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Measure things with oscillators
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The first experiment in the lab
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Cavendish method

Static deflection
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DIE

GRAVITATIONS-CONSTANTE,

DIE

MASSE UND MITTLERE DICHTE DER ERDE

NACH EINER NEUEN EXPERIMENTELLEN BESTIMMUNG

* Inventor of the
time-of-swing

Dr. pHIL ETTHEOL. CARL BRAUN, S.J. ; mEthOd.

IN MARIASCHEIN,

VON

(MTit 3 Fafedn und § Fextfiguren.)

BESONDERS ABGEDNUCKT AUS DEM LXIV. HANDE DEN DENKSUHRIFTEN DER MATHEMATISCI-NATURWISSENSCHAFTLICHEN CLASSE

DER KAISERLICHEN AKADEMIE DER WISSENSCHAFTEN,

WIEN 1806.

AUS DER KAISERLICH-KONIGLICHEN HOF- UND STAATSURUCKEREL

IN COMMISSION BE! CARL GEROLD'S SOHN,
BUCHHANULER DER KAISERLICHEN AKADEMIE DER WISSENSCHAFTEN.



Time-of-swing method

Time-of-swing-method
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Yet another method

Finding a better value for G

Surprisingly, we know the gravitational constant only
to within about half a percent. With this elegant method, we hope
for a precision of at least one part in ten thousand.

Jesse W. Beams

Tracking optical lever @ Tarsional pendulum

J.W. Beams, . Mirror
Phys. Today 24 (5) 34 (1971)

Timing optical lever

Electronic

timing
Servo system
system

Photodiodes

Two-phase drive motor




Angular acceleration method

Angular acceleration method
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Electrostatic servo

Metrologia 24, 171-174 (1987)

A New Experiment for the Determination
of the Newtonian Gravitational Constant

H. de Boer, H. Haars, and W. Michaelis
Physikalisch-Technische Bundesanstalt (PTB). D-3300 Braunschweig, Federal Republic of Germany

Received: March 17, 1987

Fig. 1. Schematic drawing of the main parts of the experiment:
I Torsion balance; 2 Interferometer; 3 Mercury bearing. 4 Elec-
trometers; 5 Balance masses; 6 Masses mounted to the rotating
tables



Servo method

Servo method
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Time of swing
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Oscillators as probes

e 1 Imagine only
0 thermal agitation...

k to t to
m
What is the uncertainty in measuring these zero crossings?
And, what ultimately is the uncertainty of the period
k Determination.
wo = -
m
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Oscillators as probes

Let’s zoom in at one zero crossing. k
Xo !

X = Xg Sin w,t
V=X = XgWw, COS w,t

iy t1 5

t
o Uncertainty in the orange balls:
X
XoW, = — = 0p = Ox
XoWo O =
XoWo
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Oscillators as probes

Oo! 0Ey 1
oty N
to h to ts ¢ OEy _ _l
ot N
2 2
dEy dEy dEN) [9En
2 | XN 2 _ NN 2 2
ty — to o = <6tN> ot <6t0> % F 2<6tN><6t0 TN.00%
En(T,) = N \ \ ]
[ |
2 2 __202
so = (OENY oy (OBN o o (OB (OEN) vz g
N\ bty 2t \edty /" dty )\ dty ) VOt )

National Institute of
Standards and Technology
U.S. Department of Commerce



Let’s find the thermal noise amplitude

mi+myx+wix=f —mw’X+imywoX+wiX=F
Lorentzian approximation
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So, we find

kT . o2 _k Hence: 2> =
<x2>:L2 Note: w; =— < x>
mw;
: . , 1 , 1
For a spring with k, we find < Epot > = > k<x*>= Eka

kpT
Note:<v2>=a)§<x2>=b7

And hence: < Epiy >==

m<v2>=§ka

=

< EtOt > =< Epot > +< Ekin > = kBT
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In phase space

Let’s introduce:

A
k,T
Y x = E—
Tt th k
vO
ta i to ts ¢
Uncertainty in the orange balls:
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Let’s find that correlation

Wiener-Khinchin
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Let’s find that correlation (continued)

k,T
< x(1)x(0) >= d 5 eXp (—Z |T|) exp(—iw,T)
m 2

(0]

: J : L 2
We are interested, because we would like to find the zero crossingsint = N Ty = Nw—n
o

In this case

k,T
<x(NT,)x(0) >= >
(1)0

14
exp(— > NT,)

We need to find < x(NT,)x(0) >

- J< x(NT)x(NT,) >< x(0)x(0) >

r = exp (—gN TO)

1

xgwg

Note the correlation in time for the zero crossings is the same, since < t(N T,)t(0) > = < x(NT,)x(0) >
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Let’s find that correlation (continued)

kyT 14 .
< x(1)x(0) >= 5 eXp (—— |T|) exp(—iw,T)
m w 2
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We are interested inT =N Ty = Nw—n , because we would like to find the zero crossings

(0]

In this case
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m ws

14 Y _ T
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We need to find < x(NT,)x(0) >

\/< x(NT,)x(NT,) >< x(0)x(0) >

'no =

= exp (—gN To) = exp(—N 1w /Q)

Note the correlation in time for the zero crossings is the same, since < t(N T,)t(0) > = 21 < x(NT,)x(0) >
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Power spectral density — watch the

definition

Single sided in f-domain

Double sided in f-domain

Single sided in w-domain

Double sided in w-domain
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Power spectral density — watch the
definition

Sometimes, people use double indices to distinguish single sided from double sided, e.g Sy and Spr

Sthdf =4k,Tmydf

SHdf =2k, Tmydf

th 2
S dw=; kpyTmy dw

1
Sthdw = — kpyTmy dw
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Power spectral densities of force & excursion

mi+myx+wix=f wg
Y= Q 3% 10!
o Wy m=10g
SF df = 4ka m?df
™
T 2x1071
E — Q=100
2 — Q=1000
W
1071 1
103 102 10-1 100

fiHz
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Power spectral densities of force & excursion

mi+myx+wix=f Wy :
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Where is the power
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Velocity damping vs. internal damping

mz+myz+kz=F

/ Examples of velocity damping:
é * Viscous gas damping
N ) | * Eddy current damping
z ? mz+k(l+i0)z=F * Electrical damping/ patch field
m driven currents

Internal damping
" 1

Velocity damping can be
eliminated by experimental design
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Velocity damping vs. internal damping

z(w) 1 1

F(w)_mwg_werwTow

é z(w) 1 1
, _

k . .
? mzZ+k(l+id)z=F Flw) mwZ—w?+idaw?
m

How much difference can that make?
y 1

mz+myz+kz=F

Real part of the
/mechanical impedance

For the velocity damping: S df =4 k,Tmy df = 4 k,T Re(Z2)df
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Mechanical impedance

F F i F i
(% LW Z w LYZJ 0}
é k Multiplicative inverse of the response function
3 _z(w) 1 1 ' .
- r= Flw) sz iy [w,w Previous result: SErdf =4k,Tmydf
0 Q
—F
., zZ(w) ( 5 5 iwow)
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F(w) ° Q
—1 (Ug Wo th WoM
—rl=—i—mtiom +gm ) SYdf = 4k,T Re(Z)df = 4k, T—2—df

w
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Velocity damping vs. internal damping

w,Mm
zw) 1 1 _ Sthdf =4k, T——df =4k, Tk Q™' w;?!
e Flw) m, 2 5, 0w Q
é W, — W + 0
k 2w) 1 1 , i .
z F(w) mwi—w?+id6wj Sprdf =4kpT > df =4kpT k6 w
m

}
Sthdf =4 k,T Re(Z)df = 4k,T Re (—Zr‘l)

National Institute of
Standards and Technology
U.S. Department of Commerce



5H21 (pNm/rtHz)

109

10-1

1072

— vel. damping Q=100

— vel. damping Q=1000

----- internal damping Q=100
internal damping Q=1000

103




— vel. damping Q=100
10° —— vel. damping Q=1000
1 R | internal damping Q=100

: 101 5 A e - internal damping Q=1000
1/f noise

Wee .
e
..............

103 flat

S2 (um/rtHz)

103 102 1071 10°
flHz



Where does the internal damping come from

P mz+k(1+i8)z=F

I é Kramer’s Kronig relationship relates the real part to the imaginary part and vice versa.
Z

k
s ;
m
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Extended Maxwell model:

* Adistribution of Maxwell units

e All have the same spring constant

* But a distribution of time constants

Tu
k(w) =k0+k1ff(r) ia)r+1dw
T



VOLUME 75, NUMBER 15 PHYSICAL REVIEW LETTERS 9 OCcTOBER1995

Does the Time-of-Swing Method Give a Correct Value
of the Newtonian Gravitational Constant?

Kazuaki Kuroda

Institute for Cosmic Ray Research, University of Tokyo, 3-2-1, Midoricho, Tanashi, Tokyo 188, Japan
(Received 12 June 1995)

A standard way of measuring the Newtonian gravitational constant has been the time-of-swing
method using a torsion pendulum. A Kkey assumption is that the spring constant of the torsion fiber is
independent of frequency. This is likely to be true to a good approximation if any damping present
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Time-of-swing method

Qe 1@ ~o——1fe®
Ky + K Ky + Ky

wn’ = I - wp® = i

Kn = G Cn Kf =G Cf

Ky > Ky
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Thanks NIST

Thanks for listening to the thermal noise lecture!

Questions?




