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Background:

TSSAs for Single-Hadron Fragmentation
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Echevarria, et al. (2014, 2021))
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tFor(z, ) = / 2i L),y (Boer, Mulders, Pijlman (2003),
rr{zie) ! 2M 2 flT( g} = (@) see also del Rio, et al. (2024)) 1
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| function e p?
| () = 2 [, b B 6,20,

pL
2 M2




&

[ ebanon Valley Colle D. Pitonyak

g

5q5/0 dx [hi(x) — hi(x)] gr = ou — od

Anselmino, et al. (2007, 2009, 2013, 2015);
Goldstein, et al. (2014); Kang, et al. (2016); Radici, et al. (2013, 2015, 2018);
Benel, et al. (2020); D’Alesio, et al. (2020); Cammarota, et al. (2020);
Gamberg, et al. (2022); Cocuzza, et al. (2024)

He, Ji (1995);

Barone, et al. (1997);
Schweitzer, et al. (2001);
Gamberg, Goldstein (2001);
Pasquini, et al. (2005);
Wakamatsu (2007);
Herczeg (2001); Lorce (2009);

Erler, Ramsey-Musolf (2005); Tensor Gupta, et al. (2018);
Pospelov, Ritz (2005); Yamanaka, et al. (2018);
Severijns, et al. (2006); Charges Hasan, et al. (2019);
Cirigliano, et al. (2013); Alexandrou, et al. (2019, 2023);
Courtoy, et al. (2015); Yamanaka, et al. (2013);
Yamanaka, et al. (2017); Pitschmann, et al. (2015);
Liu, et al. (2018); Xu, et al. (2015);
Gonzalez-Alonso, et al. (2019) Wang, et al. (2018);
Liu, et al. (2019);
Gao, et al. (2023) 3

QCD Pheno for
Transversity

Low-Energ \ Lattice

BSM QCD,
Physics Models
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p'p — (hjet) X

jet
/.

(Yuan (2008); D’ Alesio, Murgia, Pisano (2017); Kang, Prokudin, Ringer, Yuan (2017), ...)

Fein@s=om) o gColins s { 4) @ h®(z1) @ f2(22) ® (G /(zn M) Hi "¢ (2hy 52)
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dAc(St) ~ Hgs ® f1 ® Frr ® Dy
\ )

p'p — hX v
T p Qiu-Sterman term
+Hr® fi®h1 ® (Hf(l),H)
\ \ \ N )
T Fragmentation term
P '\ (Metz, DP (2012); Kanazawa, et al. (2014);
> Cammarota, et al. (2020); Gamberg, et al. (2017, 2022))

Ay 1s a collinear (twist-3) observable
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Updated QCD Global Analysis of TSSAs
for Single-Hadron Fragmentation

Gamberg, Malda, Miller, DP, Prokudin, Sato, Phys. Rev. D 106, 034014 (2022)

User-friendly jupyter notebook to calculate functions and asymmetries:
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D Library.ipynb

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF tables

Jefferson Lah Angular
/N Momentum Collaboration
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» Analyze TSSAs in SIDIS, Drell-Yan, e*e- annihilation, and proton-proton
collisions and extract

hl(x)a FFT(wa w)a HiL(l)(z)a I:I(z)

along with the relevant transverse momentum widths for the Sivers,

transversity, and Collins functions: (k%) fibos s (KT o s (P l)fff ) (pﬂunf

> We use a Gaussian ansatz: F9(z,k7) ~ Fi(x)e —kr/k7) \where

Ny 2% (1 - 2)% (1 + 7, 2% (1 — 2)°1)

Fi(z)=
) Blag+2,bg+1] 4 v¢Blag+oq+2, b+ 54 +1]

NB.{7,, B} only used for H;- " (z), b, = by for hi(x), fT(l)(:c)

» DGLAP-type evolution for the collinear functions analogous to Duke &
Owens (1984): double-log O*-dependent term explicitly added to the
parameters
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» Additional data/constraints included in the fit compared to 2020:

* Collins and Sivers effects (3D-binned) SIDIS data from HERMES (2020)
. Asm %5 data (x and z projections only) from HERMES (2020) t‘ e)l%f

dzﬁhT psinés _ _ % 2 2Mp hQ/N( )Hh/q
G Q

» Lattice data on gy at the physical pion mass H > @

from ETMC (Alexandrou, et al. (2019))

» Imposing the Soffer bound on transversity: |h{(z)| < 5 (fi(x) + gi(z))

Generate “data” (central value and 1-oc uncertainty)
using recent simultaneous fit of f; and g; from
Cocuzza, et al. (2022) and add to the y?if SB is
violated by more than the uncertainty in the data
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x2/Npts. = 647/634 = 1.02

Observable Reactions Non-Perturbative Function(s) x*/npts
AS&I}(¢h_¢S) e+ (p,d)t s e+ (nt, 77, 7%+ X fir (z, E%) 182.9/166 = 1.10
AT et (pd)t —» e+ (nh, 17, 70) + X hi(z, k), Hi (2, 2% 3 181.0/166 = 1.09
Apr’s | e+pl e+ (nt im0+ X ha(z), H(2) 18.6/36 = 0.52
Avovr, | et +e” -7t (UC,UL)+ X Hi (z,2°p%) 154.9/176 = 0.88
ATTS T +p ot +X fio(w, B2 6.92/12 = 0.58
AY'? pt+p— (WHW™,2)+ X Fibe(z, k2) 30.8/17 = 1.81
A% pl+p—= (a7, 7))+ X |h(e), Frr(z, o) = L 159 (x), H Y (2), H(2)| 70.4/60 = 1.17
Lattice gr hi(x) 1.82/1 = 1.82
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Alexandrou et al (2019)
Anselmino et al (2013)

¥ Alexandrou et al (2019) — Lattice

6d B Kang et al (2016) JAM22 i : : Pitschmann et al (2015)
% Benel et al (2019) JAM22 (no LQCD) 2] +#&* Wang et al (2018)
# Radici, Bacchetta (2018) I:®» Hasan et al (2018)
@ D’ Alesio et al (2020) JAM20+ :“> Gupta et al (2018)
|

0.10 F I Goldstein et al (2014)
.i - | Radici et al (2015)
—0.05 - : —— I .  Kanget al (2016)
e —— |5| Radici, Bacchetta (2018)
—-0.20 F "*! m————jf—= | *| Benel et al (2019)
e D’ Alesio et al (2020)
—0.35 * +i= JAM20+
| ——t .| JAM22 (no LQCD)

—0.50 F o Jam22

1 ] 1 I 1 ] ; l:ll :

015 030 045 060 075 090§y, 05 10 15 gr

» TMD that only include e*e- and SIDIS Collins effect data (e.g., Kang, et al. (2016),
D’Alesio, et al. (2020)) and dihadron analyses (e.g., Radici, Bacchetta (2018); Benel, Courtoy,
Ferro-Hernandez (2019)), are generally below the lattice values for g, and du

» Note that one initially finds JAM3D-22 has more tension with lattice, but this does
not imply phenomenology and lattice are incompatible — one can only fully answer
this by including lattice data in the analysis (use it as a prior)

» Once g;is included (as a Bayesian prior), we find the non-perturbative
functions can accommodate it and still describe the experimental data well 11
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» Slight update (JAM3D-22%*) relevant for comparison with the JAMDIiFF analysis:
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» include transversity antiquarks with T = —d (from large-N.. limit (Pobylitsa (2003)))

* du,éd from ETMC and PNDME are both included in the with lattice fit (rather
than just g; from ETMC)

* incorporate constraint on the “a” parameter from the small-x asymptotic behavior
of transversity (Kovchegov, Sievert (2019))

sNe ) 0 = 0.250 £ 0.125

27 /

50% uncertainty due to unaccounted for
1/N. and NLO corrections

a 229% 1.9

12
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5d B Kang et al (2016) JAM22 (W/gT) -)6—: : Pitschmann et al (2015)
% Benel et al (2019) JAM22 (no LQCD) Il - ] & Wangetal (2018)
# Radici, Bacchetta (2018) |l . & Hasan et al (2018)
¥ Gupta et al (2018) JAM22* (W/éu; 5d) I 7 P Guptaetal (2018)
: -)(-: Alexandrou et al (2019)

%¥ Alexandrou et al (2019) JAM22* (no LQCD)

Anselmino et al (2013)

: B J—'—+— Goldstein et al (2014)
010 :.: | Radici et al (2015)
—0.05 e —l— | Kang et al (2016)
i % +|‘ " Radici, Bacchetta (2018)
—0.20 | S > ——%—t | Benel et al (2019)
—_— D’ Alesio et al (2020)
=035 ! | <8+ JAM20+
—@b— | JAM22 (no LQCD)
—0.50 : -o-: JAM22
T T T
0.15 030 045 0.60 0.75 0.90 ou 0.5 1.0 1.5 gr

NB: The experimental data is still described very well even when
including du, 8d from LQCD as a Bayesian prior in the fit

14
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New Dihadron Fragmentation Theory Developments

DP, Cocuzza, Metz, Prokudin, Sato, Phys. Rev. Lett. 132, 011902 (2024)
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jet axis

From Bianconi, et al. (2000)

Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004), ...
Po=P+P, R=(P—PF)/2 z=z4+2 (=(21—2)/z2

P M} + R2 L+¢p 5 P, — M3+ R2 L=Cp
" 1-Qp, " 2 "

15
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1 d +d 1k 1ho /1
AZ?” (21,22, P11, Pyy) = N, Z:/ : (Sl MOZﬁh / (f)’

=0

quark fragmentation (N; = N,)

O"2/9(£) =(0)W (00, €)tbga(€7,07,EL)|Pr, Py X)
X (P, Py; X |1hq (07,07, 0, )W(0,00)[0)

gluon fragmentation (N;= N2 - 1)

On219(€) =(0W (00, ) FL ,(F,07,€1)|P1, Py; X)
X <P17 PZ; X|F—IC—B(0+7 O_a GL)WCb<Ov OO>|O>

NB: we will focus on quark fragmentation, but similar results hold for gluon fragmentation

16
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Tr [Ah1h2/q(z1, 20, P11, ﬁu)v_} = D?1h2/q(2’1, 22, f’ﬂa ﬁ22j_7 f’lyf’u)

6471'321 Z9

NEW definition of
dihadron FFs

17
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Tr [Ah1h2/q(z1, 20, P11, f’u)v—} = D?1h2/q(21, 22, f’ﬂ, ﬁ22j_a f’lyf’u)

6471'321 Z9

N

This prefactor is key to the number density interpretation of
dihadron FFs (see also Majumder, Wang (2004))

d?’ﬁl dSﬁQ o d21d2p)1j_d22d2ﬁzj_
(2m)32P0 (2m)32P9  4(2m)3(27)321 22

. AP d?*P;, dz. 2B |
N, = J ”a*a.:/ﬂ 2= al G (j=10r2
& / (2m)3 2P T (218 2z; hiha UU=1or2)

o dP~ dPJ_ AT dZdPJ_ AT
pr=3y / op- P =3 /  Pra,

17
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Tr [Ah1h2/q(z1, 20, P11, ﬁuh_} = D?1h2/q(21, 22, f’ﬂ, ﬁ22j_a f’lyf’u)

6471'321 Z9

1 1—22
SO [ [ [@ P [# P Dl 0, PP P P
hi ho 0 0

= NW -1))

Note: Recent papers by Collins, Rogers (2024) and Rogers,
Courtoy (2024) do not actually put into question our results

regarding our DiFF definition being a number density. Expectation value for the total

number of hadron pairs produced
when the parton fragments

18
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Tr [Ahth/q(Zh 20, P11, f’u)v—} = D?1h2/q(2’1, 22, f’ﬂ? ﬁ22j_a f’lyf’u)

6471'321 Z9

1 1—22
SO [ [ [@ P [# P Dl 0, PP P P
hi ho 0 0

= NV -1))

Note: Recent papers by Collins, Rogers (2024) and Rogers,
Courtoy (2024) do not actually put into question our results

regarding our DiFF definition being a number density. Expectation value for the total

number of hadron pairs produced
when the parton fragments

If a prefactor of 1/(4z) = 1/(4(z,+z,)) is used, then sum rule proofs and deriving
the expected parton model results for cross sections are not possible.

18
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1 — — ] — — — —
——Tr|AMP(y 2 P Py )y | = D?th/q(Zh 20, P, P35, P11 -Pa))
647321 29 l
1 . 5 . _ 1. iRiP L
6473 21 2 Ir [Ahth/q(Zl,Zzapuapu)’Y V5| = LzMzhL Gt/ 2, P2 P2 PPy
;Tr[Ahth/Q(zl 79 p’ll p’zL)wi_%} _ 61R1H< h1h2/q(zl 2 p’2 P’2 ﬁ1¢'ﬁ2¢)
647T321Z2 T ’ Mh 12y S 1105 21

1 pJ

6 P / — — e —_

14 ht y7L" hiha/q 2 2

+ p, -H (21,22, P, Py, P11-Poy)
My,

NB: number density interpretation holds not only for unpolarized quarks (y~ projection) but
also for longitudinally (y"y> projection) and transversely (io’~ y> projection) polarized quarks

19
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Number sum rule

1 1—22
ZZ/ dz?/ dzl/dQPM/dQPMD?th/q(Zla2’27P12¢7P22¢7Pu - Ps)
e he *0 0

= NWN -1))

‘ Dillhz/i(wa €L, ?27 227 l—}Z’) =J- Dillha/i(zla 227P1J_7P ﬁll'ﬁQL)

is a number density \
Jacobian for the variable

transformation

20
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Number sum rule

1 1—22
ZZ/ sz/ dzl/dQPM/dQPZLD?th/q(Zla2’27P12¢7P22¢7Pu - Ps)
e he *0 0
= NWN -1))

) Di‘lhz/i(w, ©, Y2, Z2Y - Z) =7 - Di”lhﬂ/i(zl,Zzaﬁﬁaﬁgbﬁu'ﬁu)

is a number density \
Jacobian for the variable

transformation
Using our new definition, DiFFs can now be interpreted as

densities in any momentum variables of choice for the number
of hadron pairs (h, h,) fragmenting from the parton

20
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Number sum rule

1 1—22
ZZ/ dz?/ dzl/dQPM/dQPMD?th/q(ZlaZ2ap12¢ap22¢apu - Ps)
e he *0 0
= NWN -1))

‘ Dllllhz/i(w’ Ly ?2’ 22’ 1—}—.Z—’) =J- Dillha/i(zla 227ﬁfL7ﬁ§L7ﬁ1L'ﬁ2L)

is a number density \‘
Jacobian for the variable

transformation
Momentum sum rule

1—22

Z/ le/d2P)1J_ 21 D]fth/i(Zl, 29, P’12J_’ ﬁQ%_, ﬁlL’ﬁ2L> = (1 — 22) Dim/i(Zg, P;%_)
hy 0

NB: D2/ 2y B B2 Py Py ) /D (2, P2 ) is a conditional number density in
the momentum (z;, P; ) for h; fragmenting from i given h, has fragmented from j with
momentum (z,, P, )

21
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» Connection to phenomenology - work in a frame where the dihadron has no
transverse momentum

Ph=P+P, R=(P—PF)/2 z=z+4+2 (=(21—20)/z2

(Zl,ZQ,ﬁl_]_,ﬁQJ_)—)(Z,C,ET,ET): j:Z3/2

22
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» Connection to phenomenology - work in a frame where the dihadron has no
transverse momentum

Ph=P+P, R=(P—PF)/2 z=z+4+2 (=(21—20)/z2

(Zl,ZQ,ﬁl_]_,ﬁQJ_)—)(Z,C,ET,ET): j:Z3/2

z

h1ho 7 52 70 =

Tr {Ahlh?/q(zh szguaﬁuh_}

is a number density in (z, C, /;T, ET)

22
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» Experimental measurements are sensitive to the so-called “extended” DiFFs
where k; (and usually ) 1s integrated out

Z o T S _
32731 _CQ)/koT Tr|AMP2/9(2y 29, Py, Poy )y ] = D"/, ¢ R2)

2z ~ i = el R’ o
3273(1 — Cz)/dsz Ir _Ah1h2/q(zla227P1J_7P2_L)7’0-z ’75] = - ZMhT;If hlh”q(z,C,R%)

chiral-odd “interference” FF (IFF)

are number densities in (z, ¢, Br) that can couple to transversity

23
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» Experimental measurements are sensitive to the so-called “extended” DiFFs
where k; (and usually ) 1s integrated out

Z o T S _
32731 _CQ)/koT Tr|AMP2/9(2y 29, Py, Poy )y ] = D"/, ¢ R2)

Z = I = 5N e € S
3273(1 — C2)/d2kT Ir _Ah1h2/q(zlaZ27P1L7P2L)ZU '75] = ——L H1<I hth/q(zaQR%)

chiral-odd “interference” FF (IFF)

are number densities in (z, ¢, Br) that can couple to transversity

NB: Experiments report measurements in terms of M,

One cannot simply replace the Ry dependence in the DiFF with an M}, and still maintain a
number density interpretation in M,

(217227ﬁ1L7ﬁ2L> — (Z7C7ET7Mh7¢RT> : \7 — 23(1 o C2>/8

23
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» Experimental measurements are sensitive to the so-called “extended” DiFFs
where k; (and usually ) 1s integrated out

1

1ha/t _ T 1ha/t >

Dl (e M) = T [ d6 (1= YD (B
1

is a number density in (z, M},)

24
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» Experimental measurements are sensitive to the so-called “extended” DiFFs
where k; (and usually ) 1s integrated out

Dillh2/i(z, Mh) —

M|>1

/d<<1—<2) DIl ¢ 72

is a number density in (z, M},)

ete™ = (hihy) X ete” - hX
do 47TNCOzem 2 |~hiha/q q h/q
dZth :Z 3@2 qul (Z,Mh) Z D

total partonic cross section for ete” — Y — qq = O'O
NB: also checked it works for gluon DiFF using ete™ — H — ag

This is exactly the structure do should have if D, has a number
density interpretation (alternative definitions would introduce
additional factors that don’t give the expected parton model result)

24
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» Experimental measurements are sensitive to the so-called “extended” DiFFs
where k; (and usually ) 1s integrated out

Dillh2/i(z, Mh) —

M|>1

/d<<1—<2) DIl ¢ 72

is a number density in (z, M},)

€+6_ — (hth)X 6+6_ — hX
do _ Z 47TNcOéem 62 Dhlhg/q(z C R’%) Z th/q
dz dCdzRT - 3@2 g1 )S

total partonic cross section for ete” — Y — qq = O'O
NB: also checked it works for gluon DiFF using ete™ — H — ag

This is exactly the structure do should have if D, has a number
density interpretation (alternative definitions would introduce
additional factors that don’t give the expected parton model result)

24



B~
NG

& :
Ltunanvitey ot A o

» Evolution equations for extended DiFFs

1 | v I | \
hit 1hy R hi1 \
1 | 1 ! | \

| |
(a) (b)

D?1h2/7; _) D?th/j D?th/’i — Dill/] ®D?2/k

“Homogeneous term” “Inhomogeneous term”

25
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» Evolution equations for extended DiFFs

A [ I \
hit 1hy R hi1 \
1 | R ! | \

| |
(a) (b)

hihs /1 hihs /g hiho /1 hy/j ho /K
pihelt _y piiha/d pihe/i _y phi/i g phe/
“Homogeneous term” “Inhomogeneous term”

1+ w?

, 1 Cra, 77 d
D0 oy, ) = = gt [ DI e ) DI (1 w)

_ﬁ—% 272 w(l —w) 1 —w

1

The inhomogeneous terms are not UV divergent at O(«as) when one keeps the dependence
on R (see also Ceccopieri, et al. (2007))
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» Evolution equations for extended DiFFs

[ | 1\
hl' lh2 11
11 | (3R

I
(a)
<
32m3(1 — (2

Dilth/q(Z) C’ ﬁ%) — )/dQET Tr |:Ah1h2/q(zl7 2, ﬁlJ.) P)QJ_)fY_i|
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» Evolution equations for extended DiFFs

[ | 1\
hl,’ :h2 | \‘\‘
|
I
(a)
Dibth/Q(z,C’ ﬁ%) _ 3%3_ /dQET Tr {Ahﬂm/Q(zbZ2,ﬁ1L,ﬁ2L)7_}

—~ ¢ dependence is not altered by evolution

h/q 27, h/ 7 Evolution is independent of the target (in the case of
D — A4 P g
1 (2) 4 d"kr (2, kr) PDFs) or final (in the case of FFs) state (Collins (2011))

mmmm) The evolution equations of the (extended) DiFFs are the same as
single-hadron collinear FFs
26
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» Evolution equations for extended DiFFs

1y | vy
hl'lh2 (Y
11 | (3R

|
(a)

8Dh1h2/i(z C é%ﬂ) 1dw Lz B
A ) — - 1 2/1 (_ 2 . ) o
(9111”2 ;/z ,wD w?CaRThu Pz—)z (w)

where D = D or H®
i N\
use unpolarized use transversely polarized
time-like splitting splitting kernels
kernels
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Summary

» We have updated our JAM3D-20 analysis using new data from HERMES
(3D-binned Collins and Sivers effects and A:2.7°) as well as constraints from
lattice QCD (tensor charge g;) and the Soffer bound on transversity.

» Our JAM3D-22 results show it is still possible to accommodate these
data/constraints and describe all TSSAs. The newly extracted transversity
function and associated tensor charges are much more precise. We also have
the first direct information from experiment on H(z) .

» We have introduced a new definition of dihadron fragmentation functions that
1s consistent with a number density interpretation, giving these functions a
clear physical meaning, and derived their associated evolution equations.

28
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» Response to comment by Rogers and Courtoy - arXiv:2404.02281

* The potential issue about the violation of the number sum rule equally applies to
single-hadron FFs. Nevertheless, the universally accepted number density
interpretation of D;(z) (Collins and Soper (1982)) is not called into question.
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» Response to comment by Rogers and Courtoy - arXiv:2404.02281

* The potential issue about the violation of the number sum rule equally applies to
single-hadron FFs. Nevertheless, the universally accepted number density
interpretation of D;(z) (Collins and Soper (1982)) is not called into question.

*  “Misinterpreting sum rules can have practical numerical consequences for
phenomenological analyses” ... The number sum rule for (single-hadron or
dihadron) fragmentation functions (FFs) has never been used to constrain any
phenomenological analyses, including those by JAM.
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» Response to comment by Rogers and Courtoy - arXiv:2404.02281

The potential issue about the violation of the number sum rule equally applies to
single-hadron FFs. Nevertheless, the universally accepted number density

interpretation of D;(z) (Collins and Soper (1982)) is not called into question.

“Misinterpreting sum rules can have practical numerical consequences for
phenomenological analyses” ... The number sum rule for (single-hadron or
dihadron) fragmentation functions (FFs) has never been used to constrain any
phenomenological analyses, including those by JAM.

“Note that changes in variables here do not undermine the number density
interpretation. If two different variable choices are related by a simple Jacobian J,

ANy, Jth
dd 7 dP’

then dNy,/d® and dNy,/d®’ both have equally valid number density
interpretations in terms of their respective phase spaces, d® or d®’”

... We agree, as we already made this statement in our paper (see main talk

slides), but it is necessary to first show explicitly that one has defined a
function that is a number density (either for the variable set ® or @)
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» Response to comment by Rogers and Courtoy - arXiv:2404.02281 (continued)

e “At lowest order in perturbation theory, the Jacobian factor can simply be absorbed
into the overall hard factor to maintain consistency with a factorization formula.”

~hih =52
X D1 ' Q/q(za G, RT) — different definition of the DiFF that is also supposed
to be a number density in (z,(, Rr)
A ~hih =4
—— =Y |(K 67| Dy " (2, ¢, 7Y
dz dgd By

q /
NOT the total partonic cross
section for ete™ — Y — qq

m— Dy (2, ¢, R7)

cannot be a number density in (z, C, 13@)



