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Generalized Parton Distribution (GPD)

⟨p′|q̄( z
2 n)/nq(− z

2 n)|p⟩ = 2(P n)I(τ, ξ, ∆2; µ) , n2 = 0, z ∈ R

I(τ, ξ, ∆2; µ) =
∫ 1

−1
dx eiτxH(x, ξ, ∆2; µ) , τ = z(P n)

⇐ The Wilson line between the quarks is implied

• Kinematic variables

P =
1
2

(p + p
′) , ∆ = (p

′ − p) , ξ =
(np)− (np′)
(np) + (np′)
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quasi-GPDs and pseudo-GPDs

Euclidean quantities, connected to GPDs via collinear factorization

• Position space

⟨p′|q̄( z
2 v)γ

µ
q(− z

2 v)|p⟩ = 2(vP )
vµ

v2 I∥(τ, ξ, z
2) + 2

(
P

µ − (vP )
vµ

v2

)
I⊥(τ, ξ, z

2)

+ ∆µ
⊥J (τ, ξ, z

2)

Factorization theorem

I(τ, ξ; z
2) =

∫ 1

0

du TI(u, τ, ξ, z
2
, µ

2
F ) I(uτ, ξ, µ

2
F ) + power corrections

• Pseudo-GPDs

P(x, ξ; z
2) =

∫ ∞

−∞

dτ

2π
e

−iτxI(τ, ξ; z
2)

• Quasi-GPDs

Q(x, ξ; v·P ) =
∫ ∞

−∞

dτ

2π
e

−iτxI(τ, ξ; τ2
(vP )2 )
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PDFs from qPDFs

LP3,!1803.04393!&!1807.06566,!!" #

135$%&,' = 0.09 (!, ) # 5.8(!

Isovector quark unpolarized PDF

Alexandrou!et!al,!1803.02685,!!" #

130$%&, ' = 0.094 (!, ) # 4.5(!

thanks to J.-H. Zhang

• Power corrections ?
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GPDs from qGPDs
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C. Alexandrou et al., PRL125 (2020) 262001

• Power corrections ?
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Concept

M. Beneke, Phys.Rept. 317 (1999)
M. Beneke, VB, hep-ph/0010208

• Leading twist calculation “knows” about the necessity to add a power correction through
a factorial divergence of the series in MS-type schemes

Example: Deep Inelastic Scattering

F2(x, Q
2) = 2x

1∫
x

dy

y
C(y, Q

2
/µ

2)q( x
y , µ

2) +
1

Q2 D2(x)

D2(x) = κΛ2
QCD2x

1∫
x

dy

y
d2(x)q( x

y ) , κ = O(1)

One-loop result:

d
(q)
2 = − 4

[1 − x]+
+ 4 + 2x + 12x2 − 9δ(1 − x) − δ′(1 − x)
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Main conclusions:

ratio twist-4/twist-2 is target-independent (if renormalon dominance correct)
enhancement at x→ 1: [

Λ2

Q2(1− x)

]n

Example: CCFR data on F3(x, Q2):

• Shape predicted; normalization arbitrary
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Renormalons in Quasi- and Pseudo-distributions

• Pion pseudo-LCDA: VB, E. Gardi, S. Gottwald: NPB685 (2004) 171

• Pion pseudo- and quasi-PDFs: VB, A. Vladimirov, J.-H. Zhang, PRD99 (2019) 014013

— Power corrections for qPDFs have a generic behavior

Q(x, p) = q(x)
{

1 +O
(

Λ2

p2 ·
1

x2(1− x)

)}
— Power corrections for pPDFs have a generic behavior

P(x, z) = q(x)
{

1 +O
(

z
2Λ2(1− x)

)}
— Normalization to zero momentum in both cases strongly reduces power corrections apart from the x→ 1

region where they are enhanced by extra power of 1/(1− x).

• pseudo- and quasi-GPDs: this work
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Methods

• Borel transform: a convenient way to handle a divergent series

H = δ(1− α) +
∞∑

k=0

hka
k+1
s , as = αs(µ)

4π , hk ∝ k!

B[H](w) =
∞∑

k=0

hk

k!

(
w

β0

)k

H = δ(1− α) +
1

β0

∫ ∞

0

dw e
−w/(β0as)

B[H](w)

• Integration may be obscured by singularites on the integration path — renormalons

w

1

2

1 2 3 4

UV IR
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Methods (2)

• Bubble-chain approximation ’t Hooft, ’77

(a) (b) () (d)

• Borel-transform of the effective gluon propagator M. Beneke, NPB 405 (1993) 424

B[asD
AB(k)](w) = iδ

AB
(

e
5/3

µ
2
)w gµν −

kµkν

k2

(−k2 − iϵ)1+w
.

• “Gluon mass” technique P. Ball, VB, M. Beneke, NPB 452 (1995) 563

1
k2 − λ2 =

1
2πi

1
k2

− 1
2 +i∞∫

− 1
2 −i∞

dw Γ(−w)Γ(1 + w)
(
−

λ2

k2

)w

.
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• Borel transform of the position-space quasi-distribution

B[I(τ, ξ, z
2)](w) = 2CF e

5/3w

(
−z2v2µ2

4
+ i0

)w Γ(−w)
Γ(w + 1)

×
{

2
1 + w

∫ 1

0

dα α
1+w

2F1(1, 2− w, 2 + w, α)
[

cos(ᾱξτ)I(ατ, ξ; µ)− I(τ, ξ; µ)
]

−
1

1 + w
I(τ, ξ; µ)−

1
1− 2w

I(τ, ξ; µ)︸ ︷︷ ︸
UV renormalon in Wilson line

+
[

1∓ w]
∫ 1

0

dα α
w sin(ᾱξτ)

τξ
I(ατ, ξ; µ)

}
,

• removed e.g. via normalization at zero momentum:

Î(τ, ξ, z
2) ∼

⟨p′|q̄( z
2 v)γµq(− z

2 v)|p⟩
⟨0|q̄( z

2 v)γµq(− z
2 v)|0⟩
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Results(1): The leading w = 1 renormalon ambiguity in pseudo-GPDs

P(x, ξ, z
2) = H(x, ξ) ± N

(
Λ2

z
2|v2|

)
δRP(x, ξ) ,

2δRP∥(x, ξ) = θ(x > ξ)
[∫ 1

x

dy
H(y, ξ)
y − ξ

Φ
(

x − ξ

y − ξ

)
+

∫ 1

x

dy
H(y, ξ)

y + ξ
Φ

(
x + ξ

y + ξ

)]
+ θ(−ξ < x < ξ)

[
−

∫ x

−1

dy
H(y, ξ)
y − ξ

Φ
(

x − ξ

y − ξ

)
+

∫ 1

x

dy
H(y, ξ)

y + ξ
Φ

(
x + ξ

y + ξ

)]
+ θ(x < −ξ)

[
−

∫ x

−1

dy
H(y, ξ)
y − ξ

Φ
(

x − ξ

y − ξ

)
−

∫ x

−1

dy
H(y, ξ)

y + ξ
Φ

(
x + ξ

y + ξ

)]
2δRP⊥(x, ξ) = 2δRP∥(x, ξ) + . . .

Φ(α) = α + (1− α) ln(1− α)
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Results(2): The leading w = 1 renormalon ambiguity in quasi-GPDs

Q(x, ξ, (vP )) = H(x, ξ) ± N
(

Λ2|v2|
(vP )2

)
δRQ(x, ξ)

2δRQ∥(x, ξ) =
(

1 −
π2

6

)
δ(x − ξ)[H′(ξ+ϵ, ξ) − H

′(ξ−ϵ, ξ)]

+ θ(x > ξ)
[

H′(x, ξ)
x − ξ

+
1

(x − ξ)2

∫ 1

x

dy

[
x − ξ

y − ξ
+ ln

(
1 −

x − ξ

y − ξ

)]
H

′(y, ξ)
]

+ θ(x < ξ)
[

H′(x, ξ)
x − ξ

−
1

(x − ξ)2

∫ x

−1

dy

[
x − ξ

y − ξ
+ ln

(
1 −

x − ξ

y − ξ

)]
H

′(y, ξ)
]

+
(

1 −
π2

6

)
δ(x + ξ)[H′(−ξ+ϵ, ξ) − H

′(−ξ−ϵ, ξ)]

+ θ(x > −ξ)
[

H′(x, ξ)
x + ξ

+
1

(x + ξ)2

∫ 1

x

dy

[
x + ξ

y + ξ
+ ln

(
1 −

x + ξ

y + ξ

)]
H

′(y, ξ)
]

+ θ(x < −ξ)
[

H′(x, ξ)
x + ξ

−
1

(x + ξ)2

∫ x

−1

dy

[
x + ξ

y + ξ
+ ln

(
1 −

x + ξ

y + ξ

)]
H

′(y, ξ)
]
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GPD model

• Toy model:

H(x, ξ) = θ(x > −ξ)
2 + λ

4ξ3

(
x + ξ

1 + ξ

)λ

[ξ2 − x + λξ(1− x)]

− θ(x > ξ)
2 + λ

4ξ3

(
x− ξ

1− ξ

)λ

[ξ2 − x− λξ(1− x)] ,

with λ = 3/2 corresponding to the valence quark PDF q(x) ∼ (1− x)3/
√

x
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Renormalon ambiguity

• position space (ξ = 0.3, z ∼ 1 fm)
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• pseudo-GPD (ξ = 0.3, z ∼ 1 fm)
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Renormalon ambiguity

• quasi-GPD (ξ = 0.3)
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• δRQ(x, ξ)/Q(x, ξ) in the end-point regions:

ERBL: ln(ξ − x) for x→ ξ

1/(x + ξ)2 for x→ −ξ

DGLAP: 1/
√

x− ξ for x→ ξ

1/(1− x) for x→ 1
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The x = ξ kinematic point in the quasi-GPD approach

• Observe a series of singular terms

. . . +
1

(vP )2 δ(x− ξ)∆H
′(ξ, ξ) +

1
(vP )4 δ

′(x− ξ)∆H
′′(ξ, ξ) + . . .

• Change the order of limits:

first expand in 1/(vP )k
, then send x→ ξ ⇒ first set x = ξ, then expand in 1/(vP )k

• Result: New singularities (violet) at w = 1/2 and w = 1− p/2 (for q(x) ∼ x−p)

1/2

w

1

⇒ Power corrections 1/(vP )1, 1/(vP )2−p (at x = ξ)

• Coefficient of 1/(vP )1 is proportional to H′(ξ+ϵ, ξ)−H′(ξ−ϵ, ξ)
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Intepretation

• The 1/(P v)2 power correction (= renormalon ambiguity) to a qGPD is a distribution:

— contains a term δ(x− ξ)
— contains a contribution ∼ 1/

√
x− ξ from the DGLAP region

• Consider a qPDF smeared over a narrow interval x− ξ ∼ Λ/P

Q̃(x, ξ) =

∫
dx

′ Θ(x
′ − x)Q(x

′
, ξ)

∫
dx Θ(x) = 1

E.g. Gaussian smearing

Θ(x) =
1
√

π

(P v)
Λ

exp
(
− (P v)2

x
2
/Λ2

)
• If this smearing is applied:

— the term with a δ-function gets promoted to a 1/(vP ) correction
— the term ∼ 1/

√
x− ξ (for our GPD model) produces a 1/(P v)3/2 contribution

← as found by the direct calculation at x = ξ
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Cusp at x = ξ from position space viewpoint

Assume that H(x, ξ) is continuous and vanishes sufficiently fast at the end points, but has a cusp at x = ξ

I(τ, ξ) = −
1

τ2

∫ 1

−ξ

dx H(x, ξ)
d2

dx2 e
iτx

=
1

τ2

[
H

′(ξ−ϵ, ξ)−H
′(ξ+ϵ, ξ)

]
e

iτξ

−
1

τ2

(∫ ξ−ϵ

−ξ

+

∫ 1

ξ+ϵ

)
dx e

iτx
H

′′(x, ξ)

The remaining integral is finite and decreases at τ →∞ provided H′′(x, τ) does not have a strong singularity
1/(x− ξ)p with p ≥ 1

• Cusp at x = ξ gives rize to an oscillating 1/τ2eiτξ tail at large Ioffe times
— Not a problem for pGPDs
— Nonperturbative corrections for qGPDs at x = ξ come from large τ
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Summary

Renormalons allow one to study functional dependence of power corrections in specific kinematic limits

• Normalization at zero momentum leads to a strong reduction of power corrections apart from the x→ 1
limit, both for pGPDs and qGPDs

• Nonperturbative corrections to (normalized) pseudo-GPDs for x→ ξ are expected to be small

• Nonperturbative corrections to quasi-GPDs remain finite for x→ ξ, with the power changing
from 1/(P v)2 at x− ξ = O(1) to 1/(P v) at x− ξ ≲ O(Λ/(P v))

• Finite-t/(vP )2 corrections can be significant and have to be taken into account
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