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e Over the past decade, the investigation of Euclidean-separated,
gauge-invariant, bi-local operators via lattice gauge formalism has
gained significant interest due to its ability to provide direct access
to parton distribution functions (PDFs) from first principles.

e Key observation: can be examined
through lattice QCD formalism. In the infinite momentum frame
they reduce to the conventional light-cone operators through
which PDFs are defined (X. Ji: 2013).

» Deviations from the infinite momentum frame emerge as inverse
powers of the large parameter of the boost, suggesting that such
corrections can be systematically suppressed.
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e The distributions introduced by Ji, known as quasi-PDFs, were later
complemented by alternative PDFs called pseudo-PDFs (Radyushkin:
2017).

e The Bjorken-x (xz) dependence of these two distributions has been
extensively studied in recent years;

» lattice formalism is unlikely to provide access to their behavior at
: need to reduce considerably the lattice spacing a in order to access
higher energy: P ~ |

o In view of the future Electron-ion Collider, knowledge of the pseudo- and
quasi-PDFs at a wider kinematic regime is desirable.

o We are going to demonstrate that despite being defined through the same
space-like separated bi-local operators, quark quasi- and pseudo-PDFs
exhibit distinctly different behavior at small xz values.
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Primordial idea
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Lattice calculation: results

JLab/W&M Collaboration
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e Obtain the large behavior of the pseudo loffe-time distribution
e Obtain the behavior of the quasi distribution in the same regime

e Compare the Leading and next-to-leading twist contribution with
the BFKL resummation result for the pseudo loffe-time distribution
and also for the quasi distribution

e Compare the small-xg behavior of the pseudo-PDFs and
quasi-PDFs in the Leading and next-to-leading twist
approximation and with the BFKL resummation
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small-x; limit of DGLAP equation

The Q? behavior of DIS structure function is obtained from the
anomalous dimension of twist-two operators

d
HoFE VI 2FLE = Kog(xp, o) ® FL V2RSS

0 _ oiN,
Kg(g) (xg, a5) ~ qy = —
x3—0 Xp

in Mellin space [ dxpxy !
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Dipole frame: coherent interactions

Xp = %2 —0
Formation time of the ¢g pair: & ~ Az ~ 7

Compare with typical partons’ interaction time: ¢, ~ Rp
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High-energy Operator Product Expansion

Wilson Line

21

(PIT{JH(x)J" (y)}|P) = /dzzldzzﬂ‘w(x,y;zl,Zz)(P\Tr{U(Zl)UT(Zz)}\m
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Energy dependence

light-cone vectors p/| and p4

oo

du p1,, A" (up: ‘JFXJ_)}
(o]

Ulxy) = Pexp{ig/

ol —2n
n" =pi+e “'p,

e}

U'l(x,) = Pexp{ig/ du n“A“(un—i-xl)}

—00

Alternatively use rigid cut-off; useful to preserve conformal invariance
in higher order calculations.
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Energy dependence

o0

U'l(x,) = Pexp{ig/ du n“A“(un—i-xl)}

—00

(PIT{J*(x)J" (¥)}P) = /d211d2221“”(x,y;Zl,Zz)(PlTr{U"(Zl)U”T(Zz)}IH
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Evolution Equation from Background field method

d
—trU" () U
an (21)U"(z2)}
as(nl _772)Kevol &
e T2 e M2
_— g S
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Non-linear BK evolution equation

Uxy) = 1 - 06 (01))

U(x,z) +U(z,y) — U(x,y) —Zfl(xm)lfl(z,y)}

e LLA for DIS in pQCD = BFKL
» (LLA: a5 < 1, a4n ~ 1): Ladder type of diagrams: proliferation of gluons.

o LLA for DIS in semi-classical-QCD = BK/JIMWLK egn
» background field method: describes recombination process.
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DIS at Leading Log Approximation at high-energy

T ()} = / P2y 190z, 25 {07 D17}

e Calculate LO Imapct factor: I59(z1, 22, %, y)

e Calculate evolution of matrix element tr{&7 {737}
» we need only linear terms: BFKL;

e Solve the evolution equation with initial condition: GBW/MV
model;

e Convolute the solution of the evolution equation with the impact
factor.

G. A. Chirilli (Uni Salento) Pseudo and quasi quark PDF at Low-xp



BFKL at the saddle point approximation

DIS at high-energy  —¢* = 0? > P? s=(P+q)?>Q°

Q2 ) %"‘il/

@) = [avr) 5" (%

N(v) is the BFKL pomeron intercept. v = % +iv

Saddle point approximation:

1 ag4ln?2
o~ (1)

XB
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From local operators to Light-ray operators

n-th moment of the structure function is
1 . %+ioo F( ) Q2 ol
Mz/dxx"_la"’px,QZ:/ d77<—>
R A R O

n—1 — w analytic continuation in the complex plane

R0 = (200) = 0 - £ 2k -+ 1))

m=1

The BFKL is given as a sum over all the residues

o Leading residue ~ 1: R(y) — &4 ay = le

e Next-to-Leading residue ~ é: R(y) — 2

Closing the contour on the poles we get the anomalous dimensions of the
leading and higher twist operators at the unphysical point n = 1.
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Analytic continuation in the complex plane
%—i—ioo F(v) Q2 Y
w—R(y) \ P?

1
by ' 0,0 = [T
/0 ? Lise W= R(Y)
Analytic continuation: n — 1 — w complex continuous variable
= Residues w = X(7) ;
0\ ©
Leading — Twist (s, w) = ES +0(a?), o(w,0) ~ < )
= resummation: BFKL eq

aslnx—lel —>%~1 xp—0 & w—0
Thus, we get the analytic continuation of anomalous dimension at the
i*jF'\”
&+ +

16/36

unphysical point n — 1 of twist-2 gluon operator F¢, V'’
Pavia 28 May, 2024
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analytic continuation of local operator

analytic continuation of local operator to light-ray operators
are singular in the BFKL approximation

= analytic continuation of local operator F¢_ v/, *F/“ to
light-ray operators

Wilson frame: gluon operator  Balitsky(2013); Balitsky, Kazakov, Sobko (2013-2015)
quasi-pdf frame: this work (quark and gluon operators)

x+ cns; ” x*
Wilson frame “quasi-pdf-frame”

———————
»
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Light-ray operator

Analytic continuation of light-ray operatorsatj =1 (orw — 0)

. N +oo .
F‘E‘+(x)VJ_,_ zFig(x)Lzo = %/0 du u' 1F2+(0) [0, un]“bFﬁ_g(un)

OPE in light-ray operators in QCD (Balitsky, Braun (1989))

2-point function in BFKL limit (Balitsky; Balitsky, Kazakov, Sobkov (2013-2018))
2-point function in triple Regge limit (Balitsky 2018)

Light-ray operators in CFT (e.g. Kravchuk, Simmons-Duffin (2018))
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Lattice calculation of the pseudo-loffe-time distribution

loffe-time p = z- P 2?#0

M®(z, P) = (Plth(2)7*[z, 0] (0)|P)

M®(z, P) = 2P M(0,7%) + 2z°N (0,7°)

e The pseudo-ITD M(p,z?) contains (not only) the leading twist term
e N(po,7%) contains higher twists terms
e higher twist: O(z>Agcp)

e P=(E0,0,P’) z=1(0,0,0,2°);
» for o = 0 one isolate M(p,z?).

Radyushkin (2017)
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Lattice calculation of the pseudo-loffe-time distribution

loffe-time o =z- P 2 #0

M®(z,P) = (P|1(2)7°[z, 0]1(0)|P)

M®(z, P) = 2P M(0,7°) + 2z°N (0, 2%)

o Reduced pseudo-ITD removes the UV divergences.

2
M(o,7") = %

Radyushkin (2017)

G. A. Chirilli (Uni Salento) Pseudo and quasi quark PDF at Low-xp Pavia 28 May, 2024 19/36



Definition of the pseudo and quasi quark PDF

Pseudo loffe-time distribution

2—”(le(<2)7 [, 0]4(0)|P)
loffe-time p=z- P z# space-like vector i=12

e Large Longitudinal boost
xF =t = %x‘ XL = x|

loffe-time distribution at high energy

(Pt (L,x 1)y~ [Ln** + x1,01:(0)|P)
= At high-energy the loffe-time distribution becomes a light-ray operator

= Study the high-energy behavior of the loffe-time distribution through the
high-energy OPE
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Definition of the pseudo and quasi quark PDF

loffe-time p=z- P 7#* space-like vector i=12

Pseudo-PDF: Fourier transform with respect to P keeping its orientation fixed
A. Radyushkin (2017)

d .
Oplon,?) = [ 32 ™ M0,

Quasi-PDF: Fourier transform with respect to z keeping its orientation fixed
X. Ji (2013)

ds

Qq(xBaPE) — P£ / E e—icP&XBM(gpg’CZ)

g#:% Pe=P-¢
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High-energy OPE for loffe-time distribution

(Pl (x)y [x, 0w (0)|P) = /d2Z2d22z1q(Z1,Zz;X)<P|tr{U(Z1)UT(Zz)}\P>

e Calculate coefficient functions (impact factors) I,

e Convolute them with the solution of the evolution equation of relative matrix
elements
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High-energy operator product expansion

Vi) = & (1= (v, UL})

Resum a;1Inp with BFKL eq. a=—

V(ZJ_

asN 2, Va(Z)) (sz/)iva(zl)]
z—z)l B(z—-7)%

R

d . 2 .
solution — V%(z12) = /2—:2(2%2)7%“, (%) /dzw(wi)féf”lvao(wl)
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loffe-time distribution in the saddle-point approximation

-----------
wiy) T, aaees” /
2
z

Saddle point approximation

7¢(3)ay ln( 292 +xe>
iN. Qso0 e

<292 +.>al21n2
1€
64 |Z|\/ ( +> 2M3,
2M2

M(0,2%) ~

saturation scale O;,, o9 =29.1mb, My mass of the nucleon
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Pseudo loffe-time distribution at LT and NLT approximation

1 1+ioco “+o00 1
— dwL® / AL L S (P (L,x1 )y~ InL + 1,01 (0)|P)

2mi 1—ioco xiMN
1
S QS‘Zl 2
iN.O> 4 |In 2|,[2 4114
_ ’ZZQ;fO Il(u)(l + —Qb_l_Z' > +0 <Q1|6Z| )
s ln( 7 +l€>
0|, (22 %
_ 512 .
U= {4% In > In <sz/1%] —|—16>]

I, (u) is the modified Bessel function of 1st kind.
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Pseudo loffe-time distribution: leading twist vs BFKL resummation

Re[M(o, z2)

Figure: In the left and right panel we plot the real and imaginary part, respectively of the
loffe-time amplitude; we compare the numerical evaluation (orange curve) with its
saddle point approximation (blue dashed curve), with the LT, (green dashed curve), and
the NLT (red solid curve). To obtain the plots we used |z| = 0.5, and My = 1 GeV.
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Lattice calculation: results

JLab/W&M Collaboration
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Phys.Rev.Lett. 125 (2020) 23, 232003

loffe-tme v =z- P

Thistalk: v — o

7 space-like vector

| =1,2

Large loffe-time behavior is governed by higher-twists contributions which are
not capture by Lattice calculation
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Pseudo-PDF from loffe-time distribution

Pseudo-PDF: Fourier transform with respect to z - P

d .
Qp(x5,2°) =/—96”9"BM(Q,ZZ)
27

Saddle point approximation

2 Qsz\z\
. 7¢(3)as ln( 2 +ie> -
0, 2) iN.Qs000,1n2 e My, 2 +i @s2In2
Xg,7°) >~ — i€
P 32|z |x5] x222M?,

\/7c(3)as In (ﬁ + ie)
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Pseudo quark PDF: leading twists vs BFKL resummation

Leading and next-to-leading twist

ln Qx‘Zl

QZUO Qg

2(=2)
0ol ) X B 1n(—xz ) <1+ 5 >'l(v)
—z2 BMI%I

1

()]
g

In

= o

Higher twist are suppressed as z — 0

2

—z=>0 lz2l =v-22>0
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Pseudo quark PDF: leading twists vs BFKL resummation
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Figure: The plot presents the quark pseudo PDF by comparing the numerical
evaluation (illustrated by the orange curve) with its saddle point approximation
(portrayed by the blue curve). Furthermore, we display the leading twist (LT)
(marked by the green dashed curve) and the next-to-leading twist (NLT)
(signified by the solid red curve).
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Quasi-distribution in the BFKL approximation

ds _;
Qy (x5 Pe) =Ps/2—e P M(oPg, %)

™

M(sPe,<?) = 5 (PlY(<)els, 0 |P)

1
TR
2P;

Saddle point approximation for the quasi-distribution

iNCQSO'() e

64/c| 2P2
7¢(3)ay In (—M—f + ie)
N
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Quasi-distribution at LT and NLT approximation

1 1+ioco +o0o .
— dw gw/ ds <" M(sPg,s%)
270 J1—ico x% My

1

. ~ 2
_ iN.Q%ay 4 In o n (14 262
24n2a, ( w ) !
11’1 —W + 1€
N

with
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Quasi-distribution

-0.5¢
-1.0F
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-2.0+

Re[quasi-Distr.]
Im[quasi-Distr.]

-2.5¢
-3.0F

S S

Figure: In the left and right panel we plot the real and imaginary part,
respectively, of the quasi-distribution; we compare the numerical evaluation
with its saddle point approximation (blue dashed curve).
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Quasi-PDF

Quasi-PDF: Fourier transform with respect to z# keeping its orientation fixed

ds _.
Qq(xB7P§) = Pg / ﬂ e z<P§x3M(§P§’§2)

n

wo— 2
3 Izl

Pe=P-¢
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quasi quark PDF

Leading + next-to-leading twist

2 2
20, In —L—ie>
O4(p, Pe) ~ —edio0 L (5 n (1222
YT A8ray ( 22 ) : SPgxg
In —ap tie
N

1
_ 2 . 2t .\ |?
t= [2045 In (—41%)% — l€> In (_Mﬁﬁ, + l€>:|

Usual exponentiation of the BFKL pomeron intercept, which resums logarithms
of xp, is missing.

For low values of xz and fixed values of P these corrections are enhanced rather
than suppressed at this regime.
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quasi quark PDF

Here P = 4 GeV.

Re[quasi-gPDF]
/
1

002 0.04 0.06 0.08 0.10

Im[quasi-gPDF]
{I
1
1
1
1
1
1
1
1
1
1
1
1
L

The left and right plots show the real and imaginary parts respectively. The Blue
curves are the BFKL resummed results, the Green and magenta are the LT and

NLT results respectively.

Quasi-PDF have rather unusual behavior at low-xz.
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Conclusions

e Large-distance behavior of the gluon and quark loffe-time distribution is
computed
» loffe-time o acts as rapidity parameter.
* oy In o resumed by BFKL eq.

e Pseudo-PDF and quasi-PDF have a very different behavior at low-xg.
» pseudo-PDF have typical rising behavior at low-xz.
» quasi-PDF have rather unusual behavior at low-xp.

* usual exponentiation of the BFKL pomeron intercept, which resums logarithms
of xz, is missing.

e The power corrections in the quasi-PDF do not come in as inverse powers
of P but as inverse powers of xgP
» for low values of xz and fixed values of P these corrections are enhanced
rather than suppressed at this regime.
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