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A condensed matter approach to CFTs

Study strongly interacting quantum mechanical models that realize CFTs.

Lattice models
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A condensed matter approach to CFTs

Study strongly interacting quantum mechanical models that realize CFTs.

Lattice models
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Lesson of conformal bootstrap: Leveraging
conformal symmetry

Most lattice model studies are on the torus geometry where the consequence
of conformal symmetry is poorly understood.

Example: 2-point correlator in d>2 dimensions

R4 (O(x = O)OA(:E» = g 724
a <L <L L
T4 LR (O(x = 0)0(x)) = f(x, L) = / () (/L)

We need to study models on a conformally flat manifold R¢, S¢=1 x R, S9!



State-operator correspondence

Radial quantization

R¢ S xR
N
Gd—1 r ———— AT
3 Weyl transformation >
< >
T = logr <

Sd—l
ﬂ/\

FEigenstates of the quantum Hamiltonian defined on S¢~1 are
in one-to-one correspondence with CFT’s scaling operators.

Energy gaps~scaling dimensions: 0E,, = F, — Ey = 54,



Radial quantization on a lattice

2D CFT:We can just study a quantum Hamiltonian on a circle.

Most conformal data can be extracted. .

3D CFT:We need to put a quantum Hamiltonian on a two-sphere.
But a regular lattice won't fit since two-sphere has a curvature...




Our recipe: make it fuzzy!

Sphere is a curved space.

Discretize Fuzzify

Lowest Landau
level projection

Spherical tiling

fuzzy (non-commutative) sphere

Spherical rotation

is broken badly. Spherical rotation

is kept exactly.



Fuzzy sphere regularization of 3D CFTs

Quantum mechanical model realizations of 2+1D CFTs.

Spin-1/2 \T>) e (1 0 ) a (0 1)
] on each site <’ 1) 0 —1 1 O
attice N
model H = Z> o5 hz o
(1] 1
Spins point to +z or -z Spins point to +x .

241D Ising CFT

Particles moving on sphere in the presence of a monopole.
Ne

Fuzzy 77 1
sphere g — 2m ;(p z;l
model Kinetic term Interaction term

* The model is local if interactions are local.
» 2+|D CFTs can be realized by tuning the interaction form.



Landau level and non-commutative geometry

Particles moving in a strong magnetic field leads to non-commutative geometry!

M-y - oo 54
Ez?m —7-A Q QG
Ai:_geijmj Q Q Q
£

Landau level: single particle states in the presence of magnetic field.

* Quantized energy: F,, = %(n 1/2)
=2 066660
- Complete flat. n=2
BA n=10606666°0
- Massive degeneracy at each level: o n = 0 6-6-6-6690
7
Restrict/Project to the lowest Landau level:
. - B o L y
Lo=—2 A= gewx'zwj = [z', 2’] = %e”



Spherical Landau levels

3 7 = A -
/B \ ne Landau levels (LLs)

i s~ . .
T Single particle
- AT N -
Electrons mOVIn.g I{I._!'_lg-ﬁ kinetic term
under a magnetic _[ 1 : .
S 7 - — 1 666669
monopole. "\‘T‘E'i-_ -.’,’ SN2 (0, +1A,)" T 1

n=00—6—%6-0

nn+1)+ (2n+ 1)s
2Mr?
» The states (orbitals) in each LL form a spin-(n+s) SO(3) representation.

 Each LL has a level dependent quantized energy

- The wavefunctions of each LL are monopole Harmonics Y,,fi)sjm(@, Q) .

Lowest LL wavefunction m = —s,—s+1,--- s

Yts(,i)z(ev 90) — Ns,meimgp cos® ™ (5) sin®~ ™ <§>




Lowest Landau level (LLL) projection

1
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LLL projection and fuzzy sphere

On the LLL the sphere coordinates T2+ x5 + :13% — 1 become:

(Xi)ml,m2 — /dQ wZ(Q)YS(,f?)M (Q)l/ts(,f?)lz (Q)

3
1 S
X Xi| = ——1e;;1. X X; X, = 15,
[ g] S+1@53k k ; S+12+1
3
Fuzzy two-sphere: z;, :?:j] = 1€k Tk, Z x;x; = const - 1
i=1

Y (0,9) = Ny me™? cos™ ™ (;) s (9



Fuzzy sphere model for the 2+1D Ising CFT

1

H =
2M r?

/ A0 (Q)(D, + i A,) () + Hiny

73

= 4

Non-relativistic fermions 1°(2) = (@H(Q)’ il(ﬂ)) 7 (%T(Qi

with an isospin.



Fuzzy sphere model for the 2+1D Ising CFT

5 g — A 1 |
[P i i [ a0+ A + B

with an isospin.

y Non-relativistic fermions 77 () = (%H(Q)’ 121(9)) 7 (%MQD
)

LLL projection

wg(ﬁ) — Z cin,a YS(‘Z)%(S_Z’) 2s + 1-site fermionic model
—s,—s+1,---,s spin-s rep of SO(3)

m=-—s m

\4

O @ © O @ O O
4-body interaction

E Cj.ncm ‘/2 Z F(m17 o, M3,1T4, S, l)CInl C;rnQ CmsCmy

miy,MmMo,1M3,1M4

2-body term

m=—=S



A closer look at the fuzzy sphere model

25 + 1-site fermionicmodel © ®© ©®© O O O O

Many-body 2ﬁ1 . 0) m; =—s,—s+1,---,s a; =1, |
Hilbert space i,k spin-s rep of SO(3) b

i=1
: . : N | t
Hamiltonian for the 2+1D Ising model ¢, = (Cm + Cm, i)
S ? ! S
H = — Z le,mz,mg—m,ml—i—m (C]anlo-Zle—l-m) (CIYLQO-ZCmQ_m) —h Z CjnO'me
mi,2,M=——S§ m—=—s

S S 25 — | S S 2s — 1
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Phase diagram
1
~ 2My2 /dﬂwI(Q)(auﬂLiAu)zw(m + Hing
Hipp = — / AQd U (S0, 20" (Q)n* () — b / Q0" (9).
a(Q) — T Q). T 0)) o <I€T(Q)>
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Phase diagram
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State-operator correspondence

Radial quantization

R¢ S xR
N
Gd—1 r ———— AT
3 Weyl transformation >
< >
T = logr <

Sd—l
ﬂ/\

FEigenstates of the quantum Hamiltonian defined on S¢~1 are
in one-to-one correspondence with CFT’s scaling operators.

Energy gaps~scaling dimensions: 0E,, = F, — Ey = 54,



Even 4 electrons work!!!

Gaps of ALL the excited states of the system with N=4 electrons.

6 primaries are found!!

CB 4 spins Errors CB - dspms - Krrors
s 0550 289 € 1.413  1.382  2.2%

o) . . . 0
0, € 2.413 2337 3.1%

0,0 1.518 1522  0.3%
T, 3 3 NA

o 2.518  2.427  3.6%
0,0, € 3.413 3.126  8.4%
0,,0,,0 2518 2428  3.6% si13 3err 48y

€ . . .

00 00 3518 2847 20% O
S A 3.663  8.4%

0, 0o 3518 3.291  6.5%
Lis0 ot 15 EroprOpTh, 4 1.054  1.4%

o) 1 149 . . . 0
e ¢ 3.830 4.019  4.9%

Opipans 4638 4618  0.4%
S 5 1856  2.9%




State-operator correspondence

* We identified |5 primary operators, the numerical errors of all
primaries are within |.6%.

* We looked at 70 lowest lying states with L<5, all of them match
theoretical expectations with small errors~3%.

Bootstrap data from

CB 16 spins Error CB 16 spins  Error

o 0.518 0.524 1.2% € 1.413 1.414 0.07%

o' 5291  5.303  0.2% ¢ 3.830  3.838  0.2%

O 111 o 4.180 4 914 0.8% e 6.896 6.908 0.2%
o) . 6987  T.048  0.9% L 3 3 -

Tpinans 4638 4.609  0.6% T 5.509 5583 1.3%

Opqpapsps 0-113  6.069 0.7% Eiiwwgm ZZ? Z;Zi 1(23?

A %:;lim S 1001 - |




State-operator correspondence

descendents: 9, ---9,,10"0, n,7>0 (A+2n+j,7)

J

o multiplet 16 electrons e multiplet
o i’ | T o o
6— > 6,
O —_— . O —_—
(o] o
D — D —
—O— el O O o
A4= 4 -
-0 o —O— o
3— 3 —
O ~O- -O-
2- 2-
-o- —o-
1-— 1
-0
0— | | | — O0— | | | |
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Let us continue with fuzzy journey

*  We have explored the energy gaps of the states.

A lot of information ready for exploration:

A. Wave-functions of the states. |¢) = ¢(7 = —o0)|I)

B. Operators.

s o(T,) 0,0(7,Q) 0 (T, 2)
n (T’ Q) ™~ C‘fo- RAO' I aa'u’a- %Aa+1 { S —l_ Q{O-'L“/ IUJRAO'H,V |
() T ()
nx(T,Q)N(XH+&e€g7AG) Fetag,, MV}g’ ) SR



From orbital space to real space

All the computations are done in the orbital space

2s + 1-site termionic model o © @ o & o D

Many-body 2ﬁ1 R 0) m; =—8,—s+1,---,5 a; =1,
Hilbert space M, i spin-s rep of SO(3) ’ ’

1=1

Real space is continuous (NOT discrete like lattice model)!

S

Pi0.0) = Y Y0, 9)

m=—s

YL (0, 0) = Ny ™ cos®*™ (9) - (Q)

Any observable can be computed in real space!



Numerical data of 2-point correlator

We get a function defined in the continuum:

0.6941 + 0.3724 cos 0 + 0.2840 cos® 0 + 0.2091 cos> 6 + - - -

e 9 _ O I ' | ' | ' | ' | i-
=Y i —— N =16 L
z |
n(6) ~ —— N=24
7"6 — N=3
O (6 = ) (@)0) & o 3
22y IR0 =0)n"(0)[0) & | ---- theoretical  [I -
(n*n®) = o [\ ]
(0 = 0)]0)2
e E=00? 5[ )
1 !
CFT prediction: (2sin(0/2))75 o h..-!r_v.iyu“@.h‘ -
N 00 02 04 06 08 10

Operators and their correlators are sharp, continuous and conformal!



Four-point correlator
1.846 + 0.171 cos f + 0.152 cos? 0

+0.109 cos®> 0 + 0.109cos* 6 + - - -
nz(ez()) I ' | ' | ' | ' | '

ol — N =16

n*(6) > — N =92
6 — N=4

N =40

(;JUUU<T

G(z = ew, z = e_w)
20 = 0)n* (0 R —— T
o|n”(0 = 0)n*( )2’0> 00 02 04 06 08 10
(oln*(6 = 0)[0) 0 /2m
0.06% difference!!

Bootstrap N =40 N=32 N=24 N =16

0= 1.76855 1.76742 1.76671 1.76549 1.76244

0=mn/3 2.049 2.03921 2.03495 2.02470 2.01212




OPE coefficients

(o|n?(Q)]€) P
(o= (@)j0) "7 R
Operators | Spin | Zy | fasy (Fuzzy Sphere) fapy (Bootstrap)
- 0 | — | froc ~ 1.0539(18) foue ~ 1.0519
€ 0 | + | fie~ 1.5441(23) fooo ~ 1.5324
% 0 | + | fooe A2 0.0529(16) Ffover 2 0.0530
feeer = 1.566(68) feeer = 1.5360
o' 0 | — | foroe ~0.0515(42) Foroe A2 0.0572
foroer &2 1.294(51) NA
Foreor A2 2.98(13) NA
T.. 2 | 4+ | foor A 0.3248(35) £~ 0.3261
foror 2 —0.00007(96) forgr =0
foor ~ 0.8951(35) foor ~ 0.8892
fror ~ 0.8658(69) | frer ~ 0.765(47),0.907(10)
O 2 | = | fres,, A~ 0.400(33) foco, ~ 0.3892

focro,, ~ 0.18256(69)

NA




OPE coefficients

(G .
(a|n*(D)le) _ P LulO@) L) _,
<O- nZ(Q) O> N <€IO(Q)IO> — JTTe NG-A.)/2 -+ N -+ -
106 I I I I I 1 I I I I I
_ fep =1.0518537(41) coon
1LOSES. 1 0.975- e :
1.04- 0.95 -
w &?‘ 0
> 1.03F “ 0.925 fspt = 0.907(10) h
&
1.021 oo/ -
— 1.0539- %312 \ — 0.8658+ 338 1
1.01F 1 0.875 _
| 05 09+ O.]1\]16 — ]\?.1?23)37 0-883_4+ Nzo..§9137 + 0_.(1\5104 - N?.§10I35_3
1 | L O | 0.85 | | | | |
0. 0.025 0.05 0.075 0.1 0.125 0. 0.025 005 0075 0.1 0.125

I/N

I/N



RG monotonic theorem

- RG monotonic theorem states that there exist some measure of degrees

of freedom that monotonically decreases under RG flow.

« 2D CFT: c-theorem.

« 4D CFT: a-theorem.

« 3D CFT: F-theorem.



Irreversibility of RG in 3D: F-Theorem

No conformal anomaly in odd space-time dimensions!

- Partition function on 3-sphere log Z¢s ~ 11> + agr — F

- Entanglement entropy

B
Sia=ar —F

F-theorem: Fyv > Frp



F is a non-local quantity

* In 2D and 4D, c and a are conformal anomalies. So they can be

computed by correlation functions.

(Ty (1) Tpn(22)) (Tp (1) Tpn (22) Tor (23))

* In odd dimensions (e.g. 3D), there is no conformal anomaly. F is a

non-local quantity encoded in either the 3-sphere partition function
or entanglement entropy.

2D 3D 4D
Free fermion c=1 F = %22 3575?2)) a = 180%%@2
Free scalar NA F = g2 ‘?%STSQ) a = 90(817T)2

[sing CFT c¢=1/2 Not known NA




Extracting F-function via Entanglement entropy

Fora2+ID CFT defihedonR? x R B
Sa=-Tr(palnps) = ozg — F

- A smooth entanglement cut (no sharp corners).

* The entanglement cut should be much smaller than the system size
if the system is not conformally equivalent to R"3.

- Entanglement entropy NOT Renyi entropy.




F-function from sphere entanglement entropy
R* x R S® x R

Weyl transformation

>

— I SA:&?sine—F

S| 3

F(R,0y) = (tan 00y — 1)SA‘R,90

The real-space entanglement entropy can be computed on the fuzzy sphere.



F-function

R R/6 ~ VN =+25+1
—a—sinf — F
6 011 ‘ ‘ ‘ ‘ \ ‘ ‘ ‘ ‘ \ ! w w w \ w \ ‘
o , " X - — 0.097773 xV-82966 4 0.061213
ur estimates on tuzzy s ere. I
Y 3P 0100 N=25s+1=38,9,---,16

Fraing =~ 0.0612(5)

3¢(3)
8 1672

log 2
Fscalar — 05

~ 0.0638

€ expansion

Frsing = 0.957Fscq1qr =~ 0.0610
Frsing = 0.979 scq1qr =~ 0.0622

Sa(0) = —Tr(palnpa)

of 3D Ising CFT

F = (tan 6’5’9 — 1)SA|9:7T/2
F(R) = Frging +aR™ +O(R™1)

0.06 o
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Conformal defect

S = Scpr + hy / dPr O(r) Pp= |: Line defect; p=2: Plane defect

Ao < p:relevant perturbation on the defect ® > > @
|dentity Defect
e.g. Magnetic line defect of 3D Ising defect fixed point

Bulk conformal Defect conformal
symmetry symmetry

SO(d+1,1) — SO(p+1,1) x SO(d — p)

- New operators living on the defect. T |z M

* Non-trivial interplay between bulk and defect.



Solving conformal defect using fuzzy sphere

a. Defect
+ ——————————
"L'A ------------------- ’,’,
"
+ ¥ 5
— |
State-operator correspondence b. Defect greation
still works for conformal defects.
I —
R
Magnetic line defect of 3D Ising: |1
¢. Defect ihanging
H = Hyux + Haefect [
— z T O N | —
Hdefect — —hNn (N) — hsn (S) T 1
T o




State-operator correspondence

g H = Hypuxk + Hdaefect

<‘:";-~:; \ Hdefect — _hN nz (N) — hSnz (S)

Defect conformal symmetry: SO(2, 1)

Defect operators iy = hg > 0 Defect creation hy > 0,hg =0

Ov

(0)

ov

5t o

Oov

Oov

Oov

| 3]

o
|

=_y—y
=Yy

O
<

16
20
24
28
32
36

¢"

51

4

15]

1 4]

N orb

- 12
14



Correlator

b "
~ ~ Qs ~ o
1 1 — 1 —
< def‘()" def> (Siné’)AO’ < def‘0'|¢> (SIHH)A"_A¢
A, ~ 0518149 a, = 1.37(1) A;=1.63(6) b,;=0.68(1)
(a) G,(6) (b) G, ; ()
30— — T T
L LA | L 0.6 / \ :
1.39 | WA
1.38 ]
1.37
1.36 |
133001020304 Toas \
1/\/N //0.70 | +
0.65
0.60 :
~_ o1/ 0-53.00.1020304 %
 —12——20—28—36----Theoretical = " 1/ \/7
00 02 04 06 08 8o 02 04 06 038

O/ O/n



Conformal data encoded in the VWave-
function overlap

a. Defect b. Defect creation ¢. Defect changing N/\S

Ashed — (ged|gaby  §

¢ 2D CFT

Weyl transformation

e o gt 089002 (1) 620 (0) (1) (00)

87

1 A8a+A8d
w7



g-function

, ZJdCFT ,
g-function: § = 7 Monotonic under RG flow of defect
CFT
- 2D bulk:
- 3D bulk:

* General dim bulk:

0.62

307\ o
a = : 0.001 0.088
’ <A88a“> 0.61 g=0.602 + 200
[ N1/2 N
Our estimates: g = 0.602(2) 060 TTTTTee- ooen,
*10.‘........
0.59
e expansion: g = 0.57 + O(e?) 0560, .
0.0 0.1 0.2 0.3



Can we have spontaneous Z2 breaking defect!?

No spontaneous symmetry breaking in 1D,
but what if it couples to a gapless bulk?

a. AT >1 b. AT <1
}L, A }\‘9 A
® SSB ® SSB
A
® Magnetic v Magnetic
line defect line defect
g < 1 g < 1

= o—> ® = °o—>
Bulk g=1 A Bulk g=1 A

: Hl——|

. Defect changing operator At =0.84(4) < 1

* hny >0,hs <0 It is relevant, so no stable SSB.



A lot to explore in this fuzzy world

» Ciritical gauge theories: QED3, QCD3, Chern-Simons matter theories, etc.

- 2+|D CFT at finite temperature, Cardy formula

« Conformal defect

- Entanglement

* Non-equilibrium dynamics, quantum chaos

- Complex fixed point, complex CFT

 Landscape of CFTs,new CFTs

- Higher dimensional generalizations



Summary
Thank you!

* We proposed a new scheme called fuzzy sphere regularization to study
3D CFTs by making use of the quantum Hall physics and non-
commutative geometry.

A major surprise is that it miraculously works for a very small system
size, i.e. N=4~16 spins.

A wealth of information (e.g. operator spectrum, OPE coefficients, F-
function) as well as different CFTs (e.g. Wilson-Fisher, critical gauge
theories, defect CFTs) can be computed efficiently in this scheme.

- A lot to explore in the future, e.g. the connection between non-
commutative geometry, CFTs and QFTs.

Let’s explore the fuzzy world!



