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GPD definition

@ Generalised parton distributions (GPDs) are a “byproduct” of factorisation of
amplitudes tor exclusive processes such as deeply-virtual Compton scattering.
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@ An operator definition of the GPDs in the light-cone gauge (n - A = 0) reads:
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| GPD definition

@ GPD correlators are obtained by projection:

AT 1 ;
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@ Projectors are parameterised 1n terms of a basis of four four-vectors:

@ n and 7 parameterise the longitudinal directions,
@ R and L parameterise the transverse directions,
@ all scalar products are zero except: (nn) = — (RL) = 1.

@ A typical realisation in Sudakov decomposition is:

1 1
o' = (0,1,07), 7" =(1,0,07), R*=(0,0,——(1,4)), L*=(0,0——(1,—i
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@ 'The relevant twist-2 projectors are:
L'y € {1, 175,i0% " 75}
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GPD definition

@ GPD correlators are typically parameterised in terms of eight independent
GPDs for quarks (i = g) and as many for gluons (i = g):

@ labelingl' , € {U,L,T}.
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@ All GPDs with the same polarisation label evolve 1n the same way.
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GPD evolution

Using dimensional regularisation in 4 — 2¢ dimensions, the UV renormalisation
of GPDs can be implemented 1n a multiplicative fashion:
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In the MS scheme, renormalisation constants have the following structure:

Zz[gr] (Zvliaa& )_5235 ]-_Z _I_Z( ) Z[F][ ](Zal{)
p—l
Exploiting the independence of the bare GPDs on i (for € — 0), one can derive
a RGE governing the evolution of renormalised GPDs w.r.t. p:
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The evolution kernels & are related to the normalisation constants Z:
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Parton-in-parton GPDs

@ The ren. constants Z can be extracted by means of parton-in-parton GPDs, .c.
GPDs where the fadronic states are replaced by partonic states.

yn yn yn yn

1+ 6 (1=
@ Dependence on A% can be neglected at twist-2.
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Parton-in-parton GPDs

@ In light-cone gauge:
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@ 'The projectors A, are introduced for convenience to project out the physical
partonic spin/helicity states that contribute to the amplitude:

AR G, o (1= €)p)ug o (1 + O)p) = AT = /T —¢2 {p, 7", ic" Py}

el (1= &p)es (1 +&)p) = AgH = {—gf’, —ieh", —R'R” — L' L"}
I'e{U LT}

7



Evolution kernels at one loop

-

@ lhe general structure 1s for all channels:
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@ with C, = Cpand C, = Cy, and:
3 1104 — 4ngTh
Kq = 2 Kg B 6C 4
@ In we have computed the full set of pi%:
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Evolution kernels at one loop

@ We have computed these functions also 1n the longitudinally polarised case:
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@ and 1in the transversely polarised case:
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- Evolution equations

@ Defining the anti-quark distributions as:

U, U,
Fq[/HT](:v,f,AQ;u) —F[/HT( x, &, A% )

Fl (@, & A% ) = +F 7 (—2, €, A% p)

r—

@ one can construct non-singlet and singlet combinations:
nf
/ [Tl r] \

g/

g

@ lhe evolution equations decouple and can be written in a DGLAP-like fashion:

dF[F],:l: z, &, o > dq X
(.6, 1) _ (u)/ dY oir o (y§> pITLE (5’5’“>

dIn 11? Am Y

P[F]ﬂ:,[()] (y7 %) _ (9(1 o y)Pl[F]:l:,[O] ((y’ %) + (9(5 o ZC)PS—‘H:’[O] <y7 g)
DGLAP region ERBL contribution

3 @[lrz]i’[o] are appropriate combinations of the functions plgj presented above. 10



Numerical setup

g

@ ''he one-loop evolution kernels for all polarisations are now implemented 1n
APFEL++ and are available through PARTONS allowing for LO GPD

evolution 1n momentum space.

-

@ We achieved a stable numerical implementation over the full range 0 £ < 1:

@ numerical checks that both the DGLAP and ERBL limits are recovered,

-

@ numerical check of polynoemiality conservation.

-

@ Numerical tests use the realistic Goloskokov-Kroll (GK) model for proton GPDs
as implemented in PARTONS as an initial-scale set of
distributions:

@ we consistently used H,, for unpolarised, H , for longitudinally polarised, and H;,, for
transversely polarised evolution.

&

GPDs are evolved from 2 to 10 GeV 1n the variable-flavour-number scheme, u.c.

accounting for heavy-quark-threshold crossing, at A> = — 0.1 Ge V2.
¥



Evolution and DGLAP 1_1m1_t L J
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LO evolutlon from p,o = 2 GeV to p = 10 GeV GK model

DGLAP limit reproduced within

107 relative accuracy.

GPD evolution may significantly
deviate from DGLAP evolution.

T'he evolution generates a cusp at
x = & but the distribution remains

continuous at this point.
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Evolution and DGLAP limit I;Ll

LO evolutlon from [.L() = 2 GeV to p = 10 G

LO evolutlon from uo = 2 GeV to p = 10 GeV GK model
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DGLAP limit reproduced within

107 relative accuracy.
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@ GPD evolution may significantly
deviate from DGLAP evolution.

T'he evolution generates a cusp at
x = & but the distribution remains
continuous at this point.
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Evolution and DGLAP limait

LO evolutlon from Mo = 2 GeV to p = 10 GeV GK model
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Polynomiality

@ GPD evolution should preserve polynomiality.

@ The following relations for Mellin moments of GPDs must hold at all scales:

1 n
[ doat B @ty = 30 Ao
0 k=0

n(+1)

1
| dwa @ = Y B
k=0

Polynomiality predicts that the first moment (n = 0) of the non-singlet distribution
1S constant 1n .

The coefficient of the £2"*2 term of the singlet (D-term), only present in the
unpolarised case, 1s absent in the GK model and 1s not generated by evolution:

(g

@ hence also the first moment of the singlet is expected to be constant in ¢.

For larger values of n, one can just check that the behaviour in ¢ follows the
expected power law in £. 15



Polynomiality [U]
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@ First moment for both singlet and non-singlet is indeed constant in ¢:

@ this was expected and the expectation 1s very nicely fulfilled.

-

@ Second and third moments follow the expected law:

s

@ 1ncluding odd-power terms in the fit gives coethicients very close to zero.

@ B, n the singlet1s consistently found to be compatible with zero (no D-term),

n
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@ First moment for both singlet and non-singlet is indeed constant in ¢:

@ this was expected and the expectation 1s very nicely fulfilled.
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@ Second and third moments follow the expected law:

including odd-power terms 1n the fit gives coethicients very close to zero.

n

B, ., 1n the singlet 1s consistently found to be compatible with zero (no D-term).
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@ First moment for both singlet and non-singlet is indeed constant in ¢:

@ this was expected and the expectation 1s very nicely fulfilled.

@ Second and third moments follow the expected law:
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including odd-power terms 1n the fit gives coethicients very close to zero.
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APFEL++ VS. Vlnnlkov
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APFEL++ VS. Vlnnlkov [L]
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Conclusions and outlook

@ We have revisited LO GPD evolution in momentum space:

@ Ab-wuto calculation of the LO unpolarised splitting kernels based on Feynman diagrams
in light-cone gauge for all twist-2 operators.

@ GPD evolution equations recasted in a DGLAP-like form convenient for implementation.
@ Various analytical properties of the kernels highlighted and numerically checked.

@ DGLAP (and ERBL) limits correctly recovered within excellent accuracy.

@ LEvolution conserves polynomiality (and agrees with conformal-space evolution).

?

the code ( APFEL‘++) is public and available within PARTONS
https://github.com/vbertone/apfelxx ’ E H ’

http://partons.cea.fr/partons/doc/html/index.html

@ Next steps:

-

@ middle term: benchmark of public evolution codes (discussion already started),

@ longer term: (re)calculation and implementation of NLO corrections (already on the
way).
21
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GPD definition

@ 'T'he use of light-cone gauge implies:

i

6

6

@

¢

the absence of the Wilson line,

a simpler gluon GPD written in terms of the gluon field and not the field strength,

the absence of ghosts in perturbative calculations,

more complicated gluon propagator:

4, a b
SE LR EEEREER
k >
i!abd“! (k) ! — | M
+io 0 @ =10

23



GPD definition

idH! (k) 0oy ot . KEDD A+ Kk
k2 + i0"’ k)=t g (NK)Reg.

D! (K) =

=3

@ The linear (eikonal) propagator (nk)~! needs to be regularised:

@ 1t separately gives rise to non-integrable end-point singularities in real-emission graphs
and to plain divergences in virtual graphs,

@ the two cancel giving an integrable result.

k=(11 x)p k=11 2)p
S L 0% p
Zp

1 1  dk . dz
— 1 | | — "
) 17 x + (1! x) (nK) (1! Xx) 1T 2

| 1

1" X
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GPD evolution

@ Using dimensional regularisation in 4 — 2¢ dimensions, the UV renormalisation
of GPDs can be implemented 1n a multiplicative fashion:

1

. dy X f ~ —e

Fi[;]]q(x,f,AQ;u) — ;m%) S /1 ]y!Z[ | (g,ga@s(,u)wf) F}?LI(%&A%&M )
J= qg a

g

@ In the MS scheme, renormalisation constants have the following structure:

ZZ.[;] (2, R, a5,6) = 00 (1 — 2) +Z( ) (2, K)

¢
=1
ﬁ
-

1 1
== SI—!: |—+In4"! #He + O(!)

@ LExploiting the independence of the bare GPDs on i (for € — 0), one can derive
a RGE governing the evolution of renormalised GPDs w.r.t. p:

dF} ) (2, €, A% ) L d
i — Z/ o z’k ($ ; o ('u)> F’LBH( &A% )

dl
H Iu k=q,g 75




| GPD evolution

@ The evolution kernels & are related to the normalisation constants Z as follows:

] S
Pik (M ) hm?/ ryrdZ o x’%g)zgk (%“‘)

z' X dIn p? 2z

@ where the inverse of the renormalisation constant Z~! is defined as:

@ If factorisation holds, the evolution kernels & must be finite:

-

@ consider the factorisation of a Compton form factor: F (Q) = C(WQ, !s(n)) ! F ()

@ Being & a physical observable, it has to be independent of u order by order 1n o

c! L dF ~ 0= d'”C(H!s(H))
"~ dlnp? din p?

P(s(n) ! F(W)

@ Since the coetficient function C 1s finite, so must be £. y
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GPD evolution

The finiteness of the evolution kernels & has important consequences on the
structure of the renormalisation constants Z:

din Z _ In Z
P - - !("S’#)$ n
din p? S
but:
o Lo 1Y ngme 1o
=1+ l o WZ Pl =1+ "o 1 Z Pl =1+ "pr(!S)
n=1 p=1 p=1 n=p p=1
so that:
| | | 7 [1] '
.InZ:Z!l.Z:}.Z +O£
!II S !II S # !Il S #2
Since ! ("s,#) =1 #' s+ 1 ("), it follows that:
"7 [1] 1
P=11g T + O 5

The evolution kernels are extracted from the single pole of the renormalisation
constants to all orders in a,.

The finiteness of & implies that the residual O(1/¢) has to be identically zero:

=3

@ higher-order-pole coefficients Z", n > 1, are related to ZH and . 27
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GPD evolution

The kernels & admit the perturbative expansion:
! !
P(lg)=1s 10pM
n=0
At one loop, e the leading order, one simply finds:

plol = | 7I[1.1]
At two loops:

plll = | 27I[2.1]
But with the additional constraints that:

722 = Ly oy lona, zoa

2 2
An explicit two-loop calculation must tulfil this identity, thus providing a strong
check of the calculation itself. ’8



Parton-in-parton GPDs at LO

@ Ato(l). | |
() =1 () ALKX) = AP (%)

g

@ One immediately finds that the only non-zero GPDs are g/g and ¢/gq:

_m L _m m
2 2 2 2
(1+&)p (1= &)p (14 (1=op

UJlU],[O _ L |[L],[O _ TI]T],|0 _ "
FIVIVLON 1y = FLIEION G 1y = BITMON G 1) = (11 12)0(11 )

FLUIVLOL G 1y = RLILLO G 1y = EOITLO Gy = 11 1211 x)

@ No divergences at this order and thus no need for renormalisation.

@ This calculation sets the normalisation of GPDs. 29



Parton-in-parton GPDs at NLO

@ At O(a,) tfor the g/g channel one has to compute one single “real” diagram:

! | i : | =
. y o Y
| 2 0% Z_ 0%
0,! 2,0 0, 2,0
1+ 1)p! k (1! 1)p! k
" U #,$
k
(1+1)p (1! Hp

G

@ 'This produces:

| o .. odw T+ v
ISl bilreal o g =TT g2 O Py Ty RU(y- ,#,9)1 L]

4" al w2
@ with:
! o Hs o dM Pk, WA+ P! K[! Dp! K% dy- (K)
Raa (1 1.") = 2$'°F (2%)2 2 ° - [(@+ Np! k)Z+i0][((2! p! k)2+i0]

30



Parton-in-parton GPDs at NLO

@ After the trivial integration over k™ and the evaluation of contractions
and traces, one finds:

I‘D[' ].[1],real (X | ..) — d2! . kT k'2|' - dk' A(X’ I)+ B(X1 |)p+ k! /k%

W/ o 2 27T, (k' 1 kp)(K Dok )(kE k)
I k-2|_ . I k% . n I I(-2|_ . "
Ky = 2(11 x)p+! (1! x)I' k, =1 (% + ")p++|(x+ "ok =1 2(x ")p++|(X! )!

@ Assuming x, ¢ > 0, the pole structure depends on the sign of x — ¢&:

Alm( k") Alm( k')
X > X<l
k
X
> S > > S
X Re(k') x X Re(k')
k} K ki
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Parton-in-parton GPDs at NLO

@ T'he final result looks like this:

! h M h T o 2
Bra e (x, Ly = I T3 x) #(x o+ D)ph, x,!; + #(x ! )P, x,!!; u?'s O k‘ifg..
T
@ Strictly speaking:
o dkg ey 11 511 10" 1.[4] rea
=2 =1 = =g  ptlilililreal ey -
o k& Ho Ty TR 9 ( )

G

@ We are only concerned with the UV part: the IR one has to cancel against
the partonic cross section when computing a physical observable (IR safety).

I [} g

I ERE TR - S R T\
FDq/q (x,1,")= 11 o1l x) #(x + !)pq/q X,; + #(X ! !)pq/q X, | > -

+ IR
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Evolution kernels at one loop

-

@ [he virtual contribution (common to all polarisations) 1s computed as:

p YN yn YN yn
C 2 2 C 2 2
— 1+ )p! k/@k \ + / K %\(1 Dp! k

(1+1)p (11 1)p (1+1)p 1! p
@ T'he final result 1s:
|

+H Jbp I‘VU P l‘VU(
PG,y = 1012 #(11 x) #x+ 1)pj, X, #(x! ) Phq X! -
$(1! X)C #3| | $51| !ZE%I 2( gz R
+ ! — 1! — __+
(11 X)Ce > N X2 o 1! z "

=

@ lhe resulting evolution kernel 1s:

PI(y, 1) = (@l y) @+ )P (V1) F AL )Pl (v 1)

#

40 0w 1 ( )
b OHL1 Y)Ce o1 0% 1288 5 1?22
O .

N |

S A
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@ All other combinations give zero.

Parton-in-parton GPDs

The partonic fields that appear in the operator definition of the GPD

correlators are interacting fields.

Interacting fields reduce to free fields after an arbitrary number of rea/ and
virtual emissions:

| <§ | (0)
g @\W @\ > g

0
---fﬁm@go“%)

Additional radiation gives rise to perturbative corrections and the need
for renormalisation.

Free partonic fields eventually annihilate the appropriate partonic states:
L P (X)|k, slg = € k&yg (k)0

1 P ()k, slg = ek &y (k)0

ALY (X)|k,slg = € kxd  (K)|O!
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Parton-in-parton GPDs

@ In light-cone gauge:

. (Nap)(x2! 12) " dy |, o (na E L Pyn”° P, yn7% -
Al = GRS Yorowr @onshe s R,
A1 ] _ 1 dy k) A YNy Y, yn g . .

g

@ 'The projectors A, are introduced for convenience to project out the physical
partonic spin/helicity states that contribute to the amplitude:

l gsUgs! (1! N)PUgs((X+ N)p) =1 4= 11 12 {p,p'5,i#t P, "5

I {U,L, T}
L gs€l (1! Dp)es(@+ Hp) =1h = {1 g, ti"y I R'R T LFL'}

[~

@ |hese quark-in-quark combinations:

IﬁqN/C?i :(lf)q/q ' |f)q/q!) + (lf)q/q! If)q/ﬁ!)

..NS V ..NS | . .
’ —_ ’ | I )

@ are particularly convenient when implementing the evolution. 35



Properties of the kernels

dF[F],:I: z, £, o, > dq X
( f /L) _ (,LL) / _yP[F]:I:,[O] (y, §) F[F]’:l: (5,5,,&

dIn p? 4
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Properties of the kernels

@ In the limit kx — 0 the DGLAP splitting functions are recovered:

lim PUI= 0y, 1) = (11 y)PL = Ll(y)

@ In the limit k —» 1/x the ERBL non-singlet kernel in the unpolarised case 1s recovered:

1 111 ) tr1 1 g 1
Ul o} 1yl . . )
2U'1P 2u!l 1'2t! 1 Ce HUul 1) u ul t (th u) 1'u ult |
1
with [f (t,U)]+! f(t,u)" !(u " t) dU!f(t,U!)
0

We have also derived singlet and non-singlet ERBL kernels for the other polarisations.

@ Continuity of GPDs at the crossover point x = £ (k = 1) guaranteed:

- [} ]+ ,[0] 1) — : |]+ [0] "
!I|!m1P1 (y,!) = Pnite (y,!)! (1" 1)
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Properties of the kernels

@ Valence sum rule (polynomiality of the first moment of the unpolarised non-singlet):

w

-1 1 1 '
dx F [U],! (X, | ’ ! 2; u) — FF( | 2) | dz P:E_U]! ,[0] Z, I_ + |_P£U]' ,[0] 2 } =0
0 0 yZz y y <Z

@ As consequence of the Ji’s sum rule one also finds:
P 1 H

dxx FMPT(x, 1,0 Fp)+ FPM (% 1,1 % p) = constantin ! and p
0

@ thatleads to:

R R Tzl 1 tzb 1
dz Z Py,)q]; Bz, vz + PEJQ]J oz, vz + ¥ Pg,Jq]J o v’z + P%]; o v’z =0
0
L, #08 #o0% L # #o$ o S8%
dzz pIIFO 5 1 ppp 1 pulep 28 L puee 2

=

@ These identities were analytically verified in
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Properties of the kernels

The é-independence of the 1st moment of longitudinally polarised GPDs implies:

| 1 Tz 1T

dz P z,— + Pyt =
0 ’ yZ y ~ y Z

This 1s true and we also find that the g/g and and ¢/g channels are 1dentically zero, z.e. the

first moment of F;%J’ 1s scale independent:

1 | |

= constant in !

@ physical observable connected with the anti-symmetric part of the EM'T.

The é-independence of the 2nd moment of longitudinally polarised GPDs implies:
N 1 L r
Lo b oo 2h 1
Odzz P z,yZ +y2P2 vz
Similar arguments apply to transversely pol. GPDs and lead to the verified constraints:
F 1

w

| | 2

W /su

= constant in !

w Wwsvu

S | "z .
dz PlT’! Oz = 4 —Pg’! P22 = = constant in !
0 yz y y <

IR #$ # $%
dzz P20 5 oy EPT’J“[O] s
; 1,99 'yz y2 20 y '’

IR #$ # $%
dzz P20 5 oy EPT’J“[O] s
. 1,99 'yz y2 299 y '’

= constant in !

N|

= constant in ! 39
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The ERBL limit

@ Thelimits! 1 (x — 1/x) we should reproduce the ERBL equation.

@ Iti1s well known that in this limit Gegenbauer polynomials decouple
upon L.O evolution, such that:

/0]
V2n g

L dinp® o) Fan (X, Ho)

Fon (X, o) = (11 x2)C'P(x) " Fan(x, 1) = exp

Mo

@ where the kernels Vz[g] can be read off, for example, from
or

@ We have compared this expectation with the numerical results for GPD
evolution by setting k = 1/x and using a Gegenbauer polynomial as an

initial-scale GPD.
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The ERBL limit

LO ERBL evolution from Lo =1 GeV

1.0

0.5
£
3;; O
L - T u=1GeV
IO5-__|J.ZZGGV "l’ N
+ Y9 [ — 1 =5 GeV i
3 1 =10 GeV
| 1.0 = u =100 GeV N
@®
S
®)
2 ]
=099 10' 1 100
X

@ ERBL limit reproduced within less than 107 relative accuracy,

@ Same accuracy for higher-degree Gegenbauer polynomials. 4l



Conformal-space evolution

@ In order to check that LO GPD evolution (¢ # 0) in conformal space 1s
diagonal 1n a realistic case, we have considered the RDDA:

Hq(X, !, Ho) = d'd#s(x! " ) q(|" D" ,#)
with: | .
_3_5!1/2 | w3 | (" _§((1! ") #9)

q(x) = 32x (1! x)°, V(",#)= FRRNTETNE

We have evolved the 4th moment: 05—t

;1 1
G (W=  d&xCPF? T Hgx!,p
1 .

from py = 1 GeV using the (analytic)
conformal-space evolution and the
(numerical) momentum-space
evolution.

Ratio to analytic

we found excellent agreement.




