(CTP) Paolo Creminelli, ICTP (Trieste)

Positivity Constraints
on
Lorentz-breaking EFTs

with O.Janssen and L. Senatore 2207.14224 (JHEP) +
also with M. Delladio, A. Longo 2312.08441 +

work in progress also with B. Salehian
+ ...

Genova, 17.1.24



Positivity: LI case

Coefficients of EFT operators must satisfy inequalities
(if there is a “standard” UV completion)

For example: [ = —%(87?)2 + é(@ﬂ)‘l
2
S
A(s) = M(s,t — 0) A(S)ZCF—F...

Crossing: A(s) = A" (—s")

7{ ds A(s) ¢
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Origin of analyticity
Consequence of microcausality: commutators vanish outside lightcone

See e.g. ltzykson Zuber’s book

LSZ: Sp= — J d*x d*y '@ =0 9O + m2)(0x + m)<p2 |To'(y)e(x)|p1)

Up to disconnected pieces: To'(»)o(x) = 0(y° — x°)[¢'(y), ¢(x)]

Sri= Qn)*o*p2 + q2 — p1 — 1)iT
T =i Jd“z e’ *{p,| H(ZO)[jT<§>, j(— g)} p1> (O + ma)e(x) = j(x)

q=%(q: + q2)

Commutator vanishes outside FLC = 7 (¢") analytic for Im g*in FLC



Similar bounds for non-LI| theories?

Motivation: in many interesting situations Lorentz is spontaneously broken

|. Cosmology. In particular Inflation and Dark Energy/Modifications of Gravity

We are particularly interested in “peculiar” theories (Galileon, Ghost
Condensate...): are they consistent!?

2. Condensed Matter. Can we deduce general inequalities for a system!?

3. QFT at finite T or finite Q

In general the theory is defined with non-linearly realised Lorentz

Cannot be “extrapolated” from a LI invariant theory: think about a fluid



Simply do the same!

Baumann, Green, Lee, Porto |5
1 1 aq o Grall, Melville 2|
L= _7*—_c2(0m) + =7+ —=7(Ohm)* + ...
2 95 A2 A2 7

Look at & scattering

®] > <€ ®)

In a LI theory this is well-defined at arbitrary high energy
(calculable in EFT only at low energy)

If LI is broken, 7t is not a good asymptotic state at high energy:
scatter phonons at 10 TeV?

What is the object whose analyticity we want to study?
What is the analogue of the Froissart bound?
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S - Matrix

What if the low energy states do exist at high energy?

L =00 9D + m? did — \(DIP)? o = \%ew/” 6= 12t)2 + 7
p=uv+h
1 2 1 2 2 - 2 2 A 2 2
L= 5(ah) - 5(877) t53 (17 + (0m)?) (h* + 2vh) — Z(h + 20h)

Integrating out h one gets low energy EFT
for Goldstone
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LSZ reduction

#0.9)= Y [ i (O D e o ()

M? + k* — E_(k)?
E.(k)? — E_(k)?

Imposing EOM and CCR one gets e.g.  Z7 (k) = \/

LSZ formula, using polology

H / dty; ePiYi H / d*z; e 0T (7 (y1) . .. 7 (yn)T(21) . . . T(21))]0) ~

zZ7T (p;) iZ™ (k)
: ki...k,
H 02 E2 pz) —|—Z€H kOQ E2 (k ) Z-€<p1 pn‘S’ 1 >

Zi (k) = (Q[h(0) |k, £)

(Another procedure is to write creation/annihilation operators
in terms of fields: different LSZ expression, but same conclusions)



Lack of analyticity

The usual arguments of S-matrix analyticity breaks down

S=- / Gadty eiterv-an “On — E=(2100) ~05 — B (~ids,)

(po|T(m(y)7(x))|P1)

S = (2m)%0W (py + q2 — p1 — )i T

—02 )y — B2(=i0,,p9) =02 )y — B2 (=10, 2) P

T =i [ d*ze® 75 i) ZIE (| 0C=") [ () (=5)]Ip1)

Vanishes outside FLC in z

T (¢") analytic for Im q*in FLC

Without Lorentz invariance Z(k) and E(k) introduce non-analyticities



Conserved currents

with Janssen, Senatore 22

uv: CFT
. Assume to flow to a CFT in UV (general?)
. UV behaviour of (j#j¥) and <TWTO‘5> are known:
2 puv oV .
v pg p°p IR:
@ () = e ol

. At low energy EFT (is not conformal and) breaks LI spontaneously

. Analyticity and unitarity of (j* j¥) and <T/“/TO‘5> + UV limit above

—> positivity properties in EFT



Superfluid

Superfluid: /d4x —g P(X) = —0,00"9

Expanded as ¢ = c t + w(t,x) it describes a perfect fluid w/o vortices

Ty =2P(X)0,00,¢ + P(X)g p=2P'X—-P p=P u“:%

E.g. P(X) = X?gives w = 1/3: radiation fluid

Poincare x U(l) = Spacetime translations x Rotations (x Shift)

Real
superfluids

Given approximate shift
symmetry, good starting point
for inflation and dark energy

(K-inflation, K-essence)




Conformal superfluid

Superfluid: /d4a:\/—g P(X) X =—-0,00"9
Expanded as ¢ = c t + (t,x) it describes a perfect fluid w/o vortices

0, ¢

T, =2P(X)0,00,6+ P(X)gu, p=2P'X—-P p=P uu:\/i)(

E.g. P(X) = X2 gives w = 1/3: radiation fluid

Poincare x U(l) = Spacetime translations x Rotations (x Shift)

Conformal superfluid: add non-linearly realised conformal symmetry

SO(d,2) x U(l) = Spacetime translations x Rotations (x Shift)

CFT at finite chemical potential p. U(1) spontaneously broken. u(l)
At E << u system is described by an EFT




CFTs at large charge

Action by coset construction or by using the metric G, = ¢,|9*"0axsX]

0B =pt ) 50 [ary=g=F [ day=gions
.. 0 . A A a
Expansion in " S — /d% —g (—@R + 63R“”3MX3VX)

Hellerman, Orlando, Reffert,

Large Q limit of: <O_Q”a($out)0m (:Um) .0 (331)0@"&(33@‘11» Watanabe |5; Monin, Pirtskhalava,
Rattazzi, Seibold 16
By operator-state correspondence, one is in a state at large Q on S%/x R

For large Q, one has an EFT with a single Goldstone and CFT results
can be obtained as an expansion in [/Q: I/uR ~ 1/Q!/2

Ag = 2 O% + 87ey ©  0.0937256 + O (Q'?)
3 V2mey 2mcy

|-loop correction



Constraints from Current

2 n 2 n v
Focus on 3d: £ = ﬁ|VX|3 — QCQM + c3 2(V X@AZXD + 0, (w) 0,| Vx|
6 Vx| Vx|

b E,,Frv N d F"Fve
4 Vx| 2 |Vx[?

VuxVux, € Contact terms for A,

Can we get constraints on ¢ 53, b and d using <J* Jv>?

Most general using conservation:  i(J*(—k)J"(k)) = A (k"k" — n*k*) + B (k'K — 67 k?)

A_____Ha +c_(w2—k2)k2_@ w2k’ b d
2 (w? —c2k?)  p (w? — c§k2)2 fo(w?— c§k2)2 T
5 _ e ) (wQ—k2)2 _@w2(w2—k2) d

Lo = dl) (w2 ak?)’ (e -kt



Current analyticity
Retarded Green function:  G% (z —y) = i0(2" — °) (0|[J*(x), J* (y)]|0)
G'% (w,p) analytic for py,*in FLC p=ko+wf gl =<1
YV : Im
G () = C~?R (w,p) fw™>0
G (w,p) if w'™ <0

lim (éwf(w +ie) — G (w — z's)) = / ddz e~ (0|[J#(x), J7(0)]|0)

=i(2m)* Y {6 (p — ) (01*(0)| Pa) (Pl T (0)|0) — 8V (p + Po) (017 (0)| P (] J*(0)[0) }

[

_ . Positive!
- C'FQ(CA % amA \<‘)
Gr ()
A | pamaaam Assuming mass gap,
or working at tree level
A (@) 4oz
G ~ P 0 ’Qﬂd’c ‘F )

a S (m CFT



Current analyticity 2

1 G,ul/(w’ﬁ: gw)vuvy B 1 / G,ul/(w’ﬁ: gw)VMVV >0 fOI" any g and VH (Ba Y)
cuT

21 w3 21t

w3

E(1-8) _ £’ 2 2 2 2 Y’

62(1_52/2)25 63(1_52/2)2ﬁ +b(8 ‘|"7)‘|’i 5“"1_5? ZOI
d>0 0.5
' bra=o 4

0.0: ®
c3/(b+d) -05-

Unable to constrain the sign of c,

(most relevant for CFT use) 10l
Nothing more from kg ool

-2.0 :

-4 -2 0 2 4



Same for <THv ToB>

Given the behavior at infinity | have to divide by ®>: NNLO

SG) — /d?’a:\/ —g <c4}?i2 + C5f€W}A%W + 66}?2}?“0)

Only operators that start quadratic in perturbations at NNLO (up to field redefiniton)

1 (TH TP (w; F = Ew) A, Aag
- > ()
271 w?

464 + 265 + Cg > 4(02 + 03)2/01 ]

) cs > 0,

6620.



UV checks

Luv == (100 = Nol* - S Rlo )

—\/_( (0p)* + p*90]* — Ap —%RpQ)

Conformal at tree level. Integrate out p:

Cerr 2 ; 1 (8]66])? 1 R \°
p— D - -
i o - (|aeu~z +20000) + o (0m— o

?
4 1 !
L

cp = - — . C c3=cs=c=b=d=0

$V3x T T 256v3N

More general:

R )
Lyv = \/—_9 (_‘8¢|2 - (880)2 — )\1‘¢|6 — )\2906 — 51’¢|2804 — 52|¢|4802 ) (‘¢|2 -+ 802>

Bounds are satisfied (of course!)



Positivity bounds for EM response of media

in progress with Janssen,

Re-explore the old problem of light in a material Salehian, Senatore

Fields are small (compared with the atomic ones) =2 linear optic

We want EOM for <E> and <B> after you integrate out the medium
IN-IN Effective action

/d4x JH(P)A, /_LV

FM[Al,AQ] = %/d4$ d4y [Al,u(fc) Agﬂ(a:)] S’uy(ib,y)

5 (g gy = i | W) _~<J,,<W(x)>]
DTN r@r ) (T
Macroscopic Maxwell equations
g_gavaw / Ay I (2, y) Ay (y) = —Jhy(2) I (z,y) = i0(z" — y°) ([J*(x), 7V (y)])1p1



Susceptibilities
p 1M =0 " = 7y, (w, k)p273§'/ + 77 (w, k)k%’éﬁu

1 w?
e—1=—grp, 1——=92<7TT+—27TL)
7 k

Usual electric and magnetic susceptibility, now function of m, k

Analyticity of IT gives analyticity of w and nt 1! Cheating Warning !!

- ~ 1 oo g - S
WL(w,kerf):,—PV/ © nn(z k4 26)

LT oo R W

Generalisation of Kramers-Kronig relation Leontovich 61

The sign of the imaginary part is fixed by imposing material can only absorb light
(laser is an exception for example)



Positivity bounds for EM response of media

+0o0 d
£(0,0) —1——/ —ZIme (2, 26) >
1 g®> [T dz
(5(0,0)—1)+€2 (1_M(0 O))Z?/ 7§ Im 77 (2, zg)
aF
* Not only bounds but given positive RHS :
[ :
* If the medium is “slow”: stronger bounds g
* Bounds on derivatives? =(0,0) 2- .
: Paramagnetism
I
T op =
see also Dolgov, Kirzhnits, Losyakov 82 ’ 0 i é :; 4



Conclusions and Future

Robust constraints on non-LI EFTs are possible but:

a. No constraint for |-derivative per field ~ P(X). Only more
irrelevant than CFT
b. Only operators that start quadratic (but for any background)

General bounds on “CM” systems deriving from (J*J") and (T"*T%")
Superconductivity, fluids, fluctuations...

We do not know anything without Lorentz.
Khallen-Lehman representation? Not every spectral density is ok

Back to S-matrix ?
Weakly gauge U(l) and lookatt A —> 1 A



Backup slides



Loops!?

Loops open a cut all along the real axis.
Can be treated using a countour in upper half plane R

Bellazzini, Elias-Miro, Rattazzi, Riembau, Riva 20

In the particular case of 3d conformal superfluid

1
L= S| et Dty 28 (0?70 + PP + ... +

2 2 It It

+ 64;2;6 [037783% + ]
7
1 1 1 1 .

S— [7r02 — —(8,7@)2] + 7 §+ — a4 2’32 P 0%, + 36/22’3 Pr. 0w 7,
2 2 ¢! ud/? cr C1pb cy

+ 20 g3 P +
1l

Loops do not generate pu2 or u*(they start at p=°)



Positivity bounds for EM response of media

+o00
P(t) = / dt' x.(t —t)E(t') Pw)= Xe(w)E(w) Electric susceptibility
- (Linear response in general)

Ye(t) is retarded —— y.(w) is analytic in upper half plane

—— Kramers-Kronig: ¥, (w )_ 1 PV/ %){e(o
w ( —
In general the response of the medium is k-dependent: X.(w, k)

Impose response vanishes outside the lightcone (and convergence at infinity):

Xe(w, k) = iPV ﬁxe(c, k+ (¢ —w)€) Leontovich 61

C_

Two responses: longitudinal and transverse

Re Y51 (w, k) —PV/—Im (G k+ (C—w)E)

Positive
(medium in thermodynamic eq. can only absorb)



Positivity in 2 medium

Magnetic w? [

susceptibility L= i, k> T R2

< 0 diamagnetic

~T =L
Xe (wa k> Xe (w, k)} > 0 paramagnetic

Relg? +&2(1 — i™))(w, &w) = ~PV / %t [+ €01 (€0

Non-trivial constraints, not fully explored a0

(but see Dolgov, Kirzhnits, Losyakov 82)
w— 0 E—1 3[

Re[ch + (1= 41)](0,0) =

Diamagnetism

d¢ L ~_1 w002 w::":_
- Tl A -ATHGO >0 | *
) S NS
Usually cone is much narrower than c: & =2 c/v 7 R T
E.g. Lieb-Robinson velocity f G
0OO 0‘5 | 110 1‘5 2.0

in progress with Janssen, Salehian, Senatore #(0,0)



