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Introduction

� QCD in Extreme Conditions: screening masses and the Equation of State

� QCD: key features of Strong Interactions

� Precision physics: the muon anomalous magnetic moment

� The lattice regularization of  QCD

� Non-perturbative physics and Monte Carlo simulations

� Conclusions and outlook
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ORIGINAL RESULTS IN COLLABORATORATION WITH:



The Standard Model and QCD
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� The Standard Model: matter fields (fermions) + 
interactions (gluons,               ) + Higgs (scalar)



The Standard Model and QCD

� The Quantum ChromoDynamics (QCD) is the 
fundamental quantum theory of Strong Interactions 
that involve quarks and gluons 
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T a = 8 generators of the SU(3) group:Gluon field:                 ,
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UU† = 1, det(U) = 1
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� Symmetry (massless quarks):
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SU(6)L ⇥ SU(6)R ⇥ U(1)B



QCD: key features

� Color confinement: quarks/anti-quarks are not observed as isolated particles

q q
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� Color confinement: quarks/anti-quarks are not observed as isolated particles

q q

As strong as a cm-thick 
steel cable but 13 orders 
of magnitude thinner

The Yang-Mills cableway

� Asymptotic freedom: the gauge coupling   is not constant but becomes smaller and 
smaller as the distance between color sources decreases or as the energy    goes large
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dµ
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3 � b1g5 + . . .
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⇤ = µ
⇥
b0g

2(µ)
⇤�b1/(2b

2
0) e

� 1
2b0g2(µ) (1 + . . .)

A dynamical scale     develops, breaking of scale invariance 
(massless quarks)

<latexit sha1_base64="DYejl1iG25zZwBzMaqu57O9yNeU=">AAAB7nicdVDLSgMxFL3js9ZX1aWbYBFclaRIH7uCGxcuKtgHtEPJZDJtaOZBkhHK0I9w40IRt36PO//GTFtBRQ8EDuecS+49XiKFNhh/OGvrG5tb24Wd4u7e/sFh6ei4q+NUMd5hsYxV36OaSxHxjhFG8n6iOA09yXve9Cr3e/dcaRFHd2aWcDek40gEglFjpd7wxkZ9OiqVcQVjTAhBOSH1Grak2WxUSQOR3LIowwrtUel96McsDXlkmKRaDwhOjJtRZQSTfF4cpponlE3pmA8sjWjItZst1p2jc6v4KIiVfZFBC/X7REZDrWehZ5MhNRP928vFv7xBaoKGm4koSQ2P2PKjIJXIxCi/HflCcWbkzBLKlLC7IjahijJjGyraEr4uRf+TbrVCahVye1lu4VUdBTiFM7gAAnVowTW0oQMMpvAAT/DsJM6j8+K8LqNrzmrmBH7AefsEVSmPhw==</latexit>

⇤

� Spontaneous breaking of chiral symmetry: mesons as Goldstone bosons
<latexit sha1_base64="Y9An7OlX6ufdueQX+y//ktTYbzI=">AAACDHicdVDLSgMxFM34rPVVdekmWIS6KUmVPnYFNy4rOm2hLSWTpm1o5kFyRymlH+DGX3HjQhG3foA7/8ZMW0FFDwQO55zLzT1epKQBQj6cpeWV1bX11EZ6c2t7Zzezt183Yay5cHmoQt30mBFKBsIFCUo0Iy2Y7ynR8Ebnid+4EdrIMLiGcSQ6PhsEsi85Ayt1M9krN3d60gbpC4NnHLe1HAyBaR3ezhWbInlCCKUUJ4SWisSSSqVcoGVME8siixaodTPv7V7IY18EwBUzpkVJBJ0J0yC5EtN0OzYiYnzEBqJlacDs8s5kdswUH1ulh/uhti8APFO/T0yYb8zY92zSZzA0v71E/MtrxdAvdyYyiGIQAZ8v6scKQ4iTZnBPasFBjS1hXEv7V8yHTDMOtr+0LeHrUvw/qRfytJinl2fZKlnUkUKH6AjlEEUlVEUXqIZcxNEdekBP6Nm5dx6dF+d1Hl1yFjMH6Aect09RP5k6</latexit>

SU(3)⇥ SU(3) ! SU(3)
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� From asymptotic freedom we have the running

For processes where the energy scale  
<latexit sha1_base64="TmgoJX88KxL76oMIaXdT84G6Bnk=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwVTJFarsrunHhooJ9QGcomUxmGprMDElGqEO/xI0LRdz6Ke78GzNtBRU9EDiccw/35vgpZ0oj9GGtrK6tb2yWtsrbO7t7FXv/oKeSTBLaJQlP5MDHinIW065mmtNBKikWPqd9f3JZ+P07KhVL4ls9TakncBSzkBGsjTSyK67IoBtF0L02oQCP7CqqIYNGAxbEaSLHkFarWa+3oDO3EKqCJToj+90NEpIJGmvCsVJDB6Xay7HUjHA6K7uZoikmExzRoaExFlR5+fzwGTwxSgDDRJoXazhXvydyLJSaCt9MCqzH6rdXiH95w0yHTS9ncZppGpPFojDjUCewaAEGTFKi+dQQTCQzt0IyxhITbboqmxK+fgr/J716zWnUnJuzavtiWUcJHIFjcAoccA7a4Ap0QBcQkIEH8ASerXvr0XqxXhejK9Yycwh+wHr7BCgFksk=</latexit>

µ � ⇤
<latexit sha1_base64="RXuqBFYolM3mJ7VsAl67v0Eg0ao=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRahXkq2SG1vRS8eK9gPaJeSTbNtaDa7JFmhLP0RXjwo4tXf481/Y7atoKIPBh7vzTAzz48F1wbjDye3tr6xuZXfLuzs7u0fFA+POjpKFGVtGolI9XyimeCStQ03gvVixUjoC9b1p9eZ371nSvNI3plZzLyQjCUPOCXGSt1xeRAm52hYLOEKtqjVUEbcOnYtaTTq1WoDuQsL4xKs0BoW3wejiCYhk4YKonXfxbHxUqIMp4LNC4NEs5jQKRmzvqWShEx76eLcOTqzyggFkbIlDVqo3ydSEmo9C33bGRIz0b+9TPzL6ycmqHspl3FimKTLRUEikIlQ9jsaccWoETNLCFXc3orohChCjU2oYEP4+hT9TzrViluruLcXpebVKo48nMAplMGFS2jCDbSgDRSm8ABP8OzEzqPz4rwuW3POauYYfsB5+wSXnI8Z</latexit>

g(µ) is very small => perturbation theory

� Confinement comes from the dynamical appearance of an energy scale not present 
in the Lagrangian , no explanation in perturbation theory:   

<latexit sha1_base64="g95Ft70Ak1GjaLZNnmYFfZJRRMY="></latexit>

⇤ ⇠ 0.2GeV(⇠ 1 fm)

From distances of the order of 1 fm or not too high energies QCD is non-perturbative

� Non-perturbative QCD plays a crucial role in many phenomena: Hadron physics, 
Nuclear Physics, Astrophysics (compact objects), Cosmology (early universe)

NOTE: having a small value for the gauge coupling            is a necessary condition 
for applying perturbation theory but it is not sufficient (see later)
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g(µ)



QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a
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a�1
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: cutoff in momenta
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gµ⌫ = �µ⌫: Euclidean metric



QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a
� In this framework quantum fields have to be properly defined: 
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a�1

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a: lattice spacing

: cutoff in momenta
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gµ⌫ = �µ⌫: Euclidean metric



QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete
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� In this framework quantum fields have to be properly defined: 
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: cutoff in momenta
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gµ⌫ = �µ⌫: Euclidean metric
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 a
f (x),  

a
f (x) : quarks and ant-quarks are defined in the lattice sites
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 a
f (y)



QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a
� In this framework quantum fields have to be properly defined: 

<latexit sha1_base64="NBbMmw5CojrNHtBrBYb82ldo1Y4=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQ3lqRIbXdFNy4r2Ae0Y8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIf3tLyyuraem4jv7m1vbNb2NtvGZVoyppUCaU7ATFMcMmallvBOrFmJAoEawfjy8xv3zNtuJI3dhIzPyJDyUNOiXVSi9ymp3jaLxRRCTlUKjAjuIqwI7VatVyuQTyzECqCBRr9wntvoGgSMWmpIMZ0MYqtnxJtORVsmu8lhsWEjsmQdR2VJGLGT2fXTuGxUwYwVNqVtHCmfp9ISWTMJApcZ0TsyPz2MvEvr5vYsOqnXMaJZZLOF4WJgFbB7HU44JpRKyaOEKq5uxXSEdGEWhdQ3oXw9Sn8n7TKJVwp4euzYv1iEUcOHIIjcAIwOAd1cAUaoAkouAMP4Ak8e8p79F6813nrkreYOQA/4L19Am+Hjw4=</latexit>

a�1

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a: lattice spacing

: cutoff in momenta

<latexit sha1_base64="HocneFdpWTOUxA/BQ1lt5jQ0+hI=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KkmR2i6EohuXFewDmhAmk2k7dDIJ8xBKKLjxV9y4UMStP+HOv3HSVlHRAxfOnHMvc+8JU0alcpx3a2FxaXlltbBWXN/Y3Nq2d3bbMtECkxZOWCK6IZKEUU5aiipGuqkgKA4Z6YSji9zv3BAhacKv1TglfowGnPYpRspIgb0/CDIv1h7XkzMvIkyhr3dgl5yyY1Ctwpy4Ncc1pF6vVSp16E4txymBOZqB/eZFCdYx4QozJGXPdVLlZ0goihmZFD0tSYrwCA1Iz1COYiL9bHrDBB4ZJYL9RJjiCk7V7xMZiqUcx6HpjJEayt9eLv7l9bTq1/yM8lQrwvHso75mUCUwDwRGVBCs2NgQhAU1u0I8RAJhZWIrmhA+L4X/k3al7FbL7tVJqXE+j6MADsAhOAYuOAUNcAmaoAUwuAX34BE8WXfWg/VsvcxaF6z5zB74Aev1A1o8mKQ=</latexit>

gµ⌫ = �µ⌫: Euclidean metric

<latexit sha1_base64="8BP+8fpU5tFxmCsS4GESOKB8Gvk="></latexit>

 a
f (x),  

a
f (x) : quarks and anti-quarks are defined in the lattice sites

<latexit sha1_base64="PiSNjf7SKRdvTzAe7UHcBJjHM7k=">AAAB73icdVBNSwMxEJ31s9avqkcvwSLUS9ktUttb1YvHCvYD2qVk02wbmmTXJCuW0j/hxYMiXv073vw3ZtsKKvpg4PHeDDPzgpgzbVz3w1laXlldW89sZDe3tnd2c3v7TR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0WXqt+6o0iySN2YcU1/ggWQhI9hYqX3e64qkcH/Sy+XdomtRLqOUeBXXs6RarZRKVeTNLNfNwwL1Xu69249IIqg0hGOtO54bG3+ClWGE02m2m2gaYzLCA9qxVGJBtT+Z3TtFx1bpozBStqRBM/X7xAQLrccisJ0Cm6H+7aXiX14nMWHFnzAZJ4ZKMl8UJhyZCKXPoz5TlBg+tgQTxeytiAyxwsTYiLI2hK9P0f+kWSp65aJ3fZqvXSziyMAhHEEBPDiDGlxBHRpAgMMDPMGzc+s8Oi/O67x1yVnMHMAPOG+fmwuPtA==</latexit>

Aµ(x)
connection between different 
points in space-time

<latexit sha1_base64="4oTVBYk5G3aBFewzCgiS7NzkKu8="></latexit>

G(x, y) = exp

"
i

Z

Cxy

A · ds
#
2 group SU(3)

<latexit sha1_base64="YlBiiVI3L4HQxcyRyi3dqDcSRtc="></latexit>

Uµ(x) = exp

"
i

Z x+aµ̂

x
Aµ(x)dxµ

#
2 SU(3)the link field:

<latexit sha1_base64="lPhU6/yybO5kF1saY2uqDAa+tE4=">AAACDnicdVDLSsNAFJ34tr6qLt0MFkE3JSlS213RjUsF+4Amlsn0pg5OJmFmIpaQL3Djr7hxoYhb1+78GydpBRU9MHA4577m+DFnStv2hzUzOze/sLi0XFpZXVvfKG9udVSUSAptGvFI9nyigDMBbc00h14sgYQ+h65/fZL73RuQikXiQo9j8EIyEixglGgjDcp7qVsMSUcSQGRuZIrzWakbK5YNgkuyf3uQDcoVu2ob1Os4J07DdgxpNhu1WhM7hWXbFTTF2aD87g4jmoQgNOVEqb5jx9pLidSMcshKbqIgJvSajKBvqCAhKC8tLsnwnlGGOIikeULjQv3ekZJQqXHom8qQ6Cv128vFv7x+ooOGlzIRJxoEnSwKEo51hPNs8JBJoJqPDSFUMnMrpldEEqpNgiUTwtdP8f+kU6s69apzflhpHU/jWEI7aBftIwcdoRY6RWeojSi6Qw/oCT1b99aj9WK9TkpnrGnPNvoB6+0TTiydiQ==</latexit>

 
a
f (x)

<latexit sha1_base64="dzaqFsgbVmrR64XCQ99IoYjMFrw=">AAAB73icdVBNSwMxEM3Wr1q/qh69BItQLyVbpLa3ohePFdy20C4lm2bb0CS7JlmxLP0TXjwo4tW/481/Y7atoKIPBh7vzTAzL4g50wahDye3srq2vpHfLGxt7+zuFfcP2jpKFKEeiXikugHWlDNJPcMMp91YUSwCTjvB5DLzO3dUaRbJGzONqS/wSLKQEWys1PUGfZGU708HxRKqIItaDWbErSPXkkajXq02oDu3ECqBJVqD4nt/GJFEUGkIx1r3XBQbP8XKMMLprNBPNI0xmeAR7VkqsaDaT+f3zuCJVYYwjJQtaeBc/T6RYqH1VAS2U2Az1r+9TPzL6yUmrPspk3FiqCSLRWHCoYlg9jwcMkWJ4VNLMFHM3grJGCtMjI2oYEP4+hT+T9rViluruNdnpebFMo48OALHoAxccA6a4Aq0gAcI4OABPIFn59Z5dF6c10VrzlnOHIIfcN4+Abnnj8g=</latexit>

Uµ(x)

<latexit sha1_base64="TFnJ0kqwzK/XAt/PLujmKvEgd5w=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAR6qYkRWq7K7pxWcE+oIlhMpm0QycPZiZCCHXjr7hxoYhb/8Kdf+MkraCiBy4czrl37tzjxowKaRgfWmlpeWV1rbxe2djc2t7Rd/f6Iko4Jj0csYgPXSQIoyHpSSoZGcacoMBlZOBOL3J/cEu4oFF4LdOY2AEah9SnGEklOfpBZhWPZJx4MysW1PFvUC09mTl61agbCs0mzInZMkxF2u1Wo9GGZmEZRhUs0HX0d8uLcBKQUGKGhBiZRiztDHFJMSOzipUIEiM8RWMyUjREARF2ViyfwWOleNCPuKpQwkL9PpGhQIg0cFVngORE/PZy8S9vlEi/ZWc0jBNJQjxf5CcMygjmcUCPcoIlSxVBmFP1V4gniCMsVWgVFcLXpfB/0m/UzWbdvDqtds4XcZTBITgCNWCCM9ABl6ALegCDO/AAnsCzdq89ai/a67y1pC1m9sEPaG+fWe6Xeg==</latexit>

 a
f (y)



QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a
� In this framework quantum fields have to be properly defined: 

<latexit sha1_base64="NBbMmw5CojrNHtBrBYb82ldo1Y4=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQ3lqRIbXdFNy4r2Ae0Y8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIf3tLyyuraem4jv7m1vbNb2NtvGZVoyppUCaU7ATFMcMmallvBOrFmJAoEawfjy8xv3zNtuJI3dhIzPyJDyUNOiXVSi9ymp3jaLxRRCTlUKjAjuIqwI7VatVyuQTyzECqCBRr9wntvoGgSMWmpIMZ0MYqtnxJtORVsmu8lhsWEjsmQdR2VJGLGT2fXTuGxUwYwVNqVtHCmfp9ISWTMJApcZ0TsyPz2MvEvr5vYsOqnXMaJZZLOF4WJgFbB7HU44JpRKyaOEKq5uxXSEdGEWhdQ3oXw9Sn8n7TKJVwp4euzYv1iEUcOHIIjcAIwOAd1cAUaoAkouAMP4Ak8e8p79F6813nrkreYOQA/4L19Am+Hjw4=</latexit>

a�1

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a: lattice spacing

: cutoff in momenta

<latexit sha1_base64="HocneFdpWTOUxA/BQ1lt5jQ0+hI=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KkmR2i6EohuXFewDmhAmk2k7dDIJ8xBKKLjxV9y4UMStP+HOv3HSVlHRAxfOnHMvc+8JU0alcpx3a2FxaXlltbBWXN/Y3Nq2d3bbMtECkxZOWCK6IZKEUU5aiipGuqkgKA4Z6YSji9zv3BAhacKv1TglfowGnPYpRspIgb0/CDIv1h7XkzMvIkyhr3dgl5yyY1Ctwpy4Ncc1pF6vVSp16E4txymBOZqB/eZFCdYx4QozJGXPdVLlZ0goihmZFD0tSYrwCA1Iz1COYiL9bHrDBB4ZJYL9RJjiCk7V7xMZiqUcx6HpjJEayt9eLv7l9bTq1/yM8lQrwvHso75mUCUwDwRGVBCs2NgQhAU1u0I8RAJhZWIrmhA+L4X/k3al7FbL7tVJqXE+j6MADsAhOAYuOAUNcAmaoAUwuAX34BE8WXfWg/VsvcxaF6z5zB74Aev1A1o8mKQ=</latexit>

gµ⌫ = �µ⌫: Euclidean metric

<latexit sha1_base64="8BP+8fpU5tFxmCsS4GESOKB8Gvk="></latexit>

 a
f (x),  

a
f (x) : quarks and anti-quarks are defined in the lattice sites

<latexit sha1_base64="PiSNjf7SKRdvTzAe7UHcBJjHM7k=">AAAB73icdVBNSwMxEJ31s9avqkcvwSLUS9ktUttb1YvHCvYD2qVk02wbmmTXJCuW0j/hxYMiXv073vw3ZtsKKvpg4PHeDDPzgpgzbVz3w1laXlldW89sZDe3tnd2c3v7TR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0WXqt+6o0iySN2YcU1/ggWQhI9hYqX3e64qkcH/Sy+XdomtRLqOUeBXXs6RarZRKVeTNLNfNwwL1Xu69249IIqg0hGOtO54bG3+ClWGE02m2m2gaYzLCA9qxVGJBtT+Z3TtFx1bpozBStqRBM/X7xAQLrccisJ0Cm6H+7aXiX14nMWHFnzAZJ4ZKMl8UJhyZCKXPoz5TlBg+tgQTxeytiAyxwsTYiLI2hK9P0f+kWSp65aJ3fZqvXSziyMAhHEEBPDiDGlxBHRpAgMMDPMGzc+s8Oi/O67x1yVnMHMAPOG+fmwuPtA==</latexit>

Aµ(x)
connection between different 
points in space-time

<latexit sha1_base64="4oTVBYk5G3aBFewzCgiS7NzkKu8="></latexit>

G(x, y) = exp

"
i

Z

Cxy

A · ds
#
2 group SU(3)

<latexit sha1_base64="YlBiiVI3L4HQxcyRyi3dqDcSRtc="></latexit>

Uµ(x) = exp

"
i

Z x+aµ̂

x
Aµ(x)dxµ

#
2 SU(3)the link field:

<latexit sha1_base64="lPhU6/yybO5kF1saY2uqDAa+tE4=">AAACDnicdVDLSsNAFJ34tr6qLt0MFkE3JSlS213RjUsF+4Amlsn0pg5OJmFmIpaQL3Djr7hxoYhb1+78GydpBRU9MHA4577m+DFnStv2hzUzOze/sLi0XFpZXVvfKG9udVSUSAptGvFI9nyigDMBbc00h14sgYQ+h65/fZL73RuQikXiQo9j8EIyEixglGgjDcp7qVsMSUcSQGRuZIrzWakbK5YNgkuyf3uQDcoVu2ob1Os4J07DdgxpNhu1WhM7hWXbFTTF2aD87g4jmoQgNOVEqb5jx9pLidSMcshKbqIgJvSajKBvqCAhKC8tLsnwnlGGOIikeULjQv3ekZJQqXHom8qQ6Cv128vFv7x+ooOGlzIRJxoEnSwKEo51hPNs8JBJoJqPDSFUMnMrpldEEqpNgiUTwtdP8f+kU6s69apzflhpHU/jWEI7aBftIwcdoRY6RWeojSi6Qw/oCT1b99aj9WK9TkpnrGnPNvoB6+0TTiydiQ==</latexit>

 
a
f (x)

<latexit sha1_base64="dzaqFsgbVmrR64XCQ99IoYjMFrw=">AAAB73icdVBNSwMxEM3Wr1q/qh69BItQLyVbpLa3ohePFdy20C4lm2bb0CS7JlmxLP0TXjwo4tW/481/Y7atoKIPBh7vzTAzL4g50wahDye3srq2vpHfLGxt7+zuFfcP2jpKFKEeiXikugHWlDNJPcMMp91YUSwCTjvB5DLzO3dUaRbJGzONqS/wSLKQEWys1PUGfZGU708HxRKqIItaDWbErSPXkkajXq02oDu3ECqBJVqD4nt/GJFEUGkIx1r3XBQbP8XKMMLprNBPNI0xmeAR7VkqsaDaT+f3zuCJVYYwjJQtaeBc/T6RYqH1VAS2U2Az1r+9TPzL6yUmrPspk3FiqCSLRWHCoYlg9jwcMkWJ4VNLMFHM3grJGCtMjI2oYEP4+hT+T9rViluruNdnpebFMo48OALHoAxccA6a4Aq0gAcI4OABPIFn59Z5dF6c10VrzlnOHIIfcN4+Abnnj8g=</latexit>

Uµ(x)

� Matter fields at different lattice points are connected by a path-ordered 
products of links   

<latexit sha1_base64="TFnJ0kqwzK/XAt/PLujmKvEgd5w=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAR6qYkRWq7K7pxWcE+oIlhMpm0QycPZiZCCHXjr7hxoYhb/8Kdf+MkraCiBy4czrl37tzjxowKaRgfWmlpeWV1rbxe2djc2t7Rd/f6Iko4Jj0csYgPXSQIoyHpSSoZGcacoMBlZOBOL3J/cEu4oFF4LdOY2AEah9SnGEklOfpBZhWPZJx4MysW1PFvUC09mTl61agbCs0mzInZMkxF2u1Wo9GGZmEZRhUs0HX0d8uLcBKQUGKGhBiZRiztDHFJMSOzipUIEiM8RWMyUjREARF2ViyfwWOleNCPuKpQwkL9PpGhQIg0cFVngORE/PZy8S9vlEi/ZWc0jBNJQjxf5CcMygjmcUCPcoIlSxVBmFP1V4gniCMsVWgVFcLXpfB/0m/UzWbdvDqtds4XcZTBITgCNWCCM9ABl6ALegCDO/AAnsCzdq89ai/a67y1pC1m9sEPaG+fWe6Xeg==</latexit>

 a
f (y)



The action: the gauge sector

� The plaquette

<latexit sha1_base64="N4mXqy92Dt1zss2eP7lMMOu5MH0=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkitb0VvXhswX5Au5Rsmm1js9klyYpl6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nTumNI/kjZnGzAvJSPKAU2Ks1LwfFIq4hC0qFZQRt4pdS2q1arlcQ+7cwrgISzQGhff+MKJJyKShgmjdc3FsvJQow6lgs3w/0SwmdEJGrGepJCHTXjo/dIZOrTJEQaRsSYPm6veJlIRaT0PfdobEjPVvLxP/8nqJCapeymWcGCbpYlGQCGQilH2NhlwxasTUEkIVt7ciOiaKUGOzydsQvj5F/5N2ueRWSm7zvFi/XMaRg2M4gTNw4QLqcA0NaAEFBg/wBM/OrfPovDivi9YVZzlzBD/gvH0CP4WNPw==</latexit>x
<latexit sha1_base64="m549AlL/Gl0UhlmX+9jIyyzHar0=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjRWsL7VKyabYNTbJLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5YSK4sRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUU9aisYh1JySGCa5Yy3IrWCfRjMhQsHY4vsz89j3Thsfq1k4SFkgyVDzilFgn3fRk2i+WcBk7VKsoI34N+47U67VKpY78uYVxCZZo9ovvvUFMU8mUpYIY0/VxYoMp0ZZTwWaFXmpYQuiYDFnXUUUkM8F0fuoMnThlgKJYu1IWzdXvE1MijZnI0HVKYkfmt5eJf3nd1Ea1YMpVklqm6GJRlApkY5T9jQZcM2rFxBFCNXe3IjoimlDr0im4EL4+Rf+Tu0rZr5b967NS42IZRx6O4BhOwYdzaMAVNKEFFIbwAE/w7Anv0XvxXhetOW85cwg/4L19Arabjhk=</latexit>µ

<latexit sha1_base64="NiR0aqDzC7qHVSQlT7FWrrYVq+0=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcwGyeMW9OIxonlAsoTZyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xtkkgooWNBRV3XR3+bHg2mD84eTW1jc2t/LbhZ3dvf2D4uFRR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Crzu/dMaR7JOzOLmReSseQBp8RY6XYgk2GxhMvYolpFGXHr2LWk0ahXKg3kLiyMS7BCa1h8H4wimoRMGiqI1n0Xx8ZLiTKcCjYvDBLNYkKnZMz6lkoSMu2li1Pn6MwqIxREypY0aKF+n0hJqPUs9G1nSMxE//Yy8S+vn5ig7qVcxolhki4XBYlAJkLZ32jEFaNGzCwhVHF7K6ITogg1Np2CDeHrU/Q/6VTKbrXs3lyUmperOPJwAqdwDi7UoAnX0II2UBjDAzzBsyOcR+fFeV225pzVzDH8gPP2Cbggjho=</latexit>⌫

<latexit sha1_base64="6q8xxmi1mI33aryVhVxkzhYB7zA="></latexit>

Uµ⌫(x) = Uµ(x)U⌫(x+ aµ̂)U⌫(x+ a⌫̂)†U⌫(x)
† = exp

⇥
ia2Fµ⌫(x) +O(a3)

⇤

<latexit sha1_base64="qnEhftZLEkZ0BBgFKA+/T0wyPgA="></latexit>

SG =
2

g20

X

x

X

µ<⌫

Re Tr [1� Uµ⌫(x)] �!
a4

2g20

X

x

X

µ⌫

Tr [Fµ⌫(x)Fµ⌫(x)]<latexit sha1_base64="h6q6BwT+ggsPoK1XENgh8xRzuZg=">AAAB9XicdVBNSwMxEM36WetX1aOXYBE8lWyR2t6KXjxWsB/QriWbZtvQ7GZJZi1l6f/w4kERr/4Xb/4bs20FFX0w8Hhvhpl5fiyFAUI+nJXVtfWNzdxWfntnd2+/cHDYMirRjDeZkkp3fGq4FBFvggDJO7HmNPQlb/vjq8xv33NthIpuYRpzL6TDSASCUbDSHe1pMRwB1VpNMOkXiqRELCoVnBG3SlxLarVquVzD7twipIiWaPQL772BYknII2CSGtN1SQxeSjUIJvks30sMjykb0yHvWhrRkBsvnV89w6dWGeBAaVsR4Ln6fSKloTHT0LedIYWR+e1l4l9eN4Gg6qUiihPgEVssChKJQeEsAjwQmjOQU0so08LeitmIasrABpW3IXx9iv8nrXLJrZTcm/Ni/XIZRw4doxN0hlx0geroGjVQEzGk0QN6Qs/OxHl0XpzXReuKs5w5Qj/gvH0CpZ+Snw==</latexit>

a ! 0

Wilson 
action

<latexit sha1_base64="lOZog39Feyat4/KlAHV2eqdIJwA="></latexit>

SG = �
X

x

X

µ<⌫

Re Tr

⇢
1

3
[1� Uµ⌫(x)]

�
; � =

6

g20
usually rewritten as

� The Yang-Mills theory is defined and SU(3)-gauge-invariant: 
<latexit sha1_base64="M17hTCff7+M9fy/69Uo3CtDHH6c="></latexit>

a(g) =
1

⇤

⇥
b0g

2
⇤�b1/(2b

2
0) e

� 1
2b0g2

We finally have to remove the regulator: the continuum limit  

the gauge coupling is the handle to change the lattice spacing

vanishing gauge coupling<latexit sha1_base64="9VJLygYsZo1MvOI7Af+J9StShek=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5IU6WNXcOOygm2FdiiZNG1DM8mQZJQ69EvcuFDErZ/izr8x01ZQ0QMXDufcy733hLHgxiL04eXW1jc2t/LbhZ3dvf2if3DYMSrRlLWpEkrfhMQwwSVrW24Fu4k1I1EoWDecXmR+95Zpw5W8trOYBREZSz7ilFgnDfwi6Ws+nliitbqDCA78EiojhDDGMCO4VkWONBr1Cq5DnFkOJbBCa+C/94eKJhGTlgpiTA+j2AYp0ZZTweaFfmJYTOiUjFnPUUkiZoJ0cfgcnjplCEdKu5IWLtTvEymJjJlFoeuMiJ2Y314m/uX1EjuqBymXcWKZpMtFo0RAq2CWAhxyzagVM0cI1dzdCumEaEKty6rgQvj6FP5POpUyrpbx1XmpiVZx5MExOAFnAIMaaIJL0AJtQEECHsATePbuvUfvxXtdtua81cwR+AHv7RNofpLh</latexit>

a ! 0

� The physics must stay the same: dimensionful 
quantities             diverge in lattice units      in 
the continuum limit      gaussian fixed point

<latexit sha1_base64="FH4GR6ldCc1FL0IYGbZ6bPajnAI=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXNSnSx0IouHFZwT6gHUomzbShSWZIMmIZ+hFuXCji1u9x59+YaSuo6IELh3Pu5d57glhwYxH68FZW19Y3NnNb+e2d3b39wsFh20SJpqxFIxHpbkAME1yxluVWsG6sGZGBYJ1gcpX5nTumDY/UrZ3GzJdkpHjIKbFO6vTv+SU+l4NCEZUQQhhjmBFcrSBH6vVaGdcgziyHIliiOSi894cRTSRTlgpiTA+j2Pop0ZZTwWb5fmJYTOiEjFjPUUUkM346P3cGT50yhGGkXSkL5+r3iZRIY6YycJ2S2LH57WXiX14vsWHNT7mKE8sUXSwKEwFtBLPf4ZBrRq2YOkKo5u5WSMdEE2pdQnkXwten8H/SLpdwpYRvLooNtIwjB47BCTgDGFRBA1yDJmgBCibgATyBZy/2Hr0X73XRuuItZ47AD3hvn9KXjzE=</latexit>

⇠ = 1/m
<latexit sha1_base64="X+VmUUlebZ81vaN84oi3ZPIMHxk=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU02K9ONW8OKxgtsW2lKyadqGZrNLkhVL6W/w4kERr/4gb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUNFGiGfdZJCPdDqjhUijuW2Elb8ea0zCQvBVMrlK/dce1EZG6tdOY90I6UmIoGLVO8rv34oL28wVcxBgTQlBKSKWMHanVqiVSRSS1HAqwQqOff+8OIpaEXFkmqTEdgmPbm1FtBZN8nusmhseUTeiIdxxVNOSmN1scO0dnThmgYaRdKYsW6veJGQ2NmYaB6wypHZvfXir+5XUSO6z2ZkLFieWKLRcNE4lshNLP0UBozqycOkKZFu5WxMZUU2ZdPjkXwten6H/SLBVJuUhuLgt1vIojCydwCudAoAJ1uIYG+MBAwAM8wbOnvEfvxXtdtma81cwx/ID39gnMM46j</latexit>

⇠/a

➔

� From asymptotic freedom

<latexit sha1_base64="CLZ9y6S0WsPD2MgIkr/e9lzAQp8="></latexit>

U 0
µ(x) = ⌦(x)Uµ(x)⌦(x+ aµ̂)



The action: the quark sector

� Putting fermions on the lattice is not straightforward: Wilson fermions, staggered 
fermions, variants, …
� Wilson fermions: fully theoretically solid

<latexit sha1_base64="MyfaF3U0oanPMxaHPWJ+jCGwnvs="></latexit>

SF = a4
X

x

 (x)(D +m0) (x), D = DW

<latexit sha1_base64="fXmP1R7D3u2WDuEutQkJBskPw9I="></latexit>

DW =
1

2

�
�µ(r⇤

µ +rµ)� ar⇤
µrµ

 

<latexit sha1_base64="fUZ2Rj0U1ojh2uW5DuUjIDe06V0="></latexit>

arµ (x) = Uµ(x) (x+ aµ̂)�  (x)
<latexit sha1_base64="PgL/NWhjxgOK7skzUbSnWstaeiI="></latexit>

ar⇤
µ (x) =  (x)� U†

µ(x� aµ̂) (x� aµ̂)

Dirac-Wilson 
operator

<latexit sha1_base64="N4mXqy92Dt1zss2eP7lMMOu5MH0=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkitb0VvXhswX5Au5Rsmm1js9klyYpl6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nTumNI/kjZnGzAvJSPKAU2Ks1LwfFIq4hC0qFZQRt4pdS2q1arlcQ+7cwrgISzQGhff+MKJJyKShgmjdc3FsvJQow6lgs3w/0SwmdEJGrGepJCHTXjo/dIZOrTJEQaRsSYPm6veJlIRaT0PfdobEjPVvLxP/8nqJCapeymWcGCbpYlGQCGQilH2NhlwxasTUEkIVt7ciOiaKUGOzydsQvj5F/5N2ueRWSm7zvFi/XMaRg2M4gTNw4QLqcA0NaAEFBg/wBM/OrfPovDivi9YVZzlzBD/gvH0CP4WNPw==</latexit>x <latexit sha1_base64="N4mXqy92Dt1zss2eP7lMMOu5MH0=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkitb0VvXhswX5Au5Rsmm1js9klyYpl6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nTumNI/kjZnGzAvJSPKAU2Ks1LwfFIq4hC0qFZQRt4pdS2q1arlcQ+7cwrgISzQGhff+MKJJyKShgmjdc3FsvJQow6lgs3w/0SwmdEJGrGepJCHTXjo/dIZOrTJEQaRsSYPm6veJlIRaT0PfdobEjPVvLxP/8nqJCapeymWcGCbpYlGQCGQilH2NhlwxasTUEkIVt7ciOiaKUGOzydsQvj5F/5N2ueRWSm7zvFi/XMaRg2M4gTNw4QLqcA0NaAEFBg/wBM/OrfPovDivi9YVZzlzBD/gvH0CP4WNPw==</latexit>x



The action: the quark sector

� Putting fermions on the lattice is not straightforward: Wilson fermions, staggered 
fermions, variants, …
� Wilson fermions: fully theoretically solid

<latexit sha1_base64="MyfaF3U0oanPMxaHPWJ+jCGwnvs="></latexit>

SF = a4
X

x

 (x)(D +m0) (x), D = DW

<latexit sha1_base64="fXmP1R7D3u2WDuEutQkJBskPw9I="></latexit>

DW =
1

2

�
�µ(r⇤

µ +rµ)� ar⇤
µrµ

 

<latexit sha1_base64="fUZ2Rj0U1ojh2uW5DuUjIDe06V0="></latexit>

arµ (x) = Uµ(x) (x+ aµ̂)�  (x)
<latexit sha1_base64="PgL/NWhjxgOK7skzUbSnWstaeiI="></latexit>

ar⇤
µ (x) =  (x)� U†

µ(x� aµ̂) (x� aµ̂)

Dirac-Wilson 
operator

<latexit sha1_base64="N4mXqy92Dt1zss2eP7lMMOu5MH0=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkitb0VvXhswX5Au5Rsmm1js9klyYpl6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nTumNI/kjZnGzAvJSPKAU2Ks1LwfFIq4hC0qFZQRt4pdS2q1arlcQ+7cwrgISzQGhff+MKJJyKShgmjdc3FsvJQow6lgs3w/0SwmdEJGrGepJCHTXjo/dIZOrTJEQaRsSYPm6veJlIRaT0PfdobEjPVvLxP/8nqJCapeymWcGCbpYlGQCGQilH2NhlwxasTUEkIVt7ciOiaKUGOzydsQvj5F/5N2ueRWSm7zvFi/XMaRg2M4gTNw4QLqcA0NaAEFBg/wBM/OrfPovDivi9YVZzlzBD/gvH0CP4WNPw==</latexit>x <latexit sha1_base64="N4mXqy92Dt1zss2eP7lMMOu5MH0=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkitb0VvXhswX5Au5Rsmm1js9klyYpl6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nTumNI/kjZnGzAvJSPKAU2Ks1LwfFIq4hC0qFZQRt4pdS2q1arlcQ+7cwrgISzQGhff+MKJJyKShgmjdc3FsvJQow6lgs3w/0SwmdEJGrGepJCHTXjo/dIZOrTJEQaRsSYPm6veJlIRaT0PfdobEjPVvLxP/8nqJCapeymWcGCbpYlGQCGQilH2NhlwxasTUEkIVt7ciOiaKUGOzydsQvj5F/5N2ueRWSm7zvFi/XMaRg2M4gTNw4QLqcA0NaAEFBg/wBM/OrfPovDivi9YVZzlzBD/gvH0CP4WNPw==</latexit>x

<latexit sha1_base64="kcKQ2rUh1K2DSUBqNh5NYc/zcc0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSIISkmK9LEr6MJlRfuA6VAyaaYNzUyGJCOUoZ/hxoUibv0ad/6NmbaCih64cDjnXu69x48F1wahDye3srq2vpHfLGxt7+zuFfcPOlomirI2lUKqnk80EzxibcONYL1YMRL6gnX9yWXmd++Z0lxGd2YaMy8ko4gHnBJjJfeM9M/h1SC97c4GxRIqI4QwxjAjuFZFljQa9QquQ5xZFiWwRGtQfO8PJU1CFhkqiNYuRrHxUqIMp4LNCv1Es5jQCRkx19KIhEx76fzkGTyxyhAGUtmKDJyr3ydSEmo9DX3bGRIz1r+9TPzLcxMT1L2UR3FiWEQXi4JEQCNh9j8ccsWoEVNLCFXc3grpmChCjU2pYEP4+hT+TzqVMq6W8c1FqYmWceTBETgGpwCDGmiCa9ACbUCBBA/gCTw7xnl0XpzXRWvOWc4cgh9w3j4BPhWQiw==</latexit>

+aDSW

� Lattice discretization artifacts are           and they can be reduced to 
<latexit sha1_base64="sh5gnOAiEba30mvboWIkCr2LkIg=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6KUmRPnYFN+6sYB/QGUomzbShmcyQZIQyzG+4caGIW3/GnX9jpq2gogcuHM65l3vv8WPBtUHow1lb39jc2i7sFHf39g8OS0fHPR0lirIujUSkBj7RTHDJuoYbwQaxYiT0Bev7s6vc798zpXkk78w8Zl5IJpIHnBJjJTd1KRHpTZZVyMWoVEZVhBDGGOYEN+rIklarWcNNiHPLogxW6IxK7+44oknIpKGCaD3EKDZeSpThVLCs6CaaxYTOyIQNLZUkZNpLFzdn8NwqYxhEypY0cKF+n0hJqPU89G1nSMxU//Zy8S9vmJig6aVcxolhki4XBYmAJoJ5AHDMFaNGzC0hVHF7K6RTogg1NqaiDeHrU/g/6dWquF7Ft5flNlrFUQCn4AxUAAYN0AbXoAO6gIIYPIAn8OwkzqPz4rwuW9ec1cwJ+AHn7RP45JGZ</latexit>

O(a)
<latexit sha1_base64="X3SJGAcHU2L1VvdqY8rsySMXEJw=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUTUmK9LEruHFnBfuAdloyaaYNzWSGJKOUof/hxoUibv0Xd/6NmbaCih64cDjnXu69x4sE1wahDyeztr6xuZXdzu3s7u0f5A+P2jqMFWUtGopQdT2imeCStQw3gnUjxUjgCdbxppep37ljSvNQ3ppZxNyAjCX3OSXGSoOkT4lIrufzIhmUz4f5AiohhDDGMCW4WkGW1Ou1Mq5BnFoWBbBCc5h/749CGgdMGiqI1j2MIuMmRBlOBZvn+rFmEaFTMmY9SyUJmHaTxdVzeGaVEfRDZUsauFC/TyQk0HoWeLYzIGaif3up+JfXi41fcxMuo9gwSZeL/FhAE8I0AjjiilEjZpYQqri9FdIJUYQaG1TOhvD1KfyftMslXCnhm4tCA63iyIITcAqKAIMqaIAr0AQtQIECD+AJPDv3zqPz4rwuWzPOauYY/IDz9gkmzpI9</latexit>

O(a2)

� The lattice action is gauge-invariant:
<latexit sha1_base64="t0UkLJ91Sfksf78ylUb9hEc3u8Y="></latexit>

 0(x) ! ⌦(x) (x)
<latexit sha1_base64="zn1ZtvM5kOTJgEm5m6aCWtAiaQ4="></latexit>

 
0
(x) !  (x)⌦†(x)

� handle on   ,       modifies the quark masses: lines of constant physics 
<latexit sha1_base64="JVL3v3eu5gAgxdlZgbZIFXsTQPw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyUp0sdCKLhxWcE+oDMOmTTThmYeJBmhDAV/xY0LRdz6He78GzNtBRU9cOFwzr3ce4+fCK40Qh9WYWV1bX2juFna2t7Z3bP3D7oqTiVlHRqLWPZ9opjgEetorgXrJ5KR0Bes508uc793x6TicXSjpwlzQzKKeMAp0Uby7CPHZ5pcOIEkNKvNspGHbqszzy6jCkIIYwxzgus1ZEiz2ajiBsS5ZVAGS7Q9+90ZxjQNWaSpIEoNMEq0mxGpORVsVnJSxRJCJ2TEBoZGJGTKzebnz+CpUYYwiKWpSMO5+n0iI6FS09A3nSHRY/Xby8W/vEGqg4ab8ShJNYvoYlGQCqhjmGcBh1wyqsXUEEIlN7dCOiYmCW0SK5kQvj6F/5NutYJrFXx9Xm6hZRxFcAxOwBnAoA5a4Aq0QQdQkIEH8ASerXvr0XqxXhetBWs5cwh+wHr7BAs3lYA=</latexit>

� =
6

g20

<latexit sha1_base64="V9o2R57yMnoOIV22BkWD3zQUBOM=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstwCXjwmYBZIhtDT6Una9Cx09whhyBd48aCIVz/Jm39jTxJBRR8UPN6roqqeF0uhDcYfTm5jc2t7J79b2Ns/ODwqHp90dZQoxjsskpHqe1RzKULeMcJI3o8Vp4Enec+bXWd+754rLaLw1sxj7gZ0EgpfMGqs1KajYgmXMcaEEJQRUqtiSxqNeoXUEcksixKs0RoV34fjiCUBDw2TVOsBwbFxU6qMYJIvCsNE85iyGZ3wgaUhDbh20+WhC3RhlTHyI2UrNGipfp9IaaD1PPBsZ0DNVP/2MvEvb5AYv+6mIowTw0O2WuQnEpkIZV+jsVCcGTm3hDIl7K2ITamizNhsCjaEr0/R/6RbKZNqmbSvSk28jiMPZ3AOl0CgBk24gRZ0gAGHB3iCZ+fOeXRenNdVa85Zz5zCDzhvnwzwjQ8=</latexit>a <latexit sha1_base64="yPUmGTiI/PQqYQCLmKSl5Jh5zF0=">AAAB6nicdVDLSgMxFL3js9ZX1aWbYBFclaRIH7uCG5cV7QPaoWTStA1NZoYkI5Shn+DGhSJu/SJ3/o2ZtoKKHrhwOOde7r0niKUwFuMPb219Y3NrO7eT393bPzgsHB23TZRoxlsskpHuBtRwKULessJK3o01pyqQvBNMrzK/c8+1EVF4Z2cx9xUdh2IkGLVOulUDPCgUcQljTAhBGSHVCnakXq+VSQ2RzHIowgrNQeG9P4xYonhomaTG9AiOrZ9SbQWTfJ7vJ4bHlE3pmPccDanixk8Xp87RuVOGaBRpV6FFC/X7REqVMTMVuE5F7cT89jLxL6+X2FHNT0UYJ5aHbLlolEhkI5T9jYZCc2blzBHKtHC3IjahmjLr0sm7EL4+Rf+TdrlEKiVyc1ls4FUcOTiFM7gAAlVowDU0oQUMxvAAT/DsSe/Re/Fel61r3mrmBH7Ae/sEQu6Nvg==</latexit>m0



The non-perturbative computations

<latexit sha1_base64="pKarG1HgyKVZU91RnelReh4+WWg=">AAAB8nicdVDLSgMxFM3UV62vqks3wSIIQkmK9LEQCoK6rNQ+YDoMmTTThmYeJBmhDP0MNy4UcevXuPNvzLQVVPTAhcM593LvPV4suNIIfVi5ldW19Y38ZmFre2d3r7h/0FVRIinr0EhEsu8RxQQPWUdzLVg/lowEnmA9b3KZ+b17JhWPwjs9jZkTkFHIfU6JNpLdvmi71/AMtt0rt1hCZYQQxhhmBNeqyJBGo17BdYgzy6AElmi5xffBMKJJwEJNBVHKxijWTkqk5lSwWWGQKBYTOiEjZhsakoApJ52fPIMnRhlCP5KmQg3n6veJlARKTQPPdAZEj9VvLxP/8uxE+3Un5WGcaBbSxSI/EVBHMPsfDrlkVIupIYRKbm6FdEwkodqkVDAhfH0K/yfdShlXy/j2vNREyzjy4Agcg1OAQQ00wQ1ogQ6gIAIP4Ak8W9p6tF6s10VrzlrOHIIfsN4+AWgYj/4=</latexit>

S = SG + SF

� Lattice QCD: continuum infinity        countable infinity of d.o.f. ➔ ➔
numerical 
methods

<latexit sha1_base64="hgY6okPUle0+qsC/up69kYfF6eE="></latexit>

Z =

Z
DUµ D D e�S

� Fermions on computers: not simply implementable, possible but very inefficient 
<latexit sha1_base64="6nR4Uws2gpmKMGO7XeQDAb+6L0Q="></latexit>Z

D D e� DF = det(DF ) 2 R
<latexit sha1_base64="YhqfA3Jbsfmwxk8FeSmA9SMqB+o=">AAACDHicdVDLSgMxFM34rPVVdekmWARXJSk+6kIoKOKygtVCp5Y7aToGk5khyQil9APc+CtuXCji1g9w59+Yaauo6IHAuefcy809QSKFsYS8exOTU9Mzs7m5/PzC4tJyYWX13MSpZrzOYhnrRgCGSxHxuhVW8kaiOahA8ovg+jDzL264NiKOzmwv4S0FYSS6goF1UrtQ9ENQCto7+Kh9jL+Kg6y89DsQhly7LlIihFBKcUbo3i5xZH+/UqYVTDPLoYjGqLULb34nZqnikWUSjGlSkthWH7QVTPJB3k8NT4BdQ8ibjkaguGn1h8cM8KZTOrgba/cii4fq94k+KGN6KnCdCuyV+e1l4l9eM7XdSqsvoiS1PGKjRd1UYhvjLBncEZozK3uOANPC/RWzK9DArMsv70L4vBT/T87LJbpboqfbxSoZx5FD62gDbSGK9lAVnaAaqiOGbtE9ekRP3p334D17L6PWCW88s4Z+wHv9ADc4mcw=</latexit>

�5DF �5 = D†
F

<latexit sha1_base64="Qp+fylcW4LSLE1eVZL9MEat+1eU="></latexit>

Seff = SG �
X

f

log det(Df
F )

<latexit sha1_base64="hKllEROEgPyrKYfcMmm1saRbdSo="></latexit>

Z =

Z
DUµ e�Seff

� for an observable we rewrite
<latexit sha1_base64="m6vYOlDhaPlmoqcCRA37+FaMSgU="></latexit>

hOi = 1

Z

Z
DUµ D D O[Uµ, , ] e

�S =
1

Z

Z
DUµ

R
D D O[Uµ, , ] e�SF

R
D D e�SF

Z
D D e�SF e�SG =

<latexit sha1_base64="EO+tkqDY/6g17ckMAyJfLKlhukQ="></latexit>

1

Z

Z
DUµ hOiG e�Seff

� QCD functional integral in terms only of the gauge field

� Crucial issue: if            is positive     it can be viewed as a probability distribution
<latexit sha1_base64="LCJG+sGg7yWgEkOFVIjq6K+XVRs=">AAAB/HicdVDJSgNBEO1xN25xuXlpDIIXQ3cOWU4KHvSoaKKQxNDTqdEmPQvdPWIcxl/x4kERPYkf4s2jf2JPoqCiDwoe71VRVc+NpNCGkDdnZHRsfGJyajo3Mzs3v5BfXGroMFYc6jyUoTpxmQYpAqgbYSScRAqY70o4dns7mX98AUqLMDgy/QjaPjsLhCc4M1bq5JdbvhteJpCeJpuHnQQ8L007+QIpEkIopTgjtFImltRq1RKtYppZFoWt56v33aeVZL+Tf211Qx77EBgumdZNSiLTTpgygktIc61YQ8R4j51B09KA+aDbyeD4FK9bpYu9UNkKDB6o3ycS5mvd913b6TNzrn97mfiX14yNV20nIohiAwEfLvJiiU2IsyRwVyjgRvYtYVwJeyvm50wxbmxeORvC16f4f9IoFWm5SA9IYZugIabQKlpDG4iiCtpGe2gf1RFHfXSD7tC9c+3cOg/O47B1xPmcWUY/4Lx8AMhamS4=</latexit>

e�Seff
➔

� For f=s,c,b,t                        , light quarks degenerate
<latexit sha1_base64="qTA2MehDOBo+xZX80tBgDPTvcTE=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUTUmK9LGRgiIuK9gHtGPJZDJtaOZhkimUod/hxoUibv0Yd/6NmbaCih64cDjnXu69x4kEVxqhDyuzsrq2vpHdzG1t7+zu5fcP2iqMJWUtGopQdh2imOABa2muBetGkhHfEazjjC9SvzNhUvEwuNXTiNk+GQbc45RoI9l9l+ni5eDqzjs9R4N8AZUQQhhjmBJcrSBD6vVaGdcgTi2DAliiOci/992Qxj4LNBVEqR5GkbYTIjWngs1y/VixiNAxGbKeoQHxmbKT+dEzeGIUF3qhNBVoOFe/TyTEV2rqO6bTJ3qkfnup+JfXi7VXsxMeRLFmAV0s8mIBdQjTBKDLJaNaTA0hVHJzK6QjIgnVJqecCeHrU/g/aZdLuFLCN2eFBlrGkQVH4BgUAQZV0ADXoAlagIJ78ACewLM1sR6tF+t10ZqxljOH4Aest09nrZEr</latexit>

det(Df
F ) > 0

<latexit sha1_base64="1S7o0CitZ3GAva+TxF+dVpIkqlU=">AAACD3icdZDJSkMxFIZz61TrVHXpJliUdlOSIh0WSkERlxXsAJ3IzU3b0NyBJFcopW/gxldx40IRt27d+TbmtrWo6IHAx/+fw8n57UBwpRH6sGJLyyura/H1xMbm1vZOcnevpvxQUlalvvBlwyaKCe6xquZasEYgGXFtwer28Dzy67dMKu57N3oUsLZL+h7vcUq0kbrJ45bDdPqie9kJMwt0MqcLFplO7gx1kymURQhhjGEEuJBHBkqlYg4XIY4sUykwr0o3+d5yfBq6zNNUEKWaGAW6PSZScyrYJNEKFQsIHZI+axr0iMtUezy9ZwKPjOLAni/N8zScqt8nxsRVauTaptMleqB+e5H4l9cMda/YHnMvCDXz6GxRLxRQ+zAKBzpcMqrFyAChkpu/QjogklBtIkyYEL4uhf9DLZfF+Sy+PkmV0TyOODgAhyANMCiAMrgCFVAFFNyBB/AEnq1769F6sV5nrTFrPrMPfpT19gmF2ppk</latexit>

det(Du
F ) det(D

d
F ) = det(Dl

F )
2 > 0

� technical note: fermionic det’s are then rewritten as local actions of auxiliary 
bosonic fields (pseudofermions).          : action of fields with local interactions

<latexit sha1_base64="q4ejeezBmLHYkJUsE+1tIJjGrPI=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXJSnSx67gxmVF+4C2lEx6pw3NZIYkI5ShH+HGhSJu/R53/o2ZtoKKHrhwOOde7r3Hj6UwlpAPb219Y3NrO7eT393bPzgsHB23TZRoDi0eyUh3fWZACgUtK6yEbqyBhb6Ejj+9yvzOPWgjInVnZzEMQjZWIhCcWSd1bocpBMF8WCiSEiGEUoozQqsV4ki9XivTGqaZ5VBEKzSHhff+KOJJCMpyyYzpURLbQcq0FVzCPN9PDMSMT9kYeo4qFoIZpItz5/jcKSMcRNqVsnihfp9IWWjMLPRdZ8jsxPz2MvEvr5fYoDZIhYoTC4ovFwWJxDbC2e94JDRwK2eOMK6FuxXzCdOMW5dQ3oXw9Sn+n7TLJVop0ZvLYoOs4sihU3SGLhBFVdRA16iJWoijKXpAT+jZi71H78V7XbaueauZE/QD3tsns6SPxQ==</latexit>

Seff



The Monte Carlo simulations

<latexit sha1_base64="6PI497thHMWXRf763QX7JKtGjOU="></latexit>

hOi = 1

Z

Z
DUµ hOiG e�Seff =

Z
DUµ hOiG P [Uµ]

� QCD functional integral is the partition function of a statistical system with positive 
probability distribution  

<latexit sha1_base64="dn4WAn9qKZfgkrAih3xYTkUnevs="></latexit>

P [Uµ] > 0,

Z
DUµ P [Uµ] = 1

� We have to perform integrals in many variables: Monte Carlo sampling

� The path-integral is computed by generating an ensamble of configurations of the 
gauge field (Markov chains)                                      with probability <latexit sha1_base64="H6hJ+lnpTF3nBfb1r3VjjQ6JY40="></latexit>

U (1)
µ , U (2)

µ , U (3)
µ , . . . U (N)

µ

<latexit sha1_base64="H72XwYjKE0QuV5CwoQMW0xHB28w=">AAAB73icdVDLSgMxFM3UV62vWnHlJlgEVyUp2Meu4MZlBactTIeSSTNtaOZhkhHK0K0rV24UFNGlv+POvzHTKqjogQuHc+7l3nu8WHClEXq3ckvLK6tr+fXCxubW9k5xt9RRUSIps2kkItnziGKCh8zWXAvWiyUjgSdY15ucZn73iknFo/BCT2PmBmQUcp9Too3Uazv2oB8k7qBYRhWEEMYYZgTXa8iQZrNRxQ2IM8ug3Cq9XN+f7N+0B8W3/jCiScBCTQVRysEo1m5KpOZUsFmhnygWEzohI+YYGpKAKTed3zuDR0YZQj+SpkIN5+r3iZQESk0Dz3QGRI/Vby8T//KcRPsNN+VhnGgW0sUiPxFQRzB7Hg65ZFSLqSGESm5uhXRMJKHaRFQwIXx9Cv8nnWoF1yr43KSBwAJ5cAAOwTHAoA5a4Ay0gQ0oEOAWPIBH69K6s56s50Vrzvqc2QM/YL1+AO+vktE=</latexit>

P [Uµ]

� Large number of integration variables: can be of order 1010

� Computationally very demanding: parallel computing

<latexit sha1_base64="d+kTakQ1uNXLhRV8fpR/CWRN8j0="></latexit>

hOi = 1

N

NX

n=1

On[U
(k)
µ ]



High Performance Computing (HPC): Leonardo
� Non-perturbative studies of QCD on the lattice: driving force for the development 
of supercomputers

APE100: 40 years ago (top) Leonardo: installation in progress at Cineca, 4th top 

2.4 Gflop = 2.4 109 operations/sec 

250 Pflop = 2.5 1017 operations/sec 

Essential improvement of algorithms



� Computations of QCD on the lattice have accomplished a lot interesting results: 
both theoretically and experimentally 

- Quark masses
- CKM matrix
- 𝛼s 
- (gμ-2): muon anomalous magnetic moment 
- Flavour physics
- Structure and features of Baryons and Mesons (dipole moments, proton decay, …)
- Neutrino – Nucleon interaction
- Axions
- Nuclear physics
- Quark-gluon plasma: QCD under Extreme Conditions
- BSM physics
- …

� Non-perturbative computations of QCD span a wide range of activities
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Precision physics: the muon anomalous magnetic moment
� At classical level a spinning charged particle has a magnetic moment 

<latexit sha1_base64="hJpOw6SteWTidbPqWzE60wqTETg="></latexit>

~µ = g
e

2m
~S

� In QED an electron/muon/tau interact with the photon field

<latexit sha1_base64="yCh/IQS1pLWAymqZ0fds4bPDFBQ=">AAAB8XicdVDLSgMxFM34bOur6tJNsAiCUpIu+lgIBTcuK9gHtqVkMpk2NJMZkoxQhm7c+ANuXCjiVvwZd36NZloFFT1w4XDOvdx7jxsJrg1Cb87C4tLyymomm1tb39jcym/vtHQYK8qaNBSh6rhEM8ElaxpuBOtEipHAFaztjk9Tv33FlOahvDCTiPUDMpTc55QYK10OT0pHPeGFRg/yBVRECGGMYUpwpYwsqdWqJVyFOLUsCvXsjffyfn3cGORfe15I44BJQwXRuotRZPoJUYZTwaa5XqxZROiYDFnXUkkCpvvJ7OIpPLCKB/1Q2ZIGztTvEwkJtJ4Eru0MiBnp314q/uV1Y+NX+wmXUWyYpPNFfiygCWH6PvS4YtSIiSWEKm5vhXREFKHGhpSzIXx9Cv8nrVIRl4v43KaBwBwZsAf2wSHAoALq4Aw0QBNQIMEtuAcPjnbunEfnad664HzO7IIfcJ4/AOzRlBU=</latexit>

g = 2 + . . .

<latexit sha1_base64="Cx7sjGpu9MwK5dLSNpxW7pzL9vQ=">AAAB7XicdVC7SgNBFJ31mcRX1NJmMAgWEmZS5NEFbCwjmAckS5idnU3GzOwuM7NCWNLY2NpYKGJr5c/Y+TU6myio6IELh3Pu5d57vFhwbRB6c5aWV1bX1nP5wsbm1vZOcXevo6NEUdamkYhUzyOaCR6ytuFGsF6sGJGeYF1vcpr53SumNI/CCzONmSvJKOQBp8RYqTMYESnJsFhCZYQQxhhmBNeqyJJGo17BdYgzy6LUzN/4L+/XJ61h8XXgRzSRLDRUEK37GMXGTYkynAo2KwwSzWJCJ2TE+paGRDLtpvNrZ/DIKj4MImUrNHCufp9IidR6Kj3bKYkZ699eJv7l9RMT1N2Uh3FiWEgXi4JEQBPB7HXoc8WoEVNLCFXc3grpmChCjQ2oYEP4+hT+TzqVMq6W8blNA4EFcuAAHIJjgEENNMEZaIE2oOAS3IJ78OBEzp3z6DwtWpecz5l98APO8weWUJLJ</latexit>�

<latexit sha1_base64="Xlcoka0UJkbf3CC6gIvLFOf9mfo=">AAAB8XicdVDLSgMxFM34rPU16k43wSK4apMu+tgV3Lhw0YJ9YKeUTJppQzOZIckIpfQL3LpxoYhbP8M/cOdf+AlmWgUVPXDhcM693HuPHwuuDUJvztLyyuraemYju7m1vbPr7u23dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2Pz1K/fc2U5pG8NJOY9UIylDzglBgrXbGCFyYFz5Ck7+ZQHiGEMYYpweUSsqRarRRxBeLUss jV3Mb7y8XhTb3vvnqDiCYhk4YKonUXo9j0pkQZTgWbZb1Es5jQMRmyrqWShEz3pvOLZ/DEKgMYRMqWNHCufp+YklDrSejbzpCYkf7tpeJfXjcxQaU35TJODJN0sShIBDQRTN+HA64YNWJiCaGK21shHRFFqLEhZW0IX5/C/0mrmMelPG7YNBBYIAOOwDE4BRiUQQ2cgzpoAgokuAX34MHRzp3z6DwtWpecz5kD8APO8wfDfJPw</latexit>

e/µ/⌧
<latexit sha1_base64="Xlcoka0UJkbf3CC6gIvLFOf9mfo=">AAAB8XicdVDLSgMxFM34rPU16k43wSK4apMu+tgV3Lhw0YJ9YKeUTJppQzOZIckIpfQL3LpxoYhbP8M/cOdf+AlmWgUVPXDhcM693HuPHwuuDUJvztLyyuraemYju7m1vbPr7u23dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2Pz1K/fc2U5pG8NJOY9UIylDzglBgrXbGCFyYFz5Ck7+ZQHiGEMYYpweUSsqRarRRxBeLUssjV3Mb7y8XhTb3vvnqDiCYhk4YKonUXo9j0pkQZTgWbZb1Es5jQMRmyrqWShEz3pvOLZ/DEKgMYRMqWNHCufp+YklDrSejbzpCYkf7tpeJfXjcxQaU35TJODJN0sShIBDQRTN+HA64YNWJiCaGK21shHRFFqLEhZW0IX5/C/0mrmMelPG7YNBBYIAOOwDE4BRiUQQ2cgzpoAgokuAX34MHRzp3z6DwtWpecz5kD8APO8wfDfJPw</latexit>

e/µ/⌧

<latexit sha1_base64="3ryEmJ+wlR2op449tFsUstJUE28=">AAAB+nicdVDLSgMxFM3UV62vVpe6CBalLixJwT4WYsGN7irYB7S1ZNJMG5p5kGSUMvZT3LhQxK0rP8Odf2OmVVDRAxcO59zLvffYgeBKI/RuJebmFxaXksupldW19Y10ZrOh/FBSVqe+8GXLJooJ7rG65lqwViAZcW3BmvboNPab10wq7nuXehywrksGHnc4JdpIvXSGHHccSWiUGxwWDiZRYdJLZ1EeIYQxhjHBpSIypFIpF3AZ4tgyyFb3d85fr45Oar30W6fv09BlnqaCKNXGKNDdiEjNqWCTVCdULCB0RAasbahHXKa60fT0CdwzSh86vjTlaThVv09ExFVq7Nqm0yV6qH57sfiX1w61U+5G3AtCzTw6W+SEAmofxjnAPpeMajE2hFDJza2QDolJQpu0UiaEr0/h/6RRyONiHl+YNBCYIQm2wS7IAQxKoArOQA3UAQU34A48gEfr1rq3nqznWWvC+pzZAj9gvXwAYpyVoQ==</latexit>

a =
(g � 2)

2
anomaly:

it can be measured very 
accurately and it is sensible 
to New Physics (mlepton

2)

� In the Standard Model:

� The hadronic contribution is dominated by the Hadronic Vacuum Polarization 
and it is the leading order of the final theoretical uncertainty: we must be precise! 

<latexit sha1_base64="Z6f5OJwHHUa/4O5vTKDV/o8RIEE="></latexit>

aSM

µ
= aQED

µ
+ aWeak

µ
+ aHad

µ

� The HVP can be computed theoretically from the data of e+e-     hadron and,
from first principles, from Monte Carlo calculations on the lattice

➔



Comparison with the Standard Model
<latexit sha1_base64="RXyGnj2wtTTFt3mwr+VSjqjIEVc="></latexit>

aexpµ = 116 592 059 (22)⇥ 10�11 [190 ppb]

G. Venanzoni,
EPS-HEP2023

� The situation is quite uncertain on the theory side



HVP from Lattice QCD
<latexit sha1_base64="oylv2ABeWl72we/O5FNjBXbqse0="></latexit>

aHVP
µ =

⇣↵
⇡

⌘2
Z 1

0
K(t,mµ)G(t) dt

<latexit sha1_base64="MuB/1sSVV5R+LEEyeMlZOYFdO14=">AAAB+XicdVDLSgMxFM34rPU16tJNsAgupGSK1BY3RTcuK9gHdIYhk6ZtaJIZkkyhDP0TNy4UceufuPNvzLQVVPTAhcM593LvPVHCmTYIfTgrq2vrG5uFreL2zu7evntw2NZxqghtkZjHqhthTTmTtGWY4bSbKIpFxGknGt/kfmdClWaxvDfThAYCDyUbMIKNlULX9TFPRvgc+ldQhL5IQ7eEysiiWoU58WrIs6Rer1UqdejNLYRKYIlm6L77/ZikgkpDONa656HEBBlWhhFOZ0U/1TTBZIyHtGepxILqIJtfPoOnVunDQaxsSQPn6veJDAutpyKynQKbkf7t5eJfXi81g1qQMZmkhkqyWDRIOTQxzGOAfaYoMXxqCSaK2VshGWGFibFhFW0IX5/C/0m7UvaqZe/uotS4XsZRAMfgBJwBD1yCBrgFTdACBEzAA3gCz07mPDovzuuidcVZzhyBH3DePgGRMZL9</latexit>↵, mµ : electromagnetic coupling constant and the muon mass 
<latexit sha1_base64="lS4nKWwVulNwXbiYrLvN2p+NC3g=">AAAB8XicdVBNSwMxEJ31s9avqkcvwSJUkLJbpLa3ohfBSwX7ge1Ssmm2DU2yS5IVSum/8OJBEa/+G2/+G7NtBRV9MPB4b4aZeUHMmTau++EsLa+srq1nNrKbW9s7u7m9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegy9Vv3VGkWyVszjqkv8ECykBFsrHR3XTCnotcVyUkvl3eLrkW5jFLiVVzPkmq1UipVkTezXDcPC9R7ufduPyKJoNIQjrXueG5s/AlWhhFOp9luommMyQgPaMdSiQXV/mR28RQdW6WPwkjZkgbN1O8TEyy0HovAdgpshvq3l4p/eZ3EhBV/wmScGCrJfFGYcGQilL6P+kxRYvjYEkwUs7ciMsQKE2NDytoQvj5F/5NmqeiVi97NWb52sYgjA4dwBAXw4BxqcAV1aAABCQ/wBM+Odh6dF+d13rrkLGYO4Aect0/aa5Bn</latexit>

K(t,mµ) : known analytic function increasing as      at large time
<latexit sha1_base64="4dcJY5uSKwRetYINAok/tX7RoAI=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgqWQXqe2t6MVjRfsB7VqyabYNzWaXZFYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYkUBgj5cHIrq2vrG/nNwtb2zu5ecf+gZeJUM95ksYx1J6CGS6F4EwRI3kk0p1EgeTsYX2Z++55rI2J1C5OE+xEdKhEKRsFKN3Dn9YslUiYWlQrOiFslriW1WtXzatidW4SU0BKNfvG9N4hZGnEFTFJjui5JwJ9SDYJJPiv0UsMTysZ0yLuWKhpx40/np87wiVUGOIy1LQV4rn6fmNLImEkU2M6Iwsj89jLxL6+bQlj1p0IlKXDFFovCVGKIcfY3HgjNGciJJZRpYW/FbEQ1ZWDTKdgQvj7F/5OWV3YrZff6rFS/WMaRR0foGJ0iF52jOrpCDdREDA3RA3pCz450Hp0X53XRmnOWM4foB5y3T17Ujd8=</latexit>

t2
<latexit sha1_base64="mfeL+JXPHmQ+dn7V/jvOQXcd0YM="></latexit>

G(t) =

Z
d3~x hJem

k (~x, t)Jem
k (0)i

<latexit sha1_base64="aurRCbiC+NAEeLEO7pkWyUXxEGU="></latexit>

Jem
k = i

NfX

f=1

qi �k 
electric 
charge

There are also disconnected contributions that are numerically very challenging

The signal/noise decreases exponentially with the time separation.



HVP from Lattice QCD: window observable
� A weight function is added to the integral to focus on the window 0.4 – 1 fm

1010

There is a puzzling discrepancy, with the Lattice QCD computations is agreement

R-ratio

Lattice QCD



A call for an algorithmic improvement

A B

M. Cè, L. Giusti, S.Schaefer
PRD 93 (2016) 094507 
PRD 95 (2017) 034503 

� Split the dynamics of the lattice 
into independent parts and combine 
them to improve the statistics with 
the same computational effort: 

<latexit sha1_base64="KW8xisLUvRhL7K7qG4ZfPmgJl4M=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgadnd1rbeil48SQXbiu1asmm2Dc0mS5IVytJ/4cWDIl79N978N2bbCir6YODx3gwz84KYUaUd58PKLS2vrK7l1wsbm1vbO8XdvbYSicSkhQUT8iZAijDKSUtTzchNLAmKAkY6wfg88zv3RCoq+LWexMSP0JDTkGKkjXR72U+x4OH0zusXS459Wq96Jx50bMepeeVqRrxaxStD1ygZSmCBZr/43hsInESEa8yQUl3XibWfIqkpZmRa6CWKxAiP0ZB0DeUoIspPZxdP4ZFRBjAU0hTXcKZ+n0hRpNQkCkxnhPRI/fYy8S+vm+iw7qeUx4kmHM8XhQmDWsDsfTigkmDNJoYgLKm5FeIRkghrE1LBhPD1KfyftD3brdruVaXUOFvEkQcH4BAcAxfUQANcgCZoAQw4eABP4NlS1qP1Yr3OW3PWYmYf/ID19gnLrZED</latexit>

N2
conf

� Theoretically and algorithmically very difficult problem: factorization of the 
fermion determinant det(D) ≃ det(DA) det(DB)

M. Dalla Brida, L. Giusti, T. 
Harris, M. Pepe
PLB 816 (2021) 136191

� The method has been applied in an exploratory 
lattice study (                          ) but it has turned 
out to work very efficiently 

<latexit sha1_base64="biuCJuPfoEQR5++ZSZfF6KBEp4g=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXJTNIHwuh6MaNUME+oB1KJs20oUlmTDKFMvQ73LhQxK0f486/MdNWUNEDFw7n3Mu99wQxZ9og9OGsrK6tb2zmtvLbO7t7+4WDw5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgq89sTqjSL5J2ZxtQXeChZyAg2VvJFvxezC6+C4A1t9QtFVEIW5TLMiFtFriW1WtXzatCdWwgVwRKNfuG9N4hIIqg0hGOtuy6KjZ9iZRjhdJbvJZrGmIzxkHYtlVhQ7afzo2fw1CoDGEbKljRwrn6fSLHQeioC2ymwGenfXib+5XUTE1b9lMk4MVSSxaIw4dBEMEsADpiixPCpJZgoZm+FZIQVJsbmlLchfH0K/yctr+SWS+7tebF+uYwjB47BCTgDLqiAOrgGDdAEBNyDB/AEnp2J8+i8OK+L1hVnOXMEfsB5+wRtyJE+</latexit>

m⇡ = 270MeV

� Work in progress to improve efficiency to 
reach the physical point 



QCD under Extreme Conditions
Early Universe

� QCD from elementary particle physics to extreme conditions (finite T and 𝜇): 
intricate, collective, non-perturbative dynamics of Quark-Gluon Plasma emerges   
� Relevant for heavy ion collisions, Nuclear Physics, AstroPhysics, Cosmology
� Monte Carlo simulations at finite density (net number of baryons) represent a 
formidable challenge:

<latexit sha1_base64="lskBuWx7AqmZ6RPvMXhOr9ZnPMI="></latexit>

SF =

Z 1/T

0
dt

Z
d3x [�⌫(@⌫ + iA⌫) + µ�4 +m] =

Z
d4x D(µ) 

<latexit sha1_base64="6UmlDp9xCzcrieMexbkYyGmOVXo="></latexit>

D†(µ) = �5D(�µ⇤)�5
<latexit sha1_base64="AB9JJl0qukKv7VUaV7DUJ/9dPlc="></latexit>

det(D†(µ)) = det(D(µ))⇤ = det(D(�µ⇤))

Dirac operator D is complex for real 𝜇 => no probabilistic interpretation
Imaginary 𝜇 or small values and then using Taylor expansion



Thermal QCD: from finite to High Temperatures 

Low T regime 
essentially a gas of hadrons

a lot of interesting physics takes place in-between: 
chiral symmetry restoration, QGP, thermodynamics, early universe physics … 

� Finite temperature: a new energy scale, T, influences QCD dynamics  

Extremely high T regime 
a plasma of free gluons and quarks

� Idea: when T goes large, the dynamics is ruled by a high-energy scale

asymptotic freedom: the 
gauge coupling g(T) is small

attempt for a perturbative approach
from the Stefan-Boltzmann limit➔

� Thermal QCD: temporal direction is compactified with size      and when it
 becomes of the order or shorter of typical length scale of the system …  

<latexit sha1_base64="rz7kFbS/GStq91QG4t8wy1irLJI=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxW6AumQ8mkmTY0MxmSjFCG+Qw3LhRx69e482/MtBVU9MCFwzn3cu89fiy4Ngh9OIWt7Z3dveJ+6eDw6PikfHo20DJRlPWpFFKNfKKZ4BHrG24EG8WKkdAXbOgvbnJ/eM+U5jLqmWXMvJDMIh5wSoyV3HGgCE1xlvaySbmCqgghjDHMCW42kCXtdquGWxDnlkUFbNCdlN/HU0mTkEWGCqK1i1FsvJQow6lgWWmcaBYTuiAz5loakZBpL12dnMErq0xhIJWtyMCV+n0iJaHWy9C3nSExc/3by8W/PDcxQctLeRQnhkV0vShIBDQS5v/DKVeMGrG0hFDF7a2QzolNwdiUSjaEr0/h/2RQq+JGFd/VK536Jo4iuACX4Bpg0AQdcAu6oA8okOABPIFnxziPzovzum4tOJuZc/ADztsnt6KRgw==</latexit>
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High Temperature Effective Field Theory 

The theory becomes practically static: dimensional reduction

3d Yang-Mills theory with 
gauge coupling                 . 

� Gauge sector

3d scalar field in the adjoint rep.
with mass                  .

<latexit sha1_base64="Salg8zd/Gc13eJJfnmnemmItxxg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KkkpfewKIris0NZCZyiZNNOGJpkhyQil9DfcuFDErT/jzr8x01ZQ0QMXDufcy733hIngxiL04eU2Nre2d/K7hb39g8Oj4vFJz8SppqxLYxHrfkgME1yxruVWsH6iGZGhYHfh9Crz7+6ZNjxWHTtLWCDJWPGIU2Kd5MvhNfQNl3AMO8NiCZURQhhjmBFcryFHms1GBTcgziyHElijPSy++6OYppIpSwUxZoBRYoM50ZZTwRYFPzUsIXRKxmzgqCKSmWC+vHkBL5wyglGsXSkLl+r3iTmRxsxk6DolsRPz28vEv7xBaqNGMOcqSS1TdLUoSgW0McwCgCOuGbVi5gihmrtbIZ0QTah1MRVcCF+fwv9Jr1LGtTK+rZZa1XUceXAGzsElwKAOWuAGtEEXUJCAB/AEnr3Ue/RevNdVa85bz5yCH/DePgHwj5Dx</latexit>

mE ⇠ gT
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g2E = g2T

<latexit sha1_base64="WTs9oFPdx5UkFIp6bqWBi6QXd3Q="></latexit>
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bosons: fermions:
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p0 = 2⇡n0T

<latexit sha1_base64="tqBKxQlofVnuGasSfgZq5moj0ks="></latexit>

p0 = 2⇡(n0 +
1

2
)T

Gauge non-zero modes are 
heavy and suppressed

Quarks are heavy and pick up 
a mass of order  
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⇡T

� At very high T the adjoint scalar field      decouples and one is left with a 3d 
Yang-Mills theory: non-perturbative effects are important even if             is small
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A0
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g2(T )



High Temperature Effective Field Theory 

� Quarks are at the lowest Matsubara mode
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mq = ⇡T

� At high T a hierarchy of 3 energy scales shows up 
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⇡T � gT � g2T
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and non-perturbative effects can be relevant 

spin-dependent



Thermal QCD: non-perturbative approach

� Perturbatively based approaches have been widely used to have information on 
the behaviour of QCD at finite temperature: thermodynamics, screening masses, …

E. Braaten, L. Yaffe, L. McLerran, 
R. Pisarski, S. Huang, M. Lissia, 
J._P. Blaziot, E. Iancu, M. Laine, …

� Method of choice: Lattice QCD, from first principles and fully non-perturbative
BUT

Equation of State 
<latexit sha1_base64="4kETK2rMY7jSySRF83Q297nWiKE="></latexit>

Tµµ

T 4
= T

d

dT

⇣ p

T 4

⌘

A. Bazavov et al. 
PRD 97 (2018) 014510

successful but it needs subtraction 
at two scales: 0 and T, T/2 and T

Tmax about 2 Gev 

G. Boyd et al. 
NPB 469 (1996) 419

! Quite limited range in temperature, especially taking into account the 1/log 
expected dependence of the gauge coupling on the temperature. 

Lines of Constant Physics 
parameters unknown to perform 

Monte Carlo simulations:              .
Screening masses 
Tmax about 1 Gev

(no cont. limit up to 2.5 GeV) 

A. Bazavov et al. 
PRD 100 (2019) 094510
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QCD at High Temperature: the moving frame 

� theoretical and numerical 
challenges are overcome 

L. Giusti and H. Meyer, PRL 2011, JHEP 2011 and 2013
L. Giusti and M. Pepe, PRL 2014, PRD 2015, PLB 2017
M. Dalla Brida, L. Giusti and M. Pepe, JHEP 2020

Thermodynamics: trace anomaly of the energy-momentum 
tensor         needs subtraction at two energy scales
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� Thermal theory in a moving reference frame
Z(L0, ⇠) = Tr

h
e�L0(H�⇠kT0k)

i

That corresponds to introducing a shift    when 
closing the p.b.c. along the temporal direction
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By Lorentz invariance the free-energy is given by
 

the temperature of the system is given by T =
1

L0

p
1 + �2
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Uµ(x0 + L0,x) = Uµ(x0,x� L0⇠)

<latexit sha1_base64="GMSdac+VXK2f46oZYFehnhNeW7w=">AAACJHicdVBLSwMxGMzWV62vqkcvwSK0qCWR0lZEELx48FDBqtAtSzbNtsHsgyQrLUt/jBf/ihcPPvDgxd9itq2iogOBycx8JN+4keBKI/RmZaamZ2bnsvO5hcWl5ZX86tqFCmNJWZOGIpRXLlFM8IA1NdeCXUWSEd8V7NK9Pk79yxsmFQ+Dcz2IWNsn3YB7nBJtJCd/YEeKw2LfQdun DtpJbNeD/WEJHsLdL+dThbsmAkcXu8+HJSdfQGWEEMYYpgTXqsiQ/f36Hq5DnFoGBTBBw8k/252Qxj4LNBVEqRZGkW4nRGpOBRvm7FixiNBr0mUtQwPiM9VORksO4ZZROtALpTmBhiP1+0RCfKUGvmuSPtE99dtLxb+8Vqy9ejvhQRRrFtDxQ14soA5h2hjscMmoFgNDCJXc/BXSHpGEatNrzpTwuSn8n1zslXG1jM8qhaPKpI4s2ACboAgwqIEjcAIaoAkouAX34BE8WXfWg/VivY6jGWsysw5+wHr/AGfSoZg=</latexit>

 (x0 + L0,x) = � (x0,x� L0⇠)
<latexit sha1_base64="xwkW0UJULt6/qyIN1TFc/2iXOo0="></latexit>

 ̄(x0 + L0,x) = � ̄(x0,x� L0⇠)

Not necessary to compute screening masses, 
Crucial for thermodynamics, no need to work 
at two different temperatures
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Mesonic screening masses 

� They characterize the behaviour of spatial 2-point functions

in which the fermionic bilinear operators are 

� numerically simple to compute non-perturbatively on the lattice

<latexit sha1_base64="cI/o3i5O/KyHagsig/Ygr6LsEzQ="></latexit>

CO(x3) =

Z
dx0dx1dx2 hO

a(x)Oa(0)i ⇠ e�mOx3

<latexit sha1_base64="VebY29h9oRHYhjpqdrZSl3yEYMA="></latexit>

O
a(x) =  (x)�O T a  (x) where

<latexit sha1_base64="O1G3kgdPT03dILUZPgVXC9POAjs="></latexit>

�O = {11, �5, �µ, �µ�5}

� response of the system to the insertion of    
<latexit sha1_base64="1ul++SdOypyTsLslrkawEQUiZuU=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgKeyEkMct4MWbEcwDkzX0TibJkNnZZWZWCEv+wosHRbz6N978G2eTCCpa0FBUddPd5UeCa+O6H05mbX1jcyu7ndvZ3ds/yB8etXUYK8paNBSh6vqgmeCStQw3gnUjxSDwBev404vU79wzpXkob8wsYl4AY8lHnIKx0m3SpyDw1fwOBvmCW3RdlxCCU0KqFdeSer1WIjVMUsuigFZoDvLv/WFI44BJQwVo3SNuZLwElOFUsHmuH2sWAZ3CmPUslRAw7SWLi+f4zCpDPAqVLWnwQv0+kUCg9SzwbWcAZqJ/e6n4l9eLzajmJVxGsWGSLheNYoFNiNP38ZArRo2YWQJUcXsrphNQQI0NKWdD+PoU/0/apSKpFMl1udAor+LIohN0is4RQVXUQJeoiVqIIoke0BN6drTz6Lw4r8vWjLOaOUY/4Lx9AnKdkL4=</latexit>

O
a

Flavour non-singlet mesons:       are the generators of
<latexit sha1_base64="F2WWKflfizSwZIFXK7Z/I9ar8yE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFvHiMmA2SMfR0OkmTnoXuHiEM+QQvHhTx6hd582/sSSKo6IOCx3tVVNXzIim0wfjDyWxsbm3vZHdze/sHh0f545OODmPFeJuFMlQ9j2ouRcDbRhjJe5Hi1Pck73qzq9Tv3nOlRRi0zDzirk8ngRgLRo2Vblt3dJgv4CLGmBCCUkKqFWxJvV4rkRoiqWVRgDWaw/z7YBSy2OeBYZJq3Sc4Mm5ClRFM8kVuEGseUTajE963NKA+126yPHWBLqwyQuNQ2QoMWqrfJxLqaz33PdvpUzPVv71U/Mvrx2ZccxMRRLHhAVstGscSmRClf6ORUJwZObeEMiXsrYhNqaLM2HRyNoSvT9H/pFMqkkqR3JQLjfI6jiycwTlcAoEqNOAamtAGBhN4gCd4dqTz6Lw4r6vWjLOeOYUfcN4+AWbLjdk=</latexit>

T a
<latexit sha1_base64="aSCWdCCBuAM1aFRCGVzR2TXl+2E=">AAAB7nicdVDLSgMxFM34rPVVdekmWIS6KUkpfewKblxJRacttEPJpJk2NJMZkoxQhn6EGxeKuPV73Pk3ZtoKKnrgwuGce7n3Hj8WXBuEPpy19Y3Nre3cTn53b//gsHB03NFRoihzaSQi1fOJZoJL5hpuBOvFipHQF6zrTy8zv3vPlOaRvDOzmHkhGUsecEqMlbq3bul6GFwMC0VURghhjGFGcL2GLGk2GxXcgDizLIpghfaw8D4YRTQJmTRUEK37GMXGS4kynAo2zw8SzWJCp2TM+pZKEjLtpYtz5/DcKiMYRMqWNHChfp9ISaj1LPRtZ0jMRP/2MvEvr5+YoOGlXMaJYZIuFwWJgCaC2e9wxBWjRswsIVRxeyukE6IINTahvA3h61P4P+lUyrhWxjfVYqu6iiMHTsEZKAEM6qAFrkAbuICCKXgAT+DZiZ1H58V5XbauOauZE/ADztsneTyO+g==</latexit>

SU(Nf )

� restoration of chiral symmetry    

� comparison with EFT: computed at 1-loop order in high-T perturbation theory 
<latexit sha1_base64="gfpxJnfaHttOPMQLvWsaweIxro0="></latexit>

mPT = 2⇡T (1 + 0.032739961 g2)

! No dependence on  
<latexit sha1_base64="sYVavHZ/vyJZ1j/F8mhUj+X9+hg=">AAAB+HicdVDLSgNBEJz1GeMjqx69DAbBU9gJIY9bwIPejGAekITQO5kkQ2Z2l5lZIS75Ei8eFPHqp3jzb5xNIqhoQUNR1U13lx8Jro3nfThr6xubW9uZnezu3v5Bzj08aukwVpQ1aShC1fFBM8ED1jTcCNaJFAPpC9b2pxep375jSvMwuDWziPUljAM+4hSMlQZurncJUsIg6VEQ+Ho+cPNewfM8QghOCamUPUtqtWqRVDFJLYs8WqExcN97w5DGkgWGCtC6S7zI9BNQhlPB5tlerFkEdApj1rU0AMl0P1kcPsdnVhniUahsBQYv1O8TCUitZ9K3nRLMRP/2UvEvrxubUbWf8CCKDQvoctEoFtiEOE0BD7li1IiZJUAVt7diOgEF1NissjaEr0/x/6RVLJBygdyU8vXSKo4MOkGn6BwRVEF1dIUaqIkoitEDekLPzr3z6Lw4r8vWNWc1c4x+wHn7BI+pkwA=</latexit>

�O
M. Laine and M. Vepsäläinen, JHEP 02 (2004) 004

T.H. Hansson and I. Zahed, NPB 374 (1992) 277



The numerical study

� QCD on the lattice with               quarks in the chiral limit
<latexit sha1_base64="wQzubj/QRtevWNZWsJLDkyM4mXw=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKezEkMdBCHjxJBHMA5IQZiezyZDZ2WVmVghLPsKLB0W8+j3e/BtnkwgqWtBQVHXT3eVFgmvjuh9OZm19Y3Mru53b2d3bP8gfHrV1GCvKWjQUoep6RDPBJWsZbgTrRoqRwBOs402vUr9zz5Tmobwzs4gNAjKW3OeUGCt1boY+ukQXw3zBLbquizFGKcHVimtJvV4r4RrCqWVRgBWaw/x7fxTSOGDSUEG07mE3MoOEKMOpYPNcP9YsInRKxqxnqSQB04Nkce4cnVllhPxQ2ZIGLdTvEwkJtJ4Fnu0MiJno314q/uX1YuPXBgmXUWyYpMtFfiyQCVH6OxpxxagRM0sIVdzeiuiEKEKNTShnQ/j6FP1P2qUirhTxbbnQKK/iyMIJnMI5YKhCA66hCS2gMIUHeIJnJ3IenRfnddmacVYzx/ADztsnCpCOsQ==</latexit>

Nf = 3

� reduced lattice artifacts:          - improved Wilson fermions
<latexit sha1_base64="LDBF1Ln8Fy36J43sk9gqWPbJH5I=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUlK6WNXcOPOCvYB7VAyadqGJpkhyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCSLBjUXow8tsbG5t72R3c3v7B4dH+eOTjgljTVmbhiLUvYAYJrhibcutYL1IMyIDwbrB7Cr1u/dMGx6qOzuPmC/JRPExp8Sm0k2RXA7zBVRCCGGMYUpwrYocaTTqZVyHOLUcCmCN1jD/PhiFNJZMWSqIMX2MIusnRFtOBVvkBrFhEaEzMmF9RxWRzPjJ8tYFvHDKCI5D7UpZuFS/TyREGjOXgeuUxE7Nby8V//L6sR3X/YSrKLZM0dWicSygDWH6OBxxzagVc0cI1dzdCumUaEKtiyfnQvj6FP5POuUSrpbwbaXQrKzjyIIzcA6KAIMaaIJr0AJtQMEUPIAn8OxJ79F78V5XrRlvPXMKfsB7+wRxA43R</latexit>

O(a)

� continuum limit extrapolation:
<latexit sha1_base64="j5sud1Ox7mqSDGjIAwHhgJxPFjc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KDUppZ0uhIIbFy4q2Ae0Y8mkmTY08yDJKGXof7hxoYhb/8Wdf2OmraCiBy4czrmXe+9xI8GVRujDyqysrq1vZDdzW9s7u3v5/YO2CmNJWYuGIpRdlygmeMBammvBupFkxHcF67iTi9Tv3DGpeBjc6GnEHJ+MAu5xSrSRbq8G6IycV4rVol3EaJAvoBJCCGMMU4JrVWRIvW6XsQ1xahkUwBLNQf69Pwxp7LNAU0GU6mEUaSchUnMq2CzXjxWLCJ2QEesZGhCfKSeZXz2DJ0YZQi+UpgIN5+r3iYT4Sk1913T6RI/Vby8V//J6sfZsJ+FBFGsW0MUiLxZQhzCNAA65ZFSLqSGESm5uhXRMJKHaBJUzIXx9Cv8n7XIJV0v4ulJoVJZxZMEROAanAIMaaIBL0AQtQIEED+AJPFv31qP1Yr0uWjPWcuYQ/ID19glF0JBj</latexit>

L0/a = 4, 6, 8, 10

� large spatial volumes to have finite volume effects 
under control: 

<latexit sha1_base64="MT1WVygL+U5bslCsHXqJVTpMUC8=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCG0tSah+7ghsXLir0IbRDyaRpG5rJDElGqEO/xI0LRdz6Ke78GzNtBRU9cOFwzr3ce48fCa4NQh9OZm19Y3Mru53b2d3bz7sHhx0dxoqyNg1FqG59opngkrUNN4LdRoqRwBes608vU797x5TmoWyZWcS8gIwlH3FKjJUGbv4atmBf8wCWEDy/QAO3gIoIIYwxTAmuVpAl9XqthGsQp5ZFAazQHLjv/WFI44BJQwXRuodRZLyEKMOpYPNcP9YsInRKxqxnqSQB016yOHwOT60yhKNQ2ZIGLtTvEwkJtJ4Fvu0MiJno314q/uX1YjOqeQmXUWyYpMtFo1hAE8I0BTjkilEjZpYQqri9FdIJUYQam1XOhvD1KfyfdEpFXCnim3KhUV7FkQXH4AScAQyqoAGuQBO0AQUxeABP4Nm5dx6dF+d12ZpxVjNH4Aect0+5N5Eo</latexit>

LT ⇠ 20� 50

� shifted boundary conditions 

� 12 values of the temperature in the 
range <latexit sha1_base64="y4UzE9w01RF3lyOwt5fxjmmX9B4="></latexit>

1.167� 164.6 GeV

M. Dalla Brida, L. Giusti, T. Harris, D. Laudicina, M. Pepe
JHEP 04 (2022) 034



Measure of the screening masses

� Masses are obtained form the 2-point functions at nearby points 

Long plateaux allow to estimate 
the masses with high accuracy  

<latexit sha1_base64="1yRfgpGgEPSjJ6YhFTTYUAD6fiE="></latexit>

mO =
1

a
arcCosh


CO(x3 + a) + CO(x3 � a)

2CO(x3)
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Continuum Limit: pseudoscalar and vector  masses

� Masses are measured, at fixed physical temperature T, for several values of the 
lattice spacing                                 and then extrapolated to the continuum limit

<latexit sha1_base64="hA4i0kLpZ7CmB6driAvRe7ubaFg=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBRalJKX0shIIbFy4q2Ae0w5BJM21o5kGSEerQL3HjQhG3foo7/8ZMW0FFD1w4nHMv997jRoIrjdCHlVlb39jcym7ndnb39vOFg8OuCmNJWYeGIpR9lygmeMA6mmvB+pFkxHcF67nTy9Tv3TGpeBjc6lnEbJ+MA+5xSrSRnEL+2kHn5KJaqpUaJYiRUyiiMkIIYwxTgus1ZEiz2ajgBsSpZVAEK7SdwvtwFNLYZ4Gmgig1wCjSdkKk5lSweW4YKxYROiVjNjA0ID5TdrI4fA5PjTKCXihNBRou1O8TCfGVmvmu6fSJnqjfXir+5Q1i7TXshAdRrFlAl4u8WEAdwjQFOOKSUS1mhhAqubkV0gmRhGqTVc6E8PUp/J90K2VcK+ObarFVXcWRBcfgBJwBDOqgBa5AG3QABTF4AE/g2bq3Hq0X63XZmrFWM0fgB6y3TxYgkL4=</latexit>

L0/a = 4, 6, 8, 10

� The procedure has been repeated at the 12 physical temperatures
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Remark: spin effects
� Mass-splitting between P and V is due to spin effects  

� Barely visible lattice artifacts

Evidence of a mass-splitting 
between Pseudoscalar and 
Vector screening masses 

� Such effects do not show up at 1-loop order in High-T PT
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V. Koch et al. PRD 46 (1992) 3169, PRD 47 (1993) 2157

T.H. Hansson and I. Zahed, NPB 374 (1992) 277

� Check1. Exclude                  in the fits: excellent agreement in the CL values
<latexit sha1_base64="BmSrePROej4s3hgjAHGDCzW2cPk=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4it0hZDkIAS8ePEQwCyRD6Ol0kiY9C909QhjyEV48KOLV7/Hm39iTRFDRBwWP96qoqudFUmiD8YeTWVvf2NzKbud2dvf2D/KHR20dxorxFgtlqLoe1VyKgLeMMJJ3I8Wp70ne8aZXqd+550qLMLgzs4i7Ph0HYiQYNVbq3AzwBb0sD/IFXMQYE0JQSki1gi2p12slUkMktSwKsEJzkH/vD0MW+zwwTFKtewRHxk2oMoJJPs/1Y80jyqZ0zHuWBtTn2k0W587RmVWGaBQqW4FBC/X7REJ9rWe+Zzt9aib6t5eKf3m92IxqbiKCKDY8YMtFo1giE6L0dzQUijMjZ5ZQpoS9FbEJVZQZm1DOhvD1KfqftEtFUimS23KhUV7FkYUTOIVzIFCFBlxDE1rAYAoP8ATPTuQ8Oi/O67I146xmjuEHnLdPMCKOyg==</latexit>

L0/a = 4

� Check2. Fits with                   and          but the coefficients are compatible with 0 
<latexit sha1_base64="Isq0iZP0BHX2FXK0dXzQ7ULHVlE=">AAAB+nicdVDLSgMxFM34rPU11aWbYBHqpiS19LEruHHhooJ9QDuWTJppQzMPkoxSxn6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3HjcSXGmEPqyV1bX1jc3MVnZ7Z3dv384dtFUYS8paNBSh7LpEMcED1tJcC9aNJCO+K1jHnZynfueWScXD4FpPI+b4ZBRwj1OijTSwc4W+JwlNyCy5HKDZ6c3ZwM6jIkIIYwxTgqsVZEi9XivhGsSpZZAHSzQH9nt/GNLYZ4GmgijVwyjSTkKk5lSwWbYfKxYROiEj1jM0ID5TTjI/fQZPjDKEXihNBRrO1e8TCfGVmvqu6fSJHqvfXir+5fVi7dWchAdRrFlAF4u8WEAdwjQHOOSSUS2mhhAqubkV0jExUWiTVtaE8PUp/J+0S0VcKeKrcr5RXsaRAUfgGBQABlXQABegCVqAgjvwAJ7As3VvPVov1uuidcVazhyCH7DePgGWFZOJ</latexit>

(
a

L0
)3

<latexit sha1_base64="d/MUKNWY4OVO2HzJVZ0e7T2Lvq0=">AAACDnicdVDLSgMxFM34rPVVdekmWAp1U5JS+tgV3LhwUcE+oK0lk2ba0ExmSDJCGfoFbvwVNy4UcevanX9jpq2gRQ9cOJxzL/fe44aCa4PQp7O2vrG5tZ3aSe/u7R8cZo6OWzqIFGVNGohAdVyimeCSNQ03gnVCxYjvCtZ2JxeJ375jSvNA3phpyPo+GUnucUqMlQaZXL7nKUJjMouvBmh2fluEPSHhijrIZFEBIYQxhgnBlTKypFarFnEV4sSyyIIlGoPMR28Y0Mhn0lBBtO5iFJp+TJThVLBZuhdpFhI6ISPWtVQSn+l+PH9nBnNWGUIvULakgXP150RMfK2nvms7fWLGetVLxL+8bmS8aj/mMowMk3SxyIsENAFMsoFDrhg1YmoJoYrbWyEdExuEsQmmbQjfn8L/SatYwOUCvi5l66VlHClwCs5AHmBQAXVwCRqgCSi4B4/gGbw4D86T8+q8LVrXnOXMCfgF5/0LsbybOw==</latexit>

(
a

L0
)2 ln(

a

L0
)



The mass splitting
� No prediction for such a term in 1-loop PT 
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Non-perturbative data 
look well fit by a     
term over two order of 
magnitude in T

<latexit sha1_base64="MV3CfnspC/6IxgSEXPDOIS/nNSE=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUTUlK6WNXcOOyQlsLnbFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT1w4XDOvdx7jx8Lrg1CH05uY3Nreye/W9jbPzg8Kh6f9HWUKMp6NBKRGvhEM8El6xluBBvEipHQF+zWn11l/u09U5pHsmvmMfNCMpE84JQYK7nulJh0srirlbuXo2IJVRBCGGOYEdyoI0tarWYVNyHOLIsSWKMzKr6744gmIZOGCqL1EKPYeClRhlPBFgU30SwmdEYmbGipJCHTXrq8eQEvrDKGQaRsSQOX6veJlIRaz0PfdobETPVvLxP/8oaJCZpeymWcGCbpalGQCGgimAUAx1wxasTcEkIVt7dCOiWKUGNjKtgQvj6F/5N+tYLrFXxTK7Vr6zjy4AycgzLAoAHa4Bp0QA9QEIMH8ASencR5dF6c11VrzlnPnIIfcN4+AYL8kU8=</latexit>

ĝ4(T )

mass-splitting clearly 
visible up to the 
Electro-Weak scale



The temperature dependence of mesonic screening masses

� A few % away from 
the                limit

<latexit sha1_base64="EdOsJ5IJRdt9yBL5BdCrwpv/qDY=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4Cjsh5HELePEYIS9IQpidzCZDZmeXmV5lCfFXvHhQxKsf4s2/cTaJoKIFDUVVN91dXiSFAdf9cDY2t7Z3djN72f2Dw6Pj3Mlpx4SxZrzNQhnqnkcNl0LxNgiQvBdpTgNP8q43u0r97i3XRoSqBUnEhwGdKOELRsFKo1y+NdBiMgWqdXiHB0L5kIxyBbfoui4hBKeEVCuuJfV6rURqmKSWRQGt0Rzl3gfjkMUBV8AkNaZP3AiGc6pBMMkX2UFseETZjE5431JFA26G8+XxC3xhlTH2Q21LAV6q3yfmNDAmCTzbGVCYmt9eKv7l9WPwa8O5UFEMXLHVIj+WGEKcJoHHQnMGMrGEMi3srZhNqaYMbF5ZG8LXp/h/0ikVSaVIbsqFRnkdRwadoXN0iQiqoga6Rk3URgwl6AE9oWfn3nl0XpzXVeuGs57Jox9w3j4BXhKVNg==</latexit>

T ! 1

� Mass-splitting visible up 
to T ∼165 GeV

� Masses not compatible with 
1-loop PT up to 165 GeV 

� Terms of order      partially  
compensate for 

<latexit sha1_base64="6FLNhEfCeoUkuDFGvWPCJfIJl7k=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJSmlj13BjcsK9iHtWDJppg1NMkOSEcrQr3DjQhG3fo47/8ZMW0FFD1w4nHMv994TxIIbi9CHt7a+sbm1ndvJ7+7tHxwWjo47Jko0ZW0aiUj3AmKY4Iq1LbeC9WLNiAwE6wbTy8zv3jNteKRu7CxmviRjxUNOiXXS7WBCLBzfVeCwUEQlhBDGGGYE16rIkUajXsZ1iDPLoQhWaA0L74NRRBPJlKWCGNPHKLZ+SrTlVLB5fpAYFhM6JWPWd1QRyYyfLg6ew3OnjGAYaVfKwoX6fSIl0piZDFynJHZifnuZ+JfXT2xY91Ou4sQyRZeLwkRAG8HsezjimlErZo4Qqrm7FdIJ0YRal1HehfD1KfyfdMolXC3h60qxWVnFkQOn4AxcAAxqoAmuQAu0AQUSPIAn8Oxp79F78V6XrWveauYE/ID39gn144/U</latexit>

ĝ4
<latexit sha1_base64="pVWyzOFRDzx7Coez1zKX0XSnC5Q=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxWtA9oh5JJM21okhmSjFCGfoIbF4q49Yvc+Tdm2goqeuDC4Zx7ufeeIBbcWIQ+vNzG5tb2Tn63sLd/cHhUPD7pmijRlHVoJCLdD4hhgivWsdwK1o81IzIQrBfMrjK/d8+04ZG6s/OY+ZJMFA85JdZJt3LUHRVLqIwQwhjDjOB6DTnSbDYquAFxZjmUwBrtUfF9OI5oIpmyVBBjBhjF1k+JtpwKtigME8NiQmdkwgaOKiKZ8dPlqQt44ZQxDCPtSlm4VL9PpEQaM5eB65TETs1vLxP/8gaJDRt+ylWcWKboalGYCGgjmP0Nx1wzasXcEUI1d7dCOiWaUOvSKbgQvj6F/5NupYxrZXxTLbWq6zjy4Aycg0uAQR20wDVogw6gYAIewBN49oT36L14r6vWnLeeOQU/4L19An26jeg=</latexit>mV

� At T ∼1 GeV,         deviates 
from         only for spin effects.
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Baryonic screening masses 

� Practically no results, numerically challenging: old results at low T, finite a 

� We have the nucleon and anti-nucleon operators:

S.A. Gottlieb et al., PRL 59 (1987) 1881
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N(x) = ✏abc
⇥
uT
a (x)C�5db(x)

⇤
dc(x)
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T
a (x)

⇤

� Baryonic screening masses characterize the behaviour of spatial 2-point functions

: projectors on the positive/negative x3 – parity states
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ei
x0
L0

⇡ : N is a fermion, anti-periodic b.c.; projection on the lowest mode

� Thermal QCD: periodicity in x0  fermions:
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� Due to shifted b.c.
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The numerical study

� We have considered the same tempeartures as for mesonic 
screening masses 

� reduced lattice artifacts:          - improved Wilson fermions
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O(a)

� large spatial volumes to have finite volume effects 
under control: 
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LT ⇠ 20� 50

� QCD on the lattice with               quarks in the chiral limit
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� Screening masses are obtained using:
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In the limit T →∞ (Stefan-Boltzmann limit):



Continuum Limit: baryonic screening mass

� Masses are measured, at fixed 
physical temperature T, for several 
values of the lattice spacing
                           and then 
extrapolated to the continuum limit

<latexit sha1_base64="hA4i0kLpZ7CmB6driAvRe7ubaFg=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBRalJKX0shIIbFy4q2Ae0w5BJM21o5kGSEerQL3HjQhG3foo7/8ZMW0FFD1w4nHMv997jRoIrjdCHlVlb39jcym7ndnb39vOFg8OuCmNJWYeGIpR9lygmeMA6mmvB+pFkxHcF67nTy9Tv3TGpeBjc6lnEbJ+MA+5xSrSRnEL+2kHn5KJaqpUaJYiRUyiiMkIIYwxTgus1ZEiz2ajgBsSpZVAEK7SdwvtwFNLYZ4Gmgig1wCjSdkKk5lSweW4YKxYROiVjNjA0ID5TdrI4fA5PjTKCXihNBRou1O8TCfGVmvmu6fSJnqjfXir+5Q1i7TXshAdRrFlAl4u8WEAdwjQFOOKSUS1mhhAqubkV0gmRhGqTVc6E8PUp/J90K2VcK+ObarFVXcWRBcfgBJwBDOqgBa5AG3QABTF4AE/g2bq3Hq0X63XZmrFWM0fgB6y3TxYgkL4=</latexit>

L0/a = 4, 6, 8, 10

� The procedure has been 
repeated at the 12 physical 
temperatures

data of Ti shifted 
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Sub-percent final accuracy, in 
most cases 0.5 %  
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� The splitting 
is compatible with 0 at all 
temperatures and for all lattice 
spacings (chiral symmetry 
restoration)
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The temperature dependence of baryonic screening mass

� A 4-8 % away from 
the                limit up to 
very high T
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T ! 1

� Red line is a fit to a 
cubic polynomial
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� Bulk of the screening 
mass comes from the 
free theory but…



� Z and z: ren. constants whose computation is the non-perturbative definition of T𝜇𝜈�

two-index symmetric tensor: {10} rep of SO(4)

� The expectation values of its matrix elements are directly related to physical 
quantities like pressure, entropy and energy density, transport coefficients.

The Equation of State

� EoS is usually obtained from the direct measurement of the trace anomaly: 
needs subtraction at two energy scales e.g. 0 and T (very different!) 

� The energy-momentum tensor T𝜇𝜈�is a very important quantity for a QFT: it is 
connected to the translation, rotation and dilatation symmetries.

� Non-perturbative physics: T𝜇𝜈��������
�������

Continuum 

Tµ⌫
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Lattice 

{10} ➜ {6} + {3} + {1} of H(4) 

S. Caracciolo  et al., 
NPB 375 (1992) 195; 
Ann. Phys. 197 (1990) 119

G. Boyd et al.,
Nucl. Phys. B469 (1996) 419

TR
µ⌫ = Z T [6]

µ⌫ + z T [3]
µ⌫ + � T [1]

µ⌫
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QFT in a moving frame
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� The energy-momentum tensor on the lattice:

� The entropy density is the primary observable 
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gluonic part

fermionic part
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s = entropy density; e = energy density; 
p = pressure; T = temperature
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The Equation of State of SU(3) Yang-Mills theory 

� s(T)/T3 is extrapolated to the continuum limit in an independent way at every T 

� 35 temperatures in the range 0.6 Tc- 230 Tc have been considered

� at every temperature, numerical simulations on lattices with temporal 
extension                      and sometimes                    ; 

L. Giusti and M. Pepe, 
PLB 2017

L0 = 5, 6, 7, 8 L0 = 3, 4, 10 21 < L/L0 < 26

Final accuracy of 0.5% in the continuum limit 
High-T perturbative computation is not 
reliable: non-perturbative physics is relevant
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The Equation of State of QCD (work in progress)

� QCD EoS: up to T∼ 1-2 GeV using staggered quarks

up to T∼ 600 MeV using Wilson quarks

A. Bazavov, P. Petreczky, 
        J. Weber, PRD 2018
HOT-QCD Collab., PRD 2014   

Budapest-Wuppertal Collab., 2014

WHOT-QCD Collab., PRD 2018   

MILC Collab., PRD 2014   

tmFT Collab., PRD 2015   
numerically very demanding 

� Moving frame: we are coving a range in temperature between 1-80 GeV 
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� Gaussian quadrature with a few points

� Final accuracy 0.5-1 % in the continuum 
limit

� QCD in a completely unexplored regime, 
comparison with high-T perturbation 
theory 



Conclusions

� The accurate computation of the HVP is crucial to clarify the current discrepancy 
between theory and experiments for the muon anomalous magnetic moment 

� First non-perturbative results of QCD at temperatures between 1 and 165 GeV: 
a range never explored so far. 

� Computation of mesonic screening masses,  evidence for a mass-splitting P-V, 
1-loop PT not reliable. Results also for baryonic screening masses.

� The lattice regularization is the tool that allows us to study the non-perturbative 
dynamics of QCD from first-principles.  

� The Equation of State: results for the pure gauge sector and QCD. 

� The increase of computer power and algorithmic development provide very 
precise predictions that can compared to experiments


