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• Part I: TMD shape function in TMD factorization for Quarkonium

• Part II: Matching procedure to access the TMDShF perturbative tail
• Relevance of the hard amplitude pole structure

• Part IV: Opportunities at the EIC to investigate the TMDShF

• Part III: the TMDShF depends on Q? Process dependence?
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Processes involving Quarkonia are sensitive to gluons

• p + p → ηQ + X • p + p → χQ + X

• p + p → J/ψ + J/ψ + X

• e + p → e′ + J/ψ + X
• e + p → e′ + J/ψ + jet + X

• p + p → J/ψ + X ?

hadron collisions

 collisionsep

and more…

• e + p → e′ + J/ψ + γ + X
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Phase spaces 



d3ℓ′ 

2E′ 

= 2π yS dxBdy

d3Pψ

2Eψ
=

dz
z

d2Pψ⊥dϕψ

e (ℓ) + p (P) → e′ (ℓ′ ) + γ* (q) + p (P) → e′ (ℓ′ ) + J/ψ (Pψ) + X

SIDIS variables 

,  


, , 

q2 = − Q2 S ≈ 2P ⋅ ℓ
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X Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP 02 (2007)
Sun, Zhang, EJPC 77 (2017)

https://doi.org/10.1088/1126-6708/2007/02/093
https://doi.org/10.1140/epjc/s10052-017-5323-6
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 (Improved)  
•Colour Evaporation Model • Fragmentation Functions

• Colour Singlet Model • Non Relativistic QCD  
 (CS + CO mechanism)

dσ[𝒬] = ∫ dξi dξj fi(ξi) fj(ξj) d ̂σi+j→𝒬+X |R(0) |2

Baier, Rückl, Z.Phys.C 19 (1983)

( -wave production)S

dσ[𝒬] = ∑
n

∫ dξi dξj fi(ξi) fj(ξj) d ̂σi+j→QQ[n]+X ⟨𝒪𝒬[n]⟩

Bodwin, Braaten, Lepage, PRD 51 (1997)

Long-Distance Matrix Elements
(universal in principle)

dσ[𝒬]
dP𝒬

= F𝒬 ∫
2MH

M𝒬

dM
dσQQ(M, P′ 𝒬)

dMdP𝒬

Ma, Vogt, PRD 94 (2016)

dσ[𝒬] = ∫ dξi dξj dz fi fj d ̂σi+j→f+X Df→𝒬(z)

+∫ dξi dξj dz fi fj d ̂σi+j→QQ+X DQQ→𝒬(z)

Kang, Ma, Qiu, Sterman, PRD 90 (2014)

https://doi.org/10.1007/BF01572254
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.94.114029
https://dx.doi.org/10.1103/PhysRevD.90.034006
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“Quarkonium” SIDIS (adopting NRQCD)
Bodwin, Braaten, Lepage, PRD 51 (1997)

e
e0

P 

P

`
`0

q

�⇤

p
�̂

J/
 

X

σep→e′ J/ψ X = ̂σ[n](μH) ⊗ fa( ̂x; μH) ⊗ ⟨𝒪ψ[n]⟩ δ( ̂z − z)

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

“light-hadron” SIDIS

σep→e′ h X = ̂σ[a](μH) ⊗ fa( ̂x; μH) ⊗ Da→h( ̂z; μH)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.51.1125
https://doi.org/10.1007/JHEP08(2023)105
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X

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

As for , we have Da→h( ̂z) → Da→h( ̂z, kT) ⟨𝒪ψ[n]⟩δ( ̂z − z) → Δ[n]( ̂z, kT)
Echevarría, JHEP 144 (2019)

Fleming, Markis, Mehen, JHEP 112 (2020)

“Quarkonium” SIDIS (adopting NRQCD)
Bodwin, Braaten, Lepage, PRD 51 (1997)

σep→e′ J/ψ X = ̂σ[n](μH) ⊗ fa( ̂x; μH) ⊗ ⟨𝒪ψ[n]⟩ δ( ̂z − z)

“light-hadron” SIDIS

σep→e′ h X = ̂σ[a](μH) ⊗ fa( ̂x; μH) ⊗ Da→h( ̂z; μH)

https://doi.org/10.1007/JHEP08(2023)105
https://link.springer.com/article/10.1007/JHEP10(2019)144
https://link.springer.com/article/10.1007/JHEP04(2020)122
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.51.1125
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Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

As for , we have Da→h( ̂z) → Da→h( ̂z, kT) ⟨𝒪ψ[n]⟩δ( ̂z − z) → Δ[n]( ̂z, kT)
Echevarría, JHEP 144 (2019)

Fleming, Markis, Mehen, JHEP 112 (2020)Δ[n]
encodes hadronization 


plus 
exchange of soft gluons

“Quarkonium” SIDIS (adopting NRQCD)
Bodwin, Braaten, Lepage, PRD 51 (1997)
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https://doi.org/10.1007/JHEP08(2023)105
https://link.springer.com/article/10.1007/JHEP10(2019)144
https://link.springer.com/article/10.1007/JHEP04(2020)122
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.51.1125
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TMD factorization

Collinear factorization

qT ≪ μH

qT ≫ ΛQCD

Overlapping at ΛQCD ≪ qT ≪ μH

qT

p

J/ 

p

J/ 

⇤QCD ⌧ qT ⌧ µH

Low Transverse
Momentum

High Transverse

Momentum

d�

qT

Pψ⊥
qT =

Pψ⊥

̂z
photon transverse momentum

 transverse momentumJ/ψ
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qT ≫ ΛQCD

Overlapping at ΛQCD ≪ qT ≪ μH

qT

p

J/ 

p

J/ 

⇤QCD ⌧ qT ⌧ µH

Low Transverse
Momentum

High Transverse

Momentum

d�

qT

Pψ⊥
qT =

Pψ⊥

̂z
photon transverse momentum

 transverse momentumJ/ψ

Description of the same dynamics?

Thus they should match!

Bacchetta, Boer, Diehl, Mulders, JHEP 08 (2008)

Boer, D’Alesio, Murgia, Pisano, Taels, JHEP 09 (2020)

qT

p

J/ 

p

J/ 

⇤QCD ⌧ qT ⌧ µH

Low Transverse
Momentum

High Transverse

Momentum

d�

https://iopscience.iop.org/article/10.1088/1126-6708/2008/08/023
https://link.springer.com/article/10.1007/JHEP09(2020)040
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 production at the lowest -order:   J/ψ αs γ* + g → cc̄[n]

Kinematic fixes most of the variables:

•  ̂x = x
•  ̂z = 1
•  paT = qT

where x = xB

M2
ψ + Q2

Q2( (J/ 

Bacchetta, Boer, Pisano, Taels, EPJC 80 (2020)

dσ |TMD =
α

yQ2 {[1 + (1 − y)2] ℱUUT + 4(1 − y) (ℱUUL+cos 2ϕ ℱcos 2ϕ
UU )}

Involves the convolutions:{𝒞[ f g
1 Δ[n] ](x, qT)

𝒞[ w h⊥g
1 Δ[n]

h ](x, qT)
TMDShF needed to 

investigate gluon TMDs!

https://iopscience.iop.org/article/10.1088/1126-6708/2007/02/093
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δ( ̂x′ , ̂z) = δ( (1 − ̂x′ )(1 − ̂z)
̂x′ ̂z

+
1 − ̂z

̂z
̂z − ̂x′ 

̂x′ ̂z
M2

ψ

Q2
+

q2
T

Q2 ) Meng, Olness, Soper JHEP 11 (2019)

for  in agreement withMψ ≪ Q

�⇤

pa p0a

�̂

J/
 

 production at the lowest -order:   J/ψ αs γ* + a → cc̄[n] + a ( )a = q, q̄, g

dσep→e′ J/ψ X = d ̂σ a [n](μH) ⊗ f a
p ( ̂x; μH) ⊗ ⟨𝒪ψ[n]⟩ δ( ̂z − z)

Lepton tensor from

d ̂σ a [n] ∝ ∫
d ̂x

̂x
d ̂z

̂z
Lμν

Q4
H a [n]

μ H* a [n]
ν δ( ̂x′ , ̂z)

Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP 02 (2007)

̂x′ =
xB

̂x
M2

ψ + Q2

Q2

https://iopscience.iop.org/article/10.1088/1126-6708/2007/02/093
https://iopscience.iop.org/article/10.1088/1126-6708/2007/02/093
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δ( ̂x′ , ̂z) ∼
M2

ψ + Q2

M2
ψ / ̂z + Q2

̂z
(1 − ̂z)+

δ(1 − ̂x′ ) + log
M2

ψ + Q2

q2
T

δ(1 − ̂x′ ) δ(1 − ̂z) +
̂x′ 

(1 − ̂x)+
δ(1 − ̂z)

qT ≫ ΛQCDΛQCD ≪ qT ≪ μH

Limit is obtained by expanding δ( ̂x′ , ̂z)

J/ 

(soft)

J/ 

 channel2 → 2

 channel2 → 1Divergent!
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continuous test functions

I = ∫
1

0
d ̂z g( ̂z)∫

̂xmax

0
d ̂x f( ̂x) δ( ̂x, ̂z) = ̂xmax ∫

1

0
d ̂z ̂z2 g( ̂z)∫

1

0
d ̂x′ ̂x′ f( ̂x′ ) δ((1 − ̂x′ )(1 − ̂z) + (1 − ̂z)( ̂z − ̂x′ )

M2
ψ

Q2
+

q2
T

Q2 )
Boer, D’Alesio, Murgia, Pisano, Taels, JHEP 09 (2020)

g̃( ̂z) f̃( ̂x′ 0) = (g̃( ̂z) − g̃(1)) f̃(1) + g̃(1) f̃(1) + g̃( ̂z) (f̃( ̂x′ 0) − f̃(1))
Obtained from: 

I = ∫
1

0
d ̂z

(1 − ̂z) ( ̂z Q2 + M2
ψ)

(1 − ̂z) ( ̂z Q2 + M2
ψ) + ̂z2 q2

T
g̃( ̂z) f̃( ̂x′ 0) = I1 + I2 + I3

̂x′ 0 = (1 +
M2

ψ

Q2
)[1 +

M2
ψ

̂z Q2
+

̂z
1 − ̂z

q2
T

Q2 ]
−1

https://link.springer.com/article/10.1007/JHEP09(2020)040
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I = ∫
1

0
d ̂z

(1 − ̂z) ( ̂z Q2 + M2
ψ)

(1 − ̂z) ( ̂z Q2 + M2
ψ) + ̂z2 q2

T
g̃( ̂z) f̃( ̂x′ 0) = I1 + I2 + I3

δ( ̂x′ , ̂z) ∼
M2

ψ + Q2

M2
ψ / ̂z + Q2

̂z
(1 − ̂z)+

δ(1 − ̂x′ ) + log
M2

ψ + Q2

q2
T

δ(1 − ̂x′ ) δ(1 − ̂z) +
̂x′ 

(1 − ̂x)+
δ(1 − ̂z)

https://link.springer.com/article/10.1007/JHEP09(2020)040
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continuous test functions
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1
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d ̂z g( ̂z)∫
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0
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I = ∫
1

0
d ̂z

(1 − ̂z) ( ̂z Q2 + M2
ψ)

(1 − ̂z) ( ̂z Q2 + M2
ψ) + ̂z2 q2

T
g̃( ̂z) f̃( ̂x′ 0) = I1 + I2 + I3

̂x′ 0 = (1 +
M2

ψ

Q2
)[1 +

M2
ψ

̂z Q2
+

̂z
1 − ̂z

q2
T

Q2 ]
−1

δ( ̂x′ , ̂z) ∼
M2

ψ + Q2

M2
ψ / ̂z + Q2

̂z
(1 − ̂z)+

δ(1 − ̂x′ ) + log
M2

ψ + Q2

q2
T

δ(1 − ̂x′ ) δ(1 − ̂z) +
̂x′ 

(1 − ̂x)+
δ(1 − ̂z)

Key word!

https://link.springer.com/article/10.1007/JHEP09(2020)040
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Continuous functions of  and ̂x′ ̂z

FUU ( ̂x′ , ̂z) = F(0)
UU ( ̂x′ , ̂z) + ∑

k=1
( 1 − ̂z

1 − ̂x′ 
)

k

F(k)
UU ( ̂x′ , ̂z)

(general notation)

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

Previous derivation relies on the hard amplitude to be continuous, but… 

Delta expansion is applicable

Delta expansion is not applicable

https://doi.org/10.1007/JHEP08(2023)105
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FUU ( ̂x′ , ̂z) = F(0)
UU ( ̂x′ , ̂z) + ∑

k=1
( 1 − ̂z

1 − ̂x′ 
)

k

F(k)
UU ( ̂x′ , ̂z)

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

Previous derivation relies on the hard amplitude to be continuous, but… 

Relevant for γ*g
 in  and F(k)

UUT F(k)
UUL

with   k = 1, 2

δ( ̂x′ , ̂z) ∼
̂x′ 

(1 − ̂x)+
δ(1 − ̂z) + log

M2
ψ + Q2

q2
T

δ(1 − ̂x′ ) δ(1 − ̂z)

Impact on the double delta

log
M2

ψ + Q2

q2
T

→
1
2 (log

M2
ψ + Q2

q2
T

− 1 − log
M2

ψ

M2
ψ + Q2 )

https://doi.org/10.1007/JHEP08(2023)105
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dσ1 ∝ ∫
1

−p2
g⊥

M2ψ + Q2

dxg

xg
[2 Sg(pa, Pψ) + Sg(Pψ, Pψ)] ∝

1
2 (log

M2
ψ + Q2

q2
T

− 1 − log
M2

ψ

M2
ψ + Q2 )

Large logarithms from the eikonal method
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Sg(v1, v2) =
v1 ⋅ v2

(v1 ⋅ pg)(v2 ⋅ pg)

xg =
pa ⋅ pg

pa ⋅ q

from momentum conservation 
and  2p+

g p−
g = − p2

g⊥ = P2
ψ⊥

q

pa

pg

J/ 

q

pa

pg

J/ 

q

pa

pg

J/ 

Same term is found by explicitly considering the soft gluon emission
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Large logarithms from the eikonal method

12

q

pa

pg

J/ 

q

pa

pg

J/ 

q

pa

pg

J/ 

Same term is found by explicitly considering the soft gluon emission

Relation to quark-pair Fragmentation Function?

Ma, Qiu, Sterman, Zhang, PRL 113 (2014)

Kang, Ma, Qiu, Sterman, PRD 90 (2014) & PRD 91 (2015)
dσ[𝒬] = ∫ dξi dξj dz fi fj d ̂σi+j→f+X Df→𝒬(z)

+∫ dξi dξj dz fi fj d ̂σi+j→QQ+X DQQ→𝓠(z)

dσ1 ∝ ∫
1

−p2
g⊥

M2ψ + Q2

dxg

xg
[2 Sg(pa, Pψ) + Sg(Pψ, Pψ)] ∝

1
2 (log

M2
ψ + Q2

q2
T

− 1 − log
M2

ψ

M2
ψ + Q2 )

https://dx.doi.org/10.1103/PhysRevD.90.034006
https://dx.doi.org/10.1103/PhysRevD.91.014030
https://dx.doi.org/10.1103/PhysRevLett.113.142002
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ℱcos 2ϕ
UU |TMD = Fcos 2ϕ

UU |coll

ℱUUT |TMD ≠ FUUT |coll

ℱUUL |TMD ≠ FUUL |coll {
Δ[n]

h, ψ = δ(2)(k2
T ) ⟨𝒪ψ[n]⟩ δ(1 − z)

Δ[n]
ψ = −

αs

2π2k2
T

CA (1 + log
M2

ψ

M2
ψ + Q2 ) ⟨𝒪ψ[n]⟩ δ(1 − z)

Up to the precision considered, bulk of the expression driven by CO waves{

Echevarria, Kasemets, Mulders, Pisano, JHEP 07 (2015)
Sun, Xiao, Yuan, PRD 84 (2011)

Comparison at ΛQCD ≪ qT ≪ μH

TMD-PDFs evolved according to

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

1S(8)
0

3P(8)
J

https://doi.org/10.1007/JHEP07(2015)158
https://doi.org/10.48550/arXiv.2304.09473
https://doi.org/10.1007/JHEP08(2023)105
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Scale dependence of the TMD shape function
Previous equation is obtained for μH ≡ M2

ψ + Q2

Δ̃[n]
ψ (z, bT; M2

ψ + Q2) =
1

2π
1 +

αs

2π
CA (1 + log

M2
ψ

(M2
ψ + Q2) ) log

M2
ψ + Q2

μ2
b

⟨𝒪[n]⟩ δ(1 − z)
(in -space)bT

μb =
2 e−γE

bT

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

14

Δ̃[n]
ep (z, bT; μH) =

1
2π

1 +
αs

2π
CA (1 + log

M2
ψ μ2

H

(M2
ψ + Q2)2 ) log

μ2
H

μ2
b

⟨𝒪[n]⟩ δ(1 − z)

for a general (hard) scale μH

https://doi.org/10.1007/JHEP08(2023)105
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Note that a -dependent soft factor is present in the open-quark production tooQ2

! It is process dependent ! 

Zhu, Sun, Yuan, Phys. Lett. B 727 (2013)

Consequence: 
The TMDShF depends on a process-induced quantity (photon virtuality ) unrelated 
to neither a specific hard scale or rapidity regulator choice, as it usually happens for 
other TMDs!

Q

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

https://doi.org/10.1016/j.physletb.2013.11.002
https://doi.org/10.1007/JHEP08(2023)105
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The problem of the TMDShF  dependenceQ
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1. A purely quarkonium quantity should depend on  solelyMψ

Reasons to split-up this term:

2. In open-quark production the soft-factor may 
produce azimuthal dependeces
Catani, Grazzini, Torre, Nucl.Phys. B 890 (2014)

Δ̃[n]
ep (z, bT; Q, μH) =

1
2π

1 +
αs

2π
CA (1 + log

M2
ψ μ2

H

(M2
ψ + Q2)2 ) log

μ2
H

μ2
b

⟨𝒪[n]⟩ δ(1 − z)

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

From Ferrera’s talk             

@ Heavy-Quark Hadroproduction from 
Collider to Astroparticle Physics (2019)

https://dx.doi.org/10.1016/j.nuclphysb.2014.11.019
https://doi.org/10.1007/JHEP08(2023)105
https://indico.mitp.uni-mainz.de/event/186/contributions/3091/
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The TMDShF process-dependence
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Δ̃[n]
ep (z, bT; Q, μH) =

1
2π

1 +
αs

2π
CA (1 + log

M2
ψ μ2

H

(M2
ψ + Q2)2 ) log

μ2
H

μ2
b

⟨𝒪[n]⟩ δ(1 − z)

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

split up: Δ[n]
ep = Δ[n]

ψ × Sep

Δ[n]
ψ (z, bT; μH) =

1
2π

1 +
αs

2π
CA (1 + log

M2
ψ

μ2
H ) log

μ2
H

μ2
b

⟨𝒪[n]⟩ δ(1 − z)

Sep(bT; Q, μH) = 1 +
αs

2π
CA (2 log

μ2
H

M2
ψ + Q2 ) log

μ2
H

μ2
b

Universal

Process 
dependent

https://doi.org/10.1007/JHEP08(2023)105
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A phenomenological test: single vs double scales processes
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Quarkonium production in:

Sep(μH) = 1 +
αs

2π
CA (2 log

μ2
H

M2
ψ + Q2 ) log
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H

μ2
b

Spp(μH) = 1 +
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2π
CA (3 log

μ2
H

M2
ψ ) log

μ2
H

μ2
b

 SIDIS (2 hard scales) hadron collisions (1 hard scale)

Boer, Bor, LM, Pisano, Yuan, JHEP 08 (2023)

https://doi.org/10.1007/JHEP08(2023)105
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 is a reasonable assumptionSpp(Mψ) ≈ 0

Easier extraction of 
Δ[n]

ψ (Mψ)

https://doi.org/10.1007/JHEP08(2023)105
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can be used combiantion with Sep

A phenomenological test: single vs double scales processes
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 is a reasonable assumptionSpp(Mψ) ≈ 0
Δ[n]

ψ ( M2
ψ + Q2)

Evolved and tested at higher scales, 
e.g.  productionΥ

Easier extraction of 
Δ[n]

ψ (Mψ)

Evolution to

https://doi.org/10.1007/JHEP08(2023)105
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• Factorization involves the presence of TMD shape functions

• We present a matching procedure to extract the TMDShF perturbative tail

• TMD shape functions separated in universal and process-dependent components

Summary of the talk

What to expect next?

• Perturbative tail at higher order Relevant for Δ[n]
h

• Non-perturbative dependence

• Role of the TMD shape function in other processes

• The EIC is a promising playground to study the TMD shape function
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Back-up slides

Accessing gluon 
TMDs through 

Quarkonium 
observables 
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Scale dependence of the TMD-PDFs (a comparison)

C̃g/q =
αs

2π [−log
Q2

μ2
b

Pg/q]

TMD-PDF matching coefficients taken from Echevarria, Kasemets, Mulders, Pisano, JHEP 07 (2015)

C̃g/g = δ(1 − x) +
αs

2π [−
CA

2
log2 Q2

μ2
b

δ(1 − x) − log
Q2

μ2
b (Pg/g − δ(1 − x)

β0

2 )]
μb =

2 e−γE

bT

β0 =
11
3

CF −
4
3

TF nf

(Only terms relevant in region )ΛQCD ≪ μ gluon-gluon splitting function

μb =
2 e−γE

bT
quark-gluon splitting function

f̃ g/A
1 (x, bT; ζ, μ) = ∫

1

x

dx̄
x̄

C̃g/j fj/A(x̄/x; μ)

https://doi.org/10.1007/JHEP07(2015)158
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Scale dependence of the TMD-PDFs (a comparison)
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TMD-PDF matching coefficients taken from

(Only terms relevant in region )ΛQCD ≪ μ

Also the TMD-PDF displays a dependence over 
 generated by the hardscale choice (  )Q μ = Q

f̃g/A
1 (x, bT; ζ, μ) = ∫

1

x

dx̄
x̄

C̃g/j fj/A(x̄/x; μ)

Echevarria, Kasemets, Mulders, Pisano, JHEP 07 (2015)

https://doi.org/10.1007/JHEP07(2015)158


L. Maxia (University of Groningen - VSI)

Scale dependence of the TMD-PDFs (a comparison)
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1
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log

μ2

μ2
b ) δ(1 − x) − log
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TMD-PDF matching coefficients taken from

(Only terms relevant in region  and for general )ΛQCD ≪ μ μ

C̃g/q =
αs

2π [−log
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μ2
b

Pg/q]

f̃ g/A
1 (x, bT; ζ, μ) = ∫

1

x

dx̄
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Echevarria, Kasemets, Mulders, Pisano, JHEP 07 (2015)

Comes from the rapidity regulator choice (  )ζ = Q2

https://doi.org/10.1007/JHEP07(2015)158

