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(Boer, Mulders, Pijlman (2003), 
see also del Rio, et al. (2024))

Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution
Sudakov exponentials (gluon radiation)
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Anselmino, et al. (2007); 
Kang, et al. (2016); …)
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Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution
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Anselmino, et al. (2007, 2009, 2013, 2015); 
Goldstein, et al. (2014); Kang, et al. (2016); Radici, et al. (2013, 2015, 2018); 

Benel, et al. (2020); D’Alesio, et al. (2020); Cammarota, et al. (2020); 
Gamberg, et al. (2022); Cocuzza, et al. (2024)

Herczeg (2001);
Erler, Ramsey-Musolf (2005);

Pospelov, Ritz (2005);
Severijns, et al. (2006);
Cirigliano, et al. (2013);
Courtoy, et al. (2015); 

Yamanaka, et al. (2017);   
Liu, et al. (2018);   

Gonzalez-Alonso, et al. (2019)

<latexit sha1_base64="/logdCjvPw8cpU5BTujitjwzdwY="></latexit>

�q⌘
Z 1

0
dx [hq

1(x)� hq̄
1(x)] gT ⌘ �u� �d

He, Ji (1995); 
Barone, et al. (1997);

Schweitzer, et al. (2001); 
Gamberg, Goldstein (2001);

Pasquini, et al. (2005);
Wakamatsu (2007);

Lorce (2009);
Gupta, et al. (2018); 

Yamanaka, et al. (2018); 
Hasan, et al. (2019); 

Alexandrou, et al. (2019, 2023); 
Yamanaka, et al. (2013);

Pitschmann, et al. (2015);
Xu, et al. (2015);

Wang, et al. (2018);
Liu, et al. (2019); 
Gao, et al. (2023)
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(Yuan (2008); D’Alesio, Murgia, Pisano (2017); Kang, Prokudin, Ringer, Yuan (2017), …)
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AN is a collinear (twist-3) observable

(Metz, DP (2012); Kanazawa, et al. (2014); 
Cammarota, et al. (2020); Gamberg, et al. (2017, 2022))
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Updated QCD Global Analysis of TSSAs 
for Single-Hadron Fragmentation
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Gamberg, Malda, Miller, DP, Prokudin, Sato, Phys. Rev. D 106, 034014 (2022)

User-friendly jupyter notebook to calculate functions and asymmetries: 
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D_Library.ipynb 

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF_tables
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 Analyze TSSAs in SIDIS, Drell-Yan, e+e- annihilation, and proton-proton 
collisions and extract

      along with the relevant transverse momentum widths for the Sivers,
      transversity, and Collins functions:

 We use a Gaussian ansatz:            where

       NB:               only used for                 , 

 DGLAP-type evolution for the collinear functions analogous to Duke & 
Owens (1984): double-log Q2-dependent term explicitly added to the 
parameters

  

h1(x), FFT (x, x),H
?(1)
1 (z), H̃(z)
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 Additional data/constraints included in the fit compared to 2020:

• Collins and Sivers effects (3D-binned) SIDIS data from HERMES (2020)
•               data (x and z projections only) from HERMES (2020)

• Lattice data on gT at the physical pion mass                                            
from ETMC (Alexandrou, et al. (2019))

• Imposing the Soffer bound on transversity:

  

D. Pitonyak
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Generate “data” (central value and 1-σ uncertainty) 
using recent simultaneous fit of f1 and g1 from 
Cocuzza, et al. (2022) and add to the 𝟀2 if SB is 
violated by more than the uncertainty in the data
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First direct 
information 
from 
experiment 
on  
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 TMD that only include e+e- and SIDIS Collins effect data (e.g., Kang, et al. (2016), 
D’Alesio, et al. (2020)) and dihadron analyses (e.g., Radici, Bacchetta (2018); Benel, Courtoy, 
Ferro-Hernandez (2019)), are generally below the lattice values for gT and 𝛅u 

 Note that one initially finds JAM3D-22 has more tension with lattice, but this does 
not imply phenomenology and lattice are incompatible – one can only fully answer 
this by including lattice data in the analysis (use it as a prior)

 Once gT is included (as a Bayesian prior), we find the non-perturbative 
functions can accommodate it and still describe the experimental data well
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 Slight update (JAM3D-22*) relevant for comparison with the JAMDiFF analysis:

• include transversity antiquarks with "𝑢 = −𝑑̅ (from large-Nc limit (Pobylitsa (2003))) 

• 𝛅u,𝛅d from ETMC and PNDME are both included in the with lattice fit (rather 
than just gT from ETMC)

• incorporate constraint on the “a” parameter from the small-x asymptotic behavior 
of transversity (Kovchegov, Sievert (2019))

50% uncertainty due to unaccounted for 
1/Nc and NLO corrections

<latexit sha1_base64="qxXKSKPvM+20Ret0zkyMd7qj/vY="></latexit>

a
x!0���! 1� 2

r
↵sNc

2⇡

<latexit sha1_base64="4V1nrvqNr/oKCfVPvZi+5XroXIY=">AAACHHicbVDNSgMxGMzWv1r/Vnv0EiyCp2W3WPUiFL14rGBroV1KNpu2odlsSLLFZemr6FXfw5t4FXwNn8C03YNtHQgMM9/3ZZhAMKq0635bhbX1jc2t4nZpZ3dv/8A+PGqpOJGYNHHMYtkOkCKMctLUVDPSFpKgKGDkMRjdTv3HMZGKxvxBp4L4ERpw2qcYaSP17DKC19B1qjUXdkVkmFet9eyK67gzwFXi5aQCcjR69k83jHESEa4xQ0p1PFdoP0NSU8zIpNRNFBEIj9CAdAzlKCLKz2bhJ/DUKCHsx9I8ruFM/buRoUipNArMZIT0UC17U/E/r5Po/pWfUS4STTief9RPGNQxnDYBQyoJ1iw1BGFJTVaIh0girE1fC5fCMRUqT/00j10yJXnLlaySVtXxLpza/XmlfpPXVQTH4AScAQ9cgjq4Aw3QBBik4AW8gjfr2Xq3PqzP+WjBynfKYAHW1y9gvp91</latexit>

a = 0.250± 0.125
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JAM3D-22

JAM3D-22*
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NB: The experimental data is still described very well even when 
including 𝛅u,𝛅d from LQCD as a Bayesian prior in the fit
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New Dihadron Fragmentation Theory Developments

D. PitonyakD. Pitonyak

DP, Cocuzza, Metz, Prokudin, Sato, Phys. Rev. Lett. 132, 011902 (2024)



D. PitonyakD. Pitonyak

From Bianconi, et al. (2000)
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Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004), … 
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quark fragmentation (Ni = Nc)

gluon fragmentation (Ni = Nc
2 - 1)

NB: we will focus on quark fragmentation, but similar results hold for gluon fragmentation

16

<latexit sha1_base64="+gOQp2uD7FoSoNO1QJBpW0o9K9E="></latexit>

O
h1h2/g
↵� (⇠) =h0|Wba(1, ⇠)F a

+↵(⇠
+, 0�, ~⇠?)|P1, P2;Xi

⇥ hP1, P2;X|F c
+�(0

+, 0�,~0?)W
cb(0,1)|0i

<latexit sha1_base64="vi7BndVkQDTMEcQxdxNV5iMNhK4="></latexit>

O
h1h2/q
↵� (⇠) =h0|W(1, ⇠) q,↵(⇠

+, 0�, ~⇠?)|P1, P2;Xi

⇥ hP1, P2;X| ̄q,�(0
+, 0�,~0?)W(0,1)|0i
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

17

NEW definition of 
dihadron FFs
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

This prefactor is key to the number density interpretation of 
dihadron FFs (see also Majumder, Wang (2004))

17

( j = 1 or 2)

<latexit sha1_base64="lKwyrqIFJwGWuGiVzCu388mItpQ="></latexit>

N̂hj ⌘
Z

dP�
j d2 ~Pj?

(2⇡)3 2P�
j

â†hj
âhj =

Z
dzjd2 ~Pj?
(2⇡)3 2zj

â†hj
âhj

<latexit sha1_base64="kMEjyW0vGioEGbTaTFCaB2i1HR4="></latexit>

d3 ~P1

(2⇡)32P 0
1

d3 ~P2

(2⇡)32P 0
2

=
dz1d2 ~P1?dz2d2 ~P2?
4(2⇡)3(2⇡)3z1z2

<latexit sha1_base64="NZpPw53/f1BAMbMBNtzb7ISuxYE="></latexit>

P̂µ ⌘
X

h

Z
dP�d2 ~P?
(2⇡)3 2P� â†hP

µâh =
X

h

Z
dzd2 ~P?
(2⇡)3 2z

â†hP
µâh
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

・
・
・

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments
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<latexit sha1_base64="VVvQQ2Vpgh7Kd4dcP6l/DH7jHOo=">AAACyHicdZFdb9MwFIad8DXKV2GX3LhUSEMaXRzxsctpgIS4KhLdJjWt5TjuatVxjH2yqYtyw0/kjiv+Ck6bSaOFY0V6/bzH5zg+qVHSQRT9CsJbt+/cvbdzv/Pg4aPHT7pPn524orRcjHihCnuWMieU1GIEEpQ4M1awPFXiNF18aPz TC2GdLPQ3WBoxydm5ljPJGXhEu79x4sqcVnNK6msV14nUQKMpwdkVjdtNRV5fNVbPM5L0/PI86WEPpnFyIXg1rGlFEiOsqf/jxmsXf6Rk2rT0vQ6+13u+4L6vvb9ZZXoDxdvouhfPCsCbia862EeHdvvRIFoF3hakFX3UxpB2fyZZwctcaOCKOTcmkYFJxSxIrkTdSUonDOMLdi7GXmqWCzepVoOo8UtPMjwrrP804BW9eaJiuXPLPPWZOYO52/Qa+C9vXMLscFJJbUoQmq8bzUqFocDNVHEmreCgll4wbqW/K+ZzZhkHP/vmEcjmL2+Lk3hA3g3efn3TPzpun2MHPUcv0B4i6D06Qp/REI0QDz4FiwCCMvwSmvAyXK5Tw6A9s4v+ivDHH0gj22Y=</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i
Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

・
・
・

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

18

If a prefactor of 1/(4z) = 1/(4(z1+z2)) is used, then sum rule proofs and deriving 
the expected parton model results for cross sections are not possible.

<latexit sha1_base64="VVvQQ2Vpgh7Kd4dcP6l/DH7jHOo=">AAACyHicdZFdb9MwFIad8DXKV2GX3LhUSEMaXRzxsctpgIS4KhLdJjWt5TjuatVxjH2yqYtyw0/kjiv+Ck6bSaOFY0V6/bzH5zg+qVHSQRT9CsJbt+/cvbdzv/Pg4aPHT7pPn524orRcjHihCnuWMieU1GIEEpQ4M1awPFXiNF18aPz TC2GdLPQ3WBoxydm5ljPJGXhEu79x4sqcVnNK6msV14nUQKMpwdkVjdtNRV5fNVbPM5L0/PI86WEPpnFyIXg1rGlFEiOsqf/jxmsXf6Rk2rT0vQ6+13u+4L6vvb9ZZXoDxdvouhfPCsCbia862EeHdvvRIFoF3hakFX3UxpB2fyZZwctcaOCKOTcmkYFJxSxIrkTdSUonDOMLdi7GXmqWCzepVoOo8UtPMjwrrP804BW9eaJiuXPLPPWZOYO52/Qa+C9vXMLscFJJbUoQmq8bzUqFocDNVHEmreCgll4wbqW/K+ZzZhkHP/vmEcjmL2+Lk3hA3g3efn3TPzpun2MHPUcv0B4i6D06Qp/REI0QDz4FiwCCMvwSmvAyXK5Tw6A9s4v+ivDHH0gj22Y=</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i
Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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NB: number density interpretation holds not only for unpolarized quarks (𝛾⎻ projection) but 
also for longitudinally (𝛾⎻𝛾5 projection) and transversely (iσi ⎻ 𝛾5 projection) polarized quarks

<latexit sha1_base64="r7EPBtln09TpZ3THA05lj2Nhu6U="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z1, z2, ~P

2
1?,

~P
2
2?,

~P1? · ~P2?)

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
�5

i
= �

✏
ij
?R

i
?P

j
h?

zM
2
h

G
?h1h2/q
1 (z1, z2, ~P

2
1?,

~P
2
2?,

~P1? · ~P2?)

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
= �

✏
ij
?R

j
?

Mh
H

^0h1h2/q
1 (z1, z2, ~P

2
1?,

~P
2
2?,

~P1? · ~P2?)

+
✏
ij
?P

j
h?

zMh
H

?0 h1h2/q
1 (z1, z2, ~P

2
1?,

~P
2
2?,

~P1? · ~P2?)
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Number sum rule

is a number density
Jacobian for the variable 

transformation

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="VVvQQ2Vpgh7Kd4dcP6l/DH7jHOo=">AAACyHicdZFdb9MwFIad8DXKV2GX3LhUSEMaXRzxsctpgIS4KhLdJjWt5TjuatVxjH2yqYtyw0/kjiv+Ck6bSaOFY0V6/bzH5zg+qVHSQRT9CsJbt+/cvbdzv/Pg4aPHT7pPn524orRcjHihCnuWMieU1GIEEpQ4M1awPFXiNF18aPz TC2GdLPQ3WBoxydm5ljPJGXhEu79x4sqcVnNK6msV14nUQKMpwdkVjdtNRV5fNVbPM5L0/PI86WEPpnFyIXg1rGlFEiOsqf/jxmsXf6Rk2rT0vQ6+13u+4L6vvb9ZZXoDxdvouhfPCsCbia862EeHdvvRIFoF3hakFX3UxpB2fyZZwctcaOCKOTcmkYFJxSxIrkTdSUonDOMLdi7GXmqWCzepVoOo8UtPMjwrrP804BW9eaJiuXPLPPWZOYO52/Qa+C9vXMLscFJJbUoQmq8bzUqFocDNVHEmreCgll4wbqW/K+ZzZhkHP/vmEcjmL2+Lk3hA3g3efn3TPzpun2MHPUcv0B4i6D06Qp/REI0QDz4FiwCCMvwSmvAyXK5Tw6A9s4v+ivDHH0gj22Y=</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i
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Number sum rule

Using our new definition, DiFFs can now be interpreted as 
densities in any momentum variables of choice for the number 

of hadron pairs (h1 h2 ) fragmenting from the parton

is a number density
Jacobian for the variable 

transformation

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="VVvQQ2Vpgh7Kd4dcP6l/DH7jHOo=">AAACyHicdZFdb9MwFIad8DXKV2GX3LhUSEMaXRzxsctpgIS4KhLdJjWt5TjuatVxjH2yqYtyw0/kjiv+Ck6bSaOFY0V6/bzH5zg+qVHSQRT9CsJbt+/cvbdzv/Pg4aPHT7pPn524orRcjHihCnuWMieU1GIEEpQ4M1awPFXiNF18aPz TC2GdLPQ3WBoxydm5ljPJGXhEu79x4sqcVnNK6msV14nUQKMpwdkVjdtNRV5fNVbPM5L0/PI86WEPpnFyIXg1rGlFEiOsqf/jxmsXf6Rk2rT0vQ6+13u+4L6vvb9ZZXoDxdvouhfPCsCbia862EeHdvvRIFoF3hakFX3UxpB2fyZZwctcaOCKOTcmkYFJxSxIrkTdSUonDOMLdi7GXmqWCzepVoOo8UtPMjwrrP804BW9eaJiuXPLPPWZOYO52/Qa+C9vXMLscFJJbUoQmq8bzUqFocDNVHEmreCgll4wbqW/K+ZzZhkHP/vmEcjmL2+Lk3hA3g3efn3TPzpun2MHPUcv0B4i6D06Qp/REI0QDz4FiwCCMvwSmvAyXK5Tw6A9s4v+ivDHH0gj22Y=</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i
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Number sum rule

Momentum sum rule
<latexit sha1_base64="IuNLJGRmzHwNgtoahwHBgDnqSgY="></latexit>X

h1

Z 1�z2

0
dz1

Z
d2 ~P1? z1 D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1?· ~P2?) = (1� z2)D

h2/i
1 (z2, ~P

2
2?)

NB:                                                                                          is a conditional number density in 
the momentum (z1 , P1⟂) for h1 fragmenting from i given h2 has fragmented from i with 
momentum (z2 , P2⟂)

<latexit sha1_base64="Nngi4MLcEdfGpGOlxXgDEklIsP4="></latexit>

Dh1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1?· ~P2?)/D

h2/i
1 (z2, ~P

2
2?)

is a number density
Jacobian for the variable 

transformation

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="VVvQQ2Vpgh7Kd4dcP6l/DH7jHOo=">AAACyHicdZFdb9MwFIad8DXKV2GX3LhUSEMaXRzxsctpgIS4KhLdJjWt5TjuatVxjH2yqYtyw0/kjiv+Ck6bSaOFY0V6/bzH5zg+qVHSQRT9CsJbt+/cvbdzv/Pg4aPHT7pPn524orRcjHihCnuWMieU1GIEEpQ4M1awPFXiNF18aPz TC2GdLPQ3WBoxydm5ljPJGXhEu79x4sqcVnNK6msV14nUQKMpwdkVjdtNRV5fNVbPM5L0/PI86WEPpnFyIXg1rGlFEiOsqf/jxmsXf6Rk2rT0vQ6+13u+4L6vvb9ZZXoDxdvouhfPCsCbia862EeHdvvRIFoF3hakFX3UxpB2fyZZwctcaOCKOTcmkYFJxSxIrkTdSUonDOMLdi7GXmqWCzepVoOo8UtPMjwrrP804BW9eaJiuXPLPPWZOYO52/Qa+C9vXMLscFJJbUoQmq8bzUqFocDNVHEmreCgll4wbqW/K+ZzZhkHP/vmEcjmL2+Lk3hA3g3efn3TPzpun2MHPUcv0B4i6D06Qp/REI0QDz4FiwCCMvwSmvAyXK5Tw6A9s4v+ivDHH0gj22Y=</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i



 Connection to phenomenology - work in a frame where the dihadron has no 
transverse momentum

D. PitonyakD. Pitonyak

22

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2



 Connection to phenomenology - work in a frame where the dihadron has no 
transverse momentum
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<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2

<latexit sha1_base64="sE0I0HmveIuBOi5JGQGSw15QLbI="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

is a number density in 
<latexit sha1_base64="m49YreIC6/QZSrpH0Wq5gevPec4=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahQimJeFsW3bis0hs0pUymJ+3QyYWZSaENWbvxVdy4UMStT+DOt3GaZqGtPwx8/OcczpzfCRkV0jS/taXlldW19dxGfnNre2dX39tviCDiBOokYAFvOVgAoz7UJZUMWiEH7DkMms7wdlpvjoALGvg1OQ6h4+G+T11KsFRWVz8qTkr2BCQu2SMg8TDpxrVkxg8pn3b1glk2UxmLYGVQQJmqXf3L7gUk8sCXhGEh2pYZyk6MuaSEQZK3IwEhJkPch7ZCH3sgOnF6SmKcKKdnuAFXz5dG6v6eiLEnxNhzVKeH5UDM16bmf7V2JN3rTkz9MJLgk9kiN2KGDIxpLkaPciCSjRVgwqn6q0EGmGMiVXp5FYI1f/IiNM7K1mX54v68ULnJ4sihQ3SMishCV6iC7lAV1RFBj+gZvaI37Ul70d61j1nrkpbNHKA/0j5/ACftmpU=</latexit>

(z, ⇣,~kT , ~RT )

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z
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<latexit sha1_base64="qGnsj3B/LioJCw4Xi96qF18k1AY="></latexit>

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z, ⇣, ~R2

T )

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
= �✏

ij
T R

j
T

Mh
H

^h1h2/q
1 (z, ⇣, ~R2

T )

are number densities in 
<latexit sha1_base64="r7hYLam9HlQ2APMMNAewBhaplAM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVIS8bUsunFZpS9oQphMb9uhkwczk0IbAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPV7EqJCm+a3lVlbX1jfym4Wt7Z3dPX3/oCnCmBNokJCFvO1hAYwG0JBUMmhHHLDvMWh5w7up3xoBFzQM6nIcgePjfkB7lGCpJFc/Kk3K9gQkLtsjIMlj6ib19MzVi2bFnMFYJlZGiihDzdW/7G5IYh8CSRgWomOZkXQSzCUlDNKCHQuIMBniPnQUDbAPwklm56fGqVK6Ri/kqgJpzNTfEwn2hRj7nur0sRyIRW8q/ud1Ytm7cRIaRLGEgMwX9WJmyNCYZmF0KQci2VgRTDhVtxpkgDkmUiVWUCFYiy8vk+Z5xbqqXD5cFKu3WRx5dIxOUAlZ6BpV0T2qoQYiKEHP6BW9aU/ai/aufcxbc1o2c4j+QPv8AZ2AlUk=</latexit>

(z, ⇣, ~RT )
chiral-odd “interference” FF (IFF) 

that can couple to transversity
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<latexit sha1_base64="qGnsj3B/LioJCw4Xi96qF18k1AY="></latexit>

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z, ⇣, ~R2

T )

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
= �✏

ij
T R

j
T

Mh
H

^h1h2/q
1 (z, ⇣, ~R2

T )

One cannot simply replace the RT dependence in the DiFF with an Mh and still maintain a 
number density interpretation in Mh 

<latexit sha1_base64="esklVGeBHmwkWDAjgGqJAxUvm5A="></latexit>

~R 2
T =

1� ⇣2

4
M2

h � 1� ⇣

2
M2

1 � 1 + ⇣

2
M2

2

<latexit sha1_base64="NYhFr8orGPtPhEESsOxD/TMcJUc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT ,Mh,�RT ) : J = z3(1� ⇣2)/8

are number densities in 
<latexit sha1_base64="r7hYLam9HlQ2APMMNAewBhaplAM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVIS8bUsunFZpS9oQphMb9uhkwczk0IbAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPV7EqJCm+a3lVlbX1jfym4Wt7Z3dPX3/oCnCmBNokJCFvO1hAYwG0JBUMmhHHLDvMWh5w7up3xoBFzQM6nIcgePjfkB7lGCpJFc/Kk3K9gQkLtsjIMlj6ib19MzVi2bFnMFYJlZGiihDzdW/7G5IYh8CSRgWomOZkXQSzCUlDNKCHQuIMBniPnQUDbAPwklm56fGqVK6Ri/kqgJpzNTfEwn2hRj7nur0sRyIRW8q/ud1Ytm7cRIaRLGEgMwX9WJmyNCYZmF0KQci2VgRTDhVtxpkgDkmUiVWUCFYiy8vk+Z5xbqqXD5cFKu3WRx5dIxOUAlZ6BpV0T2qoQYiKEHP6BW9aU/ai/aufcxbc1o2c4j+QPv8AZ2AlUk=</latexit>

(z, ⇣, ~RT )

NB: Experiments report measurements in terms of Mh 

chiral-odd “interference” FF (IFF) 
that can couple to transversity
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)

total partonic cross section for
NB: also checked it works for gluon DiFF using  

<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>

e+e� ! � ! qq̄

This is exactly the structure dσ should have if D1 has a number 
density interpretation (alternative definitions would introduce 

additional factors that don’t give the expected parton model result)

<latexit sha1_base64="Oo6VAEp+bz7E219CYEsn6KA2/UM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFbUkxdey6MZlBfuAPsJketMMnTyYmQglduGvuHGhiFt/w51/46TNQlsPXDiccy/33uNEjAppmt9abmFxaXklv1pYW9/Y3NK3dxoijDmBOglZyFsOFsBoAHVJJYNWxAH7DoOmM7xJ/eYDcEHD4F6OIuj6eBBQlxIslWTre9A7ht5pR4ZGybMtz64cdU5aBVsvmmVzAmOeWBkpogw1W//q9EMS+xBIwrAQbcuMZDfBXFLCYFzoxAIiTIZ4AG1FA+yD6CaT+8fGoVL6hhtyVYE0JurviQT7Qox8R3X6WHpi1kvF/7x2LN2rbkKDKJYQkOkiN2aG+jYNw+hTDkSykSKYcKpuNYiHOSZSRZaGYM2+PE8albJ1UT6/OytWr7M48mgfHaASstAlqqJbVEN1RNAjekav6E170l60d+1j2prTspld9Afa5w+1WpP6</latexit>

e+e� ! (h1h2)X

<latexit sha1_base64="L0kkPj8P9+qQK72EqOpBfRq23m8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgiCURX8uimy4r2Ae0aZlMb9KhkwczEyGU+ituXCji1g9x5984TbPQ1gMzHM65l3vvcWPOpLKsb6Owsrq2vlHcLG1t7+zumfsHLRklgkKTRjwSHZdI4CyEpmKKQycWQAKXQ9sd38389iMIyaLwQaUxOAHxQ+YxSpSWBmYZ+qfQP8M9FeF69vv+wKxYVSsDXiZ2TiooR2NgfvWGEU0CCBXlRMqubcXKmRChGOUwLfUSCTGhY+JDV9OQBCCdSbb8FB9rZYi9SOgXKpypvzsmJJAyDVxdGRA1koveTPzP6ybKu3EmLIwTBSGdD/ISjvWNsyTwkAmgiqeaECqY3hXTERGEKp1XSYdgL568TFrnVfuqenl/Uand5nEU0SE6QifIRteohuqogZqIohQ9o1f0ZjwZL8a78TEvLRh5Txn9gfH5A30Lk2U=</latexit>

e
+
e
� ! H ! gg

<latexit sha1_base64="VOmwzHJ9cIpWw9jtT5PNGDjtUyg="></latexit>

d�

dz dMh
=

X

q

4⇡Nc↵2
em

3Q2
e2q D

h1h2/q
1 (z,Mh)

<latexit sha1_base64="tVm1onuFsAs0WxlR2il9B7pNtC8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXwSAIapgRt2PQi8cIZoHMJPR0apImPT1Dd48ShvyHFw+KePVfvPk3dpaDRh8UPN6roqpekHCmtON8WbmFxaXllfxqYW19Y3OruL1TV3EqKdZozGPZDIhCzgTWNNMcm4lEEgUcG8HgZuw3HlAqFot7PUzQj0hPsJBRoo3UxvYRtk88Hdt977jZKZacsjOB/Ze4M1KCGaqd4qfXjWkaodCUE6VarpNoPyNSM8pxVPBShQmhA9LDlqGCRKj8bHL1yD4wStcOY2lKaHui/pzISKTUMApMZ0R0X817Y/E/r5Xq8MrPmEhSjYJOF4Upt82X4wjsLpNINR8aQqhk5lab9okkVJugCiYEd/7lv6R+WnYvyud3Z6XK9SyOPOzBPhyCC5dQgVuoQg0oSHiCF3i1Hq1n6816n7bmrNnMLvyC9fENC/GRlQ==</latexit>

e+e� ! hX
<latexit sha1_base64="uKvxwLXYUomFAzUGTbWTFtbV+AY="></latexit>

d�

dz
=

X

q

�̂q
0 D

h/q
1 (z)

<latexit sha1_base64="jzEV9+bC/xKT+/ctcVBt5qguazY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfC2LblxWsA9oYphMJ+3QmUk6MymU2IW/4saFIm79DXf+jdM2C209cOFwzr3ce0+YMKq043xbhaXlldW14nppY3Nre8fe3WuoOJWY1HHMYtkKkSKMClLXVDPSSiRBPGSkGfZvJn5zSKSisbjXo4T4HHUFjShG2kiBfeCRQUqHXg/pzFO0y9E4cB4GgV12Ks4UcJG4OSmDHLXA/vI6MU45ERozpFTbdRLtZ0hqihkZl7xUkQThPuqStqECcaL8bHr/GB4bpQOjWJoSGk7V3xMZ4kqNeGg6OdI9Ne9NxP+8dqqjKz+jIkk1EXi2KEoZ1DGchAE7VBKs2cgQhCU1t0LcQxJhbSIrmRDc+ZcXSeO04l5Uzu/OytXrPI4iOARH4AS44BJUwS2ogTrA4BE8g1fwZj1ZL9a79TFrLVj5zD74A+vzB4sklnM=</latexit>

⌘ �̂q
0
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)

total partonic cross section for
NB: also checked it works for gluon DiFF using  

<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>

e+e� ! � ! qq̄

This is exactly the structure dσ should have if D1 has a number 
density interpretation (alternative definitions would introduce 

additional factors that don’t give the expected parton model result)

<latexit sha1_base64="Oo6VAEp+bz7E219CYEsn6KA2/UM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFbUkxdey6MZlBfuAPsJketMMnTyYmQglduGvuHGhiFt/w51/46TNQlsPXDiccy/33uNEjAppmt9abmFxaXklv1pYW9/Y3NK3dxoijDmBOglZyFsOFsBoAHVJJYNWxAH7DoOmM7xJ/eYDcEHD4F6OIuj6eBBQlxIslWTre9A7ht5pR4ZGybMtz64cdU5aBVsvmmVzAmOeWBkpogw1W//q9EMS+xBIwrAQbcuMZDfBXFLCYFzoxAIiTIZ4AG1FA+yD6CaT+8fGoVL6hhtyVYE0JurviQT7Qox8R3X6WHpi1kvF/7x2LN2rbkKDKJYQkOkiN2aG+jYNw+hTDkSykSKYcKpuNYiHOSZSRZaGYM2+PE8albJ1UT6/OytWr7M48mgfHaASstAlqqJbVEN1RNAjekav6E170l60d+1j2prTspld9Afa5w+1WpP6</latexit>

e+e� ! (h1h2)X

<latexit sha1_base64="L0kkPj8P9+qQK72EqOpBfRq23m8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgiCURX8uimy4r2Ae0aZlMb9KhkwczEyGU+ituXCji1g9x5984TbPQ1gMzHM65l3vvcWPOpLKsb6Owsrq2vlHcLG1t7+zumfsHLRklgkKTRjwSHZdI4CyEpmKKQycWQAKXQ9sd38389iMIyaLwQaUxOAHxQ+YxSpSWBmYZ+qfQP8M9FeF69vv+wKxYVSsDXiZ2TiooR2NgfvWGEU0CCBXlRMqubcXKmRChGOUwLfUSCTGhY+JDV9OQBCCdSbb8FB9rZYi9SOgXKpypvzsmJJAyDVxdGRA1koveTPzP6ybKu3EmLIwTBSGdD/ISjvWNsyTwkAmgiqeaECqY3hXTERGEKp1XSYdgL568TFrnVfuqenl/Uand5nEU0SE6QifIRteohuqogZqIohQ9o1f0ZjwZL8a78TEvLRh5Txn9gfH5A30Lk2U=</latexit>

e
+
e
� ! H ! gg

<latexit sha1_base64="tVm1onuFsAs0WxlR2il9B7pNtC8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXwSAIapgRt2PQi8cIZoHMJPR0apImPT1Dd48ShvyHFw+KePVfvPk3dpaDRh8UPN6roqpekHCmtON8WbmFxaXllfxqYW19Y3OruL1TV3EqKdZozGPZDIhCzgTWNNMcm4lEEgUcG8HgZuw3HlAqFot7PUzQj0hPsJBRoo3UxvYRtk88Hdt977jZKZacsjOB/Ze4M1KCGaqd4qfXjWkaodCUE6VarpNoPyNSM8pxVPBShQmhA9LDlqGCRKj8bHL1yD4wStcOY2lKaHui/pzISKTUMApMZ0R0X817Y/E/r5Xq8MrPmEhSjYJOF4Upt82X4wjsLpNINR8aQqhk5lab9okkVJugCiYEd/7lv6R+WnYvyud3Z6XK9SyOPOzBPhyCC5dQgVuoQg0oSHiCF3i1Hq1n6816n7bmrNnMLvyC9fENC/GRlQ==</latexit>

e+e� ! hX
<latexit sha1_base64="uKvxwLXYUomFAzUGTbWTFtbV+AY="></latexit>

d�

dz
=

X

q

�̂q
0 D

h/q
1 (z)
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The inhomogeneous terms are not UV divergent at              when one keeps the dependence 
on RT (see also Ceccopieri, et al. (2007))
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Evolution is independent of the target (in the case of 
PDFs) or final (in the case of FFs) state (Collins (2011))

The evolution equations of the (extended) DiFFs are the same as 
single-hadron collinear FFs

𝜻 dependence is not altered by evolution
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 We have updated our JAM3D-20 analysis using new data from HERMES 
(3D-binned Collins and Sivers effects and            ) as well as constraints from 
lattice QCD (tensor charge gT) and the Soffer bound on transversity.

 
 Our JAM3D-22 results show it is still possible to accommodate these 

data/constraints and describe all TSSAs.  The newly extracted transversity 
function and associated tensor charges are much more precise.  We also have 
the first direct information from experiment on          .

 We have introduced a new definition of dihadron fragmentation functions that 
is consistent with a number density interpretation, giving these functions a 
clear physical meaning, and derived their associated evolution equations.
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281
• The potential issue about the violation of the number sum rule equally applies to 

single-hadron FFs. Nevertheless, the universally accepted number density 
interpretation of D1(z) (Collins and Soper (1982)) is not called into question.
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• “Misinterpreting sum rules can have practical numerical consequences for 
phenomenological analyses” … The number sum rule for (single-hadron or 
dihadron) fragmentation functions (FFs) has never been used to constrain any 
phenomenological analyses, including those by JAM.
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281
• The potential issue about the violation of the number sum rule equally applies to 

single-hadron FFs. Nevertheless, the universally accepted number density 
interpretation of D1(z) (Collins and Soper (1982)) is not called into question.

• “Misinterpreting sum rules can have practical numerical consequences for 
phenomenological analyses” … The number sum rule for (single-hadron or 
dihadron) fragmentation functions (FFs) has never been used to constrain any 
phenomenological analyses, including those by JAM.

• “Note that changes in variables here do not undermine the number density 
interpretation. If two different variable choices are related by a simple Jacobian J, 

 then                                         both have equally valid number density 
interpretations in terms of their respective phase spaces,                   ” 

  … We agree, as we already made this statement in our paper (see main talk 
 slides), but it is necessary to first show explicitly that one has defined a 

  function that is a number density (either for the variable set                 )
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281 (continued)
• “At lowest order in perturbation theory, the Jacobian factor can simply be absorbed 

into the overall hard factor to maintain consistency with a factorization formula.”
 
 

 …
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e+e� ! � ! qq̄
<latexit sha1_base64="v0SkGX7KoMTN49KDHoi5gZNDj1s=">AAACFHicbVDJSgNBEO1xjXGLevQyGARFiTPB7RjUg8coZoFMMvR0Kkljz2J3jZAM8xFe/BUvHhTx6sGbf2Mn5uD2oODxXhVV9bxIcIWW9WFMTE5Nz8xm5rLzC4tLy7mV1aoKY8mgwkIRyrpHFQgeQAU5CqhHEqjvCah516dDv3YLUvEwuMJ+BE2fdgPe4YyiltzcjoNctCE5S127lfRcu+cW927SrcGuMwCku84tsOQyda9axW03l7cK1gjmX2KPSZ6MUXZz7047ZLEPATJBlWrYVoTNhErkTECadWIFEWXXtAsNTQPqg2omo6dSc1MrbbMTSl0BmiP1+0RCfaX6vqc7fYo99dsbiv95jRg7x82EB1GMELCvRZ1YmBiaw4TMNpfAUPQ1oUxyfavJelRShjrHrA7B/v3yX1ItFuzDwsHFfr50Mo4jQ9bJBtkiNjkiJXJOyqRCGLkjD+SJPBv3xqPxYrx+tU4Y45k18gPG2yeJDJ3e</latexit>

D̃h1h2/q
1 (z, ⇣, ~R2

T )

cannot be a number density in
<latexit sha1_base64="a8U2s9vYa1Pnwg9P+iCdUjmXYIg=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWoUEoivpZFNy6r9AVNCJPpbTt08mBmUkhD/RU3LhRx64e482+ctllo64ELh3Pu5d57vIhRIU3zW8utrW9sbuW3Czu7e/sH+uFRS4QxJ9AkIQt5x8MCGA2gKalk0Ik4YN9j0PZGdzO/PQYuaBg0ZBKB4+NBQPuUYKkkVy+WJxV7AhJX7DGQ9HHqNs5cvWRWzTmMVWJlpIQy1F39y+6FJPYhkIRhIbqWGUknxVxSwmBasGMBESYjPICuogH2QTjp/PipcaqUntEPuapAGnP190SKfSES31OdPpZDsezNxP+8biz7N05KgyiWEJDFon7MDBkasySMHuVAJEsUwYRTdatBhphjIlVeBRWCtfzyKmmdV62r6uXDRal2m8WRR8foBJWRha5RDd2jOmoighL0jF7Rm/akvWjv2seiNadlM0X0B9rnD8xWlD0=</latexit>

(z, ⇣, ~RT )


