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transversity PDF - universal parton density that quantifies the degree of transverse 
polarization of quarks within a transversely polarized nucleon 
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User-friendly jupyter notebook to calculate functions and asymmetries: 
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D_Library.ipynb 

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF_tables
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(Aybat, et al. (2012); Bury, et al. (2021); 
Echevarria, et al. (2014, 2021))
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TMD/Collins-Soper-Sterman (CSS) Evolution
Sudakov exponentials (gluon radiation)
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Anselmino, et al. (2007); 
Kang, et al. (2016); …)

Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution

<latexit sha1_base64="dEFqQDV/TSbOe1BmZhSL7lSXwbA=">AAACCHicbVC7SgNBFL3rM8bXqqWFg0GwCGFXfJVBGyuJYB6QXcPsZJIMmZ1dZmaVsKS08VdsLBSx9RPs/BsnyRaaeGDgcM693DkniDlT2nG+rbn5hcWl5dxKfnVtfWPT3tquqSiRhFZJxCPZCLCinAla1Uxz2oglxWHAaT3oX478+j2VikXiVg9i6oe4K1iHEayN1LL3PMq5V7y+85IYSxk9IE9HaCL2vGKjZReckjMGmiVuRgqQodKyv7x2RJKQCk04VqrpOrH2Uyw1I5wO816iaIxJH3dp01CBQ6r8dBxkiA6M0kadSJonNBqrvzdSHCo1CAMzGWLdU9PeSPzPaya6c+6nTMSJpoJMDnUSjkzWUSuozSQlmg8MwUQy81dEelhiok13eVOCOx15ltSOSu5p6eTmuFC+yOrIwS7swyG4cAZluIIKVIHAIzzDK7xZT9aL9W59TEbnrGxnB/7A+vwBjsmZDA==</latexit>

`N" ! `hX

<latexit sha1_base64="1+wlUrucYp1ZMN92+oGruTsSZQ4="></latexit>

h1(x) =

Z
d2~kT h1(x,~k

2
T )

<latexit sha1_base64="WAVuGYZgEl+gyeybEp2eLfuj48U="></latexit>

h̃1(x, bT ;Q
2, µQ) ⇠ h1(x;µb⇤) exp

h
�Spert(b⇤(bT );µb⇤ , Q, µQ)� Sh1

NP (bT , Q)
i

<latexit sha1_base64="WrPNQy91TPYyEGqkLFcbMqkGMjw="></latexit>

H̃
?(1)
1 (z, bT ;Q

2
, µQ) ⇠ H

?(1)
1 (z;µb⇤) exp

h
�Spert(b⇤(bT );µb⇤ , Q, µQ)� S

H
?
1

NP
(bT , Q)

i

Sudakov exponentials (gluon radiation)

qgq 
fragmentation 

function

4



 

D. PitonyakD. Pitonyak

<latexit sha1_base64="qKy0uxDXOYX1Bmn0UrQ0rfD84W0=">AAACG3icbVC9TsMwGHTKXyl/oYwsFhUSU5UgEIwVLIxFoj9SEyrHcVqrTmzZTmkV9VFghfdgQ6wMvAZPgNtmoC0nWTrdfZ99vkAwqrTjfFuFtfWNza3idmlnd2//wD4sNxVPJSYNzBmX7QApwmhCGppqRtpCEhQHjLSCwe3Ubw2JVJQnD3osiB+jXkIjipE2Utcui0cvFUhK/gSFpznst7t2xak6M8BV4uakAnLUu/aPF3KcxiTRmCGlOq4jtJ8hqSlmZFLyUkUEwgPUIx1DExQT5Wez7BN4apQQRlyak2g4U/9uZChWahwHZjJGuq+Wvan4n9dJdXTtZzQRqSYJnj8UpQyaP06LgCGVBGs2NgRhSU1WiPtIIqxNXQs3hUMqVJ56NI9dMiW5y5WskuZ51b2sOvcXldpNXlcRHIMTcAZccAVq4A7UQQNgMAIv4BW8Wc/Wu/Vhfc5HC1a+cwQWYH39Aqrwogw=</latexit>

p"p ! hX

AN is a collinear (twist-3) observable

(Metz, DP (2012); Kanazawa, et al. (2014); 
Cammarota, et al. (2020); Gamberg, et al. (2017, 2022))
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 Analyze TSSAs in SIDIS, Drell-Yan, e+e- annihilation, and proton-proton 
collisions and extract

      along with the relevant transverse momentum widths for the Sivers,
      transversity, and Collins functions:

 We use a Gaussian ansatz:            where

       NB:               only used for                 ,

 DGLAP-type evolution for the collinear functions analogous to Duke & 
Owens (1984): double-log Q2-dependent term explicitly added to the 
parameters

  

h1(x), FFT (x, x),H
?(1)
1 (z), H̃(z)
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 Additional data/constraints included in the fit compared to 2020:

• Collins and Sivers effects (3D-binned) SIDIS data from HERMES (2020)
•               data (x and z projections only) from HERMES (2020)

• Lattice data on gT at the physical pion mass                                            
from ETMC (Alexandrou, et al. (2019))

• Imposing the Soffer bound on transversity:
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Generate “data” (central value and 1-σ uncertainty) 
using recent simultaneous fit of f1 and g1 from 
Cocuzza, et al. (2022) and add to the 𝟀2 if SB is 
violated by more than the uncertainty in the data
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 TMD that only include e+e- and SIDIS Collins effect data (e.g., Kang, et al. (2016), 
D’Alesio, et al. (2020)) and dihadron analyses (e.g., Radici, Bacchetta (2018); Benel, Courtoy, 
Ferro-Hernandez (2019)), are generally below the lattice values for gT and 𝛅u 

 Note that one initially finds JAM3D-22 has more tension with lattice, but this does 
not imply phenomenology and lattice are incompatible – one can only fully answer 
this by including lattice data in the analysis (use it as a prior)

 Once gT is included (as a Bayesian prior), we find the non-perturbative 
functions can accommodate it and still describe the experimental data well



QCD Global Analysis of TSSAs 
for Dihadron Fragmentation
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DP, Cocuzza, Metz, Prokudin, Sato,  Phys. Rev. Lett. 132, 011902 (2024)

Cocuzza, Metz, DP, Prokudin, Sato, Seidl, Phys. Rev. Lett. 132, 091901 (2024)
a

Cocuzza, Metz, DP, Prokudin, Sato, Seidl, Phys. Rev. D 109, 034024 (2024)

User-friendly jupyter notebook to calculate transversity PDFs and DiFFs: 
https://colab.research.google.com/github/prokudin/JAMDiFF_library/blob/main/JAMDiFF_Library.ipynb

LHAPDF tables available for transversity PDFs:
https://github.com/prokudin/JAMDiFF_library/tree/main/lhapdf
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(Collins, et al. (1994); Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004); Courtoy, et al. (2012); 
Matevosyan, et al. (2018); Radici, et al. (2013, 2015, 2018); Benel, et al. (2020), …)
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e+e� ! (h1h2)(h̄1h̄2)X
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Note: D1 can be constrained using data on 
dσ/dzdMh from BELLE (2017)

<latexit sha1_base64="RFbB7kP3wUHbWIPtM8BhUZ5/GXA="></latexit>
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D1(z,Mh)

<latexit sha1_base64="o5yZzhJMU5d+Jd1IfuhODl/Vy08="></latexit>

h1(x),H
^
1 (z,Mh), D1(z,Mh)

DiFFs and transversity PDFs 
extracted simultaneously
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H
^
1 (z,Mh), D1(z,Mh)



 Analyze TSSAs for 𝜋!𝜋" production in e+e- annihilation, SIDIS, and proton-
proton collisions and extract

      
 We use the following functional form for the transversity PDFs uv , dv , and 

#𝑢 = −𝑑̅ (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer bound

  

D. Pitonyak

Use constraint from small-x 
asymptotics (Kovchegov, Sievert (2019))

<latexit sha1_base64="n7ZTS4Xe4WdUoKPhY4HR8UJdp2E="></latexit>

↵
x!0���! 1� 2

r
↵sNc

2⇡

50% uncertainty due to unaccounted for 
1/Nc and NLO corrections

<latexit sha1_base64="DCndCQtWukaoIkKm7PPirJJ1cqw=">AAACEnicbZC7SgNBFIZnvcZ4W7W0GQyCNmFXjEkjBG0sI5gLZEOYnZwkQ2YvzJwVw5JnsPFVbCwUsbWy822cXApNPDDw8f/nzJz5/VgKjY7zbS0tr6yurWc2sptb2zu79t5+TUeJ4lDlkYxUw2capAihigIlNGIFLPAl1P3B9div34PSIgrvcBhDK2C9UHQFZ2iktn3qITzg5J5UQWeUekzGfUYvqZN3iw714sCQUyqM2nbOwKToIrgzyJFZVdr2l9eJeBJAiFwyrZuuE2MrZQoFlzDKeomGmPEB60HTYMgC0K10ssqIHhulQ7uRMidEOlF/T6Qs0HoY+KYzYNjX895Y/M9rJtgttVIRxglCyKcPdRNJMaLjfGhHKOAohwYYV8LsSnmfKcbRpJg1IbjzX16E2lnevcgXbs9z5atZHBlySI7ICXFJkZTJDamQKuHkkTyTV/JmPVkv1rv1MW1dsmYzB+RPWZ8/dUycAw==</latexit>

↵ = 0.170± 0.085

<latexit sha1_base64="lkpmGAp/zwVkhSC3UklV1hcmL/A="></latexit>

F (x) ⇠ Nx↵(1� x)�(1 + �
p
x+ �x)

<latexit sha1_base64="o5yZzhJMU5d+Jd1IfuhODl/Vy08="></latexit>

h1(x),H
^
1 (z,Mh), D1(z,Mh)*

*Also need data from PYTHIA for flavor separation and to constrain the gluon D1(z,Mh)

15



 Analyze TSSAs for 𝜋!𝜋" production in e+e- annihilation, SIDIS, and proton-
proton collisions and extract

      
 We use the following functional form for the transversity PDFs uv , dv , and 

#𝑢 = −𝑑̅ (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer bound

 The DiFFs                                        use the same functional form as above      
(x → z) for the z dependence, which is repeated on a grid in Mh (more finely 
spaced around the resonances) and interpolated to obtain the function value at 
any Mh 

 Perform the analysis with and without LQCD data as a Bayesian prior for the 
tensor charges 𝛅u,𝛅d from ETMC (Alexandrou, et al. (2019)) and PNDME (Gupta, et 
al. (2018)) (physical pion mass and 2+1+1 flavors)

D. Pitonyak

<latexit sha1_base64="o5yZzhJMU5d+Jd1IfuhODl/Vy08="></latexit>

h1(x),H
^
1 (z,Mh), D1(z,Mh)

<latexit sha1_base64="hE3FE1ZcyccdvEa7iziREjp4P3c=">AAACEHicbVDLSgMxFM34rPVVdekmWMQKpcyIr2VRF90IFewD2nHIpHfa0ExmSDJCLf0EN/6KGxeKuHXpzr8xfSy09UDgcM653Nzjx5wpbdvf1tz8wuLScmolvbq2vrGZ2dquqiiRFCo04pGs+0QBZwIqmmkO9VgCCX0ONb97OfRr9yAVi8St7sXghqQtWMAo0UbyMgdXnpN7yONrr3OYxyXPuWuquAPSBDgRbQ7GHHpeJmsX7BHwLHEmJIsmKHuZr2YrokkIQlNOlGo4dqzdPpGaUQ6DdDNREBPaJW1oGCpICMrtjw4a4H2jtHAQSfOExiP190SfhEr1Qt8kQ6I7atobiv95jUQH526fiTjRIOh4UZBwrCM8bAe3mASqec8QQiUzf8W0QySh2nSYNiU40yfPkupRwTktnNwcZ4sXkzpSaBftoRxy0BkqohIqowqi6BE9o1f0Zj1ZL9a79TGOzlmTmR30B9bnD0OkmuU=</latexit>

D1(z,Mh), H
^
1 (z,Mh)

<latexit sha1_base64="lkpmGAp/zwVkhSC3UklV1hcmL/A="></latexit>

F (x) ⇠ Nx↵(1� x)�(1 + �
p
x+ �x)

*

*Also need data from PYTHIA for flavor separation and to constrain the gluon D1(z,Mh)
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 Remark about 𝟀2 definition and Bayesian priors 

  

D. Pitonyak

Only experimental data included in 
the        function (no LQCD)

LQCD data 
included as a prior

<latexit sha1_base64="UzSsBAjmgf4imRa7I2bhWoMKL+8=">AAACDXicbVC7TsMwFHV4lvIqMLJEFCSmKql4jRUsjEWiD6kplePctladh+wbRBXlB1j4FRYGEGJlZ+NvcNMM0HIky0fn3Ot7fdxIcIWW9W0sLC4tr6wW1orrG5tb26Wd3aYKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o6uJ37oHqXgY3OI4gq5PBwHvc0ZRS73SoeOGwlNjX1+Jg/CA2ZuJBC9NHDbkd9U07ZXKVsXKYM4TOydlkqPeK305XshiHwJkgirVsa0IuwmVyJmAtOjECiLKRnQAHU0D6oPqJtnk1DzSimf2Q6lPgGam/u5IqK8mC+tKn+JQzXoT8T+vE2P/opvwIIoRAjYd1I+FiaE5icb0uASGYqwJZZLrXU02pJIy1AEWdQj27JfnSbNasc8qpzcn5dplHkeB7JMDckxsck5q5JrUSYMw8kieySt5M56MF+Pd+JiWLhh5zx75A+PzB6XnnTM=</latexit>

�2
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19
Note: JAM3D* is slightly modified from the published JAM3D-22 version: antiquarks are now included (with 
"𝑢 = −𝑑̅) and 𝛅u,𝛅d from ETMC and PNDME are both included in the fit (rather than just gT from ETMC)
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 JAMDiFF (no LQCD) agrees within errors with JAM3D* (no LQCD) and 
Radici, Bacchetta (2018) for the tensor charges

 Similar to the JAM3D analysis, JAMDiFF also finds compatibility with 
lattice once that data is included in the fit (as a Bayesian prior), and can still 
describe the experimental data well



      

  

D. Pitonyak

 Possible explanation for the shift (~3-4σ difference with lattice to a ~0.3-2σ 
difference) in the phenomenological values of the tensor charges once LQCD data is 
used as a prior: 
• In the no LQCD fit, h1uv has a maximum and then begins to decrease around where the x 

coverage of the experimental data ends (x ≈ 0.3)

• Within our parameterization, the PDFs fall off smoothly and monotonically as x → 1, 
and this drives the behavior (and uncertainty) of h1uv in the unmeasured (x > 0.3) region

• The fit with LQCD included has additional constraints at larger x due to the fact that one 
integrates from x ∈ [0, 1] to calculate the tensor charges. This causes h1uv to now peak at 
slightly higher x ≈ 0.35 in order to accommodate both LQCD and experimental data. The 
Soffer bound forces the with LQCD h1uv to then decrease shortly after x = 0.35 and the 
PDF again falls off smoothly and monotonically as x → 1 

• In order to further test the compatibility between LQCD and experimental data, it 
is of vital importance to have more measurements at larger x (for SIDIS) and more 
forward rapidity (for pp)

• The LQCD data and STAR √s=200 GeV data have a preference for a larger h1uv at large 
x, while the COMPASS proton data and STAR √s = 500 GeV data prefer a smaller h1uv. 
In such a situation where there are competing preferences, and we compare analyses 
containing different subsets of the data, the choice of likelihood function and priors do 
not guarantee that the fits overlap within statistical uncertainties 21
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Recent analyses by the JAM Collaboration show agreement between 
single-hadron and dihadron approaches for extracting transversity as well as 

compatibility with lattice QCD tensor charges, thus demonstrating the 
universal nature of all this information
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<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z
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Tr

h
�h1h2/q(z,~kT ;P1, P2)�

�
i

24

NEW definition of 
dihadron FFs
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1 (z, ⇣,~k 2
T , ~R

2
T ,~kT · ~RT ) = N (N � 1)
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<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments
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total partonic cross section for
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⌘ �̂q
0

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.



<latexit sha1_base64="6dWBwqTvaoLyFbPX6c2McIRpoKs="></latexit>X

h1

X

h2

Z
dz d⇣ d2~kT d2 ~RT Dh1h2/q

1 (z, ⇣,~k 2
T , ~R

2
T ,~kT · ~RT ) = N (N � 1)

D. PitonyakD. Pitonyak

<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z,~kT ;P1, P2)�

�
i

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

<latexit sha1_base64="Oo6VAEp+bz7E219CYEsn6KA2/UM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFbUkxdey6MZlBfuAPsJketMMnTyYmQglduGvuHGhiFt/w51/46TNQlsPXDiccy/33uNEjAppmt9abmFxaXklv1pYW9/Y3NK3dxoijDmBOglZyFsOFsBoAHVJJYNWxAH7DoOmM7xJ/eYDcEHD4F6OIuj6eBBQlxIslWTre9A7ht5pR4ZGybMtz64cdU5aBVsvmmVzAmOeWBkpogw1W//q9EMS+xBIwrAQbcuMZDfBXFLCYFzoxAIiTIZ4AG1FA+yD6CaT+8fGoVL6hhtyVYE0JurviQT7Qox8R3X6WHpi1kvF/7x2LN2rbkKDKJYQkOkiN2aG+jYNw+hTDkSykSKYcKpuNYiHOSZSRZaGYM2+PE8albJ1UT6/OytWr7M48mgfHaASstAlqqJbVEN1RNAjekav6E170l60d+1j2prTspld9Afa5w+1WpP6</latexit>

e+e� ! (h1h2)X

24

<latexit sha1_base64="tVm1onuFsAs0WxlR2il9B7pNtC8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXwSAIapgRt2PQi8cIZoHMJPR0apImPT1Dd48ShvyHFw+KePVfvPk3dpaDRh8UPN6roqpekHCmtON8WbmFxaXllfxqYW19Y3OruL1TV3EqKdZozGPZDIhCzgTWNNMcm4lEEgUcG8HgZuw3HlAqFot7PUzQj0hPsJBRoo3UxvYRtk88Hdt977jZKZacsjOB/Ze4M1KCGaqd4qfXjWkaodCUE6VarpNoPyNSM8pxVPBShQmhA9LDlqGCRKj8bHL1yD4wStcOY2lKaHui/pzISKTUMApMZ0R0X817Y/E/r5Xq8MrPmEhSjYJOF4Upt82X4wjsLpNINR8aQqhk5lab9okkVJugCiYEd/7lv6R+WnYvyud3Z6XK9SyOPOzBPhyCC5dQgVuoQg0oSHiCF3i1Hq1n6816n7bmrNnMLvyC9fENC/GRlQ==</latexit>

e+e� ! hX
<latexit sha1_base64="waPqWF/NbmvNkof+Hwb4SQmO6hs="></latexit>

d�

dz d⇣d2 ~RT

=
X

q

4⇡Nc↵2
em

3Q2
e2q D

h1h2/q
1 (z, ⇣, ~R2

T )

<latexit sha1_base64="uKvxwLXYUomFAzUGTbWTFtbV+AY="></latexit>

d�

dz
=

X

q

�̂q
0 D

h/q
1 (z)
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⌘ �̂q
0

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.

This is exactly the structure dσ should have if D1 has a number 
density interpretation (alternative definitions would introduce 

additional factors that don’t give the expected parton model result)
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is a number density Jacobian for the variable 
transformation
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Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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DiFFs extracted from experiment now have a clear physical meaning: 
they are densities in the momentum variables for the number of hadron pairs 

(h1 h2 ) fragmenting from the parton 

  

25



 We have performed separate QCD global analyses of TSSAs in TMD/collinear 
twist-3 single-hadron observables and in dihadron fragmentation measurements, 
also studying the role of lattice QCD in our fits.  Work is in progress combining 
JAM3D and JAMDiFF that will also incorporate Collins hadron-in-jet data and 
new COMPASS SIDIS (Sivers, Collins) and DY (Sivers) measurements.

 We have introduced a new definition of dihadron fragmentation functions that is 
consistent with a number density interpretation, allowing for a clear physical 
interpretation of our extracted DiFFs

 Quantities of particular interest are the tensor charges of the nucleon - they are 
fundamental properties of the nucleon that have connections to QCD 
phenomenology, lattice QCD computations, model calculations, and low-energy 
beyond the Standard Model studies (e.g., beta decay, EDM)

Recent analyses by the JAM Collaboration show agreement between      
single-hadron and dihadron approaches for extracting transversity as well 
as compatibility with lattice QCD tensor charges, thus demonstrating the 

universal nature of all this information

D. Pitonyak

Summary
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• Symmetry relations (Courtoy, et al. (2012))

also have
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|H^
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• Positivity bounds (Bacchetta, Radici (2003))
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• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 
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! 204 parameters for D1 and 48 parameters for H^
1
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• The Belle data is not sufficient to perform a flavor separation for D1, so we 
supplement with data from Pythia for σq/ σtot for q = s, c, b at 

<latexit sha1_base64="qdhV/SI05kKWkoRZ4hoAOd84hDo="></latexit>p
s = [10.58, 30.73, 50.88, 71.04, 91.19] GeV

→ constrain D1 for s, c, b as well as the gluon through scaling violations 

using different tunes to quantify systematic uncertainties

• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 
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Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1
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 Since D1(z,Mh) now has a number density interpretation, we can meaningfully 
calculate expectation values
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<latexit sha1_base64="92Th9uEvoBcsJ0WDDCW6iP3cF1w="></latexit>

hMh|zii =
R
dMh Mh Di

1(z,Mh)R
dMh Di

1(z,Mh)

average value of Mh for a single 
𝜋!𝜋"	pair with a given z formed from 

the fragmentation of a parton i
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hz|Mhii =
R
dz z Di

1(z,Mh)R
dz Di

1(z,Mh)

average value of z for a single 𝜋!𝜋"	pair 
with a given Mh formed from the 

fragmentation of a parton i
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• At smaller z (where more 𝜋!𝜋"	pairs are produced), we expect on average they will have 
a smaller mass, in which case the mass of the quark flavor becomes less relevant (b quark 
is so heavy it separates out even at small z).  

• As less 𝜋!𝜋"	pairs are produced as one nears threshold (z →1), then the mass of the quark 
more directly correlates to the mass of the dihadron. 

• For a given Mh, 𝜋!𝜋"	pairs need to carry smaller z if they arise from the fragmentation of 
a heavier quark (clear hierarchy is displayed).  

• The uncertainty in the gluon DiFF is too large to make any definitive statements about the 
features of 𝜋!𝜋"	pairs produced from its fragmentation.
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281
• The potential issue about the violation of the number sum rule equally applies to 

single-hadron FFs. Nevertheless, the universally accepted number density 
interpretation of D1(z) (Collins and Soper (1982)) is not called into question.
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• “Misinterpreting sum rules can have practical numerical consequences for 
phenomenological analyses” … The number sum rule for (single-hadron or 
dihadron) fragmentation functions (FFs) has never been used to constrain any 
phenomenological analyses, including those by JAM.
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281
• The potential issue about the violation of the number sum rule equally applies to 

single-hadron FFs. Nevertheless, the universally accepted number density 
interpretation of D1(z) (Collins and Soper (1982)) is not called into question.

• “Misinterpreting sum rules can have practical numerical consequences for 
phenomenological analyses” … The number sum rule for (single-hadron or 
dihadron) fragmentation functions (FFs) has never been used to constrain any 
phenomenological analyses, including those by JAM.

• “Note that changes in variables here do not undermine the number density 
interpretation. If two different variable choices are related by a simple Jacobian J, 

 then                                         both have equally valid number density 
interpretations in terms of their respective phase spaces,                   ” 

  … We agree, as we already made this statement in our paper (see main talk 
 slides), but it is necessary to first show explicitly that one has defined a 

  function that is a number density (either for the variable set                 )
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dN̂h

d�
= J

dN̂h

d�0
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dN̂h/d� and dN̂h/d�
0
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dz d⇣d2 ~RT

=
X

q

(K �̂q) D̃h1h2/q
1 (z, ⇣, ~R2

T )
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281 (continued)
• “At lowest order in perturbation theory, the Jacobian factor can simply be absorbed 

into the overall hard factor to maintain consistency with a factorization formula.”
 
 

 …
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T ) ⎻ different definition of the DiFF that is also supposed 
   to be a number density in 
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NOT the total partonic cross 
section for
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