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OVERVIEW:

• The Sun: what we know and what we do not know.
• Stellar structure equations and a stellar evolution code.
• The virial theorem: pre-main sequence stars.
• Nuclear reactions in main sequence stars (H burning).
• A standard solar model.
• Solar abundances and helioseismology constraints.
• Solar neutrinos.



http://pos.sissa.it/cgi-bin/reader/conf.cgi?confid=148

https://link.springer.com/article/10.1140/epjp/i2018-12237-1



unveiling the solar interior



What we know
• Age, from radioactive isotopes.
• Mass, from planets orbits
• Composition (relative to H), from spectroscopy/meteorites/solar wind…..
• Luminosity, from photometry
• Radius, from  interferometry/photometry/spectroscopy

the interior (from helioseismology & neutrinos telescope)
• Depth of the convective envelope
• Present-day (absolute) He abundance (in the convective envelope)
• Internal rotation velocity

• Sound speed profile 𝑺
𝑷

𝝆

 

• Neutrinos fluxes (at earth)



What we do not know

• Detailed internal structure (temperature/density/composition 
profiles)

• Past and future evolution
• Neutrinos luminosities

That are the outputs of a Standard Solar Model 
(SSM)



How to built a SSM
• We start from a rather cool  homogeneous stellar structure (1 Mꙩ), in 

hydrostatic and thermal equilibrium. This is the first hydrostatic structure 
that forms after the collapse of the pre-solar nebula, when the matter 
becomes optically tick.

• The initial, homogeneous composition is unknown. We assume that the 
abundance ratios of the pre-solar nebula were those we get by combining 
spectroscopic analysis (present day atmospheric composition) and pristine 
meteorites abundances (original pre-solar composition).

• The model of 1 Mꙩ is left to evolve up to the present age (4.58 Gyr). WE 
NEED E STELLAR EVOLUTION CODE.

• The initial helium mass fraction (Yini), the initial metallicity (Zini), and the 
mixing length (a) are FREE PARAMETERs. They are adjusted in order to 
reproduce the present day L, R and Z/X.



Stellar structure equations 
and  

stellar evolution code

(plots and numbers in the following have been obtained by means of 
the last version of the FuNS, full network stellar evolution code, see. 

eg,. Straniero et al. 2006 Nucl.Phys A)



A stellar model may be as complex as you want: rotation, 
magnetic fields, dynamical and secular instabilities of 
various nature, ……..

However, most of our knowledge concerning stellar 
evolution is based on relatively simple models:  Self-
gravitating, spherical symmetric stars in thermal and 
hydrostatic equilibrium.



STELLAR STRUCTURE EQUATIONS:
The overall problem: 4+N differential 
equations, in 4+N dependent variables: 
• r (radius), 
• Lr (luminosity), 
• P (pressure), 
• T (temperature), 
• Yi (chemical composition: abundances)

all depending on the lagrangian mass 
coordinate:
• ௥

ଶ௥

଴
(mass within r)

and
• t   (time)   

Chemical evolution=Nuclear reactions + turbulent 
convection

Energy conservation

Hydrostatic  equilibrium

Energy transport: 𝛁 =
𝒅𝒍𝒐𝒈𝑻

𝒅𝒍𝒐𝒈𝑷

Mass conservation

Numerical solutions: spatial & temporal resolution:
1 stellar model contains about 1000 mesh points: 0 ≤ mr. ≤ M  
1 evolutionary track contains up to 106 stellar models: 0 ≤ t ≤ stellar-lifetime 

*Appropriate boundary conditions needed.



4+n differential equations, in 4+n dependent variables: 

• r (radius), 

• L (luminosity), 

• P (pressure), 

• T (temperature), 

• Xi i=1….n (abundancies)

all function of the lagrangian mass coordinate:

•

*Appropriate boundary conditions needed
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a STAR evolves because:

1. Energy loss, as due to photons and neutrinos 
emission.

2. Chemical composition changes, as due to the 
concurrent action of nuclear burning and 
mixing.



Nevertheless, thermal and hydrostatic 
equilibrium are maintained, until the lost 
energy can be replaced by:

1. Conversion of gravitational potential energy

and/or

2. Nuclear power.



hydrostatic equilibrium equation
Let consider a small gas element, whose 
mass is dm, located at distance r from the 
stellar centre, dr its  width and A  its 
surface. Then, the pressure difference 
between the internal and the external 
boundaries is: 
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which corresponds to a force: 
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Being dm=Adr , the mass of the gas element, Adr its volume and m(r) the mass 
within the radius r, i.e.:

On the other hand, gravity  contrasts this pressure force. From the Newton law:



At the equilibrium, the total force acting on the gas element should be 0:
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In addition, the mass within a shell of width dr is:
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Hydrostatic equilibrium

Mass continuity equation



Virial Theorem
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For a non-relativistic 
gas



More in general, the relation between 
pressure and energy density is:    

E
→     relativistic

ହ

ଷ

ସ

ଷ

drrdVdm  24

Where g is the specific 
heat ratio g =cP/cV

Internal energy:

Gravitational energy:

also   ௚ ௚ ௚ ௚



Some consequence of the Virial Theorem



The star is bound if if the total energy W<0:

g>4/3, W<0 → bound, 

g<4/3, W>0 → unbound
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the evolution of a massive star ends, when a density above a few 109 g/cm3 develops in its Fe-core. At 

such a high density,  the  fermi energy of the electrons is 𝜖ி ≫ 𝑚𝑐ଶ , and 𝛾 =
ସ

ଷ
. This is a marginal 

stability condition. Then, electron captures start, causing the drop of the pressure and, in turn, the core 
collapse.  



A proto-star is too cool for nuclear reactions. As photons are emitted from the 
stellar surface, the star contracts extracting energy from its own gravitational 
potential pool:
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In practice, only the 50% of the released gravitational energy is spent to replace the 
energy loss, while the rest goes into internal energy. 



Kelvin-Helmholtz time-scale

q is a “form factor” order 
of ~1 for a proto-star.
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What wold be the lifetime of a star, If there are no other energy sources, 
except for the gravitational potential pool?

The Kelvin-Helmhotz time-scale for a star whose luminosity is L , is:

For the Sun:  ௄ு
଼ yr

Since ଷ.ହ
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ିଵ.ହ



• Star formation begins with the collapse of a cold molecular cloud (Jeans 
instability).

• When the density increases enough, the matter becomes optically thick, the 
thermodynamic equilibrium is reached, the collapse ceases and gives way 
to hydrostatic equilibrium.

• The star continues to lose energy, but more slowly (KH time-scale).

• Meanwhile, the core heats up, according to the virial theorem.

• Eventually, when the temperature is high enough, nuclear reaction 
starts:



Consider the energy balance:

nuclear 

gravity 

thermal neutrinos

To be compared to: 

Predeictions vs observation: an example

All depend on T, 
and composition



Effective temperature, solar spectrum and HR diagram 

Te is the temperature of the «equivalent» blackbody:

• Below the photosphere, the Sun behave as an almost  
perfect blackbody (T=5770 K).

• Then, the outcoming radiation is partially absorbed and 
re-emitted when passing through the photosphere.

• Absorption lines reveal the chemical composition of the 
photosphere.  



Evolution of the Sun in the HR diagram 

A. 10 Myr: onset of the deuterium burning

B. 28 Myr: 3He equilibrium

C. 42 Myr: onset of the H burning 

p+p --> d+e++n
d+p --> 3He+g

3He+4He --> 7Be+g3He+3He -->4He+2p

7Be+e- --> 7Li+n
7Li+p --> 4He+4He

7Be+p --> 8B+g
8B --> 8Be+e++n
8Be --> 4He+4He

4 protons 4He + 25 MeV (g) + 2 n

First hydrostatic structure

The SUN



Nuclear Reaction Rate
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Monocromatic rate (n. of reactions/time/volume):



Wher njk is the jk pair density  (jk=1 in case of identical 
particles) and is the volume crossed during 1 s by a particle 
whose cross section and velocity are  and v, respectively. 
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CROSS SECTION

Resonance states above the threshold.

l stretching due to the Coulomb force

=
𝑍௝𝑍௞𝑒ଶ

𝑟

nucCou PPE )(



The penetrability of the Coulomb 
barrier: 

• The Coulomb barrier is too high, but quantum 
mechanics allows its penetrability. 

The tunnel probability is (George Gamow 1928):
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• For non-resonant reactions, Pnuc(E) is a slowly 
decreasing function of E:

• So, introducing the astrophysical factor S(E)

• The cross section is the product of the tunnel 
probability and a nuclear probability:
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For non-resonant reactions, S(E)
is a slowly varying function of E. 





The Gamow’s peak

• After substitutions:

Energy



Gamow’s peak energy in different 
nucleosynthesis environments:

T = 16 MK (Sun)

p+p 5 KeV

3He+3He      20 KeV

3He+4He      21 KeV

14N+p           25  KeV

T = 70 MK (RGB) 

14N+p           65  KeV

T = 200 MK (He-burning)

12C+a 300  KeV

T = 500  MK (C-burning)

12C+12C     1.5  MeV

T = 1 GK  (BBN)

p+d 100 KeV

3

2

2

3

2/12/1

2

0
2

1
*expexp
























 






 



bKT
E

E
b

KTE

b

KT

E

E

b

KT

E

dE

d

o GAMOW’s Peak

The maximum probability 
occurs at:



Resonance contribution to  (Breit-Wigner):
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An example of “resonce contribuition” to 
the cross section:

• “narrow resonance”, Er within the Gamow peal.

+

• Low-energy tail of a higher-energy  “broad 
resonance”
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A couple of questions:

• How this scheme change in case of neutron captures?

• What about the plasma screening (not only electrons)?



Rate x unit mass
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Energy transport by radiation and/or 
convective instabilities



Energy transport 
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Convective inStability
Schwarzschild/Ledoux criteria for 
convective instability
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A standard solar model



How to built a SSM
• We start from a rather cool  homogeneous stellar structure (1 Mꙩ), in 

hydrostatic and thermal equilibrium. This is the first hydrostatic structure 
that forms after the collapse of the pre-solar nebula, when the matter 
becomes optically tick.

• Combining spectroscopic and meteoritic abundances*, for each element, 
except H and He, we have:

a. its abundance relative to the total metallicity:  
௑ೕ

௓
b. the isotopic fractions (IUPAC)

• Unknown inputs of the model are:
1. Initial He (Y)
2. Initial metallicity (Z)
3. The mixing length parameter (a). It determines how much adiabatic is the 

convective energy transport:

dominated rad.   dominated conv. radad 
a↑ a↓



How to built a SSM
• The initial structure is evolved up to 4.5 Gyr since the start. 
• The calculation is iterated by adjusting Yini,Zini,a, until the present-day L, R and Z/X 

are reproduced.

First hydrostatic 
structure

The SUN

from the proto-Sun
to

the present

SURFACE

CENTER



Solar abundances and helioseismology 
constraints



Changing the solar abundances and the 
nuclear reaction rates.

composition lodders 2009 Magg 2022 Magg 2022
network Sol. Fus. II Sol. Fus. II Sol. Fus. III

T_c: 1.55E+07 1.57E+07 1.55E+07
Ro_c: 1.52E+02 1.54E+02 1.51E+02

X_in: 7.16E-01 7.05E-01 7.04E-01
X_end: 7.49E-01 7.38E-01 7.36E-01
Y_in: 2.68E-01 2.76E-01 2.78E-01
Y_end: 2.37E-01 2.45E-01 2.47E-01 0.2485+/-0.0034
Z_in: 1.59E-02 1.85E-02 1.84E-02
Z_end: 1.42E-02 1.67E-02 1.66E-02

M_ce: 9.79E-01 9.77E-01 9.75E-01
R_ce: 7.24E-01 7.17E-01 7.15E-01 0.713+/-0.001
T_ce: 2.07E+06 2.15E+06 2.18E+06
Ro_ce: 1.66E-01 1.81E-01 1.91E-01

• Higher C,N,O abundances from 
Lodders 2009 to Magg+ 2022.

• It implies higher opacity and, in 
turn a deeper convective 
envelope.

• Also the final He abundance in the 
convective envelope higher.

• Both in good agreement, now, 
with helioseismic measurements.

• Higher initial He and Z. Important 
implication for galactic chemical 
evolution



Solar neutrinos



As a by-product of a SSM, we can get the 
neutrinos flux from the Sun

• The story starts with the Homestake mine experiments (by R. Davis). 
It was a radiochemical detector: ne+37Cl → 37Ar+e- (threshold@0.814 
MeV). Only neutrinos from 8B decay (PPIII). Results: 1/3 of the 
expected neutrinos

• Other radiochemical experiments, e.g. GALLEX and SAGE, based on 
ne+71Ga → 71Ge+e- (threshold@0.251 MeV), and those based on the 
Cherenkov radiation emitted by the scattering of neutrinos with 
electrons nx+ e-→ nx+ e- (e.g., SNO, Kamiokande, super-Kamiokande, 
Borexino) confirmed the neutrino deficit at earth. 

From Antonelli et al. 2013



3 possible solutions:
• The neutrino experiments are wrong
• The SSM predictions are wrong
• NEW PHYSICS.
Massive neutrinos change flavor.  In practice, 
electron neutrinos emitted in the solar interior 
by nuclear reactions are in part converted into 
(t) neutrinos, when crossing the solar radius.

KamLAND measured the neutrino flux 
produced by a reactor, independently 
confirming the solar neutrinos claim



A test of the SSM predictions (the first case of 
multi-messenger astronomy) 
In principle, we may reverse the method, using neutrino fluxes to test the predictions of an SSM.
Once the neutrinos parameters (∆𝑚 𝑎𝑛𝑑 𝜃) are known, the neutrino suppression probability can be 
computed. It depends on the density profile within the Sun, while the neutrino production rates depend on 
the core temperature. So, by comparing the expected and measured neutrino fluxes at earth we may check 
the accuracy of a SSM and test the adopted nuclear reaction rates.

Composition lodders 2009 Magg 2022 Magg 2022
network Sol. Fus. II Sol. Fus. II Sol. Fus. III
pp 6.02E+10 5.97E+10 6.00E+10
pep 1.47E+08 1.44E+08 1.42E+08
hep 8.30E+03 8.11E+03 8.03E+03
7Be 4.55E+09 4.89E+09 4.65E+09
8Be 4.24E+06 5.13E+06 4.51E+06
13N 1.88E+08 2.97E+08 2.74E+08
15O 1.31E+08 2.15E+08 1.92E+08
17F 3.24E+06 4.08E+06 3.64E+06
18F 4.03E-77 4.06E-77 4.07E-77
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