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A mystery with twist families

e Local CFT operators come in twist families
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A mystery with twist families

e Local CFT operators come in twist families

A-J
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e Local CFT operators come in twist families
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e Light-ray operators are the natural language e .::
for describing the spectrum at continuous spin . . ..
e Lorentzian inversion formula gives data for R . ..
local/light-ray operators that are analytic in
0 2 4 6 8 J

J, convergent for ReJ > 1

A = Y. Ao,0,0r050,0[]

e Problem: Many twist families have their first local operator at some
Jo > 1. But light-ray operators should not cease to exist at isolated
points.
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Jo > 1. But light-ray operators should not cease to exist at isolated
points.

e Naive resolution: functions Ao, 0,0 0;0,0[J] have zeros precisely at even
integer J < Jp.
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A mystery with twist families

e Local CFT operators come in twist families

=A-J
e Light-ray operators are the natural language e .::
for describing the spectrum at continuous spin . . ..
e Lorentzian inversion formula gives data for R . ..
local/light-ray operators that are analytic in
0 2 4 6 8 J

J, convergent for ReJ > 1

A = Y. Ao,0,0r050,0[]

e Problem: Many twist families have their first local operator at some
Jo > 1. But light-ray operators should not cease to exist at isolated
points.

e Naive resolution: functions Ao, 0,0 0;0,0[J] have zeros precisely at even
integer J < Jp.
Requires infinitely many vanishing conditions for every trajectory and J.
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A mystery with twist families

e Why do functions Ao, 0,0 \0,0,0[J] have zeros
precisely at even integers J < Jo?
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A mystery with twist families

e Why do functions Ao, 0,0 \0,0,0[J] have zeros
precisely at even integers J < Jo?

e Example from interpolation in A = 4 SYM

[Homrich, Simmons-Duffin, Vieira 2022]
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A mystery with twist families

e Why do functions Ao, 0,0 \0,0,0[J] have zeros
precisely at even integers J < Jo?

e Example from interpolation in A = 4 SYM

[Homrich, Simmons-Duffin, Vieira 2022]

e Resolution of mystery

. [T\ (01]0]|02){O3|0|O.
>\01(’)2©>\O304®[J]:Sm(7)< 1| |<?O>)(<O)>3| ‘ 4>

(00) has simple zeros when Q is related to a local operator at J = Jy
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A mystery with twist families

e Resolution of mystery
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Wilson—Fisher theory

[Wilson & Fisher 1972; Wilson & Kogut 1974] d=4—¢

T=A—-J
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Degeneracies in free-theory spectrum [Henning, Lu, Melia, Murayama 2017]
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Wilson—Fisher theory
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Degeneracies in free-theory spectrum [Henning, Lu, Melia, Murayama 2017]
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Wilson—Fisher theory

[Wilson & Fisher 1972; Wilson & Kogut 1974] d=4—¢
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One—loop spectrum [Kehrein & Wegner 1994, Hogervorst et al 2015, JH 2022]
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Wilson—Fisher theory

[Wilson & Fisher 1972; Wilson & Kogut 1974] d=4—¢
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One—loop spectrum [Kehrein & Wegner 1994, Hogervorst et al 2015, JH 2022]
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Twist-2 operators
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Twist-2 operators
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Local twist-2 operators

Index-free definition
O,(x, z) = ¢(x)(2.8) ¢(x), J € 2N,

Anomalous dimensions 7 = A — J =2 — € + 7y, [Derkachov et al 1997]

s 6 &3 109J4+4218J3+4373J2-384J—324 43251 (J)
V=51~ 30 ) T s (1) ~ T )t
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Local twist-2 operators

Index-free definition

O,(x, 2) = ¢(x)(2.8) $(x). J €N,

Anomalous dimensions 7 = A — J =2 — € + 7y, [Derkachov et al 1997]

_ g€ 6 &3 1094 +218/34373J2-384.J—324 4325;(J)
V=5 (1 - J(J+1)) + 53 ( P(J+1)2 — ) +
e v, moments of splitting functions v, = — fol dx x?71P(x)
e Positive+bounded DIS cross-section = -y, convex function [Nachtmann 1973]

e Reciprocity: v, expands in powers of [£F =211 [ Aday, Bissi, tukowski
2015]

e Lorentzian inversion formula [Caron-Huot 2017] gives 7y, )ﬁ [Alday, JH, van Loon
2017]

A2 = 8FF (1 + o (31 + 51(20) = Si(J) + . )
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Twist-2 light-ray operators

Light-ray operators defined for J € C [Balitsky & Braun 1989, ...]
Oy(x,z) = / do(—an) 2 das(—as) 2 P(ar, as) : (x — S)ex— )
|Ot1 o O‘2|—17J

=%
For J=0,2,4,..., % x 6901 — as)

Wave function (a1, az) =

Oux2) = [ da(-a)y (90'0)(x - 2.2) = Liso"d

Light transform of local operator [Kravchuk, Simmons-Duffin 2018]

Lorentzian inversion formula = data of light-ray operators [Kravchuk &
Simmons-Duffin 2018]

c(a, J) ~ %

Aside: dimension: 1 — J, spin: 1 — A
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Twist-2 light-ray operators as detectors

“Conformal colliders:” light-ray operators as detectors (calorimeters) [Hofman &

Maldacena 2008]

Energy (ANEC) operator £ = Q> = L[To/]

E(7) = lim r2/ dt n' T (t, rii)

r—oo 00

Energy correlators inside state
_ (0lO"E(61) - -~ £(68,)O10)
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Twist-2 light-ray operators as detectors

“Conformal colliders:” light-ray operators as detectors (calorimeters) [Hofman &

Maldacena 2008]
Energy (ANEC) operator £ = Q> = L[To/] "

am:nmﬂ/ dt n' T (t, rii)
r—o0 =63

Energy correlators inside state

_ {010"E(61) - - £(6,)00)

e Free theory, O,(r) counts particles in direction
i, weighted by £77! q

e Interacting theory: soft (IR) divergences = 5
renormalise light-ray operators

Wilson—Fisher <b4 theory [Caron-Huot et al 2022] ]

[ﬂ—i(kw—g—>+
Johan Henriksson K B 54 J(J + 1) o 3 4 5 B 7 4 9



Light-ray data is observable!

Energy—energy correlators [Basham et al 1978;

Hofman & Maldacena 2008; ...] 2 (£16:E3) 3 &&lLb Open Data
—2+7[3]% + g (6&) }
s g
E(0)E(0) ~ 0 03(0) + ... - M
=
| |0, x Oy ~ O N
n genera n XUy ~ U4 -1 [Hofman & &
Maldacena 2008; Kologlu et al 2019] P e
i3 ot iE o

Jet substructure in LHC data [Chen et al 2020; Lee, Rr

Mecaj, Moult 2022]

Oq ~ G(2.7)(2.0)"q,
Oy ~ 2 Fau(2.0) 22, F*

Chew—Frautschi Plot

Yaa[J] = %C2(R)(451(J) —3- J(J2+1))
2
Yag[J] = —2T(R) J(JJ+Y)J(JJZ2F2)

YoalJ] = *CZ(R)%
Yog[J] = %Nf T(R)+2G(A)(S:1(J) —
1

(+D([+2) ~ JU-1) ~ 12

Johan Henriksson



Regge trajectories for Wilson—Fisher

J
. <— [Caron-Huot et al 2022]
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Twist-3 operators
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Twist-3 operators
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Interlude on twist-3 operators

Basis at spin J: O ~ Z c,., 0§92 2

J12
J 213 |4 6|7 |8]|9] 10| 11 12 13 | 14
# primaries 1)1 1 2111212 2 3 2 3
_ . : 1 _ 1, 2(-1/ )
e At J=2,3,4,.... one operator with y**/ = g 3+ [Kehrein et al 1993]

e At J=6,8,9,10,11,2 x 12, ...: additional operators with v = 0
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Interlude on twist-3 operators

Basis at spin J: O ~ Z c,., 0§92 2

12

J 2(3|4|5|6|7|8|9|10]| 11| 12|13 | 14
# primaries 1)1 11 |2|1]|]2]2 2 2 3 2 3

2(—1)?
37D
e At J=6,8,9,10,11,2 x 12, ...: additional operators with v = 0

e At J=2,3,4,...: one operator with y!) = I+ [Kehrein et al 1093]

Only first set of operators appear at leading order in ¢ x ¢?
Lorentzian inversion formula for (¢¢2¢2¢> [Bertucci, JH, McPeak 2022]
2(-1)’ 4¢?

30+ D) 9U+3) (-1

J9(J+1)(3/246J—1)S; (J)—38J3—69J2438J—75 2 3
+(-1) 81(#3)1(”1)2“71) e+ O(g).

(51 (J) _ J3+2J2+2J+3>

'ng =Y + V2 + (J+1)3
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Twist-4 operators

T=A—-J
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Twist-4 operators
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Local twist-4 operators of even spin
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Local twist-4 operators — extended range

Y

Lol —29p4+1=1

0.8

= Yp2 + Vg2 :%

0.6/ 5
R P (—’Y¢+’Yaz¢3 =3

0.41

— < 7O: T = }
.2f
0 Yo+ Vo343 = %
0.0 . ’ y ]

5 10 50 100 500

Possible to identify z

TT) correction for each trajectory
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Twist-4 light-ray operators

0,(x,z) = H/jc doi(—ai) ™ Plon, o, .. an) 1 h(x — £) - P(x — Z) :

wave function
Properties of '&(ﬁl, ...Bn) (Fourier space)
o PAB1, ... . ABn) = N(B1 ... Bn)
o P(B) =P(00B)
o Y(—B)) = +P(B)
e (B:) polynomial <+ 0, = L[O]
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Twist-4 light-ray operators

Light-ray operators determined by wave function

Find 'LZ by diagonalising one-loop dilatation operator [Derkachov & Manashov 1995]
H = v

(HD)Bi) = £ Xie; Jy dtd(Br, . .., tBi+8). ... (1—0)Bi+B). --..Bn)

!

Reduce to two-variable function

Y(B) = Xy V(B B, V& (Vi(x), Wa(x)), x € [0,1]

HW1(x) = 3 [} dzWi(z) + x7H [T dzz7/2Wa(2) + ..., HWs(x) =...
= eigenvalues (y) and eigenfunctions (V1 and W»)

Numerical solution by discretisation in x

Johan Henriksson 18



Anomalous dimensions for J € C
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0.502 —/
0.500
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0.494
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Anomalous dimensions for J € C

0.252

0.250
Re €'y

0.249

0.248
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Wave functions

W(cos 6, sinB)

s o
S &

S

W(cos 6, sin 6)
W(cos 0, sin 6)

o
[

0.0p

=)
=9
N

2

6 6

traj. 1: vy — 1 traj. 3: 9 = Yo + Yo23

For traj. 1, spin runs from J =1 to J = 7 in steps of 0.5; for traj. 3 from J =3 to

J = 5.4 in steps of 0.2. Colour blue — red as J increases. The thick lines: where V is
polynomial.
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Resolution of mystery with missing local operators

Lorentzian inversion formula for (pwpe) (e.g. ¢ = ¢?) = light-ray operator
in specific normalisation [Kravchuk & Simmons-Duffin 2018]

(O)(J(’)? =2 res /ddxlddszJ,A(xl,XQ,x, Z)p(x1)p(x2), JeC

=2y

Define )\W@[J] = % and massage to normalisation-independent form:
2 _omsy ooint [ (0100010) N Ly iy vol(SO(1, 1)){LIOIL[O])o
owal =sn()e ™ (rorionais) 7 00)
M 71/6—1'7\'_//2(:
(¢°|01¢?)? (00) Aol

100M5°4 (1)

e o e e o
e Oy(J)
o o s
~10%8"4 ()
a5 &

/\/ 0 /ﬂ\
-5
=5
0 -10
1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7
J J J

(0y0ys) = vol(SO(1, 1))(L[OIL[ON)o (. ¥)
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Different trajectories

2101622
2 242 2 — sin( ) &210[¢7)°
(¢°10[¢*) (00) )‘¢2¢2@[J] = sin( 2 ) (00}
150 i 6
S 5 '5
<= 100 3 /\ 4
= P 3
S 50 .
5 2
) 1
12 3 4 5 6 7 =0 2 3 4 5 6 71 0!
1 2 3 4 5 6 7
! J
5 10
15
4
s 10
< 3
o 5
& o )
=2
5 J T
1
a -5
1 2 3 5 6 7
1 2 3 4 5 6 7
J
4 0.0
X3 D 1x10°
% + =05
Yo I
z =
& = -0 \/
1 1.x10°4)
; 5 0
0 _10 -15 .
1 2 3 4 5 6 7 1 2 3 4 5 6 7 r 2 3 4 5 6 7

Johan Henriksson J J J 23



Double-twist structure

Full compatibility with:

e Hierarchical structure in perturbation theory [Kehrein 1995; Derkachov & Manashov
1996]

e Non-perturbative twist additivity [Alday & Maldacena 2007; Fitzpatrick et al 2012;

Komargodski & Zhiboedov 2012; Pal et al 2022]

Or=45 = [Or,j;, Oz, o]0, (11 + 12~ 4), or [¢, dliu

A ”%l'\‘*}n [ LOp—
0.8]
o traj. L €ly o 1
o traj. 2: €y 5 213
= 0.6]
3 « traj. 3: €'y - 5/9
) e « traj. 4: €y -+ 1/6
@4 v « traj. 5: €y » 7715
— a1
0.2] ——
— other
0 5 10 15 20 25 30
0 by - J
Relative OPE coeffici in ¢ x ¢
et nes nes n=4 elative coefficients in ¢~ X ¢
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Summary

e Explicit construction of light-ray operators
that interpolate the local operator spectrum

e Resolution of mystery
e 3-point and 2-point functions remain i

smooth everywhere
e 2-point function has zeros where there is a

local operator

® X0,0,020;0,0[J] have zeros at J € 27 2 // o
where there is no local operator NP
e \We confirm hierarchical structure of 2 ; + * A,g
double-twist operators
(¢?|0]¢)? (00) ¢2¢2@[J]
9 i 15
< 9 5 < 10
SN s S
S S B 5
= o1 %, e
1 -5 ‘
-5
0! 10!
2 3 1 5 6 7 1 2 3 4 5 6 7

=
o

1 2 3 4
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