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Hadron Structure at small x

e Difficult to study experimentally, as it requires

large center-of-mass energy.

e Small-x evolution could bridge the gap: | Smalls T |
parton densities at small x can be written in evolution €|
terms of their values at moderate x, which S E
can be inferred from available data. DGLAP T T T :

e Upcoming high-luminosity, polarized @l j:
scattering machines like the EIC can cross :

check our formalism.
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Main Objectives
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Flavor-Singlet Quark TMDs at small x

We study leading-twist quark
TMDs at small x,
with 2-fold objectives

e Small-x evolution

e Asymptotic behaviors
asx—0

Evolution allows for global fit
with small-x data (x < 0.1).
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DIS at Small x: The Dipole Picture

e Unpolarized PDF and structure functions, Fi(x, Q%) and F:(x, Q?), relate to the

s-matrix of dipole-target scattering: Brackets: Averaging

1 44— over target’s state,
cludi )
S(z;,20,5) = S10(s) = — <tr {V1VOT]> (5) medngspin
Minus-moving dipole Nc =Y
where _

Ty
Vilz, 2] = Vg, [z}, 2, ] = Pexp ig/da:_ AT (0,27, z)

z,;
Interaction region
(“Shockwave”)

Vi = Vi [o0, =]

Plus-moving target Light-cone (unpolarized) Wilson line
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Unpolarized Dipole Amplitude

e Parton unpolarized PDF, 2(x, 0?) and G(x, Q?), relate to unpolarized dipole
amplitude, Sio(s) = Ni <tr [vlvg]> (s), which obeys BFKL/BK/JIMWLK evolution.
e Quark going through the shockwave at x,: unpolarized Wilson line,

e Multiple parton exchanges at eikonal level (leading order in x or CM energy).

Shockwave ~ X,

11/

Quark in
the dipole
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Vi, [x;,xi_] = Pexp

Unpolarized Wilson Line of s )]

T;

I=

Vylx™, —oo] V|00

il

X~ a A + ( - ) X~
1q r , T
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Vi, [x;,xi_] = Pexp

Unpolarized Wilson Line

5
z'g/dx_ A"'(O"',x,xﬁ]

T;

e Eikonal vertex insertion:

V:c = ’I,g/ d:c_Vg[oo,:U_]A-l_(ﬂ?_a&) VQ[LE_,—OO]

— OO

Velz™, —oq] igA™ (27, )

®
®
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Vi, [x;,a:,i_] = Pexp

5
z'g/dx_ A+(O+,x,x1)]

Spin-Dependent Wilson Line

T;

e Insertion of beyond-eikonal (s-suppressed) vertex w/ non-trivial spin structures
e Denoted by V, ,.,+,,, NO longer diagonal in transverse positions

® Vg,g; o',o — Vg 500’ 52 (@ - g) 5 Vﬁ[,lé 500’ T Vﬁ[,zi 50,—0’ g VE['E 0500’ T Vz[g 050,—0’

Q

Vg[a:_,—oo] 00, T ] ,

a: o

- (Beyond -
eikonal
vertex

insertion)

X

®
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[Kovchegov, Santiago, 2108.03667]

Gluon Vertex

e Starting from general structure: %, (p + k) igA(k) us(p)
e Take transverse Fourier transform and expand in powers of s
e Similar method for longitudinal and transverse spins, but with different basis

spinors
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[Kovchegov, Santiago, 2108.03667]

p
Gluon Vertex g
k
Vs Vel (@~ Dbner + [ 47 2 Viloo,2 ] Pz 2) O35 (a7,2) Vyle™, ~o0] 8%(y — 2) <1 gluon
B e a vertex
+ / dzy d?z /dz2 d’z, Z Vzloo, 251 6%(z —22)(’)"?1 (23, 25) Vo, 23,2710 (25 — 21)
% . o'==%1
2 ¢l rti
X Opol G(zl ,zl) V. [21 : OO] 52(g . &1)- gluon vertices
. 1 m?2 e Sub-eikonal
pol G, — = , Y = )
o (@7,2) = =000 lD 2(P2‘+z‘D—)D - 2(P2_+iD—)] e Sub-sub-eikonal

+ 0000 lF — —— €D F 7] + 05— €IS FI —06y _g1—— S'F
2{ Py +iD-  (Py)? L (Py)? ’ (Pz) }
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[Kovchegov, Santiago, 2108.03667]

qgq Vertices

P(k) igt®#y uo {k U, (p) igt’¢, v (k)
] g a A N b | 7 ]

k% ,.lk
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qgq Vertices

[e.o]

oo
V;;gf_l’a = / dzl_/dz{ Vi[oo, 25 | ng’,lfq(z;, 2152, y) Vylz1, —o0]
— 00

+/dz1 /dz2 /dz3 /dz4 /d2 ZV [o0, 2571 8% x—z4)(9§°1f,?(4, 2332,2) Velzg, 25|

0'”
1
x OPS g (25,2132, g) Vylzr, —od]

2.+ Sb'b —
1aG/ — — g°p _ - 1pD g
Og?«qu(% 121529, 21) = _—1tb7/’ﬁ(22 122) [5bb =2 nga (23,2 16%(z9 — z1)

2s s

: +71a"a’ — 4
x (sa"a’ _ Py Dz1 :| {60,0_’ |:,Y+ _ 2’”;1)1 } 5a'a(5bb/ _ 0.50!01 |: +

S —

1 27172] 5a/a6bb'

wala —a'a ’ . « bb’ a’a
P [(71 i) [ (8- D% — 35 (S x B >] &~ (4 — i) [ (8- D) 475 (S x D )} 5 }

+p_10500 [(z'y +757") { (8

) — s (S x B, )} 8% + (iv? — 757" [Z (S-D) +15 (8 x Doy )} 5“/“}
P g [y i (8 - Bu) — (8% Bu)] +4*0 [ (8- B) — (8 x B | o6
S EP¥) [* +['s.f7 (8 xD,)| + i(S-D, )~ s (SxD,)|] 672

s o,—a’ '7 7 Z(— —zl) 75 (_ =2z1 ’Y 'Y vl ==2z2 75 = =22
— 1
X Yo (21,21)t*+ O <s_3)
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Flavor-Singlet Quark TMDs at small x

_HEE

1 qq vertex pair

2 pairs of gg vertices

[Kovchegov, Santiago, 2108.03667]
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[Kovchegov, Santiago, 2108.03667]
Other contributions

® ¢gq vertices

® gqqq vertices
D2, !
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Dominant contributions

[Kovchegov, Santiago, 2108.03667]

e For each spin structure, the eikonality level of its dominant contribution is:

Spin

structure

Yossathorn (Josh) Tawabutr

Helicity

Dominant Spin
contribution structure

Eikonal :

XX

Sub-eikonal x0_

XX

Sub-sub-eikonal :

XX

Sub-sub-eikonal X(Sx,-x'

Flavor-Singlet Quark TMDs at small x

Transverse spin

Dominant
contribution

Eikonal
Sub-sub-eikonal
Sub-eikonal

Sub-sub-eikonal
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[Kovchegov, Sievert, 1808.09010]
[Cougoulic, Kovchegov, Tarasov, YT, 2204.11898]

[Kovchegov, Santiago, 2209.03538]
Quark TMDs at Small x o eg°v[322t5283, 2310.02231]
&, k2) = | df;‘j)’?_ &7 (P, S| $(0)U[0, r] T (r) |P, S)

4,,,Z/d€ 4% d¢=d*¢ e C=O(T) o (Bal€) VelE™, 00] 1X) (X | Veloo, ¢ 9(C) )

where I" is a product of Dirac matrices Gauge link

N \/

¢ > § ¢ §

kl& - +klk é+etc

AN \ Propagating (anti)quark
<0 and & >0 <0 and £<0 between y and ¢
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[Kovchegov, Sievert, 1808.09010]
[Cougoulic, Kovchegov, Tarasov, YT, 2204.11898]

[Kovchegov, Santiago, 2209.03538]
Quark TMDs at Small x [Santiago, 2310.02231]
2 o
o0(a, k) = [ T35 e (P SIBOU, T v(r) P, 5)

p+ ; - _ |
=50 / d=d?¢ d¢™d?C ¢ C=E(D) ag (Pal(€) Vel 00] IX) (X| V[o0,¢ 7] 05(0))
X

where I is a product of Dirac matrices Gauge link
N\

e Gauge link and quark prop

through shockwave: Wilson line ‘ ¢

o k& //kQ + etc

e Expand these Wilson lines in 1 " - \

eikonality to pick out the term of

desired spin structure N Propagating (anti)quark

<0 and £ <0 between y and ¢
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Quark TMDs at Small x: hfL example

Q—» Nucleon Spin

@ Quark Spin

e ® - @

Boer-Mulders

g1L=@ - @ h"_L:

Helicity

Gl O

oo

Sivers

e - &

h = —

Transversity

kI
a7 M R (z,k2) =

ZS /d’rdr
T
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Flavor-Singlet Quark TMDs at small x

_ +AJ
&7 (P, S| PO U0, 7] L y(r) |P, S1)
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hllska 22[ N, k) +h1L($kL)]

Quark TMDs at Small x: h , €xample

e Following the process described previously, flavor-singlet worm-gear h is

E' 1
—Mh (k1) =

TN [ o o k1 btk ) e 1 1 dz
o | SEE We(_ B K2 k2 \ k2, k2 2

x { [2(S - B)(S - ky) — (k- k)] HIE(2) + [(S- B)(S x k) + (S x k)(S - by ) HE (2) }

\

H2L(2) = (2 N) Re <Ttr [VOVT“] +Tr [VOV ]>

where HIE(z) = %Im <Ttr [VOVTT] +Ttr [VQTVLT]>

(Longitudinal) spin-dependent

. 1
averaging: —E S ()
P i P arbar o 2
V, ==—F7=— [ dz dzy V|00, 25 | t°%s(25 ,2) U 25 , 21 ]

z 252 1 2 Vz 2 B\<2 2z 140wl

—00

Generally, depends on target’s spin

23,

x {v77* [i9s (8- B.) = (8 x B)| + 77 [ins (ﬁ-i)—(ﬁxé,:)}}aﬁaa(zl, 2)t* Valzy, —o],

TJ___gz(p?—)2 /oo —/ — —14b _ B e
[Santiago, 2310.02231] Var = e | 4 [ da Vo s ts(n, U 4]
[Adamiak, Santiago, YT, in preparation] oA
x {v 7t [i(8- B =9 (S x D] + 9% [i(8- D) =5 (§x D]} aler, )¢ Viler, —od],
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Summary of Eikonality (Flavor Singlet)

e For each TMD, the eikonality level of its dominant contribution is:

Q—» Nucleon Spin @ Quark Spin

Quark Polarization

O

Eikonal

Un-Polarized Longitudinally Polarized @ Transversely Polarized
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Small-x Evolution

[Kovchegov, Sievert, 1808.09010]

[Cougoulic, Kovchegov, Tarasov, YT, 2204.11898]

e Quark TMD — polarized dipoles — small-x evolution

[Kovchegov, Santiago, 2209.03538]
[Santiago, 2310.02231]

e Impose kinematic constraints with neighbor dipoles (lifetime # dipole size)

e The evolution resums o In?(1/x)

e Solving the evolution equation asymptotically gives small-x behavior of TMDs.

Yossathorn (Josh) Tawabutr

X0

= X2 /D\
JMOO

A

+ X2 kooe
o

X1

B

Y

=+ other eikonal terms

+

+

X0

&

‘D‘H;

ﬂﬁ*

e}

inhomogeneous term

Flavor-Singlet Quark TMDs at small x
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Small-x Evolution

e Generally, the evolution equation is not closed, generating hierarchy of
multiquark correlators

e Inthe large N_limit, we have a closed and linear system of equations.
Schematically:

H(x%o,zs) _ H(x%O,zs dz d2$32 K (210, 21, T32) ® H(x%z,z’s)
F(fB%Oam%lazs) B F(x107x217zs 107721, 92 I‘(x%o,ac%mz’s)

7 TN

Evolution kernel:
a matrix-valued function of parent
and daughter dipole sizes

Initial condition:
deduced from moderate-x data

21
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Small-x Evolution

e 4 families of evolution equation

See Monday talk

Corresponding flavor singlet quark TMDs Eikonality by Yuri Kovchegov
Helicity (g1r) Sub-eikonal 4
Sivers (fi») and Worm-gear (gi-) Sub-eikonal
Boer-Mulders (hi) and Worm-gear (hi7) Sub-sub-eikonal
Transversity (h;) and pretzelosity (hi) Sub-sub-eikonal
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[Adamiak, Santiago, YT, in preparation]
Sivers and Worm-Gear g

e Solved iteratively at large-N

e The TMDs grow as a power law
~ (1/x)?8V=~</"" with oscillatory

behavior in In(1/x). However, the

,,“' .:/w;m “i'
l,‘.'»"

period is extremely large.

i u' nlI

| mimm

i

l

W
kY
i it ’”l
i

e At sufficiently small x, we need to

include single-logs, a In(1/x),

together with unpolarized evolution
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[Adamiak, Santiago, YT, in preparation]

Transversity and Pretzelosity

e Solved analytically at large-N,

e The difference between dipoles

[os]
o

In|HIT-S(s4, n)|

>
s 3

and neighbor dipoles is

N
o

suppressed at small x.
e The TMDs grow as a power law
~ x (1/x)2 VasN./2n

e The extra factor of x comes from

o

the TMD’s relation with the dipoles

24
Yossathorn (Josh) Tawabutr Flavor-Singlet Quark TMDs at small x QCD Evolution, Pavia 2024



[Adamiak, Santiago, YT, in preparation]

Boer-Mulders and Worm-Gear h

e Solved analytically at large-N_
e Atsmall-x, the TMDs oscillate as ~ x J,[In(1/x)], which has decaying
amplitude. Thus, there is no significant contribution from small x.

e Overall, we can write TMD ~ x.

25
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Small-x Asymptotic Behaviors

e Flavor singlet [Cougoulic, Kovchegov, Tarasov, YT, 2204.11898; Adamiak, Santiago, YT, in preparation]

Leading Twist Quark TMDs

Quark Polarization

U L d iy
N dag Ne -
f15 ~ 5T <In(2) hiS ~
Nucleon
e S —3.664/asN./2m
Polarization gi~<x hl T ~T

flT ~ $—2.8\/ach/47r

ng ~ m—2.8\/ach/47r

h

1

1 2\/‘-st\’¢
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q)s(xa k_L) —

f=u,d,s

Flavor-Singlet Quark TMDs at small x

z [q)q(x, ki) + ®9(x, kL)]
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Small-x Asymptotic Behaviors

e Flavor non-singlet [Kovchegov, Sievert, Pitonyak, 1610.06197; Santiago, 2310.02231]

Leading Twist Quark TMDs

Quark Polarization

) L T
U NS p—V2asCr/m hiNS o
Nucleon
Polarization | 911\18 ~ g~ VasNe/m hig> ~
T 1_|_TNS s Ol Clx—3.4\/ach/47r gqu§ ~ 20 hll\IS h_J_NS il 2\/ach/27r
Eikonal contribution from /
spin-dependent odderon NS _ q
pin-cep O™ (z, k1) = @4z, k1) — P4z, ki)

e Next step: gluon TMDs
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Flavor-Singlet Quark TMDs at small x
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Conclusion

e We have developed a framework that relates spin-dependent quark TMDs to
beyond-eikonal corrections of the light-cone Wilson line, in term of which the
small-x evolution equations have been developed (1 system of eqns per TMD)

e The equations are at DLA, resumming asln2(1/x).

e Asymptotic behaviors have been determined for all quark TMDs.
(This work: flavor singlet; previous work: flavor non-singlet)

e The framework can be extended to gluon TMDs (to do next).
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