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Introduction  
• State-of-the-art lattice QCD simulations 

 3D structure of  the nucleon 
• First and second Mellin moments 

➡ Charges & from factors 
➡Transverse densities, Phys.Rev.D 107 (2023) 5, 054504   

• Direct computation of  parton distributions (PDFs and GPDs) 
Conclusions

Outline
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Quantum ChromoDynamics (QCD)
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Lattice QCD provides an ab initio method to  study a wide class of strong interaction phenomena

Unique properties: 
★Confinement  
★Asymptotic freedom 
★Mass generation via interaction

 Lattice QCD uses  directly               or the action  

Hydrogen atom

QED
Quantum theory of  the electromagnetic force mediated by exchange of  photons

<latexit sha1_base64="/jm82BNjOzr6wcZnOct5JWGLbXQ="></latexit>

mHydrogen = 0.51 MeV| {z }
me�

+938.29 MeV| {z }
mp+

� 13.6 eV| {z }
Ebinding

A. Stodolna et al., PRL  110 (2013) 213001

QCD
Quantum theory of  the strong force mediated by exchange of  gluons 
              Proton

Artist impression

<latexit sha1_base64="bo7G6x0mHPR55Zz/aHlYIxN6c48="></latexit>

mp = 2.3 MeV| {z }
2⇥mu

+4.7 MeV| {z }
md

+929 MeV| {z }
Ebinding

99% of  proton mass from interaction!

Fritzsch, Gell-Mann and Leutwyler, Phys. Lett. 47B (1973) 365 



Simulations of  lattice QCD
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1. Simulation of  gauge ensembles {U}:

Wilson-type

Staggered
Domain wall

<latexit sha1_base64="qnRwmnUFqfAG3UhhnFpE9Vl0SPU="></latexit>

P [U ] =
1

Z

0

@
Y

f=u,d,s,c

Det(Df [U ])

1

A e�SQCD[U ]

ETMC: S. Bacchio, J. Finkenrath, R. Frezzotti, B. Kostrzewa, C. Urbach 
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1. Simulation of  gauge ensembles {U}:
<latexit sha1_base64="qnRwmnUFqfAG3UhhnFpE9Vl0SPU="></latexit>

P [U ] =
1

Z

0

@
Y

f=u,d,s,c

Det(Df [U ])

1

A e�SQCD[U ]

2. Quark  propagators: inverse of  Dirac matrix Df[U]: Multi-grid solvers

ETMC: S. Bacchio, J. Finkenrath



5 ensembles completed and 3 
under production at physical pion 
mass 

• 5 lattice spacings 0.05<a<0.1 fm            
—> take continuum limit directly 
at the physical point avoiding 
chiral extrapolation removing a major  
systematic error in the baryon sector 

• 2 volumes at a=0.08 fm, 0.07 fm and 
0.06 fm of  Lmπ~3.6 (5.1 fm) and Lmπ 
~5.4 (7.7 fm) completed 

Gauge ensembles generated by ETMC
Nf=2+1+1 ETMC ensembles

•Analysis completed for 643x128 a~0.08 fm 
•Analysis ongoing for 963x192 a~0.08 fm

•Analysis completed for 803x160, a~0.07 fm 
•Analysis ongoing for 1123x224, a~0.07 fm • Analysis completed for 963x192, a~0.06 fm 

• Simulation ongoing for 1123x224, a~0.06 fm

C. A. et al. (ETMC) Phys. Rev. D98 (2018) 054518 

Physical mass point

• Simulation ongoing for 
1123x224, a~0.05 fm
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• Simulation ongoing  483 x 96  a~0.09 fm

ETMC: S. Bacchio, J. Finkenrath, R. Frezzotti, B. Kostrzewa, C. Urbach 
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1123x224, a~0.05 fm
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• B-ensemble: 643 x 128, a~0.08 fm 
• C-ensemble: 803x160, a~0.07 fm 
• D-ensemble:963x192, a~0.06 fm

Results in this talk from the analysis of  3 physical mass point ensembles 

• Simulation ongoing  483 x 96  a~0.09 fm



Computational resources
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Summit, OLCF 

Marconi100, CINECA 

Piz Daint, CSCS 

HAWK, HLRS 

SuperMUC, LRZ 

JSC

USA

Stampede,TACC



The 3D-structure of  the nucleon is a major part of  on-going 
experiments and of  the future EIC 
                                                                           
Lattice QCD can contribute towards this goal - many recent 
developments to compute Mellin moments but also directly 
parton distributions

3D structure of  hadrons
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EIC white paper, arXiv:1212.1701  

Studies in lattice QCD since the 1980s 

1D

3D

both the form factors and 
the PDFs are fully 
encoded  within GPDs 

<latexit sha1_base64="jt37Tx9mtiMsfwOxFGULnljxPk8=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCoz4m0jFty4rGAv0A4lk2ba2EwyJBmhDH0HNy5axK3P4Gu4823MtF1o6w+Bj/8/h5xzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DupaJIrRGJJeqGWBNORO0ZpjhtBkriqOA00YwuMvyxjNVmknxaIYx9SPcEyxkBBtr1W/aBieFTrHklt2p0DJ4cyjdfo4zTaqd4le7K0kSUWEIx1q3PDc2foqVYYTTUaGdaBpjMsA92rIocES1n06nHaET63RRKJV9wqCp+7sjxZHWwyiwlRE2fb2YZeZ/WSsx4bWfMhEnhgoy+yhMODISZaujLlOUGD60gIlidlZE+lhhYuyBsiN4iysvQ/2s7F2WLx7cUuUcZsrDERzDKXhwBRW4hyrUgMATvMAYJo50Xp03531WmnPmPYfwR87HD/kbkyo=</latexit>= ⌧



Light-cone matrix elements cannot be computed using a Euclidean lattice formulation of  QCD  

Expansion of  light-cone operator leads to a tower of  local twist-2 operators —> connected to moments that                                   
can be computed in lattice QCD

Computation of  Mellin moments of  GPDs

10
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q(x)

f1(x,μ2)

g1(x,μ2)

h1(x,μ2)

Twist-2 PDFs

<latexit sha1_base64="ERZ/IA8ox64pFBWVxoNlagz298M="></latexit>

O
µ1...µn =  ̄�{µ1iDµ2 . . . iDµn} 

unpolarized
! hxn

iq =

Z 1

0
dx xn [q(x)� (�1)nq̄(x)]

Õ
µ1...µn =  ̄�5�

{µ1iDµ2 . . . iDµn} 
helicity
! hxn

i�q =

Z 1

0
dx xn [�q(x) + (�1)n�q̄(x)]

O
⇢µ1...µn

T =  ̄�⇢{µ1iDµ2 . . . iDµn} 
transversity

! hxn
i�q =

Z 1

0
dx xn [�q(x)� (�1)n�q̄(x)]

q = q# + q", �q = q# � q", �q = q| + q?

Ph. Hagler,  Phys. Rept. 490 (2010) 49 



Light-cone matrix elements cannot be computed using a Euclidean lattice formulation of  QCD  

Expansion of  light-cone operator leads to a tower of  local twist-2 operators —> connected to moments that                                   
can be computed in lattice QCD

Computation of  Mellin moments of  GPDs

11
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q(x)

For off-diagonal matrix elements we obtain moments of  GPDs or the generalised form factors (GFFs)   
e.g unpolarized 

<latexit sha1_base64="Iv7rjLqZNqg/rvseYLHF/Dqjl2U="></latexit>Z 1
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Twist-2 PDFs
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Õ
µ1...µn =  ̄�5�

{µ1iDµ2 . . . iDµn} 
helicity
! hxn

i�q =

Z 1

0
dx xn [�q(x) + (�1)n�q̄(x)]

O
⇢µ1...µn

T =  ̄�⇢{µ1iDµ2 . . . iDµn} 
transversity

! hxn
i�q =

Z 1

0
dx xn [�q(x)� (�1)n�q̄(x)]

q = q# + q", �q = q# � q", �q = q| + q?

Ph. Hagler,  Phys. Rept. 490 (2010) 49 



Light-cone matrix elements cannot be computed using a Euclidean lattice formulation of  QCD  

Expansion of  light-cone operator leads to a tower of  local twist-2 operators —> connected to moments that                                   
can be computed in lattice QCD

Computation of  Mellin moments of  GPDs

12

<latexit sha1_base64="dbMfy+jmP2KemYZYHakSYZm1/w0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuEfUiFLx4rGBboV1KNs22oUl2TbJiWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVtHiSK0RSIeqfsAa8qZpC3DDKf3saJYBJx2gvF15nceqdIskndmElNf4KFkISPYZNJD9em0X664NXcGtEy8nFQgR7Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KKXif953cSEl37KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2RC8xZeXSbte885r9duzSuMqj6MIR3AMVfDgAhpwA01oAYERPMMrvDnCeXHenY95a8HJZw7hD5zPH331jd4=</latexit>

q(x)

<latexit sha1_base64="kfNKwJYq7/kp1T3Fcjk4/kXKiEY="></latexit>

hxiq = A20(0), hxi�q = Ã20(0), hxi�q = AT
20(0)

<latexit sha1_base64="jD/4yuYh9KRZ9CKAE3a9fqGoAA8="></latexit>

and Jq = 1
2 [A20(0) +B20(0)] =

1
2�⌃q + Lq

Spin and momentum sums:
<latexit sha1_base64="LEMWDvIMb/W5BMFou2VzIy4aUsE="></latexit>P

q

⇥
1
2�⌃q + Lq

⇤
+ Jg = 1

2 ,
P

qhxiq + hxig = 1

Special cases: n=1,2 for the nucleon 
‣ n=1: τ=0 —> charges gV,   gA,  gT 
                        —> form factors:  
‣ n=2: generalised form factors: 

<latexit sha1_base64="KrzmAWDwslHpjdFCXSu6IPZaLUA="></latexit>

A10(⌧) = F1(⌧), B10(⌧) = F2(⌧), Ã10(⌧) = GA(⌧), B̃10(⌧) = Gp(⌧)
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A20(⌧), B20(⌧), C20(⌧), Ã20(⌧), B̃20(⌧)
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⌧ 6= 0
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For off-diagonal matrix elements we obtain moments of  GPDs or the generalised form factors (GFFs)   
e.g unpolarized 



Mellin moments - precision era of  lattice QCD 
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gV = h1iu�d

gA = h1i�u��d

gT = h1i�u��d

First Mellin moments

14

• gV= 1 
• gA= 1.2764     0.0006          reproduce 
• gT= 0.53    0.25   M. Radici and A. Bacchetta. PRL 120 (2018) 192001

± ☞
±

Determine for each quark flavour 
• e.g.  <latexit sha1_base64="HB7SyXbrmHtscg01GpOdeRTdrPg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCIJSkiLoR6mPhsqJ9QJOGyXTSDp1M0pmJUELd+CtuXCji1r9w5984bbPQ1gMXDufcy733+DGjUlnWtzE3v7C4tJxbya+urW9smlvbNRklApMqjlgkGj6ShFFOqooqRhqxICj0Gan7vauRX38gQtKI36tBTNwQdTgNKEZKS56561wTppBzRzsh8tJ+62h43vEuWn3PLFhFaww4S+yMFECGimd+Oe0IJyHhCjMkZdO2YuWmSCiKGRnmnUSSGOEe6pCmphyFRLrp+IMhPNBKGwaR0MUVHKu/J1IUSjkIfd0ZItWV095I/M9rJio4c1PK40QRjieLgoRBFcFRHLBNBcGKDTRBWFB9K8RdJBBWOrS8DsGefnmW1EpF+6RYuj0ulC+zOHJgD+yDQ2CDU1AGN6ACqgCDR/AMXsGb8WS8GO/Gx6R1zshmdsAfGJ8//V6WmQ==</latexit>

�⌃q+ = gqA
<latexit sha1_base64="jCel+CzFbdRoCW3uBXXG8Xarj2k="></latexit>

�⌃q+(µ
2) =

Z 1

0
dx

⇥
�q(x, µ2) +�q̄(x, µ2)

⇤
= gqA

 Moments for small n are readily accessible on the lattice from matrix elements of  local operators 

 Computation of the low Mellin moments has a long history, G. Martinelli and Ch. Sachradja Phys. Lett. B217 

(1989) 319 

 Only recently we have results directly at the physical point (i.e. simulations with mπ ~ 135 +/-10 MeV)

Nucleon isovector charges



Axial charges
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• Axial charges extracted directly from the forward matrix element 

Strange Charm

Isovector
Isoscalar including disconnected
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-0.037(18)

0.000 0.002 0.004 0.006

a2[fm2]

°0.02

°0.01

0.00

0.01

gc A

0.003(13)

• Non-zero strangeness, upper limit on charmness of  0.013 
• With our two additional lattice spacings we expect more stability in the results and reduced 

errors at the continuum limit 

0.000 0.002 0.004 0.006

a2[fm2]
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°

d
A

Exp= 1.27641(56)
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Nucleon isovector (u-d) axial charge

16
Lattice QCD results on gA consistent with experimental value



4

Nucleon isovector (u-d) tensor charge

Continuum limit 
directly at physical 
pion mass

17

Only connected contributions

0.000 0.002 0.004 0.006

a2[fm2]

0.90

0.92

0.94

0.96

0.98

gu
°

d
T

0.961(32)



ETM19
ETM24

PNDME20
Mainz19

Evaluate both connected and  disconnected contributions 
Obtain flavor diagonal  tensor charge for the first time in the continuum 
using only physical point ensembles - input for phenomenology 
JAM3D-22: gTu=0.78(11) and gTd=-0.12(11), arXiv:2306.12998

Flavor diagonal tensor charge

18

Only calculation in the continuum limit directly at the physical point

Precision era of lattice QCD for first Mellin moments including flavor diagonal

Thanks to Daniel Pitonyak



Flavor diagonal tensor charge
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Precision results on the isovector tensor charge - input for phenomenology e.g. JAM3D-22 analysis 

L. Gamberg et al. (JAM) Phys.Rev.D 106 (2022) 3, 034014, arXiv:2205.00999 

https://arxiv.org/abs/2205.00999


 Dipole and z-expansion fits, various ranges ⟶ model average using AIC

Axial form factors

20

<latexit sha1_base64="rcB9lpbzQk+egL0ghRnafjRJO2w="></latexit>

g⇤
P ⌘ mµ

2mN
GP(0.88m

2
µ)

C.A., S. Bacchio,  M. Constantinou, J. Finkenrath, R. Frezzotti, B. Kostrzewa, G. Koutsou, G. Spanoudes, C. Urbach, 
arXiv:2309.05774  

Provide input for neutrino experiments

Pseudoscalar form factor G5 also computed 
and shows similar behavior to GP —> check 
PCAC and Goldberger-Treiman relation



Agreement between our results and those of  Mainz

Recent results on GA(Q2) and GP(Q2)
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D. Djukanovic et al. PRD 106, 074503 (2022), arXiv: 2207.03440 

Lattice QCD results closer to the new Minerva antineutrino-hydrogen data

deuterium bubble-chamber data, 
Phys. Rev. D 93, 113015 (2016)

T. Cai et al., Nature 614, 48 (2023)



Second Mellin moments
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Momentum fraction carried by quark - 
best measured 

 Quark unpolarised moment: 

Gluon unpolarised moment:

 Equivalent expression for gluon 

Matrix elements of  helicity and transversity one derivative operators yield: 

Field strength tensor 

 Momentum sum:
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First Mellin moment of  transversity GPD

Transversity moments
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Second Mellin moment of  transversity GPD:
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M. Diehl and Ph. Hägler, Eur. Phys. J. C 44, 87 (2005),  

hep-ph/0504175. 

Transversity GPDs can be written in terms of  the combination:  
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Continuum limit of  isovector generalised form factors
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Continuum extrapolate in a2  

All results are in the        scheme at 2 GeV The u-d anomalous tensor magnetic moment
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—> non-zero Boer-Mulders function
 Momentum fraction 

 u-d total angular momentum

 Second transversity moment
<latexit sha1_base64="vD6/I5AX0oWqkCFcvDOAsP4Gir4="></latexit>

hxi�u��d = AT20(0) = 0.168(44)

<latexit sha1_base64="iYayMpQmAF0iTGWKiYSvmBXVi94=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARWsSSRKndFCpuXFawF2hCmEyn7dDJJMxMxBL6EG58FTcuFHHrwp1v4/Sy0NYfBj7+cw5nzh/EjEplWd9GZmV1bX0ju5nb2t7Z3TP3D5oySgQmDRyxSLQDJAmjnDQUVYy0Y0FQGDDSCobXk3rrnghJI36nRjHxQtTntEcxUtryzVOXId5nBD64YgZ+mpx1x9UrP3WsccEqVq2S7ZQL507RN/NWyZoKLoM9hzyYq+6bX243wklIuMIMSdmxrVh5KRKKYkbGOTeRJEZ4iPqko5GjkEgvnR41hifa6cJeJPTjCk7d3xMpCqUchYHuDJEayMXaxPyv1klUr+KllMeJIhzPFvUSBlUEJwnBLhUEKzbSgLCg+q8QD5BAWOkcczoEe/HkZWg6JbtcKt9e5GuVeRxZcASOQQHY4BLUwA2ogwbA4BE8g1fwZjwZL8a78TFrzRjzmUPwR8bnD0Atm7U=</latexit>

hxiu�d = A20(0) = 0.126(32)

<latexit sha1_base64="+s+YWYFSOxgDLudgLvXegt63N8I=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARW8QyU2rtplB1I64q2AtMhyGTpm1o5kKSEcowj+DGV3HjQhG3Lt35NqYXQVt/CHz85xxOzu+GjAppGF9aaml5ZXUtvZ7Z2Nza3tF395oiiDgmDRywgLddJAijPmlIKhlph5wgz2Wk5Q6vxvXWPeGCBv6dHIXE9lDfpz2KkVSWox/fOHF02k2q1oUTF40kZ+RPLn/IrhoF86ycK5Xzjp41CsZEcBHMGWTBTHVH/+x0Axx5xJeYISEs0wilHSMuKWYkyXQiQUKEh6hPLIU+8oiw48lBCTxSThf2Aq6eL+HE/T0RI0+IkeeqTg/JgZivjc3/alYkexU7pn4YSeLj6aJexKAM4Dgd2KWcYMlGChDmVP0V4gHiCEuVYUaFYM6fvAjNYsEsF8q3pWytMosjDQ7AIcgBE5yDGrgGddAAGDyAJ/ACXrVH7Vl7096nrSltNrMP/kj7+AZDX5ji</latexit>

Ju�d = [A20(0) +B20(0)] = 0.156(46)

 Second transversity moment of
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Its value not known in phenomenology

https://arxiv.org/abs/2202.09871


Continuum limit of  generalised form factors
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<latexit sha1_base64="BpSc/FkxC9UIY6bJChE5+ou5I/Q=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiiUJIitRuh1o3LCn1BW8JkMmmHTh7M3Agl9Avc+CtuRNwouPEX/BuTNpu2XhjmcM65zJzjRIIrMM1fbW19Y3Nru7Cj7+7tHxwaR8dtFcaSshYNRSi7DlFM8IC1gINg3Ugy4juCdZzxfaZ3nphUPAyaMInYwCfDgHucEkgp27jsAxcuS+pTO2la5vS2Pr+vyrlwlwu6bhtFs2TOBq8CKwdFlE/DNn76bkhjnwVABVGqZ5kRDBIigVPBpno/ViwidEyGLJklmeLzlHKxF8r0BIBn7IKP+EpNfCd1+gRGalnLyP+0XgxedZDwIIqBBXT+kBcLDCHOasEul4yCmKSAUMnTH2I6IpJQSMvLolvLQVdBu1yyKqXK43WxVs1LKKBTdIYukIVuUA09oAZqIYpe0Bv6RF/as/aqvWsfc+ualu+coIXRvv8ACemYXg==</latexit>

B̃T10 = BT10 + 2ÃT10

Continuum extrapolate in a2  

 Fit the Q2-dependence to                                       
and compute Fourier transform

p accounts for correct behavior for large Q2 and small bT

https://arxiv.org/abs/2202.09871


 Examine transversity at zero skewness in impact parameter space 

Compute isovector generalised form factors and Fourier transform to impact parameter space 

Spin densities in the transverse plane

26
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M. Diehl and Ph. Haggler, Eur. Phys. J. C 44, 87 (2005), hep-ph/0504175. 

 x   : longitudinal momentum fraction 
      : transverse quark spin 
      : transverse nucleon spin 
      : transverse impact parameter
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 Take moments



Transverse density distribution for n=1

27

transversely polarized 
quarks in an unpolarized 
nucleon

unpolarized quarks in 
a transversely 
polarized nucleon

transversely polarized 
quarks in 
a transversely 
polarized nucleon

transversely polarized 
quarks in 
a perpendicularly 
polarized nucleon

Large effect due to 
B10 &  

C.A. et al. (ETMC, Phys.Rev.D 107 (2023) 5, 054504, arXiv: 2202.09871 
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B̃T10(0)

 Contours of  the the probability density for the first moment as a function of  bx and by

 Qualitative behavior similar to that found in M. Diehl and Ph. Hägler, Eur. Phys. J. C 44, 87 (2005),  
hep-ph/0504175

Related to Sivers 
asymmetry,  
M. Burkardt (2004)

https://arxiv.org/abs/2202.09871


Transverse density distribution n=2
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Distortion is milder than for n=1 due to the milder dependence of  A20(t) compared to A10(t)

transversely polarized 
quarks in an unpolarized 
nucleon

unpolarized quarks in 
a transversely 
polarized nucleon

transversely polarized 
quarks in 
a transversely 
polarized nucleon

transversely polarized 
quarks in 
a perpendicularly 
polarized nucleon

 Contours of  the the probability density for the second moment as a function of  bx and by



New era of  direct computation of  x-dependencne of  parton 
distributions

29



Large momentum effective theory(LaMET)

• PDFs light-cone correlation matrix elements - cannot be computed on a Euclidean lattice
<latexit sha1_base64="HUG7Z/qQY1TAXfRgU3oy72rE+H0="></latexit>

F�(x) =
1

2

Z
dz�

2⇡
eixP

+z�
hN(p)| ̄(�z/2)�W (�z/2, z/2) (z/2)|N(p)i|z+=0,~z=0

z0=tz- z+

z3

X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Define spatial correlators e.g. along z3 and boost nucleon state to large 
momentum —> quasi PDFs (have same IR behaviour) 

z0=tz- z+

z3

matching 
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• Match to the infinite momentum frame using the matching kernel computed in 
perturbation theory (possible due to asymptotic freedom of  QCD) 

• Allow momentum transfer —> generalised parton distributions 

30



Direct computation of  PDFs

31

X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Isovector (u-d)

<latexit sha1_base64="yJBeiFkpjGNkCYYlwSUliWJ/s5k="></latexit>

�0 unpolarised

� = �5�3 helicity

�3i, i = 1, 2 transversity

Renormalise non-perturbatively, Z(z,μ) 
Need to eliminate both UV and exponential divergences 

• Match using LaMET Perturbative kernel
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F̃�(x, P3, µ) = 2P3

Z 1

�1

dz

4⇡
e�ixP3z hP3| (0)�W (0, z) (z)|P3i|µ

Combining lattice input for helicity

JAM-17

C.A. et al. (ETMC) Phys. Rev. Lett. 121, 112001 (2018) , 1807.00232 
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Isovector transversely at physical pion mass and a=0.093 fm in the        scheme at 2 GeV

Transversity PDF

32

C.A. et al. (ETMC) Phys. Rev. D 98 (2018) 091503(R), arXiv:1807.00232
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 Lattice Parton Collaboration (LPC) analysed ensembles with 4 lattice spacings a={0.098, 
0.085,0.064,0.049} fm , pion masses ranging from 220 to 350 and momentum boosts up to 2.8 GeV 

Renormalization is done using a hybrid scheme separating the  short and  long distances

Transversity PDFs

33

LPC

F. Yao et al. (LPC) Phys. Rev. Lett. 131 (2023) 26, 261901, 2208.08008

Continuum, chiral extrapolations and large momentum limit are done simultaneously



Connected isoscalar: compute like 
isovector

Isoscalar and strange PDFs
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L(tins, z) =
X

~xins

Tr
⇥
D�1

q (xins;xins + z)�3�5W (xins, xins + z)
⇤

Two studies on disconnected with heavier than physical pion mass: 
• Mixed action - clover valence on staggered sea,  mπ=310 and mπ=690 MeV, only strange 

• Twisted mass fermions 
R. Zhang, H.W. Lin, B. Yoon (2020), 2005.011
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323 ⇥ 64 a=0.0938(3)(2) fm mN = 1.050(8) GeV
L = 3.0 fm m⇡ ⇡ 260 MeV m⇡L ⇡ 4.0

C. A., M. Constantinou, K. Hadjiyiannakou, K. Jansen, F. Manigrasso (2020), 2009.13061  
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Helicity distributions

C.A., G. Iannelli, K. Jansen, F. Manigrasso, Phys. Rev. D 102 (2020) 9, 094508, arXiv:2007.13800

C. A., M. Constantinou, K. Jansen, F. Manigrasso, Phys. Rev. Lett. 126 (2021) 10, 102003, arXiv:2009.13061 
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323 ⇥ 64 a=0.0938(3)(2) fm mN = 1.050(8) GeV
L = 3.0 fm m⇡ ⇡ 260 MeV m⇡L ⇡ 4.0



Helicity & transversity GPDs
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g1(x) = H̃(x, 0, 0)

Q2=0.69 GeV2
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323 ⇥ 64 a=0.0938(3)(2) fm mN = 1.050(8) GeV
L = 3.0 fm m⇡ ⇡ 260 MeV m⇡L ⇡ 4.0

C. A. et al. (ETMC) Phys. Rev. Lett. 125 (2020) 262001,2008.10573 
C.A. et al.( ETMC) , Phys.Rev.D 105 (2022) 3, 034501,  2108.10789

New developments of  expressing GPDs in terms of  Lorentz invariant amplitudes allows easier access to a range 
of  momentum transfers in lattice QCD calculations

S. Bhattacharya et al. Phys. Rev. D 106  (2022) 114512, 2209.05373 for unpolarized  
S. Bhattacharya et al. Phys. Rev. D 109  (2024) 034508, 2310.13114 for helicity



Towards TMD PDFs in lattice QCD

37

Renormalised beam function obtained from the bare  

X. Ji  et al. (LPC)  2211.02340

Rapidity independent reduced soft function

 Quasi-TMDs formulated in the LaMET approach 

First results obtained for the unpolarised nucleon TMD PDF by the Lattice 
Parton Collaboration (LPC)

ζz=(2xPz)2 is the Collins-Soper scale of  the quasi-TMD 

Quasi-TMD PDF is given as

perturbative matching kernel 
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W(z,~bT , Lẑ) =

X. Ji, et al. Phys. Rev. D 99 (2019) 114006, 1801.05930 


Collins-Soper kernel,  which is non-
perturbative for qT~1/bT~ΛQCD

M. A. Ebert, I. W. Stewart, Y. Zhao, Phys.Rev.D 99 (2019) 3, 
034505, 1811.00026; JHEP 09  (2019) 037, 1901.03685;  
JHEP 03 (2020) 099 ,1910.08569

37

<latexit sha1_base64="IjF3C96HjXJJkiyZiwYEG/jH3ek="></latexit>

f̃TMD(x,~bT , µ, ⇣z) =

Z
dz

2⇡
e�iz⇣z P z

E~P

B�(z,~bT , µ, P
z)

<latexit sha1_base64="qyqRhy/KGHH64HikQhl4QqsG1n0="></latexit>

B̃0,�(z,~bT , L, P
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 LPC published the first results modelling the momentum dependence and taking the chiral and 
continuum limits 

ETMC has preliminary results at one lattice spacing (0.093 fm) and heavier than physical pion mass (350 
MeV), renormalised with the ratio scheme

Nucleon unpolarised isovector TMD PDF
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 Precision era of  lattice QCD: Moments of  PFDs can be extracted precisely - we can extract a lot of  
interesting physics and also reconstruct the PDFs 

 Results on isovector  and gluon PDFs using simulations with physical pion mass using various approaches 
(quasi-distributions, pseudo-distributions, current-current correlates, etc) 

Calculations of  GPDs using a suitable for lattice frame and extraction of  Lorentz invariant amplitudes 

 The calculation  of  sea quark contributions is feasible providing valuable input e.g. the strange helicity 

 Exploratory studies of  TMDs 
  Way forward: continuum limit, larger boosts, volume effects

Conclusions
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