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THE MUON g—2: A PROBE FOR NEW PHYSICS

m Magnetic moment of charged leptons | € {e, u,7}:
(&

b =aq - — - §
Hi = gi 2m,

m Quantum corrections lead to deviations from the classical value
g = 2 (Dirac), the anomalous magnetic moment,

91— 2 _ o 2 :
@ ="5— = + O(a?) (Schwinger)

m Contributions from new physics at the scale Axp enter q; via

2

m
a; — aPM ATI
NP

with m,,/m. ~ 207.
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THE MUON g—2: A PROBE FOR NEW PHYSICS

m Standard Model prediction from QED,
electroweak and hadronic contributions:

ED
alSM = alQ + aZEW + a?ad

where ahad = ¢"P 4 ghlbl,

m AdiM is fully dominated by Aal®.

Compute the hadronic contributions
(leading order) to al;’ from lattice QCD.

hadronic vacuum polarization
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THE MUON g — 2: A PROBE FOR NEW PHYSICS

m Comparison of Standard
Model prediction and
experimental average
[Muon g — 2, 2104.03281]

BNLg-2 —————@——

FNALG2 +——@— m After Run-1 results of the
, R Fermilab g — 2 experiment.
< 420 >

N 14

m Standard Model prediction

R N based on the White Paper of
Standard Model Experiment o e .
Average the Muon g-2 Theory Initiative
175 180 185 190 195 200 205 210 215 [Aoyama et al., 2006.04822]

a, x10° - 1165900
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https://indico.desy.de/event/34916/contributions/150287/
https://inspirehep.net/literature/2687002

THE MUON g — 2: A PROBE FOR NEW PHYSICS

m Comparison of Standard

< - — Model prediction and
Significance will likely decrease Fermilab 1+2+3 expe rm ental ave rage
with an updated SM prediction (2023) [Muon g - 2, oY 0403281]
< 510 >
—— +—eo—+
Lo Worl(:; ;\z\ge)rage m After Run-1 results of the
(2020) Fermilab g — 2 experiment.
elected new results —.7 M .
e e Paer 3020) SM: Lattice HVP m Standard Model prediction
M 0z0) based on the White Paper of
—.— .« . .
SM: e+e- HVP the Muon g-2 Theory Initiative
i ly CMD-3
data below 1 GeV [Aoyama et al., 2006.04822]
17.5 18.0 18.5 19.0 19.5 20.0 205 21.0
a,%10° - 1165900 + Everything is much more

complicated now [Venanzoni]
[Muon g — 2, 2308.06230].
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aﬁvpi THE DISPERSIVE APPROACH

. _ 09%ete”—hadrons(+7)) _ 4ra?
R-ratio: R(S) = o s Opt = T35
ST AN s m Data-driven extraction of the
o = I : H - . o .
S e 1 HVP contribution via
5 — . . .
- ] dispersion integral
4} { 2 e}
N ] « K(s
g ] a/IjVP’LO = ( )R(s)ds
2 =
r B c'e - hadronsdata -
C (HVPTools compilation) ]
11— ¢ BES _
E t KEDR ]
r —— pQCD (massless) b
00 ]\- L L 2\ L 3\ P T RN N1

s [GeV]

[Davier et al., 1706.09436] 4/ 22
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aﬁvpi THE DISPERSIVE APPROACH

. 0f 4+ — )
R-ratio: R(S) _c (eTe~ —hadrons(+7)) : ot = 47?:?

Opt

m Data-driven extraction of the
HVP contribution via
dispersion integral

100

01|

R(s)

0.01 |

2 © K
a/IjVP,LO — % (5) R(s)ds
e ]V[% S

0.001 -

0.0001 |

m R-ratio constructed from

1e-05

0.4 0.6 0.8 1 12 1.4 1.6 1.8

Ys10eV] exclusive channels
— source of systematic
uncertainty.

[Davier et al., 1706.09436] [Keshavarzi et al., 1802.06229] 4] 22
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azvl): THE DISPERSIVE APPROACH

; O(ete——h 2
R-ratio: R(S) _c (eTe —>U;drons(+'y)) : ot = 47?:(;

m Data-driven extraction of the

3 bafore CMD2 HVP contribution via

3 cMD2 dispersion integral

E_ SHD 2 o]

2 KLOE comb HVP,LO _ & K(s)
: a, = R(s)ds
=2 — BABAR 37 Sz S

3 BES 7

2 CLEO m R-ratio constructed from
3 SND2k exclusive channels

3 — source of systematic
~ 350 565 570 575 380 385 590 uncertainty.

a"™ (0.6 <(s<0.88 GeV ), 10

[Davier et al., 1706.09436] [Keshavarzi et al., 1802.06229] [Ignatov et al., 2302.08834] 4] 22
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azvl): THE DISPERSIVE APPROACH

; O(ete——h 2
R-ratio: R(S) _c (eTe —>U;drons(+'y)) : ot = 47?:(;

m Data-driven extraction of the

3 before CMD2 HVP contribution via
2 CcMD2 dispersion integral
E_ SND 2 e’} K
3 KLOE comb JHVPLO _ @ (S)R(S)ds
3 e BABAR K 372 Jaz s
= BES
2 CLEO m R-ratio constructed from
3 SND2k exclusive channels
= ——=— CMD3 — source of systematic
560 365 370 575 580 585 590 uncertainty.

a™™ (0.6 <(s<0.88GeV ), 10"

m The discrepancies are
not understood.
[Davier et al., 1706.09436] [Keshavarzi et al., 1802.06229] [Ignatov et al., 2302.08834] 422
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a,’* FROM LATTICE QCD

& staggered @ twisted mass

ah\])"]‘o from: HH Wilson HH domain wall
Aubin et al. 22 I >—IA—< I I
Lehner, Meyer 201 I &
BMW 20 —&—
Mainz/CLS 19 —

FHM 19 ——

PACS 19 ———

ETMC 19 F————&—

RBC/UKQCD 181 ——
R-ratio- [l
Experiment - - ]
PR IR ] I - L
—40 —20 0 20
(a.?l\[ a;»(xp) 101()

[BNL g—2, hep-ex/0602035]
[FNAL g—2, 2104.03281, 2308.06230]

m 5.1 0 discrepancy between the current
experimental average and the White
Paper average [2006.04822] (pre CMD-3).

m Average based on data-driven
evaluation of the LO HVP contribution
(“R-ratio”) with 0.6% precision.

m One sub-percent determination of aj,"?
from the lattice [BMWc, 2002.12347]:
In tension with the dispersive result.

Several lattice results at < 0.5% precision.
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HADRONIC LIGHT-BY-LIGHT SCATTERING

m Hadronic light-by-light scattering:
O(a?), target precision: 10%.
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HADRONIC LIGHT-BY-LIGHT SCATTERING

M Wilson  HH domain wall m Hadronic light-by-light scattering:
O(a?), target precision: 10%.

;

RBC/UKQCD 23

m White paper recommended value:
Mainz 21

}

ap™ = (92+18)-10""

RBC/UKQCD 19— i

m Two lattice calculations since then,

WP 20 data-drivenr ——— B .
[Mainz 21, 2104.02632, 2204.08844] and
WP 20k < B [RBC/UKQCD 23, 2304.04423].
‘ 5;0 — ‘1(‘)0‘ -
A 01! m Lattice and data-driven computations are
"

an outstanding success.
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HADRONIC LIGHT-BY-LIGHT SCATTERING

M Wilson  HH domain wall m Hadronic light-by-light scattering:
O(a?), target precision: 10%.

;

RBC/UKQCD 23

m White paper recommended value:
Mainz 21

}

ap™ = (92+18)-10""

RBC/UKQCD 19— i

m Two lattice calculations since then,

WP 20 data-drivenr ——— B .
[Mainz 21, 2104.02632, 2204.08844] and
WP 20k < B [RBC/UKQCD 23, 2304.04423].
‘ 5;0 — ‘1(‘)0‘ -
A 01! m Lattice and data-driven computations are
"

an outstanding success.
m Probably not the reason for tensions between SM and experiment.

m Data-driven and lattice predictions are compatible.
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CLSVP ON THE LATTICE (LEADING ORDER)




LATTICE QCD

ay(Q)

0.35

0.25

02

0.15

= ay(Mz2) = 0.1179 + 0.0009
1

T T
T decay (NLO) +=—
low Q2 cont. (N’LO) Fe—
HERA jets (NNLO) i ]
Heavy Quarkonia (NNLO)
e*e jets/shapes (NNLO+res) F=—
pp/pp (jets NLO) —=—
EW precision fit (N>LO) Fe— ]
pp (top, NNLO) v

L 1

0.05
1

August 2021

10

100 1000
Q[GeV]

'[PDG, PTEP 2022 (2022), 083C01]

m QCD is a strongly coupled theory in the
hadronic regime at @ ~ 300 MeV.

m Perturbative expansion fails below 1 GeV.

7122
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LATTICE QCD

m QCD is a strongly coupled theory in the
hadronic regime at @ ~ 300 MeV.

m Perturbative expansion fails below 1 GeV.

m Formulate the theory
» on a finite grid — regulator Ayv.

» in finite volume — Ajg.

» in Euclidean space-time

» as a Boltzmann distribution

gluon qugrk m Compute expectation values (O) by

sampling the QCD path integral with
Markov Chain Monte Carlo methods.

http://www.jicfus.jp/en/promotion/pr/mj/guido-cossu/
7122



LATTICE QCD

The QCD Lagrange density

N —
Lqop = 3020 O (B + mp)s + jtrF, FH

m Contains Ny + 1 bare parameters (gauge coupling and Ny quark masses)

m Renormalize the theory from hadronic input, e.g., mq, m,, mg, mp,, map,.
— All other observables are predictions.

m Freedom of choice on how to discretize Locp: Wilson, twisted mass, staggered,
domain wall, overlap, ...

m Ab initio predictions after lifting the cutoffs:
» Arg: Infinite-volume limit.

» Ayvy: Continuum limit.
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a,’” ON THE LATTICE

m Compute a,“p via [Laurup et al.] [Blum, hep-lat/0212018]
b = (2)" /0 AQ*F(QIQ%),  with TI(Q?) = dn” [1(Q?) ~ TI(0)]
from a known QED kernel function f(Q?) and the polarization tensor
I1,,(Q) = [ alee'@* (@) J27(0) = (QuQy — G QPTIQ?).

hvp -

m q," in the time-momentum representation (TMR) [Bernecker, Meyer, 1107.4388],

® T

2 oo ~ ~
alvP = (g) / dt G(t)K(t) with the known QED kernel function K(¢),
0

in terms of the zero-momentum vector correlator G(t) (de facto standard).

m Alternative: coordinate space method [Meyer, 1706.01139] [Chao et al., 221115581].
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https://inspirehep.net/literature/69646
https://inspirehep.net/literature/604400
https://inspirehep.net/literature/919588
https://inspirehep.net/literature/1602622
https://inspirehep.net/literature/2634514

a/b“'p ON THE LATTICE: EUCLIDEAN TIME WINDOWS

hvp a2 [ a3 s -em =\ ;em
@) = () | aGwE® G(t) = =% D 3 G (6.2) 55 (0))
k=1 7

25F T T T T T T T T
B ;&e%xx E (Z\pll)
T 20+ = = .
E ; x
=10F .
zM -
CR-

) %ﬁ%ﬂﬁ%@
U705 10 15 20 25 30 35 40 45
t [fm] 10/ 22
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a/b“'p ON THE LATTICE: EUCLIDEAN TIME WINDOWS

hvpyi a2 [ ~ i ad &
(alvP)i = (;) /0 dt G()K (1) Wit;to:t1), = -5 20 G B 30)
k=1 &

o ' ' ' ' ' ' ' m Windows in the TMR:
2 90k x 3 separate short- from
S - . long-distance effects
sk | XX — W) | [RBC/UKQCD, 1801.07224].
j(_f)\ % o WID(t)
= 10r o LD |
= ; WE2(t)
3l 5,%26 }E Eﬁ i

* 1 1 1 1 1 Eﬁiﬁiﬂ%%i %$¥H¥¥

V=05 10 15 20 25 30 35 40 45
¢ [fm] 10/ 22
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a,"” ON THE LATTICE: EUCLIDEAN TIME WINDOWS

2 [ - 3.3
hvpi:(o‘) / dt G)K(t) W'(t;to;t - ™ (¢ 0
@?) = (3)" | #GOR® Witton), 3 2 2 G ) 5" 0)
k=1 %
25F T T T T T T T T . 5
2 5 T (aon m Windows in the TMR:
S 90l 3 " separate short- from
; 5 I (awiysd .
= N 3 n long-distance effects
Dk o+ s ox o (g [RBC/UKQCD, 1801.07224].
S #:; * III E ( ail;fpﬁ I1 ) LD

m Intermediate window a}}™:
> Cutoff effects suppressed.
» No signal-to-noise problem.

» Finite-volume effects small.

R ' ol
05 1.0 1.5 20 25 3.0 35 40 45

t [fm] 10 [ 22
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a,"” ON THE LATTICE: CONTRIBUTIONS

The electromagnetic current

o™ = By — Sdyud — §5yus + Foyuc+ .. = jL 4 570

from zero-momentum vector-vector correlation functions
GisoQCD (t) _ gthht(t) + %Gstrange(t) + %Gcharm(t) + Gdisc(t) I

Contributions to ah"p

light

| —disconnected
h

<ol charm
‘ strange

FV correction

Based on [BMWc, 200212347]: ay’® = 707.5 (5.5)

10710

Contributions to (Aah\'p)Q

light

Isospin breaking

disconnected
FV correction
1 /22
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WINDOW OBSERVABLES




THE INTERMEDIATE-DISTANCE WINDOW

ri staggered @ twisted mass m 3.8 0 tension between lattice
MH Wilson  HB# domain wall QCD and data-driven evaluation
RBC/UKQCD 23F 1w ] [Colangelo et al., 2205.12963].
ETMC 22 e m This accounts for 50% of the
Mainz/CLS 221 — difference between BMW 20 and
the White Paper average for aﬂvp.
ETMC 21F | o .
BMW 20 —A— A

RBC/UKQCD 18 - — .

Rratiop =>4 1

2275 230.0 2325 235.0 2375
(ab\'p)lf) . 1010

12/ 22


https://inspirehep.net/literature/2087900
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THE INTERMEDIATE-DISTANCE WINDOW

A staggered O twisted mass  FV| overlap m 3.8 0 tension between lattice
M+ Wilson 8 domain wall QCD and data-driven evaluation
RBC/UKQCD 23F | me ‘— [Colangelo et al., 2205.12963].
FHM 23} —A— . .

ETMC 22 —e—i i m This accounts for 50% of the
Mainz/CLS 221 —— i difference between BMW 20 and
Aubin et al. 221 —_— _ the White Paper average for aﬂvp.

chiQCD 22 - .

ETMC 211 | | [ ] Agreemgnt across many actions

Lehner, Meyer 20} e | for th.e llg:ht—connectedth .
BMW 201 | contribution (87% of (a,'?)'P).
Aubin et al. 19F —t— . .

e B m Data-driven estimate:

RBC/UKQCD 18 = .
_ [Benton et al., 2306.16808]

R-ratiof l—)(—ll —

200 205 210
(ah\'p)ID,l . 101[]
"
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THE SHORT-DISTANCE WINDOW

HH+ Wilson @ twisted mass M- Wilson @ twisted mass HBH domain wall

T T T T L B R A
Mainz/CLS 24| — R Mainz/CLS 24[- —— B
RBC/UKQCD 23 f I {
ETMC 22+ ———— | ETMC 22+ —e— B
ETMC 21F ¢ < | B

R-ratior { R
650 655 G0 695 P R R - S Y
(ah\'p)s(l . 100 (ahvp)SD.l . 1010

m Continuum extrapolation is the major difficulty for the short-distance window.
m However: Small uncertainties w.r.t. the full HVP.

m No significant difference between lattice and R-ratio - could expect about 1 unit
(1.44%) based on what is seen in the intermediate window [SK at al., 2401.11895].
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CONTROLLING THE LONG-DISTANCE TAIL

Exponential deterioration of the
signal-to-noise ratio.

T s Improve the signal at large ¢ via:
::z 5%} 1 Iend m Bounds on the correlator.
l [ m Noise reduction methods:

» Truncated Solver Method

2 w(t)E(t)/10710
o o
5 3
f—e—1t

T2

> Low Mode Averaging
> All Mode Averaging

m Spectral reconstruction of
the 77 contributions.

m Multi-level integration.

Dalla Brida et al., 2007.02
[RBC/UKQCD, 191011745] [Dalla Brida et ., 2007.02073] 1] 22
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CONTROLLING THE LONG-DISTANCE TAIL

Exponential deterioration of the
signal-to-noise ratio.

Improve the signal at large ¢ via:

e,
001508, % S m Bounds on the correlator.
A
L + N g . .
R E 1 resteigen m Noise reduction methods:
E 0.0100- + + I rest-rest
;5 ' + *, » Truncated Solver Method
%O'Om > Low Mode Averaging
00050 » All Mode Averaging
0.0025 .
m Spectral reconstruction of
000008 the 77 contributions.

m Multi-level integration.

. . Dalla Brida et al., 2007.02
[Mainz, Lattice 2022] [ ! 7.02973] 1] 22


https://inspirehep.net/literature/1805459
https://inspirehep.net/literature/2634625

CONTROLLING THE LONG-DISTANCE TAIL

Exponential deterioration of the
signal-to-noise ratio.

T eme T dsmte T Gstate Improve the signal at large ¢ via:

—O— 3-state —&— b-state —o— T-state

m Bounds on the correlator.

3
50.10- . .
3 m Noise reduction methods:
3 0.05- » Truncated Solver Method
QD .
S > Low Mode Averaging
1< 0 001 # > All Mode Averaging

[Inl =]

m Spectral reconstruction of
the 7 contributions.

m Multi-level integration.

[Mainz] [Dalla Brida et al., 2007.02973]
alnz 1 / 22


https://inspirehep.net/literature/1805459
https://indico.ph.ed.ac.uk/event/112/contributions/1662/

FINITE-VOLUME EFFECTS

hvp

3% finite- L corrections for a,"” at m,L = 4, mostly in the isovector channel.

m EFT and model calculations.
» NNLO yPT

» Two-pion spectrum in finite-volume and the timelike
pion form factor [Meyer, 1105.1892]
[Lellouch and Liischer, hep-lat/0003023] [Giusti et al., 1808.00887].

» Pions winding around the torus and the electromagnetic
pion form factor [Hansen, Patella, 190410010, 2004.03935].

» Rho-pion-gamma model
[Sakurai] [Jegerlehner, Szafron, 1101.2872] [HPQCD, 1601.03071].
m Simulations at L > 10 fm [PACS, 1902.00885] [BMW(c, 2002.12347].
» Uncertainty statistics dominated.

400~

300
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FINITE-VOLUME EFFECTS

3% finite-L corrections for a},ivp at m,L = 4, mostly in the isovector channel.
700
690 w0
680 gifo
= o
§’1 670 ¥ 2 x
S, 1 350 g -
660 | 2 2 .
A 96x96,upper bound —&— 3
650 96x96,lower bound —e— s
56x84,upper bound —g— e
640 ; _ 56x84,lower bound —A— 3001 Iy
3 3.5 4 4.5 5 55
t.[fm] I
m Simulations at L > 10 fm [PACS, 1902.00885] [BMW(c, 2002.12347]. 25(:);. S .;5
» Uncertainty statistics dominated. 1 fm
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CUTOFF EFFECTS

Systematic uncertainties from the continuum extrapolation may be dominant.
m Extrapolation to the continuum limit guided by Symanzik effective theory.

m Cutoff effects start at O(a?) in modern lattice calculations.

m Mandatory to
» include > 4 resolutions to constrain higher order cutoff effects.
» include fine resolutions a < 0.05 fm for per-mil uncertainties.

m Staggered quarks: taste violations distort the pion spectrum.
» This is a cutoff effect: Vanishes in the continuum limit.
» Taste breaking may introduce non-linear effects (in a?).
— Corrections applied at finite lattice spacing.

16 [ 22



THE CONTINUUM LIMIT: STAGGERED QUARKS

700

=)
Q
5
(5}
=1
g 620 | N :
5 = SRHO(>0.4fm) —o&—
et 22600 | | SRHO(>1.3fm) —&— |
fn © SRHO(0.4% .3fm)+NNLO(>1.3fm) —&—
= none —A&—
N— 580 - L L N 1 N A L o i
cﬁ.
560 | + Ay
0.000 0.005 0.010 0.015 0.020 0.025 A
a2 (fmZ) 540 o ‘ ‘ ‘
675 200k150k100k 50k O 0.005 0.01 0.015 0.02
with FV, discretization, M corrections #iits a2[fm2]
) T A h
S o] ! i 1 m Continuum extrapolations of a,"”
x I computed with staggered quarks.
:Ei 600
P l o
sts{ i % m Compare raw and corrected data.
550 A T T T T T B
0.000 0005 0010 0015 0020 0.025 [Aubin et al., 2204.12256] [BMWc, 2002.12347]
a? (fm?)

[Fermilab, HPQCD, MILC, 1902.04223] 17/ 22
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THE CONTINUUM LIMIT: INTERMEDIATE WINDOW

Isovector, scale fr
: :

200 230 L— T T T T T
set 1: a? _— local-local Zv o C.z
set 1:a’+a’ local-conserved ~ ~ 205 |- Zy, @, C" v |
190 Zy, 0, C°
° Zy, 0,C°
o 20 260 A
180 | gx ZV"» @, C': —e—i F
g oast glide I
170 | 8
5_ 210
160 205
150 L— : : ‘ ; 200
0 0.002 0-094 y 0.006 0.008 0.01 0 0002 0.004 0.006 0.008 001 0012 0014
a? [fm? 22/ fm?
N m Different discretization prescriptions
g m have to agree in the continuum.
X H
I m Strong cross-check for valence cutoff
= effects.
N : ‘ Fit function OS-  Lattice data osj
2000 Fit function tm-  Lattice data tmi .
[Mainz, 2206.06582] [RBC/UKQCD, 2301.08696]

198 ﬁ 0.001 0.002 0.003 0.004 0.005 0.006 0.007 [ETMC’ 2206.—]5084] 18 / 29

a2 [fm?]
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QED AND STRONG ISOSPIN BREAKING

Need to include O(m“Q =4) and O(«) effects for per-mil precision.

m Various ways to compute isospin breaking corrections:

> Perturbative expansion around isospin symmetric QCD [RM123, 1303.4896].
» Simulation of dynamical QCD+QED [CSSM/QCDSF/UKQCD] [RC*, 2212.11551].
» Infinite volume QED [RBC/UKQCD, 1801.07224] [Biloshytskyi et al., 2209.02149]

m Major challenge: Formulation of QED in a finite box.

m QED;: Finite-volume corrections scale as O(1/L?) [Bijnens et al., 190310591]
— sufficient for the precision goal.
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QED AND STRONG ISOSPIN BREAKING: RESULTS

Overview of published results - contributions to a, x 10'° m Strong isospin breaking:
Five groups agree within 1o.
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m Strong isospin breaking:
Five groups agree within 1o.

m QED: agreement on the total
valence contribution.

m One complete calculation

[BMWc, 2002123471
Sap’® = 0.5(1.4) - 10710

m Work in progress:
[Mainz, 2206.06582]
[RBC/UKQCD, Lattice 2022]
[BMWc, Lattice 2022]
[FHM, 2212:12031]
[Harris et al., 2301.03995]
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CONCLUSIONS: TENSIONS

m The discrepancy between lattice and data-driven calculations
(pre CMD3) in the intermediate window is firmly established.

m Further checks via ;> (v) and a™"® (to come).

m Other windows have been computed for further scrutiny
[Lehner et al., 2003.04177] [Colangelo et al., 2205.12963] [FHM, 2207.04765] [Boito et al., 2210.13677]

m More insights from direct comparison with the smeared R-ratio? [EMTC, 2212.08467].

m Similar tension in Aay,ag [BMWC, 1711.04980, 2002.12347] [Mainz, 2203.08676]
[Davier et al., 2308.04221].

m o"P from r data shows less tension with the lattice results
[Masjuan et al., 2305.20005] [Davier et al., 2312.02053].
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CONCLUSIONS: THE WAY AHEAD

m Lattice QCD can and will provide SM predictions with sub-percent precision.

hvp

m More and more precise lattice results for a,,'" urgently needed (and expected).

m Improvements: In the last years and ongoing

vV VvVvYyVvyVvVvyy

Isovector contribution with sub-percent precision.

EFT and data based finite-size corrections.

Finer lattices, more lattice spacings.

More precise scale setting.

Isospin breaking effects (beyond the electroquenched approximation).
Blinded analyses.
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