weak coupling

For “orthogonal” insertions: [Correa, Maldacena, Sever ’12] [Drukker '12]
[Bonini, Griguolo, Preti, Seminara ’15] (wrapping terms)

For “parallel” insertions: [Correa, Leoni, Luque 18] (1-loop, one sector)

Non-perturbative
For “orthogonal” insertions: [Correa Maldacena Sever ’12] [Drukker '12]

(TBA) [NG,Levkovich-Maslyuk’15] (QSC)

For “parallel” insertions: [Cavaglia, NG, Levkovich-Maslyuk ’15] (ladder)
[Grabner, NG, Julius ’20] (general 0, ¢)



The spectrum, straight WL+2 insertions

A [Cavaglia, NG, Julius, Preti ’21]
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Bootstrapping
OPE coefficients
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The two functionals for coupling g=1/2, N, = 20
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OPE coefficient C7, , including only 2 states

[Cavaglia, NG, Julius, Preti ’21]
*’»QOQQO°'..
0.3
“— [Ferrero Meneghelli 21]
Strong coupling
02 - 0.334
0.333
0.332
0.331
0.330
0.329
0.328
01 1.50 1.55 1.60 1.65
V\
[Kiryu Komatsu’18] ; [Cavaglia, NG, Julius, Preti ’22]
Weak coupling
N
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The error is comnputed measuring the thickness of the reqdion namelv 1/2(C2  — C2 )



First 3 OPE coefficients including the first 10 states
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Can we do better?



Integrated
correlators




Line deformations

<
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The cusp anomalous dimension at order sin’@ is computed exactly

. 1
r ~ [EBSIHZH B — 2_n_2/10,110g<u/circle> Bremsstrahlung

cusp function

[Correa, Henn, Maldacena, Sever ’'12]

o {e.00.0)) -2

Can we exploit the line deformations to obtain constraints for our four-point function?



New integrated correlators

We can follow the same logic but expanding the cusp anomaly to the next order

cusp

1
[ . = Bsin’d + Z(B + C)sin40 + @(sin69)

[NG,Levkovich-Maslyuk’15]

Curvature 2
| C(g) = —4B? — —<J; ﬂE = STu,, u
unetien (&)= 2zi ) 2rxi Lo 1,

Analytic expansion at weak/strong coupling

s 1672\ o [ 647°4 64z \ o [ 11277 5 4167°\ ,,  [Cavaglia, NG, Julius, Preti’22]
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New Integrated correlators

The four-point function &27 and the reduced correlator s obey the following independent constraints

Constraint 1 Constraint 2
1 1
1 +logy 3C — B o0f(y) C
J 594 (x) dy = —dy =—+F-3
0 )(2 8B> 0 X 4B
® We tested both at weak and strong coupling.
® Then a linear combination of them has been derived [Drukker, Kong, Sakkas "22]
® A complete proof [Cavaglia, NG, Julius, *22]

Big impact on the Bootstrability output



Super tight bounds for structure constant

Cq
0.3
2 states from QSC
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A.Cavaglia, NG, J.Julius, M.Preti, N.Sokolova "21



Super tight bounds for structure constant

C12

0.33005 |
X25
0.33090 |

0.33085

0.33080 |

0.33075

10 states, 0.33070
+curvature function oot

1.577 1.578 1.579 1.580 1.581 1.582 1.583

01r

1.55 1.60 1.65

[/
/ 1

A.Cavaglia, NG, J.Julius, M.Preti, N.Sokolova 22



Super tight bounds for structure constant

C12
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10 states, 0.33070
+curvature function 0.2
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3|
0.330840

0.1

0.330838
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A.Cavaglia, NG, J.Julius, M.Preti, N.Sokolova "22



Super tight bounds for structure constant

C12

|

0.33095 (Xa

0.33090
0.330843

0.33085
0.330843
0.33080

0.33075 0.330842

Approaching precision 0.33070] 0.330842
of the anomalous magnetic
dipole momentum of electron! 0.2
(only 2 digits away)

~] 0.330842

0.1

1.57995

1.58005 1.58010

1.56 ' 1.60 185

Only spectrum goes in, no extra localization data, this includes spectrum of deformed theory, which gives integrated correlators



[Cavaglia, NG, Julius, Preti '22]
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Analytic Bootstrability



Strategy at weak coupling

The four-point function at weak coupling is known only up to order g2 [Kiryu Komatsu’18]

Our strategy to compute higher orders is to formulate an ansatz in terms of Harmonic
Polylogarithms (HPL) and then fix the coefficients using

e Crossing equation
e Conformal data matching
e |ntegral relations

e Uniform transcendentally

At order g4 we obtain [Cavaglia, NG, Julius, Preti '22]
) 4(1 - 2x) 7
ek X) = e | 3 (Hy—Hyo+ Hy ) =3GH +2(H 5 — Hy 15— Hyoo— Hy 100
(x—Dx+1 2
3 4
x”+1 2r7x —45((x — Dx + 1
+( _) H1,2 + H1’3 - H2’2 + 2H3’0 + 2H3’1 + H1,2,0 - H2,1,0 + X (( ) )é:?)

1 —2x 152x — 1)



OPE coefficients at weak coupling

As a bi-product we obtain several results for the structure constants of which the most
interesting ones are the following

Classical dimension = 1

47? 767*
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[Cavaglia, NG, Julius, Preti ’22]



4-point function
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How do we bound a linear combination with generic weights H ,?

T = Z: C2H,

eg. Hy = falxp) reduced correlator at cross ratio x

Hy =9 fa(xo) full 4-point function G (x)

|Idea: rewrite the Bootstrap equation....

Greg(hX)+ ), GG, (x)=0

... so that T"comes in front of the A block ....

n G () Hy\ %o (hx)
; +) G - + =
Hy p=2 Gp(x)  Hjy, Ga, (%)

— & >/

n=1 term is cancelled

Quantity we want to bound new functions playing the role of “blocks”



We go around this by dividing the tail in two regions

Agap ACUt > > Agap

In the finite interval: precise polynomial\ ( ?A(I/Z) HA |

interpolation of new blocks B,
P Ga172)  Hy

Agap Acut

Above very large cutoff:
just neglect subleading
exponential

\-

(two conditions for SDPB - plus positivity for discrete states below gap)

Aup — A
A= By = 2220

\ > 1 extra
\ P(A — Agap) = met (y)

e

y € [0,00]




(1-x)*G(x) error

(1-x)?G(x) error
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Multi-correlators



4 types of correlators

A1, €1, ¢2) Ag1,21,23 (X615 C2) 5 Ag1,2,211 (X €15 C2) 5 Ag2,2,2,21 (X Cl‘a C2)

A>1

A>2

By X By =7+ By + B4 + Z E[o 0] + Z ([’[%,0] + ‘C[%,2])
A>1 A>3



Extra spectra

A A A
LO‘[Z,O] ‘CO,[O,Z] LO‘[O,‘W]
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Why some
parameters are
zero?




C123 # C321
OO
01 0, 03’ 03 0, Ou

F — —F7T “Charge conjugation” on N X N SYM fields,
leaves action invariant

CO-CD
p slt
01 02 05 01_ 0: 03

CYC)10203 = 0030201 IP)1IP>2]P)3



CO1 O10p_oda — 0

Complex conjugation:

Col 02,03 — Ip)1]1:02]1:03 CO_1 0203

Gain factor of ~2 of the precision



Parity from integrability data:

Scanning through the states we know:

P — (_1)A,\:oo+R1+Rz
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L My/2

My /2 ) . .
P ﬁ B (u4,k—z/2) H Ug ko + Uaj +zﬁU4’k—u3,i—z/2
Uy +1/2 Sk Ug e+ Ugj— 1 Ugf — U3+ 1/2

k=1 j=1




What's next?

« Non-protected multi-correlators With ~10 states, there are a lot of
correlators!

e 6-point integrated correlator, or integrated correlators with non-
protected states

 Local operators - we gain a lot more symmetry (4D CFT) with a similar
(smaller?) number of states.

« We can also add data from deformations of N=4 in the form of
integrated correlators (additional to those from localization)



