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Parton shower algorithms in M.C. event generator
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Parton shower: a model for simulating the radiation behavior of quarks and gluons.
The evolution from hard scale to hadronization scale based on DGLAP/CCFM.

The same physics as resummation
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Parton shower algorithms in M.C. event generator

Sudakov form factor
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Can we use the parton shower to study the small-x physics?

Hadroni

Parton shower: a model for simulating the radiation behavior of quarks and gluons.
The evolution from hard scale to hadronization scale based on DGLAP/CCFM.

The same physics as resummation
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Small-x evolution equations

Saturation
BK/JIMWLK InQs(Y) Gluon splitting Gluon fusion
GLR
Low energy High energy
Dilute system
DGLAP .: oS ) Proton Xog > X Proton
o° (x0, Q%) ﬁ (x,0%)
INQ2 Dilute Saturation

* Gluons rapidly increase as x decreases, gluons dominate in small x region.
e Using BFKL, and GLR/BK/JIMWLK equation instead of DGLAP equation.

e GLR/BK/JIMWLK equations are the non-linear evolution equations which describe gluons’ non-linear
evolution 1n the small-x region.
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Dijet/Dihardon in the DIS
Full exclusive process

Nevent — %ham’ ® '/V(kj_) ® D(2) ® SISR ® SFSR X PMPI X Pdecay .

i

Y =In1/x
Saturation
A 2 . .
BK/JIMWLK INQs(Y) parton splitting
GLR
. Dilute system ‘é-_ (666

T o gluon splitting

gluon fusion
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Dijet/Dihardon in the DIS
Full exclusive process

Nevent = %hard ® '/V(kJ_) & D(Z) & SISR & SFSR & PMPI & Pdecay P

@ Saturation
A

BK/JIMWLK

Y =In1/x

INQ%(Y)

Dilute system

CAT
Cascade gluon splitting
PYSHOW
gluon fusion
|ﬂQ2 >
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Dijet/Dihardon in the DIS
Full exclusive process

Nevent — %hard ® '/V(kJ_) & D(Z) & SISR & SFSR & PMPI & Pdecay P

Saturation

INQ%(Y)

Dilute system

Cascade
CAT gluon splitting
PYSHOW
©90° gluon fusion
|ﬂQ2 >

I

e goluon fusion effect 1s absent 1n all existing generators.

>

* Developing a P.S. algorithm based on the small-x nonlinear evolution equation 1s important.
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2) A new parton shower algorithm based on the Gribov-Levin-Ryskin (GLR) equation

YS, S. Y. Wer and J. Zhou, Phys.Rev.D 107, 016017 (2023).

YS, S. Y. Wei and J. Zhou, Phys.Rev.D 108, 096025 (2023).
Collaboration with Weilyao Ke, Xinnian Wang and Jian Zhou, working 1n progress.



GLR evolution Equation

e The GLR equation [Gribov, Levin, Ryskin, PR, 83] Gluon fusion 2 — 1
9G(n, kL) @, /dm /’ﬁ 42, ' o,
= — ki +l,)— k — > k

with the dipole gluon distribution
k3 N, d? -
G(n, kL) = SJ_/ 1L p—ikimy

QT2 0x

n=In(xo/x)
-

 (GLR equation 1s the non-linear evolution equation that describes the gluon diffusion process.
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GLR evolution Equation

e The GLR equation [Gribov, Levin, Ryskin, PR, 83]  Gluon fusion 2 — 1

JTPV — 8(27’(')4

the dipole gluon distribution Gy, k) = “1¢g, [ SIL mkirs L (U 0)U(ry)])

272 (27)? N,

 this form 1s the same as the BK equation in the momentum space [Balitsky, NPB 96: Kovchegov, PRD 99]
Gluon fusion2 - 1,3 - 1,4 —> 1...

A2 | e~tkLTL T 1 1 [Kovchegov, PRD, 00;

1 UT(0)U
27 Ti I NC< (0) (TL»_ Marquet, Soyez, NPA, 05]
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WW gluon distribution A (1, k1) = /




GLR evolution Equation

e Resolved and unresolved branching

d?l d?] Hq2]
/ LN(%I@JJL) %/ LN(UalﬁJrh) +/ LN(ﬁalﬂ)
[

1 1 o 1
e The GLR equation can be rewrite as (unfolded one) Independent on the choice of u
ON(n, k)  as [ d21, K -
— @ — N l k — Kg 1 _N . k o SN ) k
o r J, li (1L +ki)—asln 12 (n, k1) — a0 (7, k1)

e Non-Sudakov form factor resums the virtual and non-linear term

 The integral GLR equation (folded one)
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The forward evolution algorithm
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The forward evolution algorithm

Forward evolution

First step: non-Sudakov form factor N = ln%
i Mi+1 ki i (ﬂz, kz)
R = exp —548/ dr’ (ln ’ NW,M)) X
S e | T (k) AR (e
L,
Second step: Real splitting kernel :
I
P 2 ! 2 ] i
RQ/ L4 Z/J_ _ /I n d l/J_ | first step
l/2 l/2 = 0
b 1 H 1 I ’ 0"
The generated event has to be re-weighted (N1, k1)
Jo, T dnIn(PE /p?)
Wi, niv1 ki) = _— 5 7o
f ; dn _ln(kii/;ﬂ) + N(n, kl,z‘) ! kr
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The forward evolution algorithm

First step: non-Sudakov form factor The mitial

condition likes
1

2
_ - > N =0k, = / dz’;L eim.m% <1 — exp[—ngori In(e 4 A’I“J_)}
R—exp|-a. [ dr (54 No k) .
- i H - n=0: —— GLR --- M.C
n = 1: GLR === M.C
Second step: Real splitting kernel — 10 - n=2-——GLR--- M.C |
| N =3:=—— GLR === M.C
Pogry, lal g2y g
R / /2L — / /2L %10_1 R
T I 1 I7 <@
=
The generated event has to be re-weighted = 1073 -
[ d (P )
W(niani—l—l;kj_,i): | Th = 10—5— IR Ll N
S dn (In(k3 ;/p2) + N(n, kL i) 10~ 10° 10! 102
J ) ]CL [GGV]

e Agree with the numerical solutions of the GLR equation.
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The backward evolution algorithm

* As a more efficient procedure, the backward evolution approach 1s also presented.

e Using the numerical solution of the GLR equation. N(n, k)
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The backward evolution algorithm /

First step: backward non-Sudakov form factor

Q. [T d?l, N( ¥ [1)
R = exp . / dn/ = 777 +1+ 1)
N (n,

Backward evolution

kJ_ z—I—l)
| (N2, k2)
: 2% Second step: Real splitting
| oggq ’ '
. i - L1 327/ - Py 327
L d=] g + d@l
[ T l/J_N(nwa_Z—Fl_I_l/) RZ—/ /LN(%/ﬂzHﬂLl/)
- first step T M 1 T M l 1
I (N1, k1)
: second step ' The generated event has to be re-weighted
Y < (N1, 2) 1
Whackward =
Wf orward
! kr

* As a more efficient procedure, the backward evolution approach 1s also presented.

e Using the numerical solution of the GLR equation.
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The backward evolution algorithm

Backward evolution

M

(”1! kl)

second step

4

\4

(r]l' kZ)

| T T TTTT] | T T T TTT] | [ T T T TTT]
n=0: —— GLR === M.C
102 n=1-——GLR--- M.C |
n=2: GLR - - - M.C
. N =3 ——GLR--- M.C
100 - ~ backward N
10_2 B ~~~~ N
_4 | running couple NG
10 4 g
| L 1111l | L 1 1 1aal | L 1 11 a1tld
101 10V 101 10°
]ﬁ_ [GGV]

 As a more efficient procedure, the backward evolution approach 1s also presented.

e Agree with the numerical solutions of the GLR equation.

Yu Shi (A1)
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Parton shower algorithms

n - _
A(n, kL) Zexp{—asf dn’ |1In 5 N k1) } Ag(t,t") =exp{ — / dt/
10 .M _ belq.g) 27T 2
4,9

The evolution variable:
— In(1/x) 0

The generated event:
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Kinematical constraint in the GLR evolution equation

ion ] - - Kwiecinski, Martin, Sutton, Z. Phys. C, 96;
* The key observation 1s that the virtuality of a gluon should [Kwieeinsk, Martin, Sutton Y5

arise mainly from the transverse momentum Deak, Kutak, L1, Stasto, EPJC, 19]
_ _ _ _ T, KT &
k€73> ‘k+kfw k= kK~ — qg =~ —q ::-—q%/q+ s

| kT k , z s |
k™ ~ po qr = T— = 1—7;% E x(g—z),qT
0000000000000000

 The on-shell condition give the kinematical constraint C
1 — 2 ' k= s
2 2 1 o
< k +1n S
 The kinematic constrainted GLR equation can be modified as T 1 &S

aN(% kJ_) Qs dzlJ_

ki 0 k1 dQZJ_ - 5
—— N 77—|—1I1 5 5 ,ZJ_—|—]€J_ N(nakJ_) _&SN (nakJ_)
ke +19 ™ Jo

on T 4
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The forward & backward evolution

frozen boundary

n = 0: GLR === M.C

n = 1: GLR === M.C

n = 2: GLR M.C |

n=3 =—— GLR === M.C
forward

w/ kinematic constraint

Lol N

1077 &
10~

10°

10*
kJ_ [GGV]
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I T T T TTT] | T T T T17T] | [ T T T TT17T]
= 0: GLR --- M.C
102_ n = 1: GLR --- M.C |
- N = 2: GLR M.C
2 n=3 —GLR--- M.C
> -
i 10° backward
=
< —2 |
=10
=
frozen boundary .
1074, .. . . \\
w/ kinematic constraint
| L1111l | L1111l | NIRRT

10~1 10°

10* 107

kL [GGV]

 The kinematic constrainted GLR equation can be modified as

aN(na kJ_)

on

Qg dQZJ_

T

i

N(n—l—ln

k7

kT +

l2 7lJ_ + kJ_)
1
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Di-jet/di-hadron production in the DIS

/&6 (666 e (7 is the invariant mass, and k, is the total transverse
momentum of dijet P
In® (Q*/k})

e When Q% > k?, two large logs emerge

In (Q°/k;
é (666 e Two contributions: initial and final (Q J-)

* Final radiations can be solved by parton showers based on
DGLAP (Pythia...).

* We need to address 1nitial logs 1n our parton shower.

> o >

._ _ d?b, . 2 )2 -
g + N(QQ, 7, kJ_) _ 1 esz_-bJ_e—S(MbaQ ) dQZJ_e—zlJ_-bJ_ ]\]’(777 ZJ_)

[Mueller, X1ao, Yuan, PRL, 12; Zheng, Aschenauer, Lee, X1ao, PRD, 14;

 We can resum both small-x and soft-
collinear logarithms at the same time X1ao, Yuan, Zhou, NPB, 17; Caucal, Salazar, Schenke, Venugopalan, 22-23;

In a consistent way. Taels, Altinoluk, Beuf, Marquet, JHEP, 22; Mukherjee, Skokov, Tarasov,
2 271,2
In(1/x) In (Q [k l) Tiwari, PRD, 23]
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The CS+RGE evolution equation

e (Collins-Soper evolution equation [Collins, Soper, 81; Collins, Soper, Sterman, 85]

01ln (? 27

aN(:u27 C27777 kJ_) % /C d2lJ_
0

[N(:u27 C27777 ki + ZJ_) N N(ILLQ, <2777’ kJ—)]

e renormalization group equation (RGE) [Xiao, Yuan, Zhou, NPB, 17]

6N(:u27<27777kJ_) _ 1

0 1n p? i 2

e Combine CS + RGE

0 In ()2 2w

8N(Q27 1, kJ_) % /Q dQZJ_
0

¢

— a, By — = In >

e

i

N(:uza 427 1, kJ_)

[N(Qza 1, kJ_

where N(Q27n7kJ_) — N(MZ — Q27C2 — Q27777kJ_)
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The forward & backward evolution of CS+RGE

The nitial condition 1s given as

dQTJ_ : 1 i szra_ ] 1L ]
N(QO =3 Gev) N = 07 kJ_) — €ZkJ" "L 5 1l —e€ 4 Og("”J_A -e)
27T | |
| | | | | | | | | | | | | - 3 - I I | | I I I | | | | | | | | -
Q) =3 GeV: Numerical === M.C |3 - Q =3 GeV: Numerical = == M.C |-
C'T_' Q =5 GeV: Numerical = = = M.C [ C'T‘_' 925 - Q =5 GeV: Numerical = = = M.C [
= . - Q) =8 GeV: Numerical M.C |4 = . E QQ = 8 GeV: Numerical M.C |4
i -__:_ Q = 13 GeV: —— Numerical = = = M.C % i 5 : QQ = 13 GeV: —— Numerical - = = M.C %
= g forward - g §‘| backward -
=< . ~ - ~< 1 5 ;:_‘\ ~ B
O‘\ -k as = 0.3 - O-\ . _1" “ as = 0.3 -
” 5 é || \\ ;
= : —: < 1 — \‘\ _:
~ \ 3 - - \ .
NQ) - g NQ) - ‘\‘\ ]
= 0.5¢ = = 0.5 0\ =
SO : < é
O S e = - O S e == — -
1 2 3 4 1 2 3 4
kL [GGV] kJ_ [GGV]

e Agree with the numerical solutions.
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Di-jet/di-hadron production in the DIS

Nevent = 7 para @ N (k1) & D(z) ® Sisr @ Spsr @ Ppipr @ Pdecay .

* 7 2
doy A—e3X B S_J_Ncaemeq z(l B z)

dy1dy.d? P, d2q 372 Ty fy (@ 1) P!

(2* +(1—2)°) N(zg,9q.) Working in progress

|[Dominguez, Marquet, X1ao, Yuan, PRD, 11]

MN< =P Pythia
Pythia

from saturation region hadronization

25



Di-jet/di-hadron production in the DIS

Lepton-proton collider at HERA (Photon is quasi-real photon.)

Preliminary results Working in progress
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Summary and outlook

The first parton shower algorithm incorporating gluon fusion 1s based on the GLR
evolution equation.

Our work paves the way for developing an event generator that incorporates the
saturation effect.

Di-jet production in €A collisions 1s working in progress.

We also plan to integrate our algorithms into eHIJING.

How to develop a parton shower algorithm based on BK equation?

Thank you !
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Parton shower algorithms in M.C. event generator

Sudakov form factor The three commonly event generators:

Au(t.) exp{ [ Y a2 L pate } HERWIG PYTHIA  SHERPA
be{q,9}

Parton shower The corresponding parton shower algorithms:

/-\ CAT PYSHOW CASCADE

— L 1 .+ Basedonthe following evolution equation:

hadronization scale hard scale
CCFM DGLAP CCFM
Parton shower algorithms are dedicated to simulating the radiation behavior of quarks and
gluons.

Parton shower: a model for the evolution from high scale to hadronization scale based on
DGLAP/CCFM.

The same physics as resummation
31



Non-linear evolution Equation at small-x

o = E— E

n=(xg/x) Gluon splitting ~ Gluon fusion2 - 1,3 - 1,4 - 1..

 The impact parameter independent BK equation in momentum space 1s given as [Marquet, Soyez, NPA, 05]

- B 2 kJ_ 2
ON(n, k1) _ o /dQZLN(%M /ﬁ)—/ c ZLN(UJQ) — QN> (n, k1)
877 70 lJ_ 0

with Weizsacker-Williams (WW) Dipole distribution

d2r | etk L | 1

Nk = [ G 1= Ut OU L)
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Non-linear evolution Equation at small-x

e = E— E

T — 111 iUo/ XL Gluon splitting Gluon fusion2 - 1,3 - 1,4 > 1..

e The impact parameter independent BK equation 1in coordinate space 1s given as [ NPB 96; PRD 99]

0 v, |
A(’[?(f?n’; = g_w /dQTM QTJ_Q N(,r1) + N(yran) =Nmre) = N rin)N(n,721)

dQT e—ikJ_'TJ_ i 1 ] 1

Nonk) = [ S 1= g WioUe)| N =1= Ui OUe)

* The impact parameter mdependent BK equation in coordinate space 1s given as [Marquet, Soyez, NPA, 05]

_ 9 ki 12
aN(n’ kJ_) — = / & ZZJ_N(np 1 + kJ_) — / ‘ ZLN(% kJ_) o C_VSNQ(H’ kJ-)
87’] T lJ_ 0

 (GLR equation 1s the non-linear evolution equation that describes the gluon diffusion process.
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Kinematical constraint in the GLR evolution equation

e Fixed boundary condition: By adopting this boundary condition, we set the k| dependent gluon distribution
to zero when x, > 0.01 since this region is beyond the applicable window of the CGC calculation. This
prescription is equivalent to removing all the events with z, > 0.01 in our calculation.

e Irozen boundary condition: In this case, to extend the dipole gluon distribution in the large z, region, we
freeze 1t at x, = 0.01. That is to say, when z, > 0.01, the input dipole scattering amplitude simply retains its
value at the initial condition at z, = 0.01.
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Fixed boundary condition: forward

First step: non-Sudakov form factor

_ it / ki /
R = exp —ozs/ dn (ln 2 | N(n,kL)>
1

7

Second step: Real splitting kernel

/I N2
(k1 ;=)

— [ 27/ ni+1+In 2
1 as 1 d l + (k R )2_|_l/2 ]{j .
1 _ 1,a =t i 1,2
R = - 7 exXp { —Qug dn |In 12 - N(n, k1 ;) ,
n Acut 1 T4 i cut |
_ i ./ \21—==2 | (kJ_,i_l/J_)Q - 5 -
g min[Py,y/ (ki =1 )2 257] d=1’, I A R Py PR Kl
Acut 1 N cut
The generated event has to be re-weighted
nit1+ (ki ;—11)° ,
: — _ ¢ k| ;—1,)2412 k4.
(77 77 ) fmln |:PJ_7\/12 (kJ_,i_lJ_>21| dQZJ_ e_as ffni_|_1 L L) -+ d77 |:1I1 AJQ_,t | N(nﬂkJ—,’L)]
Z_I_l o 2 Acut l2 o
Whe,1 (i Miv13 kL i) = =

(i1 —mi) In gz + [ dnN(n, k1)

cut
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Frozen boundary condition: forward

First step: non-Sudakov form factor

_ — i / kji / _
R = exp —as/. dn <ln,u2 IN(n,kQ)

P a2y el g2y
RQ/ l/QJ_ :/ ZIQJ_
L 1 7 1

The generated event has to be re-weighted

Second step: Real splitting kernel

p— 2 —
P? kJ_,i
(Mit+1 —mi) In 55+ N +1In | =5 |, kL)
A _ Alut LRI RA
Whe,2(Nis Miv15 k1L i, k1 iv1) = e
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Frozen boundary condition: backward

First step: backward non-Sudakov form factor

_ ] k2 _
o) Ti+41 P d2 77—|_1Il k’2 +1—|:|—1l2 ] kJ_,i—I—l —+ lJ_)

s (i1, M kL it1) = exp > / d / LML _

( ) ' ) ! Acut N(nka_,z—I—l)

Second step: Real splitting kemel

1a, [ a2, KR

R — > N 7} 1 ! k 1 l/
c /Awt 72 (77+1+n_kiz+1+l,f_ 1,1 T
— P, 21/ ] 2 }
8 d l kJ_ 41

C=— =N [ n; I A kg 5

1

The generated event has to be re-weighted Whackward =

Wforward
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The forward evolution of CS+RGE

* The integral equation (folded one)

O dt AL(Q?) as(t) [P d2
N(Q27 T, kJ_) — N(Q(Q)v 1, kJ_)AS(QZ) + / 5 tt Aii)) a27(7t) [\ lij_ N(ta 1, kJ_ + ZJ_)

o i
With Sudakov form factor A, (Q°) =exp |- / " %2( J (ln t 250)
First step: Sudakov form factor

[ dt 1t _
R = exp —/2 ?o_zs(t) (iln A2 5())

Second step: Real splitting kernel
Qitr1 d2l/ 11 | d2l/
1 1
5— = Ro 5
Acut l/J_ A l/J—

The generated event has to be re-weighted 0?2
5 o Jor T Fras(t)In 53 t
Wes (Q7;+1> Q;) = R -

Ignoring the single log, the event 1s unitary.
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The backward evolution of CS+RGE

First step: Sudakov form factor

__ /QL2+1 dt as(t) /\/% d?ly N(t,n, ki iv1+ lJ_)_
A

K=o 2 to2m Ja. 1B N@EmkLit)
Second step: Real splitting
Qi d2 L1 dQZ/
R/ zvnka_,i—l—l_l_l/J_):/ e =N(Q7,n, ki iv1+ 1))
cut Acut J_

The generated event has to be re-weighted

fQ Ao (t) [hl A2 250}

f@?“ Fos(t)In 53

cut

WCS,baCk (sz—l—l y Q%)
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