
Errors, Fits & MCMC 
- a practitioner's guide

“An attempt to be practical and efficient”





Corona-Testing
Assume: 
• A Corona-test with 99% accuracy and reliability
• You get a positive result
• How high is the chance that you are positive? 

Answer: You don’t know. Prior information is missing

Example: 1000000 people

incidence rate: 10-4

Þ 100 positive cases, 99 tested positive

Þ 999900 negative cases, 
 989901 tested negative, 
 9999 tested positive

Þ  p = 99/(99 + 9999) = 0.98%

incidence rate: 10-2

Þ 10000 positive cases, 9900 tested positive

Þ 990000 negative cases, 
 980100 tested negative, 
 9900 tested positive

Þ  p = 9900/(9900 + 9900) = 50%



Bayes’ theorem
<latexit sha1_base64="v7rdLmca7HbPuOMHY9WkaZDmPuM=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoQEpSRN0Ibd24rGAf0IQymU7aoZMHMxOhpPkBN/6KGxeKuHXvzr9x0nahrQcunDnnXube40aMCmma31puZXVtfSO/Wdja3tnd0/cPWiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtjm4yv/1AuKBhcC/HEXF8NAioRzGSSurpJ1GpNqkb8BraHkc4iUr1Sc2A9hlUhpFmbyPt6UWzbE4Bl4k1J0UwR6Onf9n9EMc+CSRmSIiuZUbSSRCXFDOSFuxYkAjhERqQrqIB8olwkuk1KTxVSh96IVcVSDhVf08kyBdi7Luq00dyKBa9TPzP68bSu3ISGkSxJAGefeTFDMoQZtHAPuUESzZWBGFO1a4QD5FKRaoACyoEa/HkZdKqlK2LcuXuvFitz+PIgyNwDErAApegCm5BAzQBBo/gGbyCN+1Je9HetY9Za06bzxyCP9A+fwCuIpjM</latexit>

p(A|B) =
p(B|A) p(A)

p(B)

<latexit sha1_base64="M4SDB5gX5O5NA7igMIwi5SpzfR4="></latexit>

p(act pos|test pos) = p(test pos|act pos) p(act pos)
p(test pos)

0.99 10-4

(9999 + 99)/106

Often interpreted as: 

• p(A) is our prior knowledge
• new data become available (test, B)
• p(A|B) is our updated knowledge  



A ”danger” with (Bayesian) priors

neutrino-less double beta-decay

prior: line position known

.. significance of detection
is around 3 𝜎 ..

Is that believable? 

The next generation follow-up 
experiment GERDA did not find
any signal

Klapdor-Kleingrothaus et al. 2001
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<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2



A typical chain towards a 
scientific result

Raw Data Calibrated 
Data

Measured  
values

Observing Reduction Analysis

Measured  
valuesMeasured  

valuesMeasured  
valuesMeasured  

values

Measured 
parametersModel 1

Model 2 Model
selection



Errors that occur

Measured  
valuesMeasured  

valuesMeasured  
valuesMeasured  

values

• Statistical error: 
The effect of noise on the data

• Systematic error:
The effect of mis-calibration

• Mistakes

• Statistical errors are “straight forward”, sometimes part of pipelines
• a matter of propagating correctly

• Systematic errors are your job: Physicist’s intuition needed
• knowledge outside of the current measurement needed to 

understand how wrong the ruler might be

• It is your right and obligation to check for mistakes (i.e. obvious outliers),
and select your data accordingly  



Errors of the result

Measured 
parameters

• Statistical error: 
The effect of noise on the data

• Systematic error:
The effect of mis-calibration

• Sampling error:
The result might depend on what of
your data you use

• Model error:
Your model most likely is a
simplified version of reality



What error to report

• Good practice:

• Systematics don’t necessarily average out, so report 
them seperately from statistical error

• Like this, you say 
 - how precise the result is (statistical error); and
 - how accurate the result is (systematic error)

• The sampling error usually can be included in the 
statistical one

• The model error usually is part of the systematic one
 

<latexit sha1_base64="Y8Ncx/IyZUiSCXf7sqQ503Xgjoc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAIrkpGLHYjFN24rGIv0JaSSdM2NJkZkjPCMPY13Pgqblwo4lJXvo3ptIva+kPg5zvnkHN+L5TCACE/TmZldW19I7uZ29re2d3L7x/UTRBpxmsskIFuetRwKXxeAwGSN0PNqfIkb3ij60m98cC1EYF/D3HIO4oOfNEXjIJF3Ty5w5fYJQS3Q4VLj922ojDUKjFAYZzC8hyMzbibL5AiSYWXjTszBTRTtZv/avcCFinuA5PUmJZLQugkVINgko9z7cjwkLIRHfCWtT5V3HSS9LIxPrGkh/uBts8HnNL5iYQqY2Ll2c7JjmaxNoH/1VoR9MudRPhhBNxn04/6kcQQ4ElMuCc0ZyBjayjTwu6K2ZBqysCGmbMhuIsnL5v6WdEtFcnteaFyNYsji47QMTpFLrpAFXSDqqiGGHpCL+gNvTvPzqvz4XxOWzPObOYQ/ZHz/QsdZ5/Z</latexit>

R = 100± 5|stat ± 8|sys



Precision and Accuracy



A little riddle on averaging
<latexit sha1_base64="X7B5HwexoswhEtn2WspdgKTNzx8="></latexit>

v = (v1 + v2)/2

�v =
q
�v21 +�v22 /2

v1 = 100 ± 10
v2 = 100 ± 18 

v = 100 ± 10.3

Weighted mean !

v1 = 100 ± 10
v2 = 100 ± 18 

v = 100 ± 8.7

<latexit sha1_base64="g9bN7GlMtRLl+iqHqB3sYqTZI20="></latexit>

wi = 1/�v2i

v =
⌃wivi
⌃wi

w = ⌃wi

�v = 1/
p
w



Averaging samples
<latexit sha1_base64="ArmUU3Eh1KQfbzdvLLfLrI6GOpM=">AAACPXicbVDLSgMxFM34rOOr6tJNsAiuStJabHdFNy4r9AWdUjJp2oZmHiQZoQz9MTf+gzt3blwo4tatmXagtfVC4Nxz7uHmHjcUXGmEXq2Nza3tnd3Mnr1/cHh0nD05baogkpQ1aCAC2XaJYoL7rKG5FqwdSkY8V7CWO75L9NYjk4oHfl1PQtb1yNDnA06JNlQvW8cIQSf0YAE6jo3xvMFJU8ELoVKa4WKCy+UlAyouDBilSi+bQ3k0K7gOcApyIK1aL/vi9AMaeczXVBClOhiFuhsTqTkVbGo7kWIhoWMyZB0DfeIx1Y1n10/hpWH6cBBI83wNZ+yyIyaeUhPPNZMe0SO1qiXkf1on0oNyN+Z+GGnm0/miQSSgDmASJexzyagWEwMIldz8FdIRkYRqE7htQsCrJ6+DZiGPS3n0cJ2r3qZxZMA5uABXAIMbUAX3oAYagIIn8AY+wKf1bL1bX9b3fHTDSj1n4E9ZP79AxaSH</latexit>

100± 2

110± 1

91± 2

95± 3

88± 2

103± 1

108± 2

103.0 ± 0.6 (weighted)
std. dev. !

<latexit sha1_base64="duiWqXaBSVBej89GuJ6bt2Dtd0A="></latexit>

u = ⌃w2
i

s2 =
w

w2 � u
⌃wi(vi � v)2

103.0 ± 8.1

<latexit sha1_base64="faRIukMo+86p+EhmiT+CdVyfl0U=">AAACFHicbVDLSsNAFJ3UV62vqks3g0WpaEtSFN0IRTeupKJ9QJOGyXTSDp1MwsykUEI/wo2/4saFIm5duPNvnD4W2nrgwuGce7n3Hi9iVCrT/DZSC4tLyyvp1cza+sbmVnZ7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3c98ut9IiQN+YMaRMQJUIdTn2KktORmjzOyVYKHl9D2BcKJNUxuC9YQ2ifQvqedAMF836WwAPtHrZKbzZlFcww4T6wpyYEpKm72y26HOA4IV5ghKZuWGSknQUJRzMgwY8eSRAj3UIc0NeUoINJJxk8N4YFW2tAPhS6u4Fj9PZGgQMpB4OnOAKmunPVG4n9eM1b+hZNQHsWKcDxZ5McMqhCOEoJtKghWbKAJwoLqWyHuIp2O0jlmdAjW7MvzpFYqWmdF8+40V76axpEGe2Af5IEFzkEZ3IAKqAIMHsEzeAVvxpPxYrwbH5PWlDGd2QV/YHz+AAFCmwk=</latexit>

s2 =
1

N � 1
⌃(vi � v)2

for equal weights the above 
is the usual

• s estimates the uncertainty of a single measurement
- if your sample is n times reading the same measurement: use s
- if your sample is from splitting up a data point: use s

•              estimates the uncertainty of the mean
- if your sample is n measurements: use 

What to use?   s or 
<latexit sha1_base64="0aT+EcefvYNT/Gnb4LbK/jDlrzU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokoeix68VjBfmAbyma7aZduNnF3IpTQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2Ilb3OEq4H9G+EqFgFK30YE475lFjpsbdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ46ziXVTcu/Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8f5Y6REA==</latexit>

s/
p
n

<latexit sha1_base64="0aT+EcefvYNT/Gnb4LbK/jDlrzU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokoeix68VjBfmAbyma7aZduNnF3IpTQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2Ilb3OEq4H9G+EqFgFK30YE475lFjpsbdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ46ziXVTcu/Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8f5Y6REA==</latexit>

s/
p
n

<latexit sha1_base64="0aT+EcefvYNT/Gnb4LbK/jDlrzU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qokoeix68VjBfmAbyma7aZduNnF3IpTQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2Ilb3OEq4H9G+EqFgFK30YE475lFjpsbdUtmtuFOQReLlpAw5at3SV6cXszTiCpmkxrQ9N0E/oxoFk3xc7KSGJ5QNaZ+3LVU04sbPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG88jOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ46ziXVTcu/Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8f5Y6REA==</latexit>

s/
p
n

<latexit sha1_base64="KuFaDVLYJsGVc7iL+YGwF0Aq0rE=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgEQahJUfRY1IPHCvYDmrRsttt26WYTdyeFEgpe/CtePCji1T/hzX9j0uag1QcDj/dmmJnnhYJrsKwvI7ewuLS8kl8trK1vbG6Z2zt1HUSKshoNRKCaHtFMcMlqwEGwZqgY8T3BGt7wKvUbI6Y0D+QdjEPm+qQveY9TAonUMfccfa8gdq6ZAIJH7TI+xrpdPpGTQscsWiVrCvyX2BkpogzVjvnpdAMa+UwCFUTrlm2F4MZEAaeCTQpOpFlI6JD0WSuhkvhMu/H0hwk+TJQu7gUqKQl4qv6ciImv9dj3kk6fwEDPe6n4n9eKoHfhxlyGETBJZ4t6kcAQ4DQQ3OWKURDjhBCqeHIrpgOiCIUktjQEe/7lv6ReLtlnJev2tFi5zOLIo310gI6Qjc5RBd2gKqohih7QE3pBr8aj8Wy8Ge+z1pyRzeyiXzA+vgHRApZS</latexit>p
�v2 + s2/n

<latexit sha1_base64="UpsD/biKCo9oGIXyxQuJKHAezqs=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARBKEkRdFlURcuK9gHNGmZTCft0MnDmZtCCdn4K25cKOLWz3Dn3zhts9DWAxcO59zLvfd4seAKLOvbWFpeWV1bL2wUN7e2d3bNvf2GihJJWZ1GIpItjygmeMjqwEGwViwZCTzBmt7wZuI3R0wqHoUPMI6ZG5B+yH1OCWipax466lFC6twyAQSPOhV8hlWnknXNklW2psCLxM5JCeWodc0vpxfRJGAhUEGUattWDG5KJHAqWFZ0EsViQoekz9qahiRgyk2nD2T4RCs97EdSVwh4qv6eSEmg1DjwdGdAYKDmvYn4n9dOwL9yUx7GCbCQzhb5icAQ4UkauMcloyDGmhAqub4V0wGRhILOrKhDsOdfXiSNStm+KFv356XqdR5HAR2hY3SKbHSJqugO1VAdUZShZ/SK3own48V4Nz5mrUtGPnOA/sD4/AFL7ZWN</latexit>p
�v2 + s2

Combined

The authors of paper X show a 
table of result numbers coming 
from different ways to analyse 

their data.

The combined uncertainty 
should be the average 

uncertainty.

The authors of paper X show a 
table of result numbers coming 

from different galaxies.

The combined uncertainty 
should be the average 

uncertainty divided by √𝑛.



Gaussians & probabilities
<latexit sha1_base64="0Z2qd+NPCPmpA4Zyh7SGDbWoM58="></latexit>Z s

�s

1p
2⇡�

e�x2/2�2

= erf
sp
2�

s = 1 𝜎: p = 68.27%

For an expected value of s=0, and an error of 𝜎, 
 finding s < 0.67449 𝜎 is less likely than finding s > 0.67449 𝜎.

A measurement of the type 
 x = 0.012 ± 0.250 is rather unlikely with a chance of occuring of only 3.8%.  



Error propagation

<latexit sha1_base64="FK31EMtNC5QGI2p+MmWkdhFJ84U="></latexit>

v = f(vi)

�v2 = ⌃

����
@f

@vi

����
2

�v2i

<latexit sha1_base64="/wcn2E/UjMmUJ1GLHQuFbskgL7s="></latexit>

v = v1 + v2

�v2 = �v21 +�v22

v = v1 � v2

�v2 = �v21 +�v22

v = v1 ⇥ v2
✓
�v

v

◆2

=

✓
�v1
v1

◆2

+

✓
�v2
v2

◆2

v = v1/v2
✓
�v

v

◆2

=

✓
�v1
v1

◆2

+

✓
�v2
v2

◆2

<latexit sha1_base64="2O4JJvxsgl7M/+Kzrv7LCi4/bxw="></latexit>

v = v↵1 ⇥ v�2
✓
�v

v

◆2

=

✓
↵
�v1
v1

◆2

+

✓
�
�v2
v2

◆2



The 

<latexit sha1_base64="TGtGpgxioLbU+USoGnifVMZCTyk="></latexit>

�2 = ⌃
(yi � f(xi, pj))2

�y2i

An individual data point is                                                   away from the model.

How bad is a model? 
• The more larger        occur, the worse the model is. 
• The badness should be a monotonic function of 
• All points should be treated equal
• Possible choices:                or               or 

<latexit sha1_base64="OEsbvvRR7NrvWV/fxk4g30i3VZM=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxChVoSUXQjFHXhsoK9QBPCZDppx04mYWYihpDXcOOruHGhiEtd+TZOLwttPTDw8f/ncOb8fsyoVJb1bczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+4HLot+6JkDTityqNiRuiHqcBxUhpyTMtR9JeiDwKz6ETCISzVPMhDMoPHq04ldi7O8gz54owhaC2cs8sWVVrVHAW7AmUwKTqnvnpdCOchIQrzJCUHduKlZshoShmJC86iSQxwgPUIx2NHIVEutnoshzua6ULg0joxxUcqb8nMhRKmYa+7gyR6stpbyj+53USFZy5GeVxogjH40VBwqCK4DAm2KWCYMVSDQgLqv8KcR/pfJQOs6hDsKdPnoXmUdU+qVo3x6XaxSSOAtgFe6AMbHAKauAa1EEDYPAInsEreDOejBfj3fgYt84Zk5kd8KeMrx+EXJ9i</latexit>

�i =
yi � f(xi, pj)

�yi

<latexit sha1_base64="D1ZzOEqHGy8E5DGGGoY+iqlSRS0=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpiqpQLAgVbAwFkEvUhMix3Vaq7YT2Q5SFXVg4VVYGECIlYdg421w2gzQciTLn/7/HNnnDxNGlXacb2tpeWV1bb20Ud7c2t7Ztff22ypOJSYtHLNYdkOkCKOCtDTVjHQTSRAPGemEo6vc7zwQqWgs7vQ4IT5HA0EjipE2UmBXvFs64Ah6Kr8Cel+H8AJ6eGgosKtOzZkWXAS3gCooqhnYX14/xiknQmOGlOq5TqL9DElNMSOTspcqkiA8QgPSMygQJ8rPpktM4JFR+jCKpTlCw6n6eyJDXKkxD00nR3qo5r1c/M/rpTo69zMqklQTgWcPRSmDOoZ5IrBPJcGajQ0gLKn5K8RDJBHWJreyCcGdX3kR2vWae1pzbk6qjcsijhKogENwDFxwBhrgGjRBC2DwCJ7BK3iznqwX6936mLUuWcXMAfhT1ucPcjuWrA==</latexit>

⌃�2
i = �2

Data: 
<latexit sha1_base64="9X5D2ZtQ1QUg6heTghk9hxAR59c=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJKHosevFYwdZCGsJmu2mXbrJhdyOG0J/hxYMiXv013vw3btsctPXBwOO9GWbmBQlnStv2t1VaWV1b3yhvVra2d3b3qvsHXSVSSWiHCC5kL8CKchbTjmaa014iKY4CTh+C8c3Uf3ikUjER3+ssoV6EhzELGcHaSG79yWeNfiPz2alfrdlNewa0TJyC1KBA269+9QeCpBGNNeFYKdexE+3lWGpGOJ1U+qmiCSZjPKSuoTGOqPLy2ckTdGKUAQqFNBVrNFN/T+Q4UiqLAtMZYT1Si95U/M9zUx1eeTmLk1TTmMwXhSlHWqDp/2jAJCWaZ4ZgIpm5FZERlphok1LFhOAsvrxMumdN56Jp353XWtdFHGU4gmOogwOX0IJbaEMHCAh4hld4s7T1Yr1bH/PWklXMHMIfWJ8/DCOQcg==</latexit>

(xi, yi)
<latexit sha1_base64="XUQlSQlZ3Nj0/jpFRVlQvQL0KJQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY9OKxgv2QdinZNNvGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328ktLa+sruXXCxubW9s7xd29ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HriNx+p0iySd2YUU1/gvmQhI9hY6T4sP52guPtw3C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6skoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhJd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7i3Z6XqVRZHHg7gEMrgwQVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w99Co+M</latexit>

f(x, pj)Model:

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

<latexit sha1_base64="iYnlQX/hbZ8ev1dN5jBP8EfwVik=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxEByhL3NXrJkd+/cnRNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x80bZIZxhsskYlpRdRyKTRvoEDJW6nhVEWSP0TDm6n/8MSNFYm+x1HKQ0X7WsSCUXRSq2NFX9Gu6JYrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDy7d0JOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfBWOhU4z5JrNF8WZJJiQ6fOkJwxnKEeOUGaEu5WwATWUoYuo5EIIFl9eJs2zanBR9e/OK7XrPI4iHMExnEIAl1CDW6hDAxhIeIZXePMevRfv3fuYtxa8fOYQ/sD7/AEcBpAD</latexit>�i
<latexit sha1_base64="tYF5uoWzOGF/dqHSkLAGg2eDIxw=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZpMh81hmZoWwyWd48aCIV7/Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6m/mtJ6oNU/LRjhMaCjyQLGYEWyd1Jl3DBgL3GJr0yhW/6s+BVkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKfTUjc1NMFkhAe046jEgpowm588RWdO6aNYaVfSorn6eyLDwpixiFynwHZolr2Z+J/XSW18E2ZMJqmlkiwWxSlHVqHZ/6jPNCWWjx3BRDN3KyJDrDGxLqWSCyFYfnmVNC+qwVXVf7is1G7zOIpwAqdwDgFcQw3uoQ4NIKDgGV7hzbPei/fufSxaC14+cwx/4H3+AD7CkTk=</latexit>

|�i|
<latexit sha1_base64="FOg8nIHc8nUvvTE6xvcNT1pC8po=">AAAB+3icbVDLTsMwENzwLOUVypGLRYXEqUoQCI4VXDgWQR9SE0WO67ZW7SSyHUSV9le4cAAhrvwIN/4Gp80BWkZa7WhmV15PmHCmtON8Wyura+sbm6Wt8vbO7t6+fVBpqTiVhDZJzGPZCbGinEW0qZnmtJNIikXIaTsc3eR++5FKxeLoQY8T6gs8iFifEayNFNgV754NBEYTT+U9YGgS2FWn5syAlolbkCoUaAT2l9eLSSpopAnHSnVdJ9F+hqVmhNNp2UsVTTAZ4QHtGhphQZWfzW6fohOj9FA/lqYijWbq740MC6XGIjSTAuuhWvRy8T+vm+r+lZ+xKEk1jcj8oX7KkY5RHgTqMUmJ5mNDMJHM3IrIEEtMtImrbEJwF7+8TFpnNfei5tydV+vXRRwlOIJjOAUXLqEOt9CAJhB4gmd4hTdrar1Y79bHfHTFKnYO4Q+szx+Jz5Qd</latexit>

⌃|�i|
<latexit sha1_base64="TonuiVxgMNmPcWA1H+JkuIjR1AI=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcFVmRNFl0Y3LCvYC7TBk0kwbmmSGJCPUsU/ixoUibn0Ud76NaTsLbf0h8PGfczgnf5Rypo3nfTsrq2vrG5ulrfL2zu5exd0/aOkkU4Q2ScIT1YmwppxJ2jTMcNpJFcUi4rQdjW6m9fYDVZol8t6MUxoIPJAsZgQba4Vupddg6Kmn2UDg0FLoVr2aNxNaBr+AKhRqhO5Xr5+QTFBpCMdad30vNUGOlWGE00m5l2maYjLCA9q1KLGgOshnh0/QiXX6KE6UfdKgmft7IsdC67GIbKfAZqgXa1Pzv1o3M/FVkDOZZoZKMl8UZxyZBE1TQH2mKDF8bAETxeytiAyxwsTYrMo2BH/xy8vQOqv5FzXv7rxavy7iKMERHMMp+HAJdbiFBjSBQAbP8ApvzqPz4rw7H/PWFaeYOYQ/cj5/AC5Iksc=</latexit>

⇧|�i|



The      is a maximum likelihood 
estimator for normally distributed data

<latexit sha1_base64="TGtGpgxioLbU+USoGnifVMZCTyk="></latexit>

�2 = ⌃
(yi � f(xi, pj))2

�y2i

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

Probability for a given measurement:

Probability for all measurements:

Maximizing L  
= maximizing ln L
= minimizing –ln L    

<latexit sha1_base64="t3cGSszcbI3VRkj6YGfQ+kzb2u0="></latexit>

pi = e
� 1

2

⇣
yi�f(xi,pj)

�yi

⌘2

<latexit sha1_base64="HDMI2P7xf4l2yakIh4ztfZ6oafQ=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhAsJNyJoo0QtLGwiGA+IHeEvc1esmRvb93dC4Qjv8PGQhFbf4yd/8ZNcoUmPhh4vDfDzLxQcqaN6347S8srq2vrhY3i5tb2zm5pb7+hk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji4nfjNIVWaJeLRjCQNYtwTLGIEGysF9+ga+TXmnyLZYZ1S2a24U6BF4uWkDDlqndKX301IGlNhCMdatz1XmiDDyjDC6bjop5pKTAa4R9uWChxTHWTTo8fo2CpdFCXKljBoqv6eyHCs9SgObWeMTV/PexPxP6+dmugqyJiQqaGCzBZFKUcmQZMEUJcpSgwfWYKJYvZWRPpYYWJsTkUbgjf/8iJpnFW8i4r7cF6u3uRxFOAQjuAEPLiEKtxBDepA4Ame4RXenKHz4rw7H7PWJSefOYA/cD5/AK1TkL4=</latexit>

L = ⇧ pi

<latexit sha1_base64="4Rffkj15FhA7q2JIEQm4cs+SMSk="></latexit>

lnL =
X

�1

2

✓
yi � f(xi, pj)

�yi

◆2

<latexit sha1_base64="Ng1HqyP1BH+tvaBqNzmeVY+r2wA=">AAACBHicbVC7SgNBFL3rM8bXqmWawSDYGHaDoo0QtLGwiGAekN2E2clsMmT2wcysEJYtbPwVGwtFbP0IO//GSbKFJh64cDjnXu69x4s5k8qyvo2l5ZXVtfXCRnFza3tn19zbb8ooEYQ2SMQj0fawpJyFtKGY4rQdC4oDj9OWN7qe+K0HKiSLwns1jqkb4EHIfEaw0lLPLN2iS0S76YnjC0xSO0urGXLIkHWrWc8sWxVrCrRI7JyUIUe9Z345/YgkAQ0V4VjKjm3Fyk2xUIxwmhWdRNIYkxEe0I6mIQ6odNPpExk60kof+ZHQFSo0VX9PpDiQchx4ujPAaijnvYn4n9dJlH/hpiyME0VDMlvkJxypCE0SQX0mKFF8rAkmgulbERlinYbSuRV1CPb8y4ukWa3YZxXr7rRcu8rjKEAJDuEYbDiHGtxAHRpA4BGe4RXejCfjxXg3PmatS0Y+cwB/YHz+AN3klvk=</latexit>

L = e�
1
2�

2



Central limit theorem:
Why Gaussians are so important

Taylor expansion around maximum of likelyhood:

Note: No linear terms

• ”locally enough, it behaves like that”
• large N makes most distributions over a larger range roughly Gaussian



Fitting = 
Asking what is least bad model

<latexit sha1_base64="pA0tE3w83lyNIHCna9DTwsktQM4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUpSFF0W3bisYB/QxDCZTtqxk0mYmQglZuXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r3HjxmVyrK+jcLC4tLySnG1tLa+sbllbu+0ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0PL8d++54ISSN+o0YxcUPU5zSgGCkteeZ+SPmDlzpp7N05WQadY+jgAb2tVbRw5Jllq2pNAOeJnZMyyNHwzC+nF+EkJFxhhqTs2las3BQJRTEjWclJJIkRHqI+6WrKUUikm07eyOChVnowiIQuruBE/T2RolDKUejrzhCpgZz1xuJ/XjdRwbmbUh4ninA8XRQkDKoIjjOBPSoIVmykCcKC6lshHiCBsNLJlXQI9uzL86RVq9qnVev6pFy/yOMogj1wACrABmegDq5AAzQBBo/gGbyCN+PJeDHejY9pa8HIZ3bBHxifPysImEM=</latexit>

min|{pj} �
2(pj)

.. often the language is: what is “the best fit” ..

Thus: N-dimensional minimization problem

<latexit sha1_base64="/yf2yzfRVrdvBfdfosIsqH6VrHU=">AAACFnicbVBNS8MwGE7n15xfVY9egkOYB0c7FL0IQy8eJ7gPWGtJs3SLS9OSpMIo/RVe/CtePCjiVbz5b0y3gbr5QODJ87zvm7yPHzMqlWV9GYWFxaXlleJqaW19Y3PL3N5pySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXuZ++54ISSN+o0YxcUPU5zSgGCkteeaREwiEUydGQlHEoIMH9LZWib27w+xH1dcMnkPLM8tW1RoDzhN7SspgioZnfjq9CCch4QozJGXXtmLlpvlYzEhWchJJYoSHqE+6mnIUEumm47UyeKCVHgwioQ9XcKz+7khRKOUo9HVliNRAznq5+J/XTVRw5qaUx4kiHE8eChIGVQTzjGCPCoIVG2mCsKD6rxAPkM5J6SRLOgR7duV50qpV7ZOqdX1crl9M4yiCPbAPKsAGp6AOrkADNAEGD+AJvIBX49F4Nt6M90lpwZj27II/MD6+ATZOnrs=</latexit>

@�2(pj)

@pj
= 0

<latexit sha1_base64="BUMt0UW4lBx58/Cy4jN1+lupqjg=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5IERVdSdOOygn1Ak4bJdNKOnTyYmQgl5Dvc+CtuXCjiTtz4N07aINp6YODMOffemXu8mFEhDeNLKy0tr6yuldcrG5tb2zv67l5bRAnHpIUjFvGuhwRhNCQtSSUj3ZgTFHiMdLzxVe537gkXNApv5SQmToCGIfUpRlJJrm7aPkc4tWPEJUWsb0Ebj2jfqsXu3XH2o0N17VsZvICGq1eNujEFXCRmQaqgQNPVP+xBhJOAhBIzJETPNGLppPlgzEhWsRNBYoTHaEh6ioYoIMJJp6tl8EgpA+hHXJ1Qwqn6uyNFgRCTwFOVAZIjMe/l4n9eL5H+uZPSME4kCfHsIT9hUEYwzwkOKCdYsokiCHOq/grxCKmspEqzokIw51deJG2rbp7WjZuTauOyiKMMDsAhqAETnIEGuAZN0AIYPIAn8AJetUftWXvT3melJa3o2Qd/oH1+A8G+oAQ=</latexit>

@2�2(pj)

@p2j
> 0

-3 -2 -1 0 1 2 3

-0.5

0.0

0.5

min:
f’’ > 0

max:
f’’ < 0saddle:

f’’ = 0

If you are at a minimum, you have: 



How to find the minimum?

Local minimization
• start at some point
• understand locally the 

landscape
• estimate where to move to 

find smaller value
• repeat, until minimum 

conditions are fulfilled
(to a certain numerical 
accuracy)

• Guaranteed to work
• Example: Newton’s method of 

steepest gradient
• Many, many methods, trying 

to be efficient in the number 
of      evaluations needed

Global minimization
• sample parameter space 

globally
• run local minimizations
• take the best

• Not guaranteed to work (!)

.. in an N dimensional space ..

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

If you want to fit, you must be able to calculate 1000’s of       in reasonable time
<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2
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In case you need to do it yourself…
<latexit sha1_base64="OKiXynEshdjz6Hg6oKUT4OJ0fec="></latexit>

rj =
�2(pj + ✏j)� �2(pj � ✏j)

2✏j

<latexit sha1_base64="pKOaXaAa58SR7cyy4pABSdrpdLc=">AAACHnicbZBNS8NAEIY39avWr6pHL4tFENSSiEUvQtGLxwr2A5o2bLbbdtvNJuxOhBL6S7z4V7x4UETwpP/GTduDVgcGHt6ZYWZePxJcg21/WZmFxaXllexqbm19Y3Mrv71T02GsKKvSUISq4RPNBJesChwEa0SKkcAXrO4Pr9N6/Z4pzUN5B6OItQLSk7zLKQEjeflSO5FHzjjyBvgSu8dtmdIJdiXxBTHoAg+Yxm5AoK+CRAOLxt7Ayxfsoj0J/BecGRTQLCpe/sPthDQOmAQqiNZNx46glRAFnAo2zrmxZhGhQ9JjTYOSmKWtZPLeGB8YpYO7oTIpAU/UnxMJCbQeBb7pTM/U87VU/K/WjKF70Uq4jGJgkk4XdWOBIcSpV7jDFaMgRgYIVdzcimmfKELBOJozJjjzL/+F2mnRKRXt27NC+WpmRxbtoX10iBx0jsroBlVQFVH0gJ7QC3q1Hq1n6816n7ZmrNnMLvoV1uc389Oh1A==</latexit>

n+1pj =
npj �rj ⇥ stepj

where the difficulty is knowing a suitable N-dimensional       and step size 
<latexit sha1_base64="1GbyPgTRveot+Vs1MbDynsnjkYw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+4FtKJvtpF272Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5upn7rCZVmUtybcYJBTAaCRYwSY6WHLiaacSl6j71yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZxRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdFVkDGRpAYFnS+KUu4a6U7fd/tMITV8bAmhitlbXTokilBjQyrZEPzFl5dJ86zqX1S9u/NK7TqPowhHcAyn4MMl1OAW6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPz8eRAQ==</latexit>✏j

but most likely you have a minimzer…
• Even “Newton” uses also 2nd order derivatives
• Quasi-Newton: be efficient by re-using already calculated
• Levenberg-Marquardt: for problems which are sums of squares, the 2nd order

derivative can be estimated by 1st order derivatives
• Nonlinear conjugate gradient: Clever ways of the above
• Principal axis methods: Not using any derivatives 

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2



Linear models
If the model f is linear in the parameters pj ,                          is a linear equation

<latexit sha1_base64="/yf2yzfRVrdvBfdfosIsqH6VrHU=">AAACFnicbVBNS8MwGE7n15xfVY9egkOYB0c7FL0IQy8eJ7gPWGtJs3SLS9OSpMIo/RVe/CtePCjiVbz5b0y3gbr5QODJ87zvm7yPHzMqlWV9GYWFxaXlleJqaW19Y3PL3N5pySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXuZ++54ISSN+o0YxcUPU5zSgGCkteeaREwiEUydGQlHEoIMH9LZWib27w+xH1dcMnkPLM8tW1RoDzhN7SspgioZnfjq9CCch4QozJGXXtmLlpvlYzEhWchJJYoSHqE+6mnIUEumm47UyeKCVHgwioQ9XcKz+7khRKOUo9HVliNRAznq5+J/XTVRw5qaUx4kiHE8eChIGVQTzjGCPCoIVG2mCsKD6rxAPkM5J6SRLOgR7duV50qpV7ZOqdX1crl9M4yiCPbAPKsAGp6AOrkADNAEGD+AJvIBX49F4Nt6M90lpwZj27II/MD6+ATZOnrs=</latexit>

@�2(pj)

@pj
= 0

N linear equations for N parameters

Matrix inversion

(Simple, yet frequent and useful) example:   f(x; a,b) = a + b x

𝑈 = 𝑆 𝑆!
𝑆! 𝑆!!

,  𝑣 = "!
""!

𝑈. #
$ = 𝑣 

𝑎
𝑏

= 𝑈%&. 𝑣



Linear models, Polynomials
data set:  [ (x1, y1 ± 𝜎1), (x2, y2 ± 𝜎2), … (xN, yN ± 𝜎N) ]

model:  y = a0 + a1 x + a2 x2 … + am xm = ∑'()
* 𝑎' 𝑥'

where the 𝛼, 𝛽 run from 0 to m

The parameters and their uncertainties are then:

note: 𝜎+ are independent of yi



Some shortcuts

• For n evenly sampled data points to which a line is fitted, for large n,
the errors will be:

 offset: ,
-

 ; slope: &,
-#

• Need to fit a Gaussian?
Take the log of your data and fit a parabola!

 Since the parabola fit is a solved via a matrix inversion, no iterations
 are needed. 
 This is thus stable and fast. Well-suited for any real-time computing



Fitting line to data with errors in x and y

Fitting ellipse to data (without errors)
(2-dim) ellipse:

<latexit sha1_base64="cWBWvzxJp2rJ0EstuXiFSehFEp8="></latexit>

e(~x; a, b,~c, ✓) = (~x� ~c) . R✓ .

✓
a 0
0 b

◆
. RT

✓ . (~x� ~c) = 1

<latexit sha1_base64="kL/NDLfzeabVROPU3RQ+QZql5js="></latexit>

�2 =
X

(e(~xi; a, b,~c, ✓)� 1)2

Fitting circle to data with errors
use N nuisance parameters ti : x(t) = r cos(t) + x0

       y(t) = r sin(t) + y0 
<latexit sha1_base64="FICdi1fQ+wDSka6QDSm6awKJpx0="></latexit>

�2 =
X (xi � x(ti))2

�x2
i

+
X (yi � y(ti))2

�y2i
and minimze for (r, x0, y0, t1, t2, … )



Almost always, 
the question is not only:

• what are the best fit 
parameters, but also

• how well are they 
constrained



How to find confidence levels?
<latexit sha1_base64="XEXF86xaVZX+v26UlTWYS5lfLx0="></latexit>

68.3% = erf

✓
1p
2

◆
=

Z µ+�

µ��

1p
2⇡�

e�
1
2

(x�µ)2

�2 dx =

Z µ+�

µ��
p(x; µ,�)dx

<latexit sha1_base64="aIrXUnOMWVymIEfEH1UfU9BnIyo="></latexit>

p(µ; µ,�) =
1p
2⇡�

p(µ+ �; µ,�) =
1p
2⇡�

e�
1
2

<latexit sha1_base64="pgbeB4D6DTULWX00dN8bBS2hoUU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsEUtSFN0IRTcuXFSwD2hqmUwn7dCZJMxMhBLyCW78FTcuFHHr0p1/4zTNQlsPXDhzzr3MvccNGZXKsr6N3MLi0vJKfrWwtr6xuWVu7zRlEAlMGjhggWi7SBJGfdJQVDHSDgVB3GWk5Y6uJn7rgQhJA/9OjUPS5WjgU49ipLTUMw9vSg6PjhxJBxyV4QVM32VI7uNjxxMIx3YSV5OkZxatipUCzhM7I0WQod4zv5x+gCNOfIUZkrJjW6HqxkgoihlJCk4kSYjwCA1IR1MfcSK7cXpQAg+00odeIHT5Cqbq74kYcSnH3NWdHKmhnPUm4n9eJ1LeeTemfhgp4uPpR17EoArgJB3Yp4JgxcaaICyo3hXiIdIxKJ1hQYdgz548T5rVin1asW5PirXLLI482AP7oARscAZq4BrUQQNg8AiewSt4M56MF+Pd+Ji25oxsZhf8gfH5A/tHm1M=</latexit>

L(µ+ �) = L(µ)e�
1
2

<latexit sha1_base64="USXAfpUUQtTcsXtqT3mk77cNK1A=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgCCUpim6EohuXFewDmhgm00k7dGYSZiZCiV258VfcuFDErd/gzr9x2mahrQcuHM65l3vvCRNGlXacb6uwsLi0vFJcLa2tb2xu2ds7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTCwdXYb90TqWgsbvUwIT5HPUEjipE2UmDve7hP76oPgadojyN4AadC4MBj6AZ22ak4E8B54uakDHLUA/vL68Y45URozJBSHddJtJ8hqSlmZFTyUkUShAeoRzqGCsSJ8rPJGyN4aJQujGJpSmg4UX9PZIgrNeSh6eRI99WsNxb/8zqpjs79jIok1UTg6aIoZVDHcJwJ7FJJsGZDQxCW1NwKcR9JhLVJrmRCcGdfnifNasU9rTg3J+XaZR5HEeyBA3AEXHAGauAa1EEDYPAInsEreLOerBfr3fqYthasfGYX/IH1+QM0oZcB</latexit>

�2|� = �2
0 + 1

1𝜎

2𝜎

3𝜎

This recipe gets impractical for 
larger dimensions

“Find the value of 𝜎 such that 
at 𝜇 + 𝜎 the 𝜒2 is larger by 1, 
when re-optimizing all 
other parameters”

Note:

NOT the reduced 𝜒,

And re-optimizing all other 
parameters is crucial

 



For Gaussian posterior distributions: 
Confidence levels are N-dim ellipsoids

<latexit sha1_base64="dlJdwBr4Ts1Ln8feJTOweW+Zlhs=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJKi6EUo6sFjBfsBTSyb7aRdutmE3Y1SYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZFyScKe0439bS8srq2npho7i5tb2za5f2mipOJYUGjXks2wFRwJmAhmaaQzuRQKKAQysYXk381gNIxWJxp0cJ+BHpCxYySrSRunbJuwauCfbogN1X8QV2u3bZqThT4EXi5qSMctS79pfXi2kagdCUE6U6rpNoPyNSM8phXPRSBQmhQ9KHjqGCRKD8bHr6GB8ZpYfDWJoSGk/V3xMZiZQaRYHpjIgeqHlvIv7ndVIdnvsZE0mqQdDZojDlWMd4kgPuMQlU85EhhEpmbsV0QCSh2qRVNCG48y8vkma14p5WnNuTcu0yj6OADtAhOkYuOkM1dIPqqIEoekTP6BW9WU/Wi/Vufcxal6x8Zh/9gfX5AwsWko0=</latexit>

��2 = 1

68.3%

<latexit sha1_base64="83Y5nVTaDAMavz1M+zlFrdAYlfA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFchaQquhGKunBZwT6giWUynbRDJw9mboQQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe4yeCK7Dtb2NpeWV1bb20Ud7c2t7ZNff2WypOJWVNGotYdnyimOARawIHwTqJZCT0BWv7o+uJ335kUvE4uocsYV5IBhEPOCWgpZ5ZcW+YAIJdOuQPNXyJa9ZJz6zalj0FXiROQaqoQKNnfrn9mKYhi4AKolTXsRPwciKBU8HGZTdVLCF0RAasq2lEQqa8fHr8GB9ppY+DWOqKAE/V3xM5CZXKQl93hgSGat6biP953RSCCy/nUZICi+hsUZAKDDGeJIH7XDIKItOEUMn1rZgOiSQUdF5lHYIz//IiadUs58yy706r9asijhI6QIfoGDnoHNXRLWqgJqIoQ8/oFb0ZT8aL8W58zFqXjGKmgv7A+PwB9H6TAw==</latexit>

��2 = 2.3
68.3% 

1𝜎

2𝜎

3𝜎



More practical: 
Using the covariance matrix

“covariance matrix”

errors are on the diagonal

Notes: 
• Mjk and Cjk are symmetric and positive definite, so one can invert them
• Parameter correlations are taken into account by the process of inversion



In case you need to do it yourself…

where the difficulty is knowing a suitable N-dimensional
<latexit sha1_base64="1GbyPgTRveot+Vs1MbDynsnjkYw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+4FtKJvtpF272Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5upn7rCZVmUtybcYJBTAaCRYwSY6WHLiaacSl6j71yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZxRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdFVkDGRpAYFnS+KUu4a6U7fd/tMITV8bAmhitlbXTokilBjQyrZEPzFl5dJ86zqX1S9u/NK7TqPowhHcAyn4MMl1OAW6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPz8eRAQ==</latexit>✏j

<latexit sha1_base64="ph6VvcgL9lYxVq67PbCKs2qOk5E="></latexit>

Mjj =
�2(pj0 + ✏j) + �2(pj0 � ✏j)� 2�2

0

✏2j
<latexit sha1_base64="c8Eq+NkN1HmyfUoHCt1WDNGqWaQ="></latexit>

Mjk =
�2(pj0 + ✏j + ✏k)� �2(pj0 + ✏j � ✏k)� �2(pj0 � ✏j + ✏k) + �2(pj0 � ✏j � ✏k)

4✏j✏k

Potential problems:
• You cannot invert because (at least) one Eigenvalue is 0 

         complete parameter degeneracy
• You cannot take the sqrt because (at least) one diagonal element is < 0

          you are not at a minimum, but rather a saddle point, and you can
  minimize further

You anyhow want the errors?
• Option 1: Use a Pseudo-Inverse
• Option 2: Add positive numbers to the diagonal, until one can invert



Eigenvalues and Eigenvectors

p1

p2

error in p1

er
ro

r i
n 

p 2 ev 1

ev
2

• The semi-major and –minor axes
of the ellipse are the eigenvalues
of the covariance matrix

• The angle is 

• The eigenvectors give the
parameters in which the problem
is uncorrelated

• In these parameters, the 
covariance matrix is diagonal

• Note that the constraints are 
“better” in these parameters
than the 1D-projected ones of 
the original parameters

<latexit sha1_base64="6fLwhq+HtoMLjkGSM2OuRaweNfI=">AAACFXicbZBNS8MwGMdTX+d8q3r0EhyCBx3tUPQiDHfxOMG9wFpKmqVbtjQtSSqM0i/hxa/ixYMiXgVvfhuzrgfdfCDkx///PCTP348Zlcqyvo2l5ZXVtfXSRnlza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHHzemfueBCEkjfq8mMXFDNOA0oBgpLXnmqaMQhzXoxEMKr6ETCITThpfSUZblN83gGdQw0oJnVqyqlRdcBLuACiiq6ZlfTj/CSUi4wgxJ2bOtWLkpEopiRrKyk0gSIzxGA9LTyFFIpJvmW2XwWCt9GERCH65grv6eSFEo5ST0dWeI1FDOe1PxP6+XqODKTSmPE0U4nj0UJAyqCE4jgn0qCFZsogFhQfVfIR4iHYzSQZZ1CPb8yovQrlXti6p1d16p3xRxlMAhOAInwAaXoA5uQRO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD9lfP4AF1ueLg==</latexit>

tan 2� =
Cij

Cii � Cjj



Not trusting the error matrix?
Propagate the errors yourself!

• Create M new data sets by perturbing each data 
point
• Assume Gaussian errors on the data, and 

add/subtract a random Gaussian number with 
width of the (1 𝜎) error bar
• Re-fit M times
• Take the width of the resulting parameter 

distributions as errors



What is the error on the orbital period?
• I have fitted semi-major axis a and mass M, and 

want to know the error on the period

• Standard error propagation:

• Is WRONG! It misses the correlations.

<latexit sha1_base64="uf2FaYtJ7t8El/8vxNyBWPuDSTo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlqUTdC0YVuhAp9QRPLZDpph04mcWYilJClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hi9iVCrL+jZyC4tLyyv51cLa+sbmlrm905RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7wc+60HIiQNeV2NIuIGqM+pTzFSWuqa+3V4DstORKEj74VKHF8gnKC74zS5gjdp2jWLVsmaAM4TOyNFkKHWNb+cXojjgHCFGZKyY1uRchMkFMWMpAUnliRCeIj6pKMpRwGRbjJ5JIWHWulBPxS6uIIT9fdEggIpR4GnOwOkBnLWG4v/eZ1Y+WduQnkUK8LxdJEfM6hCOE4F9qggWLGRJggLqm+FeIB0FEpnV9Ah2LMvz5NmuWSflCq3lWL1IosjD/bAATgCNjgFVXANaqABMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AFQ/Zju</latexit>

T = 2⇡

r
a3

GM

<latexit sha1_base64="3nKQFpVBWIVtcplm+Kj9yYq/iSU="></latexit>✓
�T

T

◆2

=
9

4

✓
�a

a

◆2
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4

✓
�m

m

◆2

<latexit sha1_base64="AM/dhtUMDcoyguVDWRJfvtodiQw="></latexit>

Dkl =
X

i,j

@qk
@pi

@ql
@pj

Cij

<latexit sha1_base64="3uCIIQsoysGepc2Jb0lte/HBnls="></latexit>

�T 2 =
@T

@a

@T

@a
Caa +

@T

@m

@T

@m
Cmm

+
@T

@a

@T

@m
Cam

@T

@m

@T

@a
Cma

=

✓
@T

@a

◆2

(�a)2 +

✓
@T

@m

◆2

(�m)2

+ 2
@T

@a

@T

@m
Cam

n params pi
m params qk
n can be different from m

In general going from pi to qk:



Correlation coefficient
<latexit sha1_base64="W40DmfKslHADXdFmPr0Y2wE1+Aw=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhyC4BitKHoRhrt4nOBeYC0lzdIta9KWJBVG6Yfw4lfx4kERrx68+W3Mth508w+BX/7P85A8fz9hVCrL+jaWlldW19ZLG+XNre2dXXNvvy3jVGDSwjGLRddHkjAakZaiipFuIgjiPiMdP2xM6p0HIiSNo3s1TojL0SCiAcVIacszT4WXjaphDq+hEwiEs4a+h3meOZIOOPJGTrWgMPfMilWzpoKLYBdQAYWanvnl9GOcchIpzJCUPdtKlJshoShmJC87qSQJwiEakJ7GCHEi3Wy6VA6PtdOHQSz0iRScur8nMsSlHHNfd3KkhnK+NjH/q/VSFVy5GY2SVJEIzx4KUgZVDCcJwT4VBCs21oCwoPqvEA+RzkbpHMs6BHt+5UVon9Xsi5p1d16p3xRxlMAhOAInwAaXoA5uQRO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8yPn8ANM2e8A==</latexit>

rj,k =
Cjk

�j �k

With the covariance matrix, the correlation coefficient is easily calculated:

The most frequent case will be that of linear fits. 

The above relation also holds in case one fitted a line to data with errors in both axes. 



Prediction with uncertainties

33.3702 33.3704 33.3706 33.3708 33.3710

118.668

118.668

118.669

118.669

118.669

X [mas]

Y
[m
as

]

from errors only
incl. covariance matrix

S2 position predicted 
• you have: best fit model + error bars

• it is not sufficient to draw parameters
according to the errors

• Need to take into account covariance

• Recipe:
- Diagonalize covariance matrix
- draw in the independent parameters

- transform back to original parameters
- calculate the prediction

<latexit sha1_base64="M/T2B3C62GB2udDRvPayIGzv5JQ="></latexit>

r = random(0, 1)⇥ 2� 1

g =
p
2 erf�1(r)



Error bands around the model
What is the uncertainty at any given point?

6 8 10 12 14
0

2

4

6

Example: straight line, no correlation:

<latexit sha1_base64="/QwCZbl8fTQIrwtimVwTekSF8Gc="></latexit>

(�f(x))2 =

✓
@f

@pj

����
x

◆T

. Cjj .

✓
@f

@pj

����
x

◆

<latexit sha1_base64="3uwsAooQ8smh4UBXGD5J21oiYBc=">AAACJHicbVDJSgNBEO1xN25Rj14agxBRwkxQFEQQ9eBRwaiQiaGmU5M06VnorhFD8GO8+CtePLjgwYvfYidGcCtoeEsV1fWCVElDrvvmDA2PjI6NT0zmpqZnZufy8wtnJsm0wIpIVKIvAjCoZIwVkqTwItUIUaDwPGgf9PzzK9RGJvEpdVKsRdCMZSgFkJXq+R1fYUhF/xAVAQ+L16u+ls0WrV6W+S73jWxGUAdL1r5IYIm/zq8vy/V8wS25/eJ/gTcABTao43r+2W8kIoswJqHAmKrnplTrgiYpFN7k/MxgCqINTaxaGEOEptbtH3nDV6zS4GGi7YuJ99XvE12IjOlEge2MgFrmt9cT//OqGYXbta6M04wwFp+LwkxxSngvMd6QGgWpjgUgtLR/5aIFGgTZXHM2BO/3yX/BWbnkbZbck43C3v4gjgm2xJZZkXlsi+2xI3bMKkywW3bPHtmTc+c8OC/O62frkDOYWWQ/ynn/AGTMoic=</latexit>

(�f(x))2 = �2
a + �2

b x
2

<latexit sha1_base64="ByaAglEVG9ni46WT9aEtIhqF6OU=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCRAm7ouhFCHrxGME8IFnC7GQ2GTI7u8zMasKaT/HiQRGvfok3/8bJ46CJBQ1FVTfdXX7MmdKO821llpZXVtey67mNza3tHTu/W1NRIgmtkohHsuFjRTkTtKqZ5rQRS4pDn9O6378Z+/UHKhWLxL0extQLcVewgBGsjdS280FxcISuEEbHyEetEzRo2wWn5EyAFok7IwWYodK2v1qdiCQhFZpwrFTTdWLtpVhqRjgd5VqJojEmfdylTUMFDqny0snpI3RolA4KImlKaDRRf0+kOFRqGPqmM8S6p+a9sfif10x0cOmlTMSJpoJMFwUJRzpC4xxQh0lKNB8agolk5lZEelhiok1aOROCO//yIqmdltzzknN3Vihfz+LIwj4cQBFcuIAy3EIFqkDgEZ7hFd6sJ+vFerc+pq0ZazazB39gff4AUcWRcw==</latexit>

f(x) = a+ b x

Or the expensive way:

• at each point x you need,
predict with uncertainties,
i.e. a small Monte Carlo

• at each point x get the local
confidence interval in f

• connect these points



Is a fit good?
<latexit sha1_base64="rUmFgWc9JsxtYHy5SM7WXsnYblQ=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARKtiSiKIboagLlxXsBZoYJtNJO3ZyYWYihpCncOOruHGhiFtx59s4bbPQ1gMDH/9/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDi9GfvuecEHD4EYmEbF91A+oRzGSSnL0KncoPIOWxxFOE8VV6DlG5cGhB5Fj3N7tZ6l1SZhEUJmZo5eNmjEuOAtmDmWQV8PRv6xeiGOfBBIzJETXNCJpp4hLihnJSlYsSITwEPVJV2GAfCLsdHxWBveU0oNeyNULJByrvydS5AuR+K7q9JEciGlvJP7ndWPpndopDaJYkgBPFnkxgzKEo4xgj3KCJUsUIMyp+ivEA6QSkirJkgrBnD55FlqHNfO4ZlwflevneRxFsAN2QQWY4ATUwRVogCbA4BE8g1fwpj1pL9q79jFpLWj5zDb4U9rnD7dDnd4=</latexit>

ri =
yi � f0(xi, p

j
0)

�yi

<latexit sha1_base64="KtrO3HyzfEio0QdnBXJEnE7wwPI=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkKHoRil48VrAf0KRhs922S3eTsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLww4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BUcSoJbZCYx7IdYkU5i2hDM81pO5EUi5DTVji6nfqtRyoVi6MHPU6oL/AgYn1GsDZSYB95ZMgCp1tF18hTqUAyYN1qYJedijMDWiZuTsqQox7YX14vJqmgkSYcK9VxnUT7GZaaEU4nJS9VNMFkhAe0Y2iEBVV+Njt/gk6N0kP9WJqKNJqpvycyLJQai9B0CqyHatGbiv95nVT3r/yMRUmqaUTmi/opRzpG0yxQj0lKNB8bgolk5lZEhlhiok1iJROCu/jyMmlWK+5Fxbk/L9du8jiKcAwncAYuXEIN7qAODSCQwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8XvZRI</latexit>

�2
0 =

X
r2i• Define normalized residuals:

• These ri should be a normal distribution around 0 with width 1
“on average, each data point should be 1     away from the best fit”

• Expect thus:

• A bit more precisely:  

• Thus, one defines the “reduced       “:  

 

<latexit sha1_base64="4FepPQ3b5wj5ICQQkrRs3VkMmM0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnbGPJw==</latexit>�
<latexit sha1_base64="jLRvW4vVam5BIfCnB1H+B7TdQzo=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0FwISUpii6LblxWsA9oYrmZTNuhkwczE7GEbt34K25cKOLWP3Dn3zhps9DWAxcO59zLvff4CWdS2fa3UVpaXlldK69XNja3tnfM3b2WjFNBaJPEPBYdHyTlLKJNxRSnnURQCH1O2/7oKvfb91RIFke3apxQL4RBxPqMgNJSz8QuGbK7GnYhSUT8gF3LPXFDUEMRZgEomPRMy67aU+BF4hTEQgUaPfPLDWKShjRShIOUXcdOlJeBUIxwOqm4qaQJkBEMaFfTCEIqvWz6yQQfaSXA/VjoihSeqr8nMgilHIe+7syPlPNeLv7ndVPVv/AyFiWpohGZLeqnHKsY57HggAlKFB9rAkQwfSsmQxBAlA6vokNw5l9eJK1a1Tmr2jenVv2yiKOMDtAhOkYOOkd1dI0aqIkIekTP6BW9GU/Gi/FufMxaS0Yxs4/+wPj8AcSPmcM=</latexit>

�2 ⇡ #data
<latexit sha1_base64="MyFA5VawkKAWpPz7VwM92+b7K8I=">AAACI3icbVC7TsMwFHV4lvIKMLJYREgMUCUVCMRUwcJYJPqQmlA5jtNadRLLdhBVlH9h4VdYGEAVCwP/gtN2oC1HsnR0zr2+9x6fMyqVbX8bS8srq2vrpY3y5tb2zq65t9+USSowaeCEJaLtI0kYjUlDUcVImwuCIp+Rlj+4LfzWExGSJvGDGnLiRagX05BipLTUNa9d3KePVegizkXyDF3LPXUjpPoiygKkUA7PZjSOBIqI0j/mXdOyK/YYcJE4U2KBKepdc+QGCU4jEivMkJQdx+bKy5BQFDOSl91UEo7wAPVIR9NYD5JeNr4xh8daCWCYCP1iBcfq344MRVIOI19XFqvKea8Q//M6qQqvvIzGPFUkxpNBYcqgSmARGAyoIFixoSYIC6p3hbivU8BFCGUdgjN/8iJpVivORcW+P7dqN9M4SuAQHIET4IBLUAN3oA4aAIMX8AY+wKfxarwbI+NrUrpkTHsOwAyMn1+Yu6RM</latexit>

�2 ⇡ #data�#parameters
<latexit sha1_base64="nm1oa2IwlHBtzjWxRcldAcgg++I=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFVzEpim6EohuXFewFmhgmk0k7dJIJMxOhhD6BG1/FjQtF3Lp259s4abPQ1h8GPv5zDnPOH6SMSmXb38bS8srq2nplo7q5tb2za+7tdyTPBCZtzBkXvQBJwmhC2ooqRnqpICgOGOkGo+ui3n0gQlKe3KlxSrwYDRIaUYyUtnyz7uIhvW/4Al7CEm14At0YqaGI89DiVmRNfLNmW/ZUcBGcEmqgVMs3v9yQ4ywmicIMSdl37FR5ORKKYkYmVTeTJEV4hAakrzFBMZFePj1nAuvaCWHEhX6JglP390SOYinHcaA7izXlfK0w/6v1MxVdeDlN0kyRBM8+ijIGFYdFNjCkgmDFxhoQFlTvCvEQCYSVTrCqQ3DmT16ETsNyziz79rTWvCrjqIBDcASOgQPOQRPcgBZoAwwewTN4BW/Gk/FivBsfs9Ylo5w5AH9kfP4ALROaTQ==</latexit>

�2
r = �2

0/d.o.f.
<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

Note: The value of the reduced        in absolute terms (“it needs to be 1”) 
is only meaningful if one can trust the error bars of the underlying data.

In practice: Values between 0.1 and 10 might be fine (!)

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2



What one ALWAYS should do:
Inspect the residuals

Extreme outliers?
• Could be a hint for a mistake,

inspect that data point
• allowed to remove

Does the fit capture the feature in the model
what you think is your signal?
• maybe you have a mistake in the model?
• maybe the fit did not find a proper minimum?

Are all points more or less 
described equally well / bad?
• Consider error rescaling

Is there a tail of outliers?
• Consider outlier robust fitting
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Error rescaling, or adding constant
<latexit sha1_base64="TGtGpgxioLbU+USoGnifVMZCTyk="></latexit>

�2 = ⌃
(yi � f(xi, pj))2

�y2i

Are all points more or less 
described equally well / bad?
• Consider error rescaling

Rescaling (1): 

force                 
by multiplying all errors 
with

no need to fit again, all
relative weights remain
the same and errors scale
accordingly 

<latexit sha1_base64="/5JdI7Kv6Ep3u2b4+VGh2b1uPh8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisYD+giWWznbRLN5uwuxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBUOb6d+6wmV5ol8MKMUg5j2JY84o8ZKvs8G/LHaVeSaeN1S2a24M5Bl4uWkDDnq3dKX30tYFqM0TFCtO56bmmBMleFM4KToZxpTyoa0jx1LJY1RB+PZzRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+TmegqGHOZZgYlmy+KMkFMQqYBkB5XyIwYWUKZ4vZWwgZUUWZsTEUbgrf48jJpViveRcW9Py/XbvI4CnAMJ3AGHlxCDe6gDg1gkMIzvMKbkzkvzrvzMW9dcfKZI/gD5/MHXGeQlQ==</latexit>

�2
r = 1

<latexit sha1_base64="41u/i7RAt2GF5J2xPD4PSEBkMFY=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKoseiF48V7Ac0MWy2m3bpZhN3J4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MBVcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6yRTlLVoIhLVDYlmgkvWAg6CdVPFSBwK1glHtzO/M2ZK80Q+wCRlfkwGkkecEjBSYNueflKQe3TIH+uBmuLArjo1Zw68StyCVFGBZmB/ef2EZjGTQAXRuuc6Kfg5UcCpYNOKl2mWEjoiA9YzVJKYaT+fXz7FZ0bp4yhRpiTgufp7Iiex1pM4NJ0xgaFe9mbif14vg+jaz7lMM2CSLhZFmcCQ4FkMuM8VoyAmhhCquLkV0yFRhIIJq2JCcJdfXiXtes29rDn3F9XGTRFHGZ2gU3SOXHSFGugONVELUTRGz+gVvVm59WK9Wx+L1pJVzByjP7A+fwBk6JN+</latexit>p
�2
r

Rescaling (2): 

force                 
by adding an “error floor”

need re-fitting

<latexit sha1_base64="/5JdI7Kv6Ep3u2b4+VGh2b1uPh8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisYD+giWWznbRLN5uwuxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBUOb6d+6wmV5ol8MKMUg5j2JY84o8ZKvs8G/LHaVeSaeN1S2a24M5Bl4uWkDDnq3dKX30tYFqM0TFCtO56bmmBMleFM4KToZxpTyoa0jx1LJY1RB+PZzRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+TmegqGHOZZgYlmy+KMkFMQqYBkB5XyIwYWUKZ4vZWwgZUUWZsTEUbgrf48jJpViveRcW9Py/XbvI4CnAMJ3AGHlxCDe6gDg1gkMIzvMKbkzkvzrvzMW9dcfKZI/gD5/MHXGeQlQ==</latexit>

�2
r = 1

<latexit sha1_base64="AqfImC3V4rlkRjdW2lvbs0lvFWY="></latexit>

�2 =
X (yi � f(xi, pj))2

�y2i + c2



Outlier robust fitting

<latexit sha1_base64="FF+rKeS8rafwJcPGyXphyr98rb4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0Wol5IURS9C0YvHCvYDmlg22027dLMJuxuxhP4VLx4U8eof8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2V1bX1jc3CVnF7Z3dv3z4otVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjG6mfvuRSsVica/HCfUjPBAsZARrI/XskkeG7KGGrpCn0gglFXnas8tO1ZkBLRM3J2XI0ejZX14/JmlEhSYcK9V1nUT7GZaaEU4nRS9VNMFkhAe0a6jAEVV+Nrt9gk6M0kdhLE0JjWbq74kMR0qNo8B0RlgP1aI3Ff/zuqkOL/2MiSTVVJD5ojDlSMdoGgTqM0mJ5mNDMJHM3IrIEEtMtImraEJwF19eJq1a1T2vOndn5fp1HkcBjuAYKuDCBdThFhrQBAJP8Ayv8GZNrBfr3fqYt65Y+cwh/IH1+QPYMpME</latexit>

�2 =
X

p(r)
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<latexit sha1_base64="Wb9Z8PHJv7cHIfJf1AJ/OaPXo84=">AAAB+nicbVBNSwMxEJ31s9avrR69BIvgadkVix6LXjxWsB/QLiWbZtvQbDYkWbXU/hQvHhTx6i/x5r8xbfegrQ8GHu/NMDMvkpxp4/vfzsrq2vrGZmGruL2zu7fvlg4aOs0UoXWS8lS1IqwpZ4LWDTOctqSiOIk4bUbD66nfvKdKs1TcmZGkYYL7gsWMYGOlrlvSqIOlVOkjqiDPQ4Hfdcu+58+AlkmQkzLkqHXdr04vJVlChSEca90OfGnCMVaGEU4nxU6mqcRkiPu0banACdXheHb6BJ1YpYfiVNkSBs3U3xNjnGg9SiLbmWAz0IveVPzPa2cmvgzHTMjMUEHmi+KMI5OiaQ6oxxQlho8swUQxeysiA6wwMTatog0hWHx5mTTOvKDi+bfn5epVHkcBjuAYTiGAC6jCDdSgDgQe4Ble4c15cl6cd+dj3rri5DOH8AfO5w+C8ZI0</latexit>

s ⇡ 5..10

quadratic
regime

asymptotic
regime

asymptotic
regime

<latexit sha1_base64="rUmFgWc9JsxtYHy5SM7WXsnYblQ=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARKtiSiKIboagLlxXsBZoYJtNJO3ZyYWYihpCncOOruHGhiFtx59s4bbPQ1gMDH/9/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDi9GfvuecEHD4EYmEbF91A+oRzGSSnL0KncoPIOWxxFOE8VV6DlG5cGhB5Fj3N7tZ6l1SZhEUJmZo5eNmjEuOAtmDmWQV8PRv6xeiGOfBBIzJETXNCJpp4hLihnJSlYsSITwEPVJV2GAfCLsdHxWBveU0oNeyNULJByrvydS5AuR+K7q9JEciGlvJP7ndWPpndopDaJYkgBPFnkxgzKEo4xgj3KCJUsUIMyp+ivEA6QSkirJkgrBnD55FlqHNfO4ZlwflevneRxFsAN2QQWY4ATUwRVogCbA4BE8g1fwpj1pL9q79jFpLWj5zDb4U9rnD7dDnd4=</latexit>

ri =
yi � f0(xi, p

j
0)

�yi

Is there a tail of outliers?
• Consider outlier robust fitting



Is a certain fit better than another?

<latexit sha1_base64="8LlS5LgIaa9SToL3pS/xQmQeRA4=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXeDomVQCyuJYB6QXZfZySQZMvtw5q4YlvQ2/oqNhSK2/oCdf+Mk2UITD1w4nHMv997jx4IrsKxvI7ewuLS8kl8trK1vbG6Z2zsNFSWSsjqNRCRbPlFM8JDVgYNgrVgyEviCNf3B+dhv3jOpeBTewDBmbkB6Ie9ySkBLnll0LpgAgh3a57cVT2KHxLGMHrCj7iSklcOrkWeWrLI1AZ4ndkZKKEPNM7+cTkSTgIVABVGqbVsxuCmRwKlgo4KTKBYTOiA91tY0JAFTbjr5ZYT3tdLB3UjqCgFP1N8TKQmUGga+7gwI9NWsNxb/89oJdE/dlIdxAiyk00XdRGCI8DgY3OGSURBDTQiVXN+KaZ9IQkHHV9Ah2LMvz5NGpWwfl63ro1L1LIsjj/ZQER0gG52gKrpENVRHFD2iZ/SK3own48V4Nz6mrTkjm9lFf2B8/gD0LZpd</latexit>

��2
r ⇡

p
2/N

What is the uncertainty on the        ? 

In the sense of 1𝜎 it is:

<latexit sha1_base64="UNFHO+IWZXUwnaz+K7ZU9WR15iw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqp3WVD8VDt6V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6RZrXgXFffuvFy7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz+z/4+/</latexit>

�2
r

Don’t judge before having seen the residuals! 

<latexit sha1_base64="Wqh9470yMZxDZYWmeV/JUNl5hv8=">AAACJ3icbZDNSsNAFIUn9a/Wv6hLN4NFqAglEUU3itSN7hSsFZpabqbTduhkEmYmQgl5Gze+ihtBRXTpmzipEbT1wsDhO/cy9x4/4kxpx/mwClPTM7NzxfnSwuLS8oq9unatwlgSWichD+WND4pyJmhdM83pTSQpBD6nDX9wmvmNOyoVC8WVHka0FUBPsC4joA1q28deALovg6R2fpriI+yRPrvdxTvYK+MfKwKZGsJF5RfsgIZ0u22XnaozKjwp3FyUUV4XbfvZ64QkDqjQhINSTdeJdCsBqRnhNC15saIRkAH0aNNIAQFVrWR0Z4q3DOngbijNExqP6O+JBAKlhoFvOrMt1biXwf+8Zqy7h62EiSjWVJDvj7oxxzrEWWi4wyQlmg+NACKZ2RWTPkgg2kRbMiG44ydPiuvdqrtfdS73yie1PI4i2kCbqIJcdIBO0Bm6QHVE0D16RC/o1Xqwnqw36/27tWDlM+voT1mfXwZWpDk=</latexit>

BIC = �2 +#par + ln(#data)
<latexit sha1_base64="KBxCC8V9AQxGUrqghvNh1EFrUDo=">AAACE3icbVDLSsNAFJ34rPUVdelmMAiiUJKi6EaodqO7CvYBTSyT6bQdOpmEmYlQQv7Bjb/ixoUibt2482+ctBG09cCFwzn3cu89fsSoVLb9ZczNLywuLRdWiqtr6xub5tZ2Q4axwKSOQxaKlo8kYZSTuqKKkVYkCAp8Rpr+sJr5zXsiJA35rRpFxAtQn9MexUhpqWMeugFSAxEkF9fVFJ5DFw/oXRkewTJ0LfhjRkiksGNadskeA84SJycWyFHrmJ9uN8RxQLjCDEnZduxIeQkSimJG0qIbSxIhPER90taUo4BILxn/lMJ9rXRhLxS6uIJj9fdEggIpR4GvO7Mj5bSXif957Vj1zryE8ihWhOPJol7MoAphFhDsUkGwYiNNEBZU3wrxAAmElY6xqENwpl+eJY1yyTkp2TfHVuUyj6MAdsEeOAAOOAUVcAVqoA4weABP4AW8Go/Gs/FmvE9a54x8Zgf8gfHxDcZGnDY=</latexit>

AIC = �2 + 2#par

1) Simple version: Has the       improved significantly?
<latexit sha1_base64="UNFHO+IWZXUwnaz+K7ZU9WR15iw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqp3WVD8VDt6V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6RZrXgXFffuvFy7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz+z/4+/</latexit>

�2
r

2) Information criteria: Bayes IC, Aitken IC

and look at ∆ BIC or ∆ AIC 



”Is the additional parameter justified?”

<latexit sha1_base64="XOU0cHAiTdl+/cvUcuZCMqhyPMM=">AAACVXicbZFdS8MwFIbT+l0/VvXSm+BQFHS2Q9EbYaiIlwpuE9ZupFm6haVpSVJhlP5Jb8R/4o1gtnWwTQ8E3jznvCR5EySMSuU4X4a5tLyyura+YW1ube+U7N29hoxTgUkdxywWbwGShFFO6ooqRt4SQVAUMNIMBvejfvOdCE lj/qqGCfEj1OM0pBgpjTo2s7wHwhSCHu7TdhUe33pnsJ2duKd5Qc4noDoFnmc96qlQIJzNey/gdF+GPEEiz2Z9HZF37LJTccYF/wq3EGVQ1HPH/vC6MU4jwhVmSMqW6yTKz5BQFDOSW14qSYLwAPVIS0uOIiL9bJxKDo806cIwFnpxBcd01pGhSMphFOjJCKm+XOyN4H+9VqrCGz+jPEkV4XhyUJgyqGI4ihh2qSBYsaEWCAuq7wpxH+m8lP4IS4fgLj75r2hUK+5VxXm5LNfuijjWwQE4BCfABdegBp7AM6gDDD7At2EYpvFp/JjL5upk1DQKzz6YK7P0C8berlU=</latexit>

��2 = (1)�2 � (2)�2

F =
��2/�#npar

(2)�2
r

• If model (1) is ”nested” in model (2)

• Needs CDF of F-distribution

• The result is significant at level

<latexit sha1_base64="1572QGcX9SGRdJDtn90oiD/0TBs="></latexit>

1� p =

Z f

0
F(x; �#par, (2)d.o.f.) dx

<latexit sha1_base64="eVsVBMk18rlgZEIlMg6NYHn49JU="></latexit>

f =
��2/�#par

(2)�2
r

<latexit sha1_base64="6jYvAiJQgzeomUlAgkwjapfWEAw=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wo0JakKLoRim5cVrAPaGKZTCft0JkkzkyEEvIXbvwVNy4Ucas7/8ZJ24W2HrhwOOde7r3HixiVyrK+jdzS8srqWn69sLG5tb1j7u61ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwq8YRcTkaBNSnGCkt9cyqI+mAI3gBHXkvVFJLnbJThg5Haih4QoSf3iUVOy3ZsAKj455ZtKrWBHCR2DNSBDM0euaX0w9xzEmgMENSdm0rUm6ChKKYkbTgxJJECI/QgHQ1DRAn0k0mf6XwSCt96IdCV6DgRP09kSAu5Zh7ujO7V857mfif142Vf+4mNIhiRQI8XeTHDKoQZiHBPhUEKzbWBGFB9a0QD5FAWOkoCzoEe/7lRdKqVe3TqnVzUqxfzuLIgwNwCErABmegDq5BAzQBBo/gGbyCN+PJeDHejY9pa86YzeyDPzA+fwBD7Z4S</latexit>

� =
p
2 erf�1(1� p)

• “quadratic vs. linear”
• “break or straight line”
• “GR” or “Newton”



“My fit is not working”
• Cause #1: Bad starting values

“you must know the result before”

• Cause #2: Bad parametrization

• Cause #2.A: Some parametrizations are more efficient than others:
- example: eccentricity e, (1-e), ln (1-e)

• Cause #2.B: The parameters have very different ”influencing power”
- Then it gets hard to minimize the weaker ones

Condition number C: 
ratio of largest to smallest Eigenvalue of covariance matrix

For inverting a matrix (which numerical minimization does at each step) 
the condition number should be                         where p is the precision

For calculations with double precision,      starts to be problematic 

<latexit sha1_base64="avwbGNbhLabumzXxMQl/RFVkFBo=">AAAB/nicbVBNSwMxEJ31s9avVfHkJVgET3VXFD0We/FYwX5At5Rsmm1Dk+yaZIWyFPwrXjwo4tXf4c1/Y9ruQVsfDDzem2FmXphwpo3nfTtLyyura+uFjeLm1vbOrru339Bxqgitk5jHqhViTTmTtG6Y4bSVKIpFyGkzHFYnfvORKs1ieW9GCe0I3JcsYgQbK3XdwyoKONVaM4H8s0A/KJMl465b8sreFGiR+DkpQY5a1/0KejFJBZWGcKx12/cS08mwMoxwOi4GqaYJJkPcp21LJRZUd7Lp+WN0YpUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpia47GZNJaqgks0VRypGJ0SQL1GOKEsNHlmCimL0VkQFWmBibWNGG4M+/vEga52X/suzdXZQqN3kcBTiCYzgFH66gArdQgzoQyOAZXuHNeXJenHfnY9a65OQzB/AHzucPqWqVTg==</latexit>

C . 1/
p
p

<latexit sha1_base64="BxmsjadyGLF/AWXPfl/JOE8sIC0=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewajRyJXDxiIh8JrKRbutDQ7da2SyQbfocXDxrj1R/jzX9jgT0o+JJJXt6bycy8QHKmjet+O7m19Y3Nrfx2YWd3b/+geHjU1HGiCG2QmMeqHWBNORO0YZjhtC0VxVHAaSsY1WZ+a0yVZrG4NxNJ/QgPBAsZwcZKfq2LpVTxE/Lch0qvWHLL7hxolXgZKUGGeq/41e3HJImoMIRjrTueK42fYmUY4XRa6CaaSkxGeEA7lgocUe2n86On6MwqfRTGypYwaK7+nkhxpPUkCmxnhM1QL3sz8T+vk5iw4qdMyMRQQRaLwoQjE6NZAqjPFCWGTyzBRDF7KyJDrDAxNqeCDcFbfnmVNC/K3lXZvbssVW+yOPJwAqdwDh5cQxVuoQ4NIPAIz/AKb87YeXHenY9Fa87JZo7hD5zPH5LKkVA=</latexit>

C ⇡ 108



Fitting independent parameters 
is easier
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a + b x a + b (x-10)

covariance matrix:

(“the minimizer can change one parameter without needing to fiddle with the other”)



Be careful when combining data
- check consistency!

severely underestimated errors!

this looks good



W-Boson mass

Particle Physics Blog: “The question of combining information from incompatible measurements 
is a delicate one, residing at a boundary between statistics, psychology, and arts.” 

Naïve combination:

mW = 80.410(7) GeV

is nonsense. None of the
measured values is in 
the 68% error band

Proposed solution:
rescale all errors until

is 1.
<latexit sha1_base64="UNFHO+IWZXUwnaz+K7ZU9WR15iw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqp3WVD8VDt6V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6RZrXgXFffuvFy7zuMowDGcwBl4cAk1uIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz+z/4+/</latexit>

�2
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The sampling error (I)
“Jackknife Test”
• You have fitted N data points. 

• Form N subsets of data with N – 1 points 
by leaving out one data point at a time

• Fit each subset and take the sample of best fit parameters pj
(-i)

• Needs N times fitting (not so bad), historically first resampling method

<latexit sha1_base64="bJXhbcnYhaal9JG6J9fkaGCTh20="></latexit>

jack�p2j =
N � 1

N

X
(p(�i)

j � p0,j)
2



The sampling error (II)
“Bootstrapping”
• You have fitted N data points. 

• Form M >> N sets of data with N points 
by randomly drawing with replacement from your N data points

• repetition of data allowed (and wanted), ~1/e points will be duplicates

• Fit all M sets and take the sample of best fit parameters pj
(-i) 

• Their distribution can be used the estimate 

• Needs around M = 104 times fitting, computationally demanding
- but easy to parallelize

<latexit sha1_base64="3EJ4kLvtVPJbvhyJLaLRuR7DdvI=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEFD0W9eCxgv2AJpbNdtOu3WTD7kQooXjxr3jxoIhXf4U3/42btgdtfTDweG+GmXlBIrgGx/m2CguLS8srxdXS2vrG5pa9vdPQMlWU1akUUrUCopngMasDB8FaiWIkCgRrBoPL3G8+MKW5jG9hmDA/Ir2Yh5wSMFLH3rvzIgJ9FWWBlDDyrpgAgpPOPe7YZafijIHniTslZTRFrWN/eV1J04jFQAXRuu06CfgZUcCpYKOSl2qWEDogPdY2NCYR0342fmGED43SxaFUpmLAY/X3REYirYdRYDrze/Wsl4v/ee0UwnM/43GSAovpZFGYCgwS53ngLleMghgaQqji5lZM+0QRCia1kgnBnX15njSOK+5pxbk5KVcvpnEU0T46QEfIRWeoiq5RDdURRY/oGb2iN+vJerHerY9Ja8GazuyiP7A+fwBJApdX</latexit>

boot�pj



Markov-Chain Monte Carlo

“You walk through the parameter space and remember all points visited”,
i.e. you build a chain of points

<latexit sha1_base64="D1kCxPe9agpXYMTecWo2YpxP8Jc=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3KHosevFYwX7Adi3ZNNuGZpMlmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+54lpw5V8gEnCgpgMJY84JWAlv0dH/LFeTfreeb9ccWvuHHiVeDmpoBzNfvmrN1A0jZkEKogxvucmEGREA6eCTUu91LCE0DEZMt9SSWJmgmx+8hSfWWWAI6VtScBz9fdERmJjJnFoO2MCI7PszcT/PD+F6DrIuExSYJIuFkWpwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF4yy+vkna95l3W3PuLSuMmj6OITtApqiIPXaEGukNN1EIUKfSMXtGbA86L8+58LFoLTj5zjP7A+fwB7cqQXQ==</latexit>

�2(p1)

<latexit sha1_base64="VgNdI8Fa0hFm/6wxd5C4zTMaZoU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3KHosevFYwX7Adi3ZNNuGZpMlmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+54lpw5V8gEnCgpgMJY84JWAlv0dH/LFeTfr183654tbcOfAq8XJSQTma/fJXb6BoGjMJVBBjfM9NIMiIBk4Fm5Z6qWEJoWMyZL6lksTMBNn85Ck+s8oAR0rbkoDn6u+JjMTGTOLQdsYERmbZm4n/eX4K0XWQcZmkwCRdLIpSgUHh2f94wDWjICaWEKq5vRXTEdGEgk2pZEPwll9eJe16zbusufcXlcZNHkcRnaBTVEUeukINdIeaqIUoUugZvaI3B5wX5935WLQWnHzmGP2B8/kD70+QXg==</latexit>

�2(p2)

<latexit sha1_base64="VgNdI8Fa0hFm/6wxd5C4zTMaZoU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3KHosevFYwX7Adi3ZNNuGZpMlmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+54lpw5V8gEnCgpgMJY84JWAlv0dH/LFeTfr183654tbcOfAq8XJSQTma/fJXb6BoGjMJVBBjfM9NIMiIBk4Fm5Z6qWEJoWMyZL6lksTMBNn85Ck+s8oAR0rbkoDn6u+JjMTGTOLQdsYERmbZm4n/eX4K0XWQcZmkwCRdLIpSgUHh2f94wDWjICaWEKq5vRXTEdGEgk2pZEPwll9eJe16zbusufcXlcZNHkcRnaBTVEUeukINdIeaqIUoUugZvaI3B5wX5935WLQWnHzmGP2B8/kD70+QXg==</latexit>

�2(p2)
<latexit sha1_base64="D1kCxPe9agpXYMTecWo2YpxP8Jc=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3KHosevFYwX7Adi3ZNNuGZpMlmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+54lpw5V8gEnCgpgMJY84JWAlv0dH/LFeTfreeb9ccWvuHHiVeDmpoBzNfvmrN1A0jZkEKogxvucmEGREA6eCTUu91LCE0DEZMt9SSWJmgmx+8hSfWWWAI6VtScBz9fdERmJjJnFoO2MCI7PszcT/PD+F6DrIuExSYJIuFkWpwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF4yy+vkna95l3W3PuLSuMmj6OITtApqiIPXaEGukNN1EIUKfSMXtGbA86L8+58LFoLTj5zjP7A+fwB7cqQXQ==</latexit>

�2(p1)
<latexit sha1_base64="VgNdI8Fa0hFm/6wxd5C4zTMaZoU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3KHosevFYwX7Adi3ZNNuGZpMlmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+54lpw5V8gEnCgpgMJY84JWAlv0dH/LFeTfr183654tbcOfAq8XJSQTma/fJXb6BoGjMJVBBjfM9NIMiIBk4Fm5Z6qWEJoWMyZL6lksTMBNn85Ck+s8oAR0rbkoDn6u+JjMTGTOLQdsYERmbZm4n/eX4K0XWQcZmkwCRdLIpSgUHh2f94wDWjICaWEKq5vRXTEdGEgk2pZEPwll9eJe16zbusufcXlcZNHkcRnaBTVEUeukINdIeaqIUoUugZvaI3B5wX5935WLQWnHzmGP2B8/kD70+QXg==</latexit>

�2(p2)
<latexit sha1_base64="D1kCxPe9agpXYMTecWo2YpxP8Jc=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3KHosevFYwX7Adi3ZNNuGZpMlmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+54lpw5V8gEnCgpgMJY84JWAlv0dH/LFeTfreeb9ccWvuHHiVeDmpoBzNfvmrN1A0jZkEKogxvucmEGREA6eCTUu91LCE0DEZMt9SSWJmgmx+8hSfWWWAI6VtScBz9fdERmJjJnFoO2MCI7PszcT/PD+F6DrIuExSYJIuFkWpwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF4yy+vkna95l3W3PuLSuMmj6OITtApqiIPXaEGukNN1EIUKfSMXtGbA86L8+58LFoLTj5zjP7A+fwB7cqQXQ==</latexit>

�2(p1)
<latexit sha1_base64="BW3jysAm1U8qauv2VKqicRGaKsA=">AAACCXicbZC7TsMwFIadcivlFmBksaiQykBJIhAMDBUsjEWiF6lNI8d1WquOE9kOUhV1ZeFVWBhAiJU3YONtcNMM0PJLlj795xwdn9+PGZXKsr6NwtLyyupacb20sbm1vWPu7jVllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Y9upvXWAxGSRvxejWPihmjAaUAxUtryTCjgFSS9tNLFQ+rZPQeewAydnnN8Cp2JZ5atqpUJLoKdQxnkqnvmV7cf4SQkXGGGpOzYVqzcFAlFMSOTUjeRJEZ4hAako5GjkEg3zS6ZwCPt9GEQCf24gpn7eyJFoZTj0NedIVJDOV+bmv/VOokKLt2U8jhRhOPZoiBhUEVwGgvsU0GwYmMNCAuq/wrxEAmElQ6vpEOw509ehKZTtc+r1t1ZuXadx1EEB+AQVIANLkAN3II6aAAMHsEzeAVvxpPxYrwbH7PWgpHP7IM/Mj5/AM8Mlzg=</latexit>

r < e(�
2
1��2

2)/2

Basic (Metropolis-Hastings) algorithm:

• You are at p1

• Calculate

• Take a random step to p2

• Calculate 

• if                <                your next start point is p2

• if                >                draw a random variable 0 < r < 1 (uniformly)

 if                                    your next start point is p2, otherwise p1 

• Better work in independent 
variables

• Found by diagonizing 
covariance matrix

Sampling the parameter space



MCMC in practice 
• many variants, for example several “walkers”

- this can be parallelized, a chain not

• In the beginning, such a chain will move towards minimum
- either start already at minimum (if interested in errors)
- or throw away “burn-in” phase

• You need around 105 evaluations of 
<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

burn-in



Do not confuse 
starting values and priors
• Starting values: Initial estimates. The MCMC should be 

independent of these, one cuts away the initial “burn-
in phase”.
• Priors: Additional information that should be taken into 

account in addition to what the new data tell
• Using priors means, the result will be a mixture of these 

priors and the new information (Bayes theorem)
• One is allowed to “play” with the starting values, one 

is not allowed to “play” with the priors
• Flat priors with hard boundaries are sometimes used to 

limit the fit range. Make sure not to introduce a bias on 
the result



MCMC – some considerations
• MCMC is useful to get to know the structure of the parameter space

- is it well-behaved? 
- multiple minima?

• MCMC yields error estimates from the widths of the parameter distribution
- for well-behaved, Gaussian problems it much less efficient than the error matrix

• MCMC is inefficient for finding the minimum (“not a fit”)
- but can be crucial to show that the minimum found is the global one



MCMC – nested sampling



Example: 
Schwarzschild-precession paper
(MCMC figure from paper)



Example: 
Schwarzschild-precession paper
(error matrix ellipsoid)



Error propagation with MCMC is 
simple
• You don’t need to know the derivatives of the 

transformation q <-> p
• Only needed: 

transformation function q(p)
• Your chain with N samples is {pi}N 
• Calculate qk (pi) for each of the N samples
• Your posterior is simply {qk}N 
• So the standard error on qk is stddev {qk}N

<latexit sha1_base64="AM/dhtUMDcoyguVDWRJfvtodiQw="></latexit>

Dkl =
X

i,j

@qk
@pi

@ql
@pj

Cij



If you want to …

• Find a minimum with a fit: 103 .. 4         evaluations    (no) 
• Calculate error matrix:  M x (M-1)       eval.        (no)
• Run a MCMC chain  105 .. 6       evaluations    yes
• Do a jack-knife   N fits, N x 103 .. 4         yes
• Do a bootstrap   104 fits, i.e. 107 .. 8          yes

 

N data points, M parameters

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2
<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

<latexit sha1_base64="hQHmYASebX6H/2Xl14kai0aXkN4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6LHoxWMF+wHtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/VbT0wbruS9HScsiMlA8ohTYp3U7NIhf6j2SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk2a14l9UvLvzcu06j6MAx3ACZ+DDJdTgFurQAAqP8Ayv8IYUekHv6GPeuoLymSP4A/T5Ayivjto=</latexit>

�2

computing demand parallel?


