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Outline
 TMDs: Physical motivation, definitions

 TMD factorization, evolution, resummation: SIDIS, DY and e+e- annihilation

 Theoretical information: bounds, sum rules 

 Phenomenology: Sivers and Boer-Mulders functions, Collins and polarizing FFs

 Phenomenology: worm-gears, pretzelosity [gluon Sivers TMD]

 Related topics not covered: gluon TMDs, GTMDs and quarkonium (talks by D. Boer 
and S. Bhattacharya),  subleading twist contributions (talk by S. Rodini), HSO 
approach (talk by T. Rogers), SCET (talk by I. Scimemi), Lattice QCD (talk by C. 
Alexandrou)

 Future (EIC, LHC, LHCSpin, AMBER, SoLID,JLab20+,...)

TMD Handbook Arxiv: 230403302 [hep-ph]
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TMDs and friends
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Historical recollections

 Studies of TMD effects in parton model date back to its formulation – low transverse momentum spectra in 
unpolarized  DY processes

 TSSAs (and hyperon transverse polarization) in pp, pA collisions, Sivers effect, generalized parton model, 
problems with T-odd TMDs, factorization

 Initial and final state interactions in SIDIS, DY and e+e- collisions, gauge links, factorization, modified 
universality [sign change of T-odd Sivers and BM functions between SIDIS and DY]

 Proper formulation of TMD factorization theorems at leading power, rapidity divergences, TMD evolution 
(CSS, SCET)

 Resummation (low qT) vs fixed-order (large qT ~ Q), matching, connection with collinear twist-3 approach
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TMD Factorization and evolution (CSS formalism) basic ideas and ingredients
(for more details see talk by L. Rossi on Thursday)

(SCET approach see talk by I. Scimemi on Thursday)

 Fourier transform to 𝑏𝑏𝑇𝑇  space

 Renormalize ultraviolet and rapidity divergences

 RG evolution equations with proper anomalous dimensions (Kollins-Soper kernel for rapidity)

 Avoid  large 𝑏𝑏𝑇𝑇  regime and Landau pole in perturbative expansion (𝑏𝑏∗ prescription)

 Perform OPE to evolve from the initial to the final (𝑏𝑏∗ implemented) scales

 Require nonperturbative input for CS kernel [ 𝑔𝑔𝐾𝐾(𝑏𝑏𝑇𝑇2) ] and for the OPE part

 The  nonperturbative factor at the initial 𝑄𝑄0 scale effectively incorporates also the soft factor 𝑆𝑆
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TMD Factorization and evolution (CSS formalism) basic ideas and ingredients

Phenomenological approaches differ in the choice of required ingredients:

• Order of perturbative expansion in the strong coupling costant (LO, NLO, NNLO, N3LO)

• Order in the resummation of large logarithms (LL, NLL, NNLL, N3LL, N4LL)

• Parametrization of nonperturbative input: 𝑔𝑔𝐾𝐾(𝑏𝑏𝑇𝑇2), functional form of distributions at the initial scale 

(e.g. combinations of Gaussians and weighted Gaussians, flavor dependence, ...)

• Choice of data sets to be fitted for SIDIS, DY, e+e- annihilation, pp collisions...

• Data selection criteria for the validity of the factorization approach (safe kinematical regions)

• Choice of collinear PDFs and FFs

• Evaluation of statistical uncertainty bands

• ....
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Bacchetta, Mulders - PRD 62, 114004 (2000)
Kumano, Song - PRD 103, 014025 (2021)

TMD PDFs for spin-1 hadrons (up to twist 4)
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Formal constraints on TMDs
Notice: These constraints are formally valid for bare TMDs with partonic interpretation, not clear if they are 
preserved for renormalized TMDs. Useful for test models and for phenomenology.

Positivity constraints [ Bacchetta, Boglione, Henneman, Mulders, PRL 85, 712 (2000) ]
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Formal constraints on TMDs

Burkardt sum rule for the Sivers function [ Burkardt, PRD 69 091501 (2004) ]

Schäfer-Teryaev sum rule for the Collins FF [ Schäfer, Teryaev, PRD 61 077903 (2000) ]
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Boer-Mulders,Cahn,...

Sivers

Collins

Worm-gear 𝑔𝑔1𝑇𝑇⊥

Worm-gear ℎ1𝐿𝐿⊥

Pretzelosity  ℎ1𝑇𝑇⊥

SIDIS cross section

Bacchetta et al, JHEP 02 (2007) 093
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Drell-Yan cross section for dilepton production 

Arnold, Metz, Schlegel  
PRD 79, 034005 (2009)

Boer-Mulders

Worm-gear ℎ1𝐿𝐿⊥  & BM

Sivers
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Back-to-back hadron pair production
 in e+e- annihilation

Pitonyak, Schlegel, Metz
 PRD 89, 054032 (2014)
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Phenomenology: Sivers and (transversity +)  Collins functions from global fits
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STAR – PLB 854 (2024) 138715
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COMPASS 2312.17379 [hep-ex]

Sivers PDF -p
Unpol PDF -π

Transversity PDF  - p
BM PDF – π
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Bury Prokudin Vladimirov JHEP 05 (2021) 151 - N3LO e NNLO
Comparison of global SIDIS + DY fits with and without the sign 
change for Sivers function
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Extraction of Sivers function from global fits 
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Bacchetta et al, PLB 827, 136961 (2022) – Based on PV17 global fit to unpol PDFs and FFs
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JAM3D22: PRD 106, 034014 (2022)
 SIDIS, DY, 𝑒𝑒+𝑒𝑒− e 𝑝𝑝𝑝𝑝 → 𝜋𝜋 + 𝑋𝑋, twist-3 chiral-odd FF �𝐻𝐻;
 impact of Soffer bound and Lattice QCD tensor charge

𝑄𝑄2 = 4 𝐺𝐺𝑒𝑒𝐺𝐺2  
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Bury, Prokudin Vladimirov JHEP 05 (2021) 151



04/06/2024 F. Murgia - Transversity 2024 - Trieste 25

Bury, Prokudin Vladimirov JHEP 05 (2021) 151
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Echevarria, Kang, Terry, JHEP 01 (2021) 126 – NLO NNLL

Left: Only HERMES and COMPASS data for SIDIS and DY
Right: Including STAR Sivers asymmetry for W/Z (old data)
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Simultaneous reweighting of TMD distributions in the (CGI)-GPM approach
 M. Boglione et al. PLB 854, 138712 (2024) – 2402.12322 [hep-ph]

Updated fit of Sivers function, transversity and Collins FF from SIDIS and e+e- collisions
Reweighting using RHIC data on AN  for pions: BRHAMS charged pions, STAR neutral  (full and isolated)  pions

See talk by C. Flore
 for details and for transversity
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PHENIX, PRD 98, 012006 (2018)

Sivers gluon distributions (f- and d-type)

Caution: CGI-GPM factorization assumed, DGLAP-type evolution
Useful starting indications for phenomenology
See talk by D. Boer for more details on gluon TMDs, GTMDs
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Bacchetta, Celiberto, Radici,  T-odd gluon distributions in a spectator model, 2402.17556 [hep-ph]

Initial scale Q0 = 1.64 GeV
Due to model assumptions f-type and d-type differ by a calculable color factor : f-type = 5/9 d-type
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Collins FF (and transversity) from SIDIS and e+e- annihilations 
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Kang Prokudin Sun Yuan PRD  91 (2015) & PRD93  (2016) - Figure from From TMD handbook 

𝑄𝑄2 = 2.4 𝐺𝐺𝑒𝑒𝐺𝐺2
𝑄𝑄2 = 4 𝐺𝐺𝑒𝑒𝐺𝐺2
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JAM3D22: PRD 106, 034014 (2022)
 SIDIS, DY, 𝑒𝑒+𝑒𝑒− e 𝑝𝑝𝑝𝑝 → 𝜋𝜋 + 𝑋𝑋, twist-3 chiral-odd FF �𝐻𝐻; impact of Soffer bound and Lattice QCD 
tensor charge, 
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Simultaneous reweighting of TMD distributions in the (CGI)-GPM approach
 M. Boglione et al. PLB 854, 138712 (2024) – 2402.12322 [hep-ph]

Updated fit of Sivers function, transversity and Collins FF from SIDIS and e+e- collisions
Reweighting using RHIC data on AN  for pions: BRHAMS charged pions, STAR neutral  (full and isolated)  pions

See talk by C. Flore
 for more details
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Collins asymmetry for hadrons inside jets in polarized pp collisions
Testing the universality of the Collins function

Collins Asymmetry for (charged) pions inside jet
in pp collisions at 200 GeV

STAR PRD 106, 072010 (2022)
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Collins Asymmetry for (charged) pions inside jet
in pp collisions at 500 GeV

Preliminary Xu DIS2024
Talk by B. Aboona yesterday



04/06/2024 F. Murgia - Transversity 2024 - Trieste 36

D’Alesio, FM, Zaccheddu, PRD 102 054001 (2020)
First extraction of the 𝚲𝚲/�𝚲𝚲 polarizing FF from Belle data in a TMD scheme

See talk by M. Zaccheddu for more details and update
See also D’Alesio, Gamberg, FM, Zaccheddu:
JHEP 12 (2022) 074 – PRD 108, 094004 (2023) (TMD factorization)
PLB 851, 138552 (2024) (Λ in jet in pp collisions – STAR)

See also:
Kallos, Kang, Terry, PRD 102 096007 (2020)
Li, Wang, Yang, Lu, EPJC 81, 289 (2021)
Boer, 1007.3145 for 𝑝𝑝𝑝𝑝 → Λ jet + X at LHC
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Boer-Mulders function 

Barone, Melis, Prokudin, PRD 81 114026 (2010)
See however Barone et al, PRD 91 074019 (2015)

Christova, Kotlorz,Leader, PRD 102, 014035 (2020) –SIDIS data 

Lu, Schmidt, PRD 82 094005 (2010) DY data
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Worm-gear TMDs & pretzelosity

Battacharya, Kang, Metz, Penn, Pytoniak PRD 105 034007 (2022)

Worm-gear sidis fit B.Q. Ma et al: 2403.12795

Horstmann Schafer Vladimirov PRD 107 034016 (2023)
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Worm-gear TMDs & pretzelosity

H. Li, Z. Lu, EPJC 82, 668 (2022)
Uses WW approximation and transversity parametrization from Kang et al (2015)

Notice: several models predict that 𝑔𝑔1𝑇𝑇⊥ 𝑥𝑥, 𝑘𝑘𝑇𝑇 = − ℎ1𝐿𝐿⊥ (𝑥𝑥, 𝑘𝑘𝑇𝑇)
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Pretzelosity

Lefky Prokudin PRD 91, 034010 (2015)

See also recent work: 
Liu, Ma EPJC 81, 635 (2021) (also for Boer-Mulders)
Xue, Wang, Li, Lu, PLB 820 136598 (2021) Predictions for EIC using Lefky-Prokudin extraction
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Worm-gears and pretzelosity

Gabriel Santiago PRD 109 034004 (2024):
Small-x behaviour of worm-gears and pretzelosity  from models:
asymptotics of the flavor non-singlet TMDs in the large-𝑁𝑁𝑐𝑐 limit, within linearized double logarithmic 
approximation (DLA)



04/06/2024 F. Murgia - Transversity 2024 - Trieste 42

Future prospects for TMD phenomenology:

• COMPASS, AMBER

• RHIC (STAR, PHENIX)

• JLab12, SoLID, JLab20+ upgrade

• LHC, LHC fixed target (LHCSpin)

• EIC

• Future hadron and lepton colliders?

• ......

Thanks for your attention!
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