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H Introduction: TMD factorization from rapidity factorization:

Classical fields from retarded propagators at p* /pﬁ < L

Full list of power corrections for DY hadronic tensor at é
leading-N. level.

Back-of-the envelope estimates of angular asymmetries for
Z-boson production.

Conclusions and outlook
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TMD factorization

TMD factorization formula for particle production in hadron-hadron scattering
looks like

do 2 [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(XBa‘ZJ_ —k1)C(q, k1)

flavors

+ power corrections + “Y — terms”

m Dy/4(xa, k1) is the TMD density of a parton f in hadron A with fraction of
momentum x4 and transverse momentum k_,

® Ds/p(x,q1 — k1) is a similar quantity for hadron B,

m Ci(q,k) are determined by the cross section o (ff — ™t ™) of production of
DY pair of invariant mass ¢? in the scattering of two partons.

Examples: Drell-Yan process with Q being the mass of DY pair and Higgs
production by gluon-gluon fusion

TMD approach is relevant when the transverse momentum ¢, < Q
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Long-term project: TMD factorization valid at small and moderate x

do s [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(xBaqL —k1)C(g, k1)

flavors

+ power corrections + “Y — terms”

The quantities D4 (xa, k1), Dy/p(xs,q1 — k1), and C(q, k1) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
.

At moderate x4, xz: CSS/SCET approach. The TMDs D, /4 (x4, k1) are defined
with a combination of UV and rapidity cutoffs.

At x4, xp < 1: kp-factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS to small x. (Recently: LO BFKL from SCET)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, 1.B, 2015-2023)

Example: full list of power corrections ~ é for DY hadronic tensor, see below.
They are not obtained (yet?) by CSS or SCET

Ian Balitsky l/Qz power corrections to TMD factorization for ~ 4/27



Classical example: DY hadronic tensor

DY cross section is given by the product of leptonic tensor and hadronic tensor.
The hadronic tensor W,,,, is defined as

1 —igx
W (pa,pB,q) = W/d“xe “(pa,pBlJ,.(x)J,(0)|pa, pB)

pba

1S
Y

PB

pa,pe = hadron momenta, ¢ = the momentum of DY pair, and J,, is the
electromagnetic or Z-boson current.

There are four tensor structures Wy, Wi, Wa, Wana
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TMD representation for W;

The hadronic tensor in the Sudakov region ¢> = 0 >> ¢% can be studied by
TMD factorization. For example, functions Wy and Waa can be represented as

= > ef/dsz_D Jaea ki )D /B(XBan_ ki)Ci(g, k1)

flavors
-+ power corrections + Y — terms (1)

There is, however, a problem with Eq. (1) for the functions W, and Wa.

Wr and Wana are determined by leading-twist quark TMDs,

2
but Wa and W, start from terms ~ % and ~ "Q—iz determined by

quark-quark-gluon TMDs.
The power corrections ~ % were found more than two decades ago but there

was no calculation of power corrections ~ @ until recently.
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Power corrections from tree diagrams in background
fields
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TMD factorization from rapidity factorization

Sudakov variables:

—to
Il
!
(SN
|
]

p = api+pp2+pi, P12~ pa, P2 =pp, P

pA

“Projectile” fields : |8] < o,

“Central” fields

pPB

“Target” fields : || < oy

The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of é = power corrections
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Double operator expansion

J(xl)] Z /dzl dzy dw1 a’w2 Crr(xi, x5 2 ,W+ 0p, 01)
X 01 (235 %2,327 .21, )07 (& %2, 528 0, )

Op

O - “projectile” TMD operators, O} - “target” TMD operators

To find relevant operators and coefficients, it is convenient to consider “matrix
elements” of the |.h.s. and r.h.s. in suitable background field

Suitable field A: solution of classical YM equations with boundary condition that
at the remote past the field is a sum of projectile and target fields

T (0))a = Z/dz(dz;dwfdwé’@;;(xl,xz;zf,wf;ap,a,)

X ((’A)fp(zzﬂxh;zl_,xll)Oj"(z;sz;zfr,xu))A

In the tree approximation
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Classical solution A and ¢,

Solution of classical YM equations

Pon = 0, 2"F8, = > gdal" s
f

Au(x) szioo A/,(xi,XL), IZJA(X) Xizioo 'lfjt1(x :XL)
A,u(x) ! _é_oo B/;,(XJF,XJ_), ’I/JA()C) * _;_OO ?/)h(XJr,XJ_)

The projectile and target fields satisfy YM equations

Boundary conditions :

(P+mp)a = 0, DVFj, = gat™y,ta
(P+mp), = 0, DFj, = gpt™yutp

Method of solution:
m Start with v, + ¢ and A, + B, inthe gauge A" = 0,A~ =0
m Correct by computing Feynman diagrams (with retarded propagators) with
sources (P + m)(va + 1) and J, = DHFF (U + V)
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¢ in the tree approximation

It is convenient to choose projectile/target fields as
Projectile fields: 5 =0= A(x",x1), ¥a(x",x1)
Target fields: a« = 0 = B(x",x1 ), ¥p(x~,x1)

Yo

T

|

Classical background fields: ¢ ¢, C,

Y¢ = sum of tree diagrams in external A, A, 44, 1, and B, B, 1z, U fields
with sources

Jy = (P+m)(ba+p), J,=D'F'(A+ B)

and

Jy = (P+m)(a+p), J,=D'F'"(A+B)

Ian Balitsky
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Classical solution = ) tree diagrams with retarded propagators

The fields A, ¢ and A, ¢ do not depend on x+ =
if they coincide at x* = oo = they coincide everywhere.

Similarly, o
B, 1, and B, v, do not depend on x~ =
if they coincide at x~ = oo they should be equal.

Since A = A and B = B the sources and background fields are the same to the
left and to the right of the cut
=

¥c and C,, are given by the sum of tree diagrams with retarded Green functions
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Classical fields in the leading order in pi/pﬁ S a%

The solution of such YM equations in general case is yet unsolved problem
(goes under the name “glasma” < scattering of two “color glass condensates”).

Fortunately, for our case of particle production with % < 1 we can use this small
parameter and construct the approximate solution.

At the tree level transverse momenta are ~ ¢* and longitudinal are ~ Q* =

,A = series in % oY= 1,/)(0) + 1;‘)(1) +oy A=A0 L A0 4

NB: After the expansion

1 | R S

- = : = -5 - 4 ; +
PP iy pt—pitiepo  pt o pl+iepo pt+iepo

the dynamics in transverse space is trivial.

Fields are either at the point x, or at the point 0; = TMDs
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Leading-N,. power corrections

Power corrections are ~ leading twist x ("é or ”QL2> X (1+ 5 + %)

NB: almost all §Gg TMDs not suppressed by - ¥, can be rewritten in terms of gg
TMDs due to QCD equations of motion

Leading twist: 0= +/s/2

/dx Py e HEIL (AR k1) il (0)]A) = fi(an k)

8m3s
Power correction:

o3 dx—dx | efiagx’Jri(k,x)L
TS

X (A[D (™ x)AG x)p, b (0)]A)

= kifi(a, ki) — aki[fi(a. ki) +igt(a, k1)),

(Mulders & Tangerman, 1996)

Ian Balitsky l/Qz power corrections to TMD factorization for  14/27



Result for W, for unpolarized hadrons

Result:
Wuw(q) = Wi (9) +W;,(q) + W,,(q)

The first, gauge-invariant, part is a “gauge completion” of leading-twist result
W (a) = Waila) + Wi (q),

1 _ _
Wi (q) = ZefoF Whia) = o / P T+ FfiYWE (g, kL),

1 [ _
Witla) = ZefoHq- Wikia) = 5 [+ B (a.k0)

;
where (g = xa, By = x5)

{Af +Af} = filog, k)fi(Bg. (g —k) 1) + fi & f
{hihi +hihi} = hi(ag, k)i (Bg, (g —Kk) 1) + hi <> bt
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Gauge-invariant structures  ¢"W/, = ¢"W/!, =0

L
Mlqﬂ +

117%

Z/u[]r/

0 [qi —4(k,q— k)]

q = agp1 — Byp2

Wil,(q, k1) = LT+ “gauge — invariant completion”
TS o DI RS i
= 8w + @(ququ + f{,,f{/,) + a
5 [
m 1 qvqi 1
_ [QLZ <é’m‘ _ 0 )(q -2k +puev
mZWﬁIL/ (qa kJ_)

[k g = R + kb (g — Kk + g (kg — k) 1] + 2924

(B0t vkt -03] + 2
~ I

Ian Balitsky

Il
qpqv

(=07 — k(g —01] + o v)

I~ ~
+
k), — W”Q#@k—q,m,q—kn
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Second gauge-invariant part

2 2 2
2 _ 2 ~ _ e - _ L - _ 2
W (q) = NCQZ/d kL{ [qu(q k) + ﬂqsqupw(k,q k) + aqsqupzu(q K1+ pe V]

% (BoAATL +FifL} = g hhi + Rt })

[quk + ; K gupr + é(k,qfk)ﬂmpzy +pe V}
x (= aglfifi +7ifi} + B, (nth+ hih})
(2 (o248:F1 + ik + B2UASs + s} + By [{ee + e} + {hh + hh}] )
+ (a0 (= gy [{f1fr +Fif} + {8181 + 2181}
+ B2t + hthdy + o2 (hihi + b hi'Y )|

44,9y

+Q2

Y 2 o
W/ﬁ,(q.ki) [t Ring + b Ring} + — (Ringht + Ringht'} + R({hights + highis})]
g Pq
where Wi (¢, k1) is a transverse gauge-invariant structure

Win(qi,ky) = g (kg — k)3 — guki(g—ki)?
+ k(g = k) +p e vVI(k g — k)L —Ki(g = k)i (g — Ky — (¢ — ko) ks

f1./5, h,h_;{gb e are the quark-antiquark TMDs of a non-leading twist,

hig - quark-antiquark-gluon TMD.

Tan Balitsky ) rer corrections to TMD fac|



Third part

2
Wiw(q) = N, Q2 /dzkl
{ i a bunch of quark—antiquark and quark—antiquark—gluon TMDS}
+ [k i‘ VE k(g — k) —&—gw(k,q—k)d X same
+ [2(q - q k) +gﬂ,,(q—k)2l] X same
+ [2(q - q k) +gj,,(q — k)] x same}

Similarly to LT contribution is not EM gauge invariant = needs “gauge
completion” by 2 ol and 4 power corrections.

Still, it is gauge |nvar|ant at the @ level
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Third part: 4 transverse structures and ~ 10 ggG TMDs

NL.ZQZ /dsz [gﬁ,,{mzaqﬂq ({hiz + hh} — {ee + Ee})
+ agBm* [Rfp(g, kL )f By qu — k1) + Rfp(ag, kLA (B qr — ki) + fi(og, ki )Rfp(Bgy a1 — k1) +fi(ag, k)Rfp
— m*B,({fiRhs +iRhe} + (iR +iRfig}) — mPa,({Rheh + Rhah} + (Rhahi + Rfaghi})
+ (kg = )L (= Blhth+ hth} = ag{hhi + bt} + 262t bt + hihi )
+ 202 {0 b+ hy bt} + 28, {Sécht + Séghi} + 20, {hSég + i Ség)
— BylhRhg +AiRhig} — ag{Rfigh + Riahi} — agby [{f1 Rhg +FL g}

+ {gﬁ\‘fflg — 2136} + {9?}19}1 + Rigf L} + {gjlggL —SfigeL}] }

W,(q) =

+ g kog = k)L + ki (q — k)5 + ki (g — k)t {Oéqﬁq[{ﬁﬁ +fifr} {8181 + 8181}

+ g By [Rhp(ag, k) (B ar — ki) + Rhp(ag, kR (Bgyar — ky)
1 (g k) RAp(Byy gL — ko) + 1y (g kL) Rhp (B — ko))
+ Byl Rhzg + hi-Riag} + B {hi Shag + hiShag}
+ ag{Rhsghi + Rhsght} + ag{Shaght + i‘rhwﬁf}}

—k)? _ _ _ _ _
— gk + 2k (%{hﬁnhzg + hERhog} + {Rhygh + Rhy ghy + {Shige — %hlge})
q

i — - _ — —
= [2(g =K (q — B + g (g — 0] (—5 =5 {Rhaght' + Rhaghi' } + ({WRh1g + hRhig} + {eShg - esmg})]
q’

Tan Balitsky / 1 corrections to TMD fac



Basis of operators for é

Power corrections ~ é are unique but corrections ~ é depend on the

chosen basis of TMD operators because 0=+/s/2

AL@() = —idh p() — ibp 0 0(x)~iLp,D ()
BLW() = —idu () — ilp0 b(0—ilp Dov()

r.h.s. = my choice, Lh.s = Vladimirov, Scimemi et al

EOM

Example:

1 /dxfdxl e*iozgx_+i(k,x)J_
8m3s

X (AD(x,x A, x )P, (0)|A)

= kifi(a, ki) — oki[fi (e, ko) +igt(a, k1))

The terms ~ i//lei" '(x) cancel in final expressions for é power
corrections due to g¢G operators.
(Of course they are still present in the kinematical corrections)
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Application: angular coefficients of Z-boson production

In CMS and ATLAS experiments s = 8 TeV, Q = 80 — 100 GeV and O,
varies from 0 to 120 GeV.

Our analysisisvalidat 9, =10 —-30GeVand Y ~ 0 (x4 ~ xg ~ 0.1) so that
power corrections are small but sizable.

Angular distribution of DY leptons in the Collins-Soper frame (c4 = cos ¢,

s = sin ¢ etc.)

do 3 do Ao
_99 2 Y )+ 32)+A
d0%dydSy 16 dgidy |\ T G0+ 7 (1= 3¢p) + Avsaneo +

+ Aszsgcy + Agcy + A5S§S2¢ + Ags205¢ + A7S9S¢}

A

2
SoC
202¢>

Back-of-the envelope estimation: take only f; contribution at large N,, use
“factorization hypothesis” for TMD f; (x, k1 ) ~ f(x)g(kL) and calculate integrals
over k in the leading log approximation using fi (x,k3 ) ~ %

L
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Result with w,largeN and “f,” accuracy

/ 22 o
W(Qvlvl) = Ce (‘f| 2 Q2|2+F

X Z {(a§ +1)(af + 1)([%/“2 %(WFf, W] (1 + cos® 0)

Q Q1 Fry _ QL Fi [

2Q2 WF(1 — 3 cos? 0) + == sin 26 cos ¢ + 207 W sin® 0 cos 2(;5} )
0. Wi Ff

+ Saeaf[ 0 sin @ cos ¢ + W,” cos 9] }

Ff 2 f Ff (‘I*Zk)i f
W (q) = [dk F(q.ki), W' (q9) = dkLTF (q,k1)
1
g — 2k
W (q) = /dz/uwﬁ(q,h)
a1
: g — 2k
W (q) = / dsz(”qiz”ff(q,kn, w(q) = / d*k ' (q,kL),
L

Fg.ky) = f(og k) (B (g—Kk)1) — f < Ff
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Comparison with LHC results

W~ ZwFf{(a3+1)(q%+1)([1 7£+ 0 WFf}(lﬂos 0)

Zmz Zm2 WEE

QZ ‘T/VFf QL Q2
+2’—2W(173 s20) + —Wbln29wb®+%bm 6‘@052(;5})
WFf WFf
+ 8acay {Q—W sinf cos ¢ + —= P 0059}}

Ff
We can easily estimate A, and A, which depend on 7k

Logarithmic estimate of X o if k2 > m% we can approximate

fit k) = 1o pg k) o
J_

F)f(By) +f < f
K (q— k)32

Performing integration over k, in logarithmical approximation, one
obtains )

wft 2lnn12/Q2

L In Q% /m?
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Comparison of A, with LHC results

Logarithmic estimate of A (m. -Z-boson mass, m - proton mass)

2/
4 @ (+)
0 = m% 14 Q% nm?/Q%
m? In Q% /m?
020
0151
010}
005 _—
_—
| — —
| . . . . .
10 15 20 25 30 35 0

Figure: Comparison of prediction (x) with lines depicting angular coefficient Ay
in bins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Comparison of A, with LHC results

Logarithmic estimate of A,

o 1
S + G /e, "
m? In in /m?

012 S
o1of .
008 L
006
004f L
0.02} /7

E —

AT I » = 0 s 0,

Figure: Comparison of prediction (xx) with lines depicting angular coefficient
Ay inbins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Qualitative checks

Ff
W~ er‘WFf{l—}—cos 0+ QL s (1 —3cos? )

I3 2m 2 W
Wit 2
gj Gy Sin20 cos ¢ + erf sin 0 cos 2¢)]
8acay 0, it W
e 1)(a} + 1) Lmg W sinfcos g + o e 6089]}
N iR L

2m2 2mZ W

Qualitative checks:
= Factorization of TMD fi (x,k2) =~ f(x)f(k3) = W7 (¢) =0
= A, is smaller than A,
m A4 does not depend on @ and increases with rapidity
m Aj is smaller than A4
m As,Ag, A7 are order of magnitude smaller than Ay, A,, A4
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Conclusions and outlook

Conclusions

m Power corrections ~ é for DY hadronic tensor = “gauge-invariant
completion” of the LT result.

= Bookkeeping: full list of J; power corrections.

m Back-of-the-envelope estimates of angular distributions for DY
Z-boson production are in good agreement with LHC data.

Outlook
m Power corrections for SIDIS

Thank you for attention!
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