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Why String Theory in Cosmology?

• Consistent theory of Quantum Gravity

• Avoid the Classical Big Bang Singularity

• Go beyond EFT approach to Inflation (Transplanckian problem)

• No need for ad-hoc fields to drive Inflation

• Possible observational signature of String Theory

2



What does String Theory suggest?
• The existence of a low energy massless multiplet {ϕ, 𝑔!", 𝐵!"}

• Pre Big-Bang scenario instead of Slow-Roll (Bouncing Cosmology)

• A systematic way to implement higher order curvature corrections
(α# expansion)

• A systematic way to implement higher order string coupling
expansion in a perturbative way 𝑔$% = 𝑒𝑥𝑝 ϕ (Genus Expansion)

• Additional simmetry in space-time with d abelian isometries, O(d,d) 
invariance in the field space (Continuous generalisation of T-duality)
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Main Topics
• General criteria to have bouncing solutions using Hohm

Zwiebach (HZ) action (all order α# action) starting from 
perturbative vacuum of String Theory
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• Dilaton stabilisation, FLRW and de-Sitter attractor 
from non-perturbative dilaton potential



Main Topics
• General criteria to have bouncing solutions using Hohm

Zwiebach (HZ) action (all order α# action) starting from 
perturbative vacuum of String Theory
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• Dilaton stabilisation, FLRW and de-Sitter attractor 
from non-perturbative dilaton potential

• Isotropisation mechanism via α# corrections and 
Dilaton potential



All order α" O(d,d) invariant HZ String Action in a 
anisotropic cosmology (Bianchi-I)

that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [15] and in subsequent papers [16–25] that showed that using field redefinitions, the most general
action invariant under the O(d, d) symmetry is given by:

S = �
1
2

´
dtNe��̄

 
N�2 ˙̄�

2
+ 1

8Tr
⇣
N�2

Ṡ
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Ṡ
6)

+↵03[c4,0Tr(N�8
Ṡ
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where the coefficient are known up to the cubic order in the various string theories [26]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi and �̄ = ��
P

i
�i and where a local dilaton potential

V (�) was introduced for the sake of completness and later discussions. Some bouncing solutions to the resulting
equation of motion of specific functional forms have been found in [27,28] with a vanishing potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). In the case of
an isotropic background the definition of the variable z is changed as z = �
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at

3
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˙̄��
@V

@�
, ¨̄� =

P
i
zi

@h

@zi
+ @V

@�
, (14)

where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). In the case of
an isotropic background the definition of the variable z is changed as z = �

f

2d in order to have the asymptotic
identification in the low curvature regime H(z) = 1

d

@h(z)
@z

= z +O(↵0) and eqs.(14) become:

˙̄�
2
= 2h(z) + 2V, ż = z ˙̄��
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This solutions lead to the idea of Asymptotic Past Triviality and to the possibility of having bouncing solutions
that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). In the case of
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
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that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
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This solutions lead to the idea of Asymptotic Past Triviality and to the possibility of having bouncing solutions
that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [16] and in subsequent papers [17–26] that showed that using field redefinitions, the most general
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where the coefficient are known up to the cubic order in the various string models [27]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi, �̄ = � �
P

i
�i is the shifted dilaton and where a

local dilaton potential V (�) was introduced for the sake of completness and later discussions. Some bouncing
solutions to the resulting equation of motion of specific functional forms have been found in [28,29] in absence
of the potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). The advantage
of this formalism, is that simple functional forms of h(zi) implement all order ↵0 expansion and even the
possibility of multivalued F (Hi). In the case of an isotropic background the definition of the variable z is changed
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2 A review of String Cosmology and all order ↵0 bouncing solutions
In this section I will give a review of String Cosmology and of the pBB scenario. The tree level effective action
of String Theory in d spatial dimensions, without matter sources, neglecting the constant term arising in non
critical dimensions and in the S-frame is [10]:
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where � is usually called the dilaton, R the Ricci scalar, |g| the standard metric determinant, Hµ⌫↵ = @µB⌫↵ +
cyclic and Bµ⌫ = �B⌫µ the Kalb-Ramond tensor. It has been shown that this action has, in the case of time
dependent backgrounds with d Abelian isometries, an O(d, d) invariance as defined below, which involves the
spatial components of the metric, the dilaton and the Kalb-Ramond tensor. Such a symmetry has been argued
to hold only at tree level in the string loop expansion but to all orders in the ↵0 expansion, a property that has
been explicitly checked up to O(↵03) [11–13].
To explicitely show this invariance it is convinient to use a matrix notation and assuming that the d + 1-
dimensional background is isometric with respect to the d spatial translations, we can choose a system of
coordinates where

g00 = N2(t) g0i = B0µ = 0 (2)

and where gij Bij are functions of the cosmic time only. The O(d, d) symmetry properties of the massless
multiplet can be made explicit adopting a matrix notation d ⇥ d defining g = gij and b = bij and defining the
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Setting the Kalb-Ramond tensor to zero, the symmetry is reduced to a discrete scale factor duality Zd
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that acts on the scale factors as ai(t) !

1
ai(t)

together with time reversal T [14, 15]. In the case of an isotropic
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This solutions lead to the idea of Asymptotic Past Triviality and to the possibility of having bouncing solutions
that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [16] and in subsequent papers [17–26] that showed that using field redefinitions, the most general
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Ṡ
2
⌘

+↵0c2,0Tr(N�4
Ṡ
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where F is an even function of the Hubble parameters Hi, �̄ = � �
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local dilaton potential V (�) was introduced for the sake of completness and later discussions. Some bouncing
solutions to the resulting equation of motion of specific functional forms have been found in [28,29] in absence
of the potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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) as:
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we defined the Routhian as:
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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= �⇡̇i is given by:
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). The advantage
of this formalism, is that simple functional forms of h(zi) implement all order ↵0 expansion and even the
possibility of multivalued F (Hi). In the case of an isotropic background the definition of the variable z is changed
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2 A review of String Cosmology and all order ↵0 bouncing solutions
In this section I will give a review of String Cosmology and of the pBB scenario. The tree level effective action
of String Theory in d spatial dimensions, without matter sources, neglecting the constant term arising in non
critical dimensions and in the S-frame is [10]:
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where � is usually called the dilaton, R the Ricci scalar, |g| the standard metric determinant, Hµ⌫↵ = @µB⌫↵ +
cyclic and Bµ⌫ = �B⌫µ the Kalb-Ramond tensor. It has been shown that this action has, in the case of time
dependent backgrounds with d Abelian isometries, an O(d, d) invariance as defined below, which involves the
spatial components of the metric, the dilaton and the Kalb-Ramond tensor. Such a symmetry has been argued
to hold only at tree level in the string loop expansion but to all orders in the ↵0 expansion, a property that has
been explicitly checked up to O(↵03) [11–13].
To explicitely show this invariance it is convinient to use a matrix notation and assuming that the d + 1-
dimensional background is isometric with respect to the d spatial translations, we can choose a system of
coordinates where
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and it can be easily seen that this action is invariant under O(d, d) transformations which are defined as:
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Setting the Kalb-Ramond tensor to zero, the symmetry is reduced to a discrete scale factor duality Zd

2 (SFD)
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together with time reversal T [14, 15]. In the case of an isotropic
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that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [15] and in subsequent papers [16–25] that showed that using field redefinitions, the most general
action invariant under the O(d, d) symmetry is given by:
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Ṡ
2
⌘

+↵0c2,0Tr(N�4
Ṡ
4) + ↵02c3,0Tr(N�6

Ṡ
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where the coefficient are known up to the cubic order in the various string theories [26]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi and �̄ = ��
P

i
�i and where a local dilaton potential

V (�) was introduced for the sake of completness and later discussions. Some bouncing solutions to the resulting
equation of motion of specific functional forms have been found in [27,28] with a vanishing potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F

@Hi
) as:
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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= �⇡̇i is given by:
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). In the case of
an isotropic background the definition of the variable z is changed as z = �
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
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that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
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where the coefficient are known up to the cubic order in the various string theories [26]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi and �̄ = ��
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V (�) was introduced for the sake of completness and later discussions. Some bouncing solutions to the resulting
equation of motion of specific functional forms have been found in [27,28] with a vanishing potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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) as:
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). In the case of
an isotropic background the definition of the variable z is changed as z = �
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
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that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [15] and in subsequent papers [16–25] that showed that using field redefinitions, the most general
action invariant under the O(d, d) symmetry is given by:
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where the coefficient are known up to the cubic order in the various string theories [26]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi and �̄ = ��
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V (�) was introduced for the sake of completness and later discussions. Some bouncing solutions to the resulting
equation of motion of specific functional forms have been found in [27,28] with a vanishing potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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) as:
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). In the case of
an isotropic background the definition of the variable z is changed as z = �
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at

3

Shifted Dilaton

2 2
Even function of the Hubble functions

� ⇠

⇣p
d� 1

⌘
ln (�t) H = 1p

dt
. (9)

This solutions lead to the idea of Asymptotic Past Triviality and to the possibility of having bouncing solutions
that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [16] and in subsequent papers [17–26] that showed that using field redefinitions, the most general
action invariant under the O(d, d) symmetry is given by:
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where the coefficient are known up to the cubic order in the various string models [27]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi, �̄ = � �
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i
�i is the shifted dilaton and where a

local dilaton potential V (�) was introduced for the sake of completness and later discussions. Some bouncing
solutions to the resulting equation of motion of specific functional forms have been found in [28,29] in absence
of the potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). The advantage
of this formalism, is that simple functional forms of h(zi) implement all order ↵0 expansion and even the
possibility of multivalued F (Hi). In the case of an isotropic background the definition of the variable z is changed
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2 A review of String Cosmology and all order ↵0 bouncing solutions
In this section I will give a review of String Cosmology and of the pBB scenario. The tree level effective action
of String Theory in d spatial dimensions, without matter sources, neglecting the constant term arising in non
critical dimensions and in the S-frame is [10]:
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where � is usually called the dilaton, R the Ricci scalar, |g| the standard metric determinant, Hµ⌫↵ = @µB⌫↵ +
cyclic and Bµ⌫ = �B⌫µ the Kalb-Ramond tensor. It has been shown that this action has, in the case of time
dependent backgrounds with d Abelian isometries, an O(d, d) invariance as defined below, which involves the
spatial components of the metric, the dilaton and the Kalb-Ramond tensor. Such a symmetry has been argued
to hold only at tree level in the string loop expansion but to all orders in the ↵0 expansion, a property that has
been explicitly checked up to O(↵03) [11–13].
To explicitely show this invariance it is convinient to use a matrix notation and assuming that the d + 1-
dimensional background is isometric with respect to the d spatial translations, we can choose a system of
coordinates where

g00 = N2(t) g0i = B0µ = 0 (2)

and where gij Bij are functions of the cosmic time only. The O(d, d) symmetry properties of the massless
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Setting the Kalb-Ramond tensor to zero, the symmetry is reduced to a discrete scale factor duality Zd
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that acts on the scale factors as ai(t) !
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together with time reversal T [14, 15]. In the case of an isotropic
background (ai = a = e�) the solution to the equation of motions obtained by varying with respect to N, �̄ and �
and fixing the synchronous gauge (N = 1) have as asymptotic solution in the past t ! �1:
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2 A review of String Cosmology and all order ↵0 bouncing solutions
In this section I will give a review of String Cosmology and of the pBB scenario. The tree level effective action
of String Theory in d spatial dimensions, without matter sources, neglecting the constant term arising in non
critical dimensions and in the S-frame is [10]:
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This solutions lead to the idea of Asymptotic Past Triviality and to the possibility of having bouncing solutions
that connect an expanding geometry to a contracting one in the S-Frame, by introducing higher order ↵0 correc-
tions. Such bouncing solutions have been obtained in the past by introducing a non-local, duality preserving,
shifted dilaton potential V (�̄) arising from string loop corrections [36].
A significant contribution to the determination of the complete action including all order ↵0 was given by Hohm
and Zwiebach [16] and in subsequent papers [17–26] that showed that using field redefinitions, the most general
action invariant under the O(d, d) symmetry is given by:
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Ṡ
6)

+↵03[c4,0Tr(N�8
Ṡ
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where the coefficient are known up to the cubic order in the various string models [27]. In the case of a Bianchi-I
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where F is an even function of the Hubble parameters Hi, �̄ = � �
P

i
�i is the shifted dilaton and where a

local dilaton potential V (�) was introduced for the sake of completness and later discussions. Some bouncing
solutions to the resulting equation of motion of specific functional forms have been found in [28,29] in absence
of the potential.
A systematic way to generate bouncing solutions was found by Gasperini-Veneziano [5] in what they originally
called a “partial Hamiltonian” formalism, that we better clarified in a subsequent paper as a Routhian formalism
[6] in the case of V (�) = 0. The core of the formalism is to perform a Legendre transform on a subset of the
variables, namely only on �i, and using Euler-Lagrange equations for the others (N, �̄). So the conjugate
momenta are defined (fi = @F
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) as:
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where the last relation basically inverts the functions fi(Hj) giving Hi(fj). The Routhian obeys the usual
Hamilton equations for the �i variables. The full set of equations obtained by the Euler-Lagrange equations for
N and �̄ and the Hamilton equation @R
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where, as usual, the first equation (the Hamiltonian constraint) together with the second set imply the last
equation. In this context, the model is fully determined by the functional form of h(zi) and V (�). The advantage
of this formalism, is that simple functional forms of h(zi) implement all order ↵0 expansion and even the
possibility of multivalued F (Hi). In the case of an isotropic background the definition of the variable z is changed
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Ṡ
6)

+↵03[c4,0Tr(N�8
Ṡ
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Ṡ
2
⌘

+↵0c2,0Tr(N�4
Ṡ
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Advantages:
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• Simple 'hamiltonians’ capture all α!  corrections and generate bouncing solutions they 

have another zero except the trivial one. In general they come from non-holomorphic F. In 
the isotropic case we used:
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Figure 3: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18). d = 3 and ↵0 = 1, A = 0.1, ↵ = 10, � = 3, c = 2, � = 0, q = 1 for the
potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
trajectory evolving from the string perturbative vacuum.
(b) Time evolution of H (red curve) and � (black curve). The black dashed curve describes the growth of the
Hubble parameter for the low-energy pre-big bang solution.
(c) Two dimensional parametric plot of H = H(�) (d) its three-dimensional version with explicit time evolution,
H(t) = H[�(t)], the variables are multiplied by 103.
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:
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where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:
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d� 1 and ✓ an arbitrary phase. Note that the time-averaged behaviour of the geometry gives

hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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The phenomenological non-perturbative 
dilaton potential

Dilaton Potential with Istantonic
behaviour not captured by string
coupling expansion (Non-perturbative 
Potential)
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.

B(�) =
1 + ↵ g2

s

↵ g2
s

=
1 + ↵ e�

↵ e�
, (17)

and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
� breaking the O(d, d) invariance and leading to a post-bounce phase not necessarly duality related to the one
in the asymptotic past.

3 From the string vacuum to FLRW or de Sitter via ↵0 corrections
and non-perturbative dilaton potenital

As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
As a first step towards making the model more realistic we included into the effective string cosmology equations
the contributions of a non-perturbative dilaton potential V (�), which goes to zero in the small coupling limit
g2
s
! 0 (t ! �1) with an instanton-like suppression of the type V ⇠ e�const/g2

s , and which becomes non-
negligible in the opposite large time limit, thus breaking the duality symmetry and modifying the final, post-
bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2

s
(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
h�
c2 �B(�)

�2
+ �B(�)

i ⇥
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where
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0

.
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0

.

5

16



The phenomenological non-perturbative 
dilaton potential

Dilaton Potential with Istantonic
behaviour not captured by string
coupling expansion (Non-perturbative 
Potential)

Figure 1: Bouncing solution with h(z) = d

2 (z
2
� z4) and d = 3, V (�) = 0. The images have been taken from [5].

as z = �
f

2d in order to have the asymptotic identification in the low curvature regime H(z) = 1
d

@h(z)
@z

= z+O(↵0)
and eqs.(14) become:

˙̄�
2
= 2h(z) + 2V, ż = z ˙̄��
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
� breaking the O(d, d) invariance and leading to a post-bounce phase not necessarly duality related to the one
in the asymptotic past.

3 From the string vacuum to FLRW or de Sitter via ↵0 corrections
and non-perturbative dilaton potenital

As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
As a first step towards making the model more realistic we included into the effective string cosmology equations
the contributions of a non-perturbative dilaton potential V (�), which goes to zero in the small coupling limit
g2
s
! 0 (t ! �1) with an instanton-like suppression of the type V ⇠ e�const/g2

s , and which becomes non-
negligible in the opposite large time limit, thus breaking the duality symmetry and modifying the final, post-
bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2

s
(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
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where
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0

.
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:
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This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0
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Figure 3: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18). d = 3 and ↵0 = 1, A = 0.1, ↵ = 10, � = 3, c = 2, � = 0, q = 1 for the
potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
trajectory evolving from the string perturbative vacuum.
(b) Time evolution of H (red curve) and � (black curve). The black dashed curve describes the growth of the
Hubble parameter for the low-energy pre-big bang solution.
(c) Two dimensional parametric plot of H = H(�) (d) its three-dimensional version with explicit time evolution,
H(t) = H[�(t)], the variables are multiplied by 103.
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:

V (�) '
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2
m2(�� �m)2, (19)

where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:

�(t) = �0 +
2(d�1)

t!

p
d
sin(!t+ ✓)

H(t) = 2
td

h
1 +

p
d cos(!t+ ✓)

i
,

(20)

with ! = m
p
d� 1 and ✓ an arbitrary phase. Note that the time-averaged behaviour of the geometry gives

hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
trajectory evolving from the string perturbative vacuum.
(b) Time evolution of H (red curve) and � (black curve). The black dashed curve describes the growth of the
Hubble parameter for the low-energy pre-big bang solution.
(c) Two dimensional parametric plot of H = H(�) (d) its three-dimensional version with explicit time evolution,
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:
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where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:

�(t) = �0 +
2(d�1)

t!

p
d
sin(!t+ ✓)

H(t) = 2
td

h
1 +

p
d cos(!t+ ✓)

i
,

(20)

with ! = m
p
d� 1 and ✓ an arbitrary phase. Note that the time-averaged behaviour of the geometry gives

hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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Figure 3: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18). d = 3 and ↵0 = 1, A = 0.1, ↵ = 10, � = 3, c = 2, � = 0, q = 1 for the
potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
trajectory evolving from the string perturbative vacuum.
(b) Time evolution of H (red curve) and � (black curve). The black dashed curve describes the growth of the
Hubble parameter for the low-energy pre-big bang solution.
(c) Two dimensional parametric plot of H = H(�) (d) its three-dimensional version with explicit time evolution,
H(t) = H[�(t)], the variables are multiplied by 103.
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:
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where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:
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hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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Figure 2: The red curves show an example of dilaton potential asymptotically approaching the maximum at
large � values, and obtained from (16) with q = 0. The black curves show an example of “runaway” potential,
asymptotically going to zero for q = 1 and stabilising to a non-vanishing constant value for 0 < q < 1. Solid
curves are plotted with � > 0, and are characterised by a local minimum V0 > 0. Dotted curves correspond
to the same potential plotted however for � = 0, and with a local minimum V0 = 0. All curves are plotted for
c = 2,↵ = 10. We have used A = 0.22, � = 3.5 for the red curves, and A = 1, � = 2.5 for the black curves.
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and where A, c,↵,�, � and q are constant parameters controlling various features of V that are shown in fig.(2).
The specific “shape” and the amplitude of the potential strongly depend on the numerical values of the various

phenomenological parameters. What is important to stress is that, depending on the values of such parameters
(and on the initial conditions which identify the particular background whose evolution we are following from
the asymptotic, low-energy regime), the potential may significantly affect the background evolution not only
during the bounce, but also, and most important, in the final asymptotic post-bouncing regime. In addition the
dilaton’s evolution is best understood in the E-frame, in which it behaves like a minimally coupled scalar, while
the potential in (16) refers to the S-frame. This being said we found three possible late-time dilaton evolutions.
The first case is the one in which the potential is unable to substantially modify the overall dilaton evolution:
the dilaton keeps monotonically growing both before and after the bounce, and we recovered a regular transition
from the expanding pre- to post-bang regime like in the cases with no potential. This will typically happen if
the overall scale A of the potential is small enough as compared to the value of H and �̇ when the dilaton is in
the region of sizeable potential. Describing the late time physics corresponding to that case is not simple and
will depend on whether the Einstein-frame potential falls asymptotically to zero, to a positive constant, or even
grows indefinitely. The second case is the one in which the potential is high enough to stop the growth of dilaton,
and the dilaton bounces back towards the small coupling regime, monotonically approaching the asymptotic
limit � ! �1: in that case the final background configuration after the bounce is exactly the time-reversed
of the initial one, thus implementing a regular bounce from expanding pre- to contracting post-bang regimes
(see Appendix A). Finally, the third case is the one in which the dilaton gets trapped in the local minimum of
the potential. We mainly focused on analysing this last possibility, which has three important consequences.
With an appropriate choice of the parameters the potential can produce i) the stabilisation of the dilaton at a
final asymptotic value � = �0 = const; ii) a final evolution of the metric of standard type, corresponding to a
dust-dominated FLRW geometry if V (�0) = 0 or to a de Sitter geometry if V (�0) > 0; iii) the isotropisation of
the final geometry if we start from anisotropic initial conditions. Moreover we studied numerically the basin of
initial conditions which leads to this attractor in the gravi-dilaton equations.

3.1 The FLRW attractor V0 = 0

For a first illustration of the dilaton stabilisation mechanism we started considering an initially expanding (d+1)-
dimensional isotropic background geometry, asymptotically evolving from the string perturbative vacuum, and
a dilaton potential with � = 0 (such that V = 0 at the local minimum � = �m = � ln[↵(c2 � 1)]). Adopting the
Routhian formalism for isotropic backgrounds, and using in particular Eqs. (14), and considering the effective
Hamiltonian1:

1
This Hamiltonian matches the result for Heterotic strings for F at the leading order in ↵0

.
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Figure 3: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18). d = 3 and ↵0 = 1, A = 0.1, ↵ = 10, � = 3, c = 2, � = 0, q = 1 for the
potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
trajectory evolving from the string perturbative vacuum.
(b) Time evolution of H (red curve) and � (black curve). The black dashed curve describes the growth of the
Hubble parameter for the low-energy pre-big bang solution.
(c) Two dimensional parametric plot of H = H(�) (d) its three-dimensional version with explicit time evolution,
H(t) = H[�(t)], the variables are multiplied by 103.
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:
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where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:
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with ! = m
p
d� 1 and ✓ an arbitrary phase. Note that the time-averaged behaviour of the geometry gives

hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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(16) and the Hamiltonian (18). d = 3 and ↵0 = 1, A = 0.1, ↵ = 10, � = 3, c = 2, � = 0, q = 1 for the
potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:
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where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:
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d� 1 and ✓ an arbitrary phase. Note that the time-averaged behaviour of the geometry gives

hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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Figure 3: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18). d = 3 and ↵0 = 1, A = 0.1, ↵ = 10, � = 3, c = 2, � = 0, q = 1 for the
potential, and � = �3.5, z = 0.01 for the initial conditions. The black dashed half-line corresponds to the initial
trajectory evolving from the string perturbative vacuum.
(b) Time evolution of H (red curve) and � (black curve). The black dashed curve describes the growth of the
Hubble parameter for the low-energy pre-big bang solution.
(c) Two dimensional parametric plot of H = H(�) (d) its three-dimensional version with explicit time evolution,
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we show in fig.(3) the numerical solutions.
Limiting our attention to the final, post-bounce regime we obtained the results shown in Fig.(3). They clearly
show that the oscillating background approaches a regime where the dilaton asymptotically reaches a final
(constant, non vanishing) value �0 < 0, and the Hubble parameter is asymptotically decreasing to zero. To
obtain a more precise information on the type of final geometry and show, in particular, that it describes a
phase of standard (FLRW type) evolution (and not a post-big bang evolution of the string cosmology type), it is
convenient to discuss the analytical solutions of Eq.(14) in the late-time regime where the final asymptotic value
of the dilaton �0 coincides with the position of the local minimum �0 = �m, the trapped dilaton is oscillating
around �m, and the potential can be approximated in functional form as:
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where m2 is the second derivative of the potential in its minimum �m. We also noted that, at late enough
times, the curvature scale is small enough so that the higher order ↵0 corrections can be neglected. With these
approximations, we solved analitycally (14) and we found:
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with ! = m
p
d� 1 and ✓ an arbitrary phase. Note that the time-averaged behaviour of the geometry gives

hHi ' (2/d)t�1, corresponding to a scale factor a(t) ⇠ t2/d, which exactly reproduces the time evolution of
a standard, dust-dominated, FLRW cosmology. The computation of the E-frame Hubble parameter gives, in
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terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism

(a) (b) (c) (d)

Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
� breaking the O(d, d) invariance and leading to a post-bounce phase not necessarly duality related to the one
in the asymptotic past.

3 From the string vacuum to FLRW or de Sitter via ↵0 corrections
and non-perturbative dilaton potenital

As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
As a first step towards making the model more realistic we included into the effective string cosmology equations
the contributions of a non-perturbative dilaton potential V (�), which goes to zero in the small coupling limit
g2
s
! 0 (t ! �1) with an instanton-like suppression of the type V ⇠ e�const/g2

s , and which becomes non-
negligible in the opposite large time limit, thus breaking the duality symmetry and modifying the final, post-
bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2

s
(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
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terms of the S-frame:
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We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism

(a) (b) (c) (d)

Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
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We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
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constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:

@

@�

⇣
V e

2�
d�1

⌘

�=�0

= 0 (23)

7

Asymptotic de-Sitter geometry δ ≠ 0 

22



Dilaton Stabilisation and de-Sitter attractor

terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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Figure 5: (a) The blue regions represent the basins of attraction of the post-bounce phase with a stabilised
dilaton with initial condition z = 0.01 and  ranging as a function of q. We fixed the parameters of the potential
to be ↵ = 10, c = 2, � = 0.01, A = 0.1 and � = 3. The number of dimensions from smaller (left) to higher
(right) values. The white regions corresponds to a final configuration which is the time reversed configuration
of the initial one, while the red ones correspond to an unbounded growth of the dilaton.
(b) Flow plot in d = 9, this plot was realised by Dr. Pietro Conzinu, who I wish to thank for the permission to
show it.

showing that the stabilised value of the dilaton corresponds to the minimum of an “effective” potential Ṽ ⇠

V exp[2�/(d�1)]. Interestingly enough, and consistently with the scenario of a stabilised dilaton, the latter is the
potential written in the E-frame where the dilaton is a minimally coupled scalar. We again estimated analytically
the difference between �0 and �m in the low curvature asymptotic regime corresponding to V0 ⌧ 1, � ⌧ 1 by
perturbatively expanding the potential around the minimum as V (�) = V0+

m
2

2 (���m)2 obtaining the following
results at the first order in V0/m2 = � c

2
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Moreover we analysed the attraction basin of initial conditions leading to the final attractor. In order to study
the moduli space compatible with the final de-Sitter phase we introduced the parameter  = exp(�)/(

p
dz)1+

p
d

and we analysed the final configurations in the asymptotic future. In fig.(5) (a) we show the basin of attraction
changing the number of spatial dimensions and for different behaviours of the potential for large values of the
dilaton, which is parametrised by q2 in eq.(16). In fig.(5) (b) is represented the post-bounce flow plot in d = 9
that clearly shows that the final de-Sitter phase is a stable fixed point of the eqs.(14). In green are highlighted
the trajectories that lead to the de-Sitter attractor. The black solid line separates the pre Bounce to the post
Bounce, where by the Hamiltonian constraint h(z) + V (�) = 0.

Finally we found a general isotropisation mechanism induced by both ↵0 corrections and V for a Bianchi-I
geometry and numerically studied the basin of attraction in this case. We carried out a numerical analysis with
anisotropic initial conditions and found a large basin of attraction that leads to a de-Sitter isotropic geometry
with stabilised dilaton. The analytic statement of the general result is as follows:
Whenever there is a late-time attractor with constant � and zi, the attractor must be isotropic,
i.e zi = z = z0, and consequently Hi = H = H0.

This results is of remarkable importance because the dynamics of the geometry in the Einstein frame is
a contracting one in the pre Bounce phase. In contracting geometries anisotropies are amplified requiring an
isotropisation mechanism to lead to a post Bounce phase compatible with the Standard Cosmological model.

We carried out numerical analysis using the following generalized Hamiltonian in the case of a Bianchi-I
metric with two d and n dimensional isotropic subspaces:

h(zi) =
d

2

 
X

i

z2
i
�

↵0

2

X

i

z4
i

!
. (25)

2q = 1 “Runaway potential” [30–32], q = 0 asymptotically maximum.
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to be ↵ = 10, c = 2, � = 0.01, A = 0.1 and � = 3. The number of dimensions from smaller (left) to higher
(right) values. The white regions corresponds to a final configuration which is the time reversed configuration
of the initial one, while the red ones correspond to an unbounded growth of the dilaton.
(b) Flow plot in d = 9, this plot was realised by Dr. Pietro Conzinu, who I wish to thank for the permission to
show it.

showing that the stabilised value of the dilaton corresponds to the minimum of an “effective” potential Ṽ ⇠
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dilaton, which is parametrised by q2 in eq.(16). In fig.(5) (b) is represented the post-bounce flow plot in d = 9
that clearly shows that the final de-Sitter phase is a stable fixed point of the eqs.(14). In green are highlighted
the trajectories that lead to the de-Sitter attractor. The black solid line separates the pre Bounce to the post
Bounce, where by the Hamiltonian constraint h(z) + V (�) = 0.
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geometry and numerically studied the basin of attraction in this case. We carried out a numerical analysis with
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with stabilised dilaton. The analytic statement of the general result is as follows:
Whenever there is a late-time attractor with constant � and zi, the attractor must be isotropic,
i.e zi = z = z0, and consequently Hi = H = H0.

This results is of remarkable importance because the dynamics of the geometry in the Einstein frame is
a contracting one in the pre Bounce phase. In contracting geometries anisotropies are amplified requiring an
isotropisation mechanism to lead to a post Bounce phase compatible with the Standard Cosmological model.

We carried out numerical analysis using the following generalized Hamiltonian in the case of a Bianchi-I
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Figure 1: Bouncing solution with h(z) = d

2 (z
2
� z4) and d = 3, V (�) = 0. The images have been taken from [5].

as z = �
f

2d in order to have the asymptotic identification in the low curvature regime H(z) = 1
d

@h(z)
@z

= z+O(↵0)
and eqs.(14) become:

˙̄�
2
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For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
� breaking the O(d, d) invariance and leading to a post-bounce phase not necessarly duality related to the one
in the asymptotic past.

3 From the string vacuum to FLRW or de Sitter via ↵0 corrections
and non-perturbative dilaton potenital

As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
As a first step towards making the model more realistic we included into the effective string cosmology equations
the contributions of a non-perturbative dilaton potential V (�), which goes to zero in the small coupling limit
g2
s
! 0 (t ! �1) with an instanton-like suppression of the type V ⇠ e�const/g2

s , and which becomes non-
negligible in the opposite large time limit, thus breaking the duality symmetry and modifying the final, post-
bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2

s
(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
h�
c2 �B(�)

�2
+ �B(�)

i ⇥
1� q B�1(�)

⇤
, (16)

where
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As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
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bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2
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(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
h�
c2 �B(�)

�2
+ �B(�)

i ⇥
1� q B�1(�)

⇤
, (16)

where

4

terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:

dH2
0 = �

⇣
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@�

⌘

�=�0

, d(d� 1)H0 = 2V (�0). (22)

They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:

@

@�

⇣
V e

2�
d�1

⌘

�=�0

= 0 (23)

7

terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
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(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
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constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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Figure 5: (a) The blue regions represent the basins of attraction of the post-bounce phase with a stabilised
dilaton with initial condition z = 0.01 and  ranging as a function of q. We fixed the parameters of the potential
to be ↵ = 10, c = 2, � = 0.01, A = 0.1 and � = 3. The number of dimensions from smaller (left) to higher
(right) values. The white regions corresponds to a final configuration which is the time reversed configuration
of the initial one, while the red ones correspond to an unbounded growth of the dilaton.
(b) Flow plot in d = 9, this plot was realised by Dr. Pietro Conzinu, who I wish to thank for the permission to
show it.

showing that the stabilised value of the dilaton corresponds to the minimum of an “effective” potential Ṽ ⇠

V exp[2�/(d�1)]. Interestingly enough, and consistently with the scenario of a stabilised dilaton, the latter is the
potential written in the E-frame where the dilaton is a minimally coupled scalar. We again estimated analytically
the difference between �0 and �m in the low curvature asymptotic regime corresponding to V0 ⌧ 1, � ⌧ 1 by
perturbatively expanding the potential around the minimum as V (�) = V0+

m
2

2 (���m)2 obtaining the following
results at the first order in V0/m2 = � c

2

2(c2�1)2 +O(�2):
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�⇤
.

(24)

Moreover we analysed the attraction basin of initial conditions leading to the final attractor. In order to study
the moduli space compatible with the final de-Sitter phase we introduced the parameter  = exp(�)/(

p
dz)1+

p
d

and we analysed the final configurations in the asymptotic future. In fig.(5) (a) we show the basin of attraction
changing the number of spatial dimensions and for different behaviours of the potential for large values of the
dilaton, which is parametrised by q2 in eq.(16). In fig.(5) (b) is represented the post-bounce flow plot in d = 9
that clearly shows that the final de-Sitter phase is a stable fixed point of the eqs.(14). In green are highlighted
the trajectories that lead to the de-Sitter attractor. The black solid line separates the pre Bounce to the post
Bounce, where by the Hamiltonian constraint h(z) + V (�) = 0.

Finally we found a general isotropisation mechanism induced by both ↵0 corrections and V for a Bianchi-I
geometry and numerically studied the basin of attraction in this case. We carried out a numerical analysis with
anisotropic initial conditions and found a large basin of attraction that leads to a de-Sitter isotropic geometry
with stabilised dilaton. The analytic statement of the general result is as follows:
Whenever there is a late-time attractor with constant � and zi, the attractor must be isotropic,
i.e zi = z = z0, and consequently Hi = H = H0.

This results is of remarkable importance because the dynamics of the geometry in the Einstein frame is
a contracting one in the pre Bounce phase. In contracting geometries anisotropies are amplified requiring an
isotropisation mechanism to lead to a post Bounce phase compatible with the Standard Cosmological model.

We carried out numerical analysis using the following generalized Hamiltonian in the case of a Bianchi-I
metric with two d and n dimensional isotropic subspaces:

h(zi) =
d

2

 
X

i

z2
i
�

↵0

2

X

i

z4
i

!
. (25)

2q = 1 “Runaway potential” [30–32], q = 0 asymptotically maximum.
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(right) values. The white regions corresponds to a final configuration which is the time reversed configuration
of the initial one, while the red ones correspond to an unbounded growth of the dilaton.
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This results is of remarkable importance because the dynamics of the geometry in the Einstein frame is
a contracting one in the pre Bounce phase. In contracting geometries anisotropies are amplified requiring an
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Figure 1: Bouncing solution with h(z) = d

2 (z
2
� z4) and d = 3, V (�) = 0. The images have been taken from [5].

as z = �
f

2d in order to have the asymptotic identification in the low curvature regime H(z) = 1
d

@h(z)
@z

= z+O(↵0)
and eqs.(14) become:
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= 2h(z) + 2V, ż = z ˙̄��

@V

@�
, ¨̄� = z @h

@z
+ @V

@�
. (15)

For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
� breaking the O(d, d) invariance and leading to a post-bounce phase not necessarly duality related to the one
in the asymptotic past.

3 From the string vacuum to FLRW or de Sitter via ↵0 corrections
and non-perturbative dilaton potenital

As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
As a first step towards making the model more realistic we included into the effective string cosmology equations
the contributions of a non-perturbative dilaton potential V (�), which goes to zero in the small coupling limit
g2
s
! 0 (t ! �1) with an instanton-like suppression of the type V ⇠ e�const/g2

s , and which becomes non-
negligible in the opposite large time limit, thus breaking the duality symmetry and modifying the final, post-
bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2

s
(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
h�
c2 �B(�)

�2
+ �B(�)

i ⇥
1� q B�1(�)

⇤
, (16)

where
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@V

@�
, ¨̄� = z @h

@z
+ @V

@�
. (15)

For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
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the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2
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(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological
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terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism

expanding pre-bb

-1.0 -0.5 0.5 1.0 1.5 ϕ


-2

-1

1

d H

(a)

-3.55 -3.50 -3.45 -3.40 -3.35 -3.30ϕ

-0.05

0.00

0.05

0.10

0.15
d H

(b) (c) (d)

Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:

dH2
0 = �

⇣
@V

@�

⌘

�=�0

, d(d� 1)H0 = 2V (�0). (22)

They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
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position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:

@

@�

⇣
V e

2�
d�1

⌘

�=�0

= 0 (23)

7

Asymptotic de-Sitter geometry δ ≠ 0 

Minimum of the dilaton 
potential in the E-frame (The 
dilaton is a minimally coupled 
scalar in the E-frame) E-frame dilaton potential

24



Dilaton Stabilisation and de-Sitter attractor

terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
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Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:
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They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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Figure 5: (a) The blue regions represent the basins of attraction of the post-bounce phase with a stabilised
dilaton with initial condition z = 0.01 and  ranging as a function of q. We fixed the parameters of the potential
to be ↵ = 10, c = 2, � = 0.01, A = 0.1 and � = 3. The number of dimensions from smaller (left) to higher
(right) values. The white regions corresponds to a final configuration which is the time reversed configuration
of the initial one, while the red ones correspond to an unbounded growth of the dilaton.
(b) Flow plot in d = 9, this plot was realised by Dr. Pietro Conzinu, who I wish to thank for the permission to
show it.

showing that the stabilised value of the dilaton corresponds to the minimum of an “effective” potential Ṽ ⇠

V exp[2�/(d�1)]. Interestingly enough, and consistently with the scenario of a stabilised dilaton, the latter is the
potential written in the E-frame where the dilaton is a minimally coupled scalar. We again estimated analytically
the difference between �0 and �m in the low curvature asymptotic regime corresponding to V0 ⌧ 1, � ⌧ 1 by
perturbatively expanding the potential around the minimum as V (�) = V0+

m
2

2 (���m)2 obtaining the following
results at the first order in V0/m2 = � c

2

2(c2�1)2 +O(�2):
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Moreover we analysed the attraction basin of initial conditions leading to the final attractor. In order to study
the moduli space compatible with the final de-Sitter phase we introduced the parameter  = exp(�)/(

p
dz)1+

p
d

and we analysed the final configurations in the asymptotic future. In fig.(5) (a) we show the basin of attraction
changing the number of spatial dimensions and for different behaviours of the potential for large values of the
dilaton, which is parametrised by q2 in eq.(16). In fig.(5) (b) is represented the post-bounce flow plot in d = 9
that clearly shows that the final de-Sitter phase is a stable fixed point of the eqs.(14). In green are highlighted
the trajectories that lead to the de-Sitter attractor. The black solid line separates the pre Bounce to the post
Bounce, where by the Hamiltonian constraint h(z) + V (�) = 0.

Finally we found a general isotropisation mechanism induced by both ↵0 corrections and V for a Bianchi-I
geometry and numerically studied the basin of attraction in this case. We carried out a numerical analysis with
anisotropic initial conditions and found a large basin of attraction that leads to a de-Sitter isotropic geometry
with stabilised dilaton. The analytic statement of the general result is as follows:
Whenever there is a late-time attractor with constant � and zi, the attractor must be isotropic,
i.e zi = z = z0, and consequently Hi = H = H0.

This results is of remarkable importance because the dynamics of the geometry in the Einstein frame is
a contracting one in the pre Bounce phase. In contracting geometries anisotropies are amplified requiring an
isotropisation mechanism to lead to a post Bounce phase compatible with the Standard Cosmological model.

We carried out numerical analysis using the following generalized Hamiltonian in the case of a Bianchi-I
metric with two d and n dimensional isotropic subspaces:

h(zi) =
d

2

 
X

i

z2
i
�

↵0

2

X

i

z4
i

!
. (25)

2q = 1 “Runaway potential” [30–32], q = 0 asymptotically maximum.
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a contracting one in the pre Bounce phase. In contracting geometries anisotropies are amplified requiring an
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Figure 1: Bouncing solution with h(z) = d

2 (z
2
� z4) and d = 3, V (�) = 0. The images have been taken from [5].

as z = �
f

2d in order to have the asymptotic identification in the low curvature regime H(z) = 1
d

@h(z)
@z

= z+O(↵0)
and eqs.(14) become:
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2
= 2h(z) + 2V, ż = z ˙̄��

@V

@�
, ¨̄� = z @h

@z
+ @V

@�
. (15)

For a regular bounce to occur we must require that h(z), which grows from zero to positive values for z ⌧ 1,
exhibits a second zero at z = z2 (and, of course, also at z = �z2). Assuming h(z) to be continuous and
differentiable, this implies that H(z) itself vanishes at (at least) one point z0 < z2 and has local extrema at
various points (z1, ...) in that interval. Simple examples satisfying such conditions (like, for instance, h(z) ⇠

(1/2)z2[1 � z2/2] have been considered and discussed in [28]. There is also, however, the possibility of more
complicated models described by a function H(z) which has several extrema (or zeros) in the range {0, |z2|}.
What we found as shown in fig.(1) is that every bouncing solution belong to the same topological class in the
{
˙̄�, H} plane with the same winding number around the origin (a clockwise rotation of 3/2⇡) and joining the

low curvature duality related solutions of eqs.(8) and (9).
However this scenario is not realistic because the dilaton keeps growing and so the string coupling g2

s
⇠ e�,

leading to the necessity to introduce a non-perturbative dilaton potential V (�). This potential takes into
account string loop corrections and also non-perturbative effects that can become important at sufficiently large
� breaking the O(d, d) invariance and leading to a post-bounce phase not necessarly duality related to the one
in the asymptotic past.

3 From the string vacuum to FLRW or de Sitter via ↵0 corrections
and non-perturbative dilaton potenital

As discussed previously a tree-level string cosmology, even if it implements a regular bounce, cannot be realistic.
As a first step towards making the model more realistic we included into the effective string cosmology equations
the contributions of a non-perturbative dilaton potential V (�), which goes to zero in the small coupling limit
g2
s
! 0 (t ! �1) with an instanton-like suppression of the type V ⇠ e�const/g2

s , and which becomes non-
negligible in the opposite large time limit, thus breaking the duality symmetry and modifying the final, post-
bounce asymptotic configuration. We found a modified dilaton dynamics but also a modified final evolution of
the cosmic geometry (no longer necessarily duality-related to that of the initial low-energy solution). We were
interested, in particular, in a “realistic” post-bounce scenario with the dilaton stabilized at a final constant value
�0 such that g2

s
(�0) . 1, and in which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string loops and/or ↵0 corrections).
We thus considered an effective dilaton potential which has a local minimum V = V0, needed to stabilise the
dilaton, and which can be parametrised in a phenomenological way as follows:

V (�) = Ae�B(�)/�
h�
c2 �B(�)

�2
+ �B(�)

i ⇥
1� q B�1(�)

⇤
, (16)

where
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�0 such that g2
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terms of the S-frame:

HE(t) = e�/(d�1)(H �
�̇

d� 1
) ⌘

2

td
e�/(d�1). (21)

We found the dust-like behaviour, HE ⇠ (2/d)t�1, but this time with very small and damped oscillations due
to the presence of �(t) in the exponential factor. For � ! const, the E-frame time coordinate is simply given
by tE = t exp[��/(d� 1)], and one exactly recovers dust dominated evolution HE = 2/(tEd).

3.2 de-Sitter attractor and isotropization mechanism
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Figure 4: (a) The red curve describes the parametric plot of a numerical solution of Eq. (14), with the potential
(16) and the Hamiltonian (18) (with ↵0 = 1 and d = 3). Differently from the previous figures we have set
� = 0.04 to have a non-vanishing V0 at the local minimum, and � = 1, A = 1. All the other parameters are:
↵ = 10, c = 2, q = 1, and the initial conditions are z = 0.01 and ' = �3.65. The black dashed half line describes
the initial trajectory evolving from the string perturbative vacuum.
(b) Parametric plot H = H(�) for the same numerical solution, in the asymptotic range of large positive times.
(c) Time evolution of H(t) for the same numerical solution . The final asymptotic regime is characterised by a
constant value of H0 > 0
(d) Time evolution of �(t) for the same numerical solution. The final asymptotic regime is characterised by a
constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
interpretation of the difference between �0 and �m, we considered Eqs. (14) in the large time limit where we
can neglect ↵0 corrections. By evaluating such equations at the final attractor position, where � = �0, H = H0,
�̇ = 0 = Ḣ , we than obtain the condition:

dH2
0 = �

⇣
@V

@�

⌘

�=�0

, d(d� 1)H0 = 2V (�0). (22)

They clearly show that i) for a non-vanishing value of H0 the final stabilised dilaton �0 cannot be localised at
the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
final value H0 = 0. Combining the two equations (22) we also obtained a condition on �0 which can be written
as:
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constant dilaton '0 6= �m.

Another interesting cosmological scenario, still describing a regular bouncing evolution from the string
perturbative vacuum but approaching a different final configuration, can be obtained with a slight modification
of the dilaton potential used in the previous section. Including in the potential also the contribution of a (small)
non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
are illustrated in fig.(4).
For an analytical discussion of this scenario in the final asymptotic regime and, in particular, for a physical
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the potential minimum �m (where @V/@� = 0); conversely, ii) if the final attractor coincides with the minimum
position, �0 = �m, then we cannot avoid the final regime of standard evolution with decreasing curvature and a
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non-vanishing parameter � ⌧ 1, one finds that, in the presence of a local minimum, the latter is still located
approximately at the same value �m but with V0 = V (�m) > 0. The numerical integration results of eq.(14)
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Numerical analysis of the attraction basin: Isotropic case

• Conserved quantity from the 
EoM used to fix the initial 
condition of the dilaton.

β controls the height of the 
first peak.

Variation of the height of the first peak (β) and the amplitude A
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Numerical analysis of the attraction basin: Isotropic case

• Conserved quantity from the 
EoM used to fix the initial 
condition of the dilaton.

β controls the height of the 
first peak.

q controls the asymptotic 
behaviour of the dilaton 
potential.

Variation of the height of the first peak (β) and the amplitude A

Variation of the asymptotic behaviour (q) and the number of spatial dimensions d

: de Sitter, stabilised dilaton
: Growing dilaton, Runaway
: Time-reversal post Bounce,     
  decreasing dilaton

• q=1: Asymptotically  vanishing     
              potential
• 0 ≤ q < 1: Asymptotically constant 
                       potential
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Anisotropic case: Isotropisation mechanism
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Case study: Bianchi I geometry with  two isotropic d and n 
dimensional subspaces
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Anisotropic ‘’Hamiltonian’’ 
consistent at the first order in α! 
with the perturbative result 
obtained for F in heterotic string 
theory



Anisotropic case: Isotropisation mechanism

From the 2° EoM Independent from    !  Consistent with the other 
two EoM

Case study: Bianchi I geometry with  two isotropic d and n 
dimensional subspaces
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Anisotropic ‘’Hamiltonian’’ 
consistent at the first order in α! 
with the perturbative result 
obtained for F in heterotic string 
theory



Anisotropic case: numerical analysis of the attraction basin

• Constant quantity 
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Anisotropic case: numerical analysis of the attraction basin

• Constant quantity 
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• Kasner condition

Past-asymptotic low 
curvature solutions.
• Scale factors:

• Hubble functions:



Anisotropic case: numerical analysis of the attraction basin

• Constant quantity 
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: Anisotropy parameter

• Kasner condition

Past-asymptotic low 
curvature solutions.
• Scale factors:

• Hubble functions:



Anisotropic case: numerical analysis of the attraction basin

• Constant quantity 
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: Anisotropy parameter

• Kasner condition

de Sitter attraction basin in  the             space  
Past-asymptotic low 
curvature solutions.
• Scale factors:

• Hubble functions:



Future research and developments
• Stabilizing mechanism for the internal compact dimensions
 
• Add the Kalb-Ramond 𝐵!"	field
 
• Compute perturbations (scalar and tensor) to bound the model 

with observational data 

• Can the Lagrangians, Hamiltonians, or Routhians that 
implement a regular bounce correspond to the dimensional 
reduction of some general covariant action.
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Thanks for your attention!

This presentation was based on:
P. Conzinu, G.Fanizza, M.Gasperini, E. Pavone, L. Tedesco, G. Veneziano, From the string vacuum 
to FLRW or de Sitter via α' corrections ,JCAP 12, 019 (2023).
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