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Introduction

Limitation of LP

δ = |qT |
Q

≲ 0.25

Images courtesy of:
Scimemi, Vladimirov, JHEP 06 (2020) 137
MAP-coll., JHEP 10 (2022) 127
Bacchetta et al., JHEP 07 (2020) 117

S. Rodini (DESY) NLP factorization June 3, 2024 3 / 19

https://doi.org/10.1007/JHEP06(2020)137
https://doi.org/10.1007/JHEP10(2022)127
https://doi.org/10.1007/JHEP07(2020)117


Introduction

Assumptions of LP TMD factorization

1 Massless hadrons ⇒ Lab Frame to Factorization Frame P 2 = p2
h = 0

Pµ ∼ P+n̄µ pν
h ∼ p−

h n
ν

2 Neglect qT

Q and kT

Q corrections

3 Neglect quark-gluon-quark and higher operators
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Introduction

Beyond the LP paradigm

1 Inclusion of kinematic corrections kT

Q

✓Resummed to all powers in Vladimirov, JHEP 12 (2023) 008

2 qT

Q corrections ⇔ singular behavior for b → 0 in the hard part

3 M
Q corrections, change in the factorization frame, very limited studies

4 Genuine corrections: inclusion of quark-gluon-quark operators
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Introduction

SIDIS beyond LP

‘generic’ twist-3

ψ̄(z1n+ b)γµ
Tψ(z2n)

Via EOM

∂µ
T ψ̄(z1n+ b)γ+ψ(z2n)

and

ψ̄(z1n+ b)γ+Fµ+ψ(z2n)

QED gauge invariance

Boost invariance
⇔

rescaling invariance of
rapidity scales

Zero longitudinal
momentum contributions

Important terms at zero
gluon momentum

Φ̃[ΓT ]
q̄q

(z1, z2, b) = −
1

2

∫ 0

L

dτ
∂

∂bµ

(
Φ̃[γµγ+ΓT ]

11 (z1 + τ, z2, b) − Φ̃[ΓT γ+γµ]
11 (z1, z2 + τ, b)

)
+

i

2

∫ 0

L

dτ

∫ τ

L

dσ

(
Φ̃[γµγ+ΓT ]

µ,21 (z1 + τ, z1 + σ, z2, b) − Φ̃[ΓT γ+γµ]
µ,12 (z1, z2 + σ, z2 + τ, b)

)
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Introduction

W̃µν
gNLP = i

∑
n,m

{ ∫ ∞

−∞
dû1dû2dû3 δ(û1 + û2 + û3)δ(x̃− û3)

[
· · · +

Tµνρ
− (n̄, n)

(
CR(x, û2)Φ[Γ+

n ]
ρ,⊕ ∆[Γ−

m]
11 + πCI(x, û2)Φ[Γ+

n ]
ρ,⊖ ∆[Γ−

m]
11

) ]

+
∫ ∞

−∞

dŵ1dŵ2dŵ3

|ŵ1|
δ

(
1
ŵ1

+ 1
ŵ2

+ 1
ŵ3

)
δ(z̃ − ŵ3)

[
· · · +

Tµνρ
− (n̄, n)C2(z, ŵ2)Φ[Γ+

n ]
11 ∆[Γ−

m]
ρ,⊕

]}
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Rapidity evolution

Rapidity evolution
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Rapidity evolution

Special rapidity divergences

Fµ+

(r1)

Fµ+

(r2)

Fµ+

(r3)

Fµ+

(r4)

ζ
∂

∂ζ
F (x123, b, ζ) = −D(b, µ)F (x123, b, ζ)

[
∂

∂bρ
− ∂ρD

2 ln
(
ζ

ζ̄

)]
Φ11(x, b, µ, ζ)

From factorization theorem ζζ̄ = (Q2 − q2
T )2
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Rapidity evolution

If only the partial derivative the re-scaling ζ → αζ ζ̄ → ζ̄
α would be broken:

∂

∂α

{
Φ11

(
ζ

α

)
∆11(ᾱζ)

}
= 0

∂

∂α

{ [
∂T Φ11

(
ζ

α

)]
∆11(ᾱζ)

}
∝ ∂µD
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Complex structure of NLP

Complex structure of NLP
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Complex structure of NLP

Complex coefficient functions




= −ign̄µξ̄n̄(0)

∫ 0

±∞
dσγνF

ν+(σn)
∫ 0

±∞
dz+ξn(z+n̄)

∝ 1
xg ∓ i0 = 1

(xg)+
± iπδ(xg) ≡ CR ± iπCI

Convoluted with

Φ21(x1g3, b) ∼ ⟨q̄(x1n+ b)gFµ+(xgn+ b)q(x3n)⟩ = Φ⊕(x1g3, b) − iΦ⊖(x1g3, b)
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Complex structure of NLP

Complex TMDs

Φ⊕(x1 < 0, x2 < 0, x3 > 0, kT ) ∝ Re


P

x3P + kT

PX

P

x1P − k1

x2P − k2

k1 + k2 = kT


,

Φ⊖(x1 < 0, x2 < 0, x3 > 0, kT ) ∝ Im


P

x3P + kT

PX

P

x1P − k1

x2P − k2

k1 + k2 = kT


,
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Complex structure of NLP

Complex TMDs

Do not decouple, evolution mix zero- and non-zero- gluon momenta

For fragmentation functions zero parton-momentum is forbidden ∆(z1, 0, z2) = 0
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Complex structure of NLP

• = ⊕,⊖

U L TJ=0 TJ=1 TJ=2

U f⊥
• g⊥

• h• h⊥
•

L f⊥
•L g⊥

•L h•L h⊥
•L

T f•T , f⊥
•T g•T , g⊥

•T hD⊥
•T hA⊥

•T hS⊥
•T , hT ⊥

•T
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Complex structure of NLP

How important are these effects?

1 Difficult to estimate: suppressed as M
Q but enhanced in Bessel convolution

2 limited information
3 Only 16 out of 32 distributions in NLO cross-section
4 Only 7 of the 16 have non-vanishing small-b matching at tree-level
5 8 of the 16 have singular 1

b2 matching at one-loop
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Complex structure of NLP

Tree-level matching & Singular Matching

Only 7 of the 16 have non-vanishing small-b matching at tree-level

f⊕,T = T (x1,2,3) g⊖,T = −∆T (x1,2,3)
f⊥

⊕,L = x3C
[
u2T (y1,2,3)

]
g⊥

⊖,L = −x3C
[
u2∆T (y1,2,3)

]
h⊕ = E(x1,2,3) h⊖,L = −H(x1,2,3) hD⊥

⊖,T = −x3C [uH(y1,2,3)]

8 of the 16 have singular 1
b2 matching at one-loop

f⊥
⊕L(x1, x2, x3, b) = 2as

M2b2

[
− CF

x2

x1
g1(−x1) (θ(x2, x3) − θ(−x2,−x3))

+ TF
x1 − x3

x2
fg(−x2) (θ(x1, x3) − θ(−x1,−x3))

]
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Complex structure of NLP

Tree-level matching

F cos ϕ
UU

4mh

Q J
[I]
1 [h⊕H

⊥
1 ]

F sin ϕ
LU

4mh

Q J
[R]
1 [h⊕H

⊥
1 ]

F sin ϕ
UL = − 4mh

Q J
[R]
1 [h⊖LH

⊥
1 ] + 2M

Q J
[I]
1 [D1f

⊥
⊕L]

F cos ϕ
LL − 2M

Q J
[R]
1 [D1(f⊥

⊕L + g⊥
⊖L)] − 4mh

Q J
[I]
1 [h⊖LH

⊥
1 ]

F sin ϕS

UT
2M
Q J

[R]
0

[
Mmhb

2H⊥
1 h

D⊥
⊖T

]
− 2M

Q J
[I]
0 [D1f⊕T ]

F sin 2ϕ−ϕS

UT − 2mh

Q J
[R]
2 [H⊥

1 h
D⊥
⊖T ]

F cos ϕS

LT
2M
Q J

[R]
0 [D1(f⊕T + g⊖T )]
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Complex structure of NLP

Conclusions

1 LP factorization works well in his domain, can we extend its validity to use
already available data?

2 Beyond LP, the structure of factorization is more complex: non-trivial
interplay between n and n̄ sectors

3 New NLP-specific phenomena:
1 Complex TMDs: interference amplitudes rather than ‘square’ amplitudes

2 Special rapidity divergences: canceled in between terms

3 Restoration of boost invariance for kinematic NLP
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