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Algebraic area 𝐴 of closed random walks on a square lattice

+

𝐴 = +1 + 2 − 4 = −1

Algebraic area:  area swept by the closed walk, weighted by 
the winding number in each winding sector
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Algebraic area 𝐴 of closed random walks on a square lattice

+

𝐴 = +1 + 2 − 4 = −1

Question: a formula for the number 𝐶𝐧 𝐴 of closed n-step
square lattice walks that enclose an algebraic area 𝐴? (n is 
necessarily even, n=2n)

e.g. 𝐶2 0 = 4, 𝐶4 0 = 28, 𝐶4 1 = 𝐶4 −1 = 4
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the winding number in each winding sector
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Algebraic area 𝐴 of closed random walks on a square lattice

+

𝐴 = +1 + 2 − 4 = −1

𝑣−1 𝑢−1𝑣 𝑢 = Q1

square lattice walks

𝑣 𝑢 = Q 𝑢 𝑣

𝑢 + 𝑢−1 + 𝑣 + 𝑣−1 𝐧 = σ𝐴𝐶𝐧 𝐴 Q𝐴+…

e.g., 𝐓𝐫 𝑢 + 𝑢−1 + 𝑣 + 𝑣−1
4
= 28 + 4Q + 4Q−1

⇒ 𝐓𝐫 𝑢 + 𝑢−1 + 𝑣 + 𝑣−1 𝐧 = σ𝐴𝐶𝐧 𝐴 Q𝐴

• Commutation relation:

• Generating function for algebraic area 
enumeration of n-step closed walks 

𝐓𝐫 𝑣𝑛𝑢𝑚 = 𝛿𝑛,0𝛿𝑚,0

Algebraic area:  area swept by the closed walk, weighted by 
the winding number in each winding sector

Question: a formula for the number 𝐶𝐧 𝐴 of closed n-step
square lattice walks that enclose an algebraic area 𝐴? (n is 
necessarily even, n=2n)
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Algebraic area 𝐴 of closed random walks on a square lattice

+

𝐴 = +1 + 2 − 4 = −1

• Hamiltonian 𝐻 = 𝑢 + 𝑢−1 + 𝑣 + 𝑣−1

u, v are "magnetic translation operators"

• Q = e2𝜋i𝜙/𝜙0; 𝜙/𝜙0: magnetic flux per plaquette

rational flux 𝜙/𝜙0 = 𝑝/𝑞 with 𝑝, 𝑞 coprime 

physics

• σ𝐴𝐶𝐧 𝐴 Q𝐴= 𝐓𝐫 𝐻𝐧

Hofstadter model: a charged particle hopping on 
a square lattice in a perpendicular magnetic field

aim: 𝐓𝐫 𝐻𝐧

𝑣−1 𝑢−1𝑣 𝑢 = Q1

square lattice walks

𝑣 𝑢 = Q 𝑢 𝑣

𝑢 + 𝑢−1 + 𝑣 + 𝑣−1 𝐧 = σ𝐴𝐶𝐧 𝐴 Q𝐴+…

e.g., 𝐓𝐫 𝑢 + 𝑢−1 + 𝑣 + 𝑣−1
4
= 28 + 4Q + 4Q−1

⇒ 𝐓𝐫 𝑢 + 𝑢−1 + 𝑣 + 𝑣−1 𝐧 = σ𝐴𝐶𝐧 𝐴 Q𝐴

• Commutation relation:

• Generating function for algebraic area 
enumeration of n-step closed walks 

𝐓𝐫 𝑣𝑛𝑢𝑚 = 𝛿𝑛,0𝛿𝑚,0

Algebraic area:  area swept by the closed walk, weighted by 
the winding number in each winding sector
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Question: a formula for the number 𝐶𝐧 𝐴 of closed n-step
square lattice walks that enclose an algebraic area 𝐴? (n is 
necessarily even, n=2n)

e.g. 𝐶2 0 = 4, 𝐶4 0 = 28, 𝐶4 1 = 𝐶4 −1 = 4



Rational flux, i.e., Q = e2𝜋i 𝑝/𝑞 with 𝑝, 𝑞 coprime

𝑢, 𝑣: 𝑞 × 𝑞 “clock” and “shift” matrices

Quantum trace
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Rational flux, i.e., Q = e2𝜋i 𝑝/𝑞 with 𝑝, 𝑞 coprime

𝑢, 𝑣: 𝑞 × 𝑞 “clock” and “shift” matrices

Quantum trace

reduces to

𝑢 → −𝑢𝑣, 𝑣 → 𝑣
𝑘𝑥 = 𝑘𝑦 = 0, 𝐧 < 𝑞

Usual trace

Aim: tr 𝐻2
𝐧
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Rational flux, i.e., Q = e2𝜋i 𝑝/𝑞 with 𝑝, 𝑞 coprime

𝑢, 𝑣: 𝑞 × 𝑞 “clock” and “shift” matrices

Quantum trace

reduces to

𝑢 → −𝑢𝑣, 𝑣 → 𝑣
𝑘𝑥 = 𝑘𝑦 = 0, 𝐧 < 𝑞

Usual trace

Aim: tr 𝐻2
𝐧

• Approach 1: secular determinant det (𝐼 − 𝑧 𝐻2) and its relation to exclusion statistics

• Approach 2: direct computation (combinatorics of periodic Dyck paths)

ℎ𝑖𝑗: matrix element of 𝐻2
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Approach 1: via secular determinant det (𝐼 − 𝑧 𝐻2)

,

Secular determinant

Kreft coefficient ,

“+2 shifts”[Kreft 1993]

e.g., for 
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https://cds.cern.ch/record/258612/files/P00020801.pdf


Exclusion
parameter 𝑔 bosons (𝑔 = 0) fermions (𝑔 = 1)

…… …

𝑔 = 2

𝑍𝑛: partition function for 𝑛 particles occupying 
𝑞 − 1 energy levels. These particles obey 𝑔 = 2
exclusion statistics (no two particles can occupy 
adjacent quantum states)

stronger exclusion than fermions!

Approach 1: via secular determinant det (𝐼 − 𝑧 𝐻2)

,

Exclusion statistics with 
exclusion parameter 𝑔 = 2

Closed random walks
on a square lattice

Interpretation in statistical mechanics

Use techniques from statistical 
mechanics to compute

Secular determinant

Kreft coefficient ,

“+2 shifts”[Kreft 1993]

tr 𝐻2
𝐧

e.g., for 
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https://cds.cern.ch/record/258612/files/P00020801.pdf


The composition is an ordered partition.
e.g. four compositions of 𝑛=3: (3), (2,1), (1,2), (1,1,1)

Kreft coefficient ,

Introduce cluster coefficient via                                                   ,

Approach 1: via secular determinant det (𝐼 − 𝑧 𝐻2)
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[Ouvry, Wu 2019]

→  Generalize to the “+𝑔 shifts” (𝑔-exclusion)

https://doi.org/10.1088/1751-8121/ab2107


Closed random walks on various lattices 

Square HoneycombChiral* triangular

𝑔 = 2 𝑔 = 3 mixture of 𝑔 = 1 and 𝑔 = 2

* Only three out of six directions at each step are allowed, that is .

[Ouvry, Polychronakos 2019] [Gan, Ouvry, Polychronakos 2022]
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https://doi.org/10.1016/j.nuclphysb.2019.114731
https://doi.org/10.1103/PhysRevE.105.014112


Hamiltonian

honeycomb algebra

Honeycomb lattice walks 
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set

𝑘𝑦 = 0, 𝐧 < 𝑞



Cubic lattice walks

Algebraic area of 3D walks: sum of algebraic areas 
obtained from the walk’s projection onto the 𝑥𝑦,
𝑦𝑧, 𝑧𝑥-planes along the −𝑧,−𝑥,−𝑦 directions

3D cubic lattice walk
and its projections

How to define the algebraic area?

Hamiltonian

Commutation relations

3D Hofstadter model: a charged particle hopping on a cubic 
lattice coupled to a magnetic field 𝐁= (1,1,1)
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Cubic lattice walks 

[Gan 2023]

mixture of 𝑔=1, 𝑔=1, and 𝑔 = 2 with equal 
numbers of 𝑔=1 exclusion particles of two types

https://doi.org/10.1103/PhysRevE.108.054104


Outlook

Take-home message

Combinatorics of Dyck/Motzkin paths

Algebraic area enumeration of
closed lattice random walks

Quantum exclusion statistics

• Various lattice random walks, e.g., triangular lattice [thesis], hypercubic lattice [ongoing work]

• Classification of random walks based on the exclusion parameter 𝑔

• Connection to exactly solvable models

e.g., open Ising spin-1/2 chain: free-fermionic spectrum ±𝜖1 ± 𝜖2 ±⋯ with 𝜖𝑘 obtained from 𝑔 = 2

exclusion matrix 𝐻2 [Baxter 1989], closed Ising chain [ongoing work]

• Potential applications in high energy physics?
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…

https://theses.hal.science/tel-04413106
https://doi.org/10.1016/0375-9601(89)90884-0
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…

Thank You!

https://theses.hal.science/tel-04413106
https://doi.org/10.1016/0375-9601(89)90884-0

