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Slide 0 of 33Today’s talk
❧Review of numerical techniques for positivity bootstrap
❧Application in condensed matter physics : Helium superfluid phase transition

                   

❧Application in particle physics : pion-pion scattering
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Slide 0 of 33Numerical techniques
1, Cutting surface algorithm [Chester, Landry, Liu, Poland, Simmons-Duffin, SN, Vichi 2019] 

          Scan over  λϕϕt
λϕϕs
, λtts
λϕϕs
, λsss
λϕϕs

 with cost ~ dimension

2, Navigator function [Reehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Rees 2021] 
    SDP compution ⟶ sign of the objective indicating feasible / infeasible
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Slide 0 of 33Numerical techniques
3, Skydiving algorithm  [Aike Liu, David Simmons-Duffin, NS, Balt van Rees, 2023]
Treat two optimizations (SDP optimization, external parameter search) as a single optimization problem. 

             Solving the optimization in the parameter p
→

 

and the optimization of SDP (μ → 0) simultaneously

See [Rychkov, NS 2023] for a review of numerical conformal bootstrap
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Slide 0 of 33Helium superfluid phase transition

Cp = A (T-Tc)-α + ...           α = 2- 3
3-Δs

, ν = 1
3-Δs

          

α = -0.0127 (3)
ν = 0.6709 (1)
Δs = 1.50946 (22)
[Lipa, Nissen, Stricker, PHYSICAL REVIEW B 68, 174518 2003]
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Slide 0 of 33Bootstrap Helium superfluid phase transition
Bootstrapping 〈ϕϕϕϕ〉, 〈tttt〉, 〈ssss〉, 〈ϕsϕs〉, 〈ϕϕts〉, 〈ϕϕtt〉, 〈ϕϕss〉, 〈sstt〉
Scan over Δϕ, Δs, Δt,

λϕϕt
λϕϕs
, λtts
λϕϕs
, λsss
λϕϕs



             

[Chester, Landry, Liu, Poland, Simmons-Duffin, SN, Vichi 2019] 
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Slide 0 of 33What’s wrong in the experimental result?
                  Local significance                             v.s.                         Global significance

                                           

                                                                                                    “Look Elsewhere Effect” (LEE)
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Slide 0 of 33Experimental error bar in global significance
The 95% confidence range : α ∈ (-0.031, -0.008)       Bootstrap: -0.0152 (3)

[Landry, Liu, Poland, Simmons-Duffin, SN, to appear] 
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Slide 0 of 33pion-pion scattering : the S matrix
Unitary : 

1 = p1 p2 S S† p3 p4 = ∑X 〈p1 p2 S X〉 X S† p3 p4

S2→2 2 = 1-∑X∈rest S2→X 2  ⟹  S2→2 2 ≤ 1

: + -Im[S2→2] Re[S2→2]
Re[S2→2] Im[S2→2]

 ≥ 0
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Slide 0 of 33Consistency condition for S matrix

π+π → π+π  S matrix :  S ≡ S2→2 (s, t, u) = 1+ⅈ T   ,   s+ t+u = 4       (unit : mπ = 1)

Partial waves : T(s, t, u) = ∑ℓTℓ(s) Pℓ(x)      with    x = cos(θ) = 1+ 2 t
s-4

Unitarity :  2 Im[Tℓ] ≥ Tℓ 2   or  Sℓ (s) 2 ≤ 1 for all ℓ      (Sℓ = 1+ⅈ Tℓ )

Analyticity :  Sℓ (s) is analytic, except real s ≥ 4 and its image under crossing

Exact O(3) isospin symmetry : vector⊗ vector → singlet⊕ antisym⊕ sym   (0⊕ 1⊕2 isospin) 

〈πi πj πk πl〉 = ∑r=0,1,2 Pijkl
(r) S(r)(s, t, u) = ∑r=0,1,2 Pijkl

(r) ∑ℓSℓ
(r) (s)        (Example : Pijkl

(r=0) = δij δkl)

Crossing : S(s, t, u) has crossing symmetry
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Slide 0 of 33Translate to SDP : analyticity
[Paulos, Penedones, Toledo, van Rees, Vieira 1708.06765; Guerrieri, Penedones, Vieira 1810.12849] 

Analyticity :

S(s) is analytic in s complex plane except [4,∞)   ⟹  S(s) = ∑an ρsn  ,   ρs =
m2-4 - 4-s

m2-4 + 4-s
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Slide 0 of 33Translate to SDP : isospin symmetry

〈πi πj πk πl〉 = S(s t, u) δij δkl+S(t s, u) δik δjl+S(u s, t) δil δjk

Under i↔ j, k↔ l  ⟹  t↔ u   ⟹  S(s t, u) is symmetric under t↔ u

Example :  S(s t, u) = ∑anm (ρtn ρum+ρun ρtm)+∑bnm(ρtn+ρun) ρsm      (constraint : s+ t+u = 4)

S(r) is linear combination of S(K K, K)

Example : S(r=1)(s, t, u) = S(t s, u)-S(u s, t)
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Slide 0 of 33Translate to SDP

Sℓ
(r) (s) = ∑anm ( ...)+∑bnm ( ...)              (...) : functions in s

: +
-ImSℓ(r) (s) ReSℓ(r) (s)
ReSℓ(r) (s) ImSℓ(r) (s)

≥ 0   for r = 0, 1, 2;  ℓ = 0, 1, ... ; s ∈ [4,∞)

SDP : search for αi such that ∑iαi Mi
(j) > 0 for j = 1, ... J

Found αi :  we have a candidate Sℓ(s) that satisfies (1) unitarity; (2) analyticity; (3) crossing; (4) isospin 
symmetry
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Slide 0 of 33Bootstrap pion scattering : old result
[Guerrieri, Penedones, Vieira 1810.12849] 

“Adler zeros” s0, s2 :  T0(s0) = 0 , T2(s2) = 0      ( Sℓ(s) = 1+ⅈ Tℓ(s) )

Shaded : Found αi   .   White : Can’t found αi
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Slide 0 of 33Bootstrap pion scattering
Bootstrap is the right way to analyze data in particle scattering experiment

How people found meson (resonance) mass in the past?  

A model + experimental constraints + some theory constraints (unitarity/crossing)
                                   ⇓
An analytic continuation of Sℓ(s) to s complex plane
                                   ⇓

Find pole on the complex plane : M =m-ⅈ Γ
2

Problem :  different continuation ⟶ different mass ⟶ biggest source of error in PDG
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Slide 0 of 33Pion scattering : old approaches
A model + experimental constraints + some theory constraints (unitarity/crossing)

Problem :  different continuation ⟶ different mass ⟶ biggest source of error in PDG

Complex mass for σ resonance :

PDG : Re: 400 to 800 MeV    (2.9 to 4.0) ,   Im:  100 to 175 MeV    (0.7 to 1.3)

Statistical error bar may have uncontrollable systematic errors
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Slide 0 of 33Bootstrap + experimental constraints
[Kelian Haring, Andrea Guerrieri, NS,  ongoing work]
Bootstrap + exp input : systematic analysis of experimental constraints + full theory constraints 

S = anm (ρtn ρum+ρun ρtm)+ ...       

Find anm such that S ≤ 1, crossing symmetric, AND matching experimental data

Experimental data : ArgSℓ=0(r=0) , ArgSℓ=1(r=1), ArgSℓ=0(r=2)
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Slide 0 of 33Bootstrap + experimental constraints
New ideas:

1, Navigator function

Scan over parameters (s0, s2, ...)  such that the result matches experimental data

SDP(s0, s2, ...) → fitness score on (s0, s2, ...)
minimize score

best fitw.r.t. (s0, s2, ...)
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Slide 0 of 33Bootstrap + experimental constraints
New ideas:

2, An objective that encoded experimental data

objective =∑s (Im[Sans(s)], Re[Sans(s)]) . (Sin[ϕ(s)], Cos[ϕ(s)])

SDP tries to matches experimental data as much as possible, subject to theory constraints
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Slide 0 of 33Bootstrap pion : Preliminary results
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Slide 0 of 33Bootstrap pion : Preliminary results
❧ Infinite resonance production
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❧ precise data for σ, ρ, f(980), f(1350) 

σ : 3.09+ 1.12 i          PDG : (2.9 to 4.0) + (0.7 to 1.3) i
f(1350) : 9.60            PDG : (8.7, 10.9)      (1200 MeV to 1500 MeV)
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Slide 0 of 33Bootstrap pion : Preliminary results
❧Observation of higher spin Regge trajectory
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❧Observation of isospin 2 spin 0 meson (must be at least tetra-quark or more quarks)
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Slide 0 of 33Error bar for sigma
Statistical error bar may have uncontrollable systematic errors

PDG : Re: 400 to 800 MeV    (2.9 to 4.0) ,   Im:  100 to 175 MeV    (0.7 to 1.3)

Bootstrap value : mσ = 3.09+ 1.12 i   (Red)  .     What’s if σ is away from 3.09+ 1.12 i  ?
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Slide 0 of 33Error bar for sigma
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“robust error bar” : points outside the error bar can’t match experimental data
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Slide 0 of 33Verifying experimental data
❧ Some experimental data are likely wrong!
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“Experimental” data :  N+N →
π
π+π+π     

extrapolate
   on shell π+π → π+π
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Slide 0 of 33Verifying experimental data
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                  Matches with José R. Peláez ‘s analysis

28     Pisa.nb



Slide 0 of 33The original dream of bootstrap
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