
THE QCD AXION : 
Some Like It Hot

MAURO   VALLI 

INFN Rome 

Rome —  9 Nov 2023 

— Trieste —   
15 December 2023

 7th Trilateral 
     meeting    



A  SISSA  MOVIE

Maurilyn Fred Whitey
ar
Xiv

: 2
31

0.
08

16
9

di Cortona



Minimal  QCD Axion

fa = 5.7 × 106 GeV (eV/ma)

It couples to Topological Charge Density:    𝒬 ≡
αs

8πfa
G G̃

[Hook `21]

[Grilli, Hardy, Pardo, Villadoro `16]

Coupling required to “relax” the Strong CP problem, namely:

∼ θ
mq

m2
N

e ∼
10−2

GeV
e ∼ 10−16 cm ⋅ e VS

(GeV−1 ∼ 10−14 cm)

dexp
n

≲ 10−26 cm ⋅ e

θ ≲ 10−10



  

The (Minimal) QCD AxionThe (Minimal) QCD Axion 

● dynamical explanation of dynamical explanation of ��
strongstrong  1 �  1 �

● contribute to part (or all) of 'contribute to part (or all) of '
dmdm

● contribute to 'contribute to '
radrad
  

Minimal  QCD Axion

BSM contribution to Early Universe energy budget !

fa = 5.7 × 106 GeV (eV/ma)

It couples to Topological Charge Density:    𝒬 ≡
αs

8πfa
G G̃

[Hook `21]

[Grilli, Hardy, Pardo, Villadoro `16]
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Neutrino cosmology 101

C!B
T~O(MeV)

T~m! (?)
Relativistic 

Non  
Relativistic 

Dolgov02,Lesgourgues&Pastor06,Hannestad10,Gerbino+23

SPOILER:  ((Hot) Axions ~ Neutrinos



Minimal  QCD Axion

TD

H ∼ T2/MPl

Γa ∼ T3/f 2
a

T

Decoupling roughly  
at the temperature :

𝒪(MeV) × (eV/ma)2

TD

fa = 5.7 × 106 GeV (eV/ma)

It couples to Topological Charge Density:    𝒬 ≡
αs

8πfa
G G̃

[Hook `21]

[Grilli, Pardo, Villadoro `16]



Minimal  QCD Axion

ΔNeff |@rec. ≡
ρa(ma)

ρν TCMB

≃ 4
7 ( 11

4
g⋆(TCMB)

g⋆(TD(ma)) )
4/3

  

Arias-Arogon, Baumann, Bernal, 

Berezhiani, Chang, Choi, D'Eramo, Di 

Luzio, Di Valentino, Dunsky, Ferreira, 

Giusarma, Graf, Green, Guo, Hall, 

Hajkarim , Hannestad, Harigaya, 

Khlopov, Lattanzi, Martinelli, Masso, 

Melchiorri, Mena, Merlo, Mirizzi, 

Notari, Piazza, Ra7elt, Rompineve, Rota, 

Sakharov, Silk, Slosar, Ste7en, Wallisch, 

Wong, Yun, Zsembinszki ...

PlanckPlanck

Simons Obs.Simons Obs.

CMB-S4CMB-S4

QCDQCD

crossovercrossover

Pion BathPion Bath Quark-Gluon PlasmaQuark-Gluon Plasma

Axion ;Axion ;NN
e7e7
 has long history: has long history:

Δ
N e

ff
| @

re
c.

TD [GeV ] [Baumann, Green, Wallisch `16]



Hot Axions from pions

Gioacchino Piazza 17/02/23

Leading order scattering amplitude

22

+ +

2

ℒLO
aπ = Caπ

fa fπ
∂μa (2∂μπ0π+π− − π0∂μπ+π− − π0π+∂μπ− )

 π0  π−

 π+

 π−

 π−

 π0 π+

 π+

 π0

⟨Eπ⟩ ≃ ρπ /nπ ≃ 3T ⇒ s ≳ 500 MeV @ T ∼ 100 MeV

Γ(NLO)
a ∼ Γ(LO)

a for T > 70 MeV

[Georgi, Kaplan, Randall `86]

[Di Luzio, Martinelli, Piazza `21]



  

1. The Thermalization Rate >1. The Thermalization Rate >

@ all orders in BPT

General form of low energy axion QCD Lagrangian:General form of low energy axion QCD Lagrangian:

e.g. @ LO

Hot Axions from pions
G.Villadoro @ GGI `23



Hot Axions from pions

Gioacchino Piazza 17/02/23

FSIFSI  final-state interactions (FSI) are resonantππ

σ or f0(500) in I = L = 0

ρ(770) in I = L = 1

NLO  ChPTaπ
ρ

σ

NLO  ChPTaπ

NLO  ChPTaπ

Comparing NLO  ChPT to  data:aπ ππ (δa)ℓ
I ≠ (δπ−scatt)ℓ

I

ChPT cannot produce resonances

Lindenbaum, Longacre ’92

Estabrooks, Martin ’74 
…….

⇒ (δa)ℓ
I = (δπ−scatt)ℓ

IUnitarity

Gioacchino Piazza 17/02/23

Unitarization to extend the validity of ChPT
✤Inverse Amplitude Method (IAM):

Definite  amplitudes I, J

[Truong, PRL 61, 2526 ]


The IAM amplitude satisfies unitarity and has the correct low-energy expansion of ChPT up to !(p4)

NLO  ChPTaπ

ρσ
NLO  ChPTaπ

NLO  ChPTaπ

Unitarize
d

Unitarized

Unitarize
d

✓Phases obtained in IAM correspond to phases of  scattering: Watson th.! ππ

 AIJ(s) =
A(2)

IJ (s)
1 − A(4)

IJ (s)/A(2)
IJ (s)

IAM LECs from fit to  scatt. [Dobado, Pelaez 1997]ππ

G.Piazza @ NP Signal `23



Hot Axions from pions
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[Bianchini, Grilli, Valli `23]



  

2. Momentum Dependence2. Momentum Dependence

PlanckPlanck

Simons Obs.Simons Obs.

CMB-S4CMB-S4

QCDQCD

crossovercrossover

~ 40% enhancement~ 40% enhancement

Boltzmann Eq.Boltzmann Eq.

Why momentum-dependent Boltzmann?
[Notari, Rompineve, Villadoro `22]

 High momenta k decouple later than low k.
 They see a lower  —> Greater g* ΔNeff



Minimal  QCD Axion
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ma ≤ 0.22 eV @ 95 %



Minimal  QCD Axion
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arXiv: 2207.13133

BBN IS COMPETITIVE WITH CMB TO CONSTRAIN ΔNeff

2nd SPOILER …



BBN ERA IN ΛCDM

n + νe ↔ p + e−

n + e+ ↔ p + ν̄e (nn/np) |T≃MeV ≃ 1/6

(nn/np) |T≳MeV ≃ exp(−Q/T )
mn − mp ≃ 1.3 MeV

Nucleosynthesis naively at MeV … BUT: Tnucl. ∼ BD ≃ 2.2

Γ(n + p → D + γ) ∼ nB⟨σv⟩Dγ

Γ(n + p ← D + γ) ∼ nγ exp(−BD/Tγ)⟨σv⟩Dγ

i.e., it really starts at such that:   Tnucl. ηB ≃ exp(−BD/Tnucl.)



BBN ERA IN ΛCDM

Deuterium “bottleneck” implies  MeV.  After that : Tnucl. ≃ 0.1

~ all neutrons into helium-4

(nn/np) |T ≃ 0.1MeV ≃ 1/7
p n

p

n
n

n
pp

n

p
p

n YP ≡
m4He

mB
≃

4(nn/2)
nn + np

≃ 0.25

Baryon mass fraction in helium-4

 residual amount of deuterium and helium-3 relative to . 

Lithium-7 “survives” in smaller relative abundance, .

𝒪(10−5) p

𝒪(10−10)



·Yi ∼ nB (⟨σv⟩kl→ijYkYl − ⟨σv⟩ij→klYiYj)

Of course … precise BBN predictions cannot be worked out by hand!

arXiv:1806.11095



PRyMordial : The first 3 min in (10) sec𝒪

Anne-Katherine Burns

arXiv: 2307.07061 

A new tool to investigate Big Bang Nucleosynthesis (BBN)  
within the Standard Model (SM) and Beyond (BSM)

Californian MeYounger Tim



Reason # 1 ν Decoupling & Neff
GO THERMAL: Approach extremely useful for BSM Physics! 

Dark Sector SM Sector
E.g.:

<latexit sha1_base64="IhrN4FMdR7FPMU2FdKFUZTIuwF4=">AAAB9nicbVC7TsNAEDyHVwivACXNiQgpNJGNEFBG0FAGiTykxIrWl01yyvmhuzUisvILtFDRIVp+h4J/wTYpIGGq0cyudna8SElDtv1pFVZW19Y3ipulre2d3b3y/kHLhLEW2BShCnXHA4NKBtgkSQo7kUbwPYVtb3KT+e0H1EaGwT1NI3R9GAVyKAVQJkGVTvvlil2zc/Bl4sxJhc3R6Je/eoNQxD4GJBQY03XsiNwENEmhcFbqxQYjEBMYYTelAfho3CTPOuMnsQEKeYSaS8VzEX9vJOAbM/W9dNIHGptFLxP/87oxDa/cRAZRTBiI7BBJhfkhI7RMS0A+kBqJIEuOXAZcgAYi1JKDEKkYp62U0j6cxe+XSeus5lzU7LvzSv163kyRHbFjVmUOu2R1dssarMkEG7Mn9sxerEfr1Xqz3n9GC9Z855D9gfXxDQg5klI=</latexit>

a(t)
<latexit sha1_base64="miRZpBUpSyAvLiSEjItnQOAeyC4=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIRAsoIGsog5SUlVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzghBSRMNZrZ1c5OECtpyXU/naXlldW19dxGfnNre2e3sLffsFFiBNZFpCLTCsCikiHWSZLCVmwQdKCwGQyvJ37zAY2VUVijUYy+hkEo+1IAZZIPpVo37QxAaxifdAtFt+xOwReJNyNFNkO1W/jq9CKRaAxJKLC27bkx+SkYkkLhON9JLMYghjDAdkZD0Gj9dBp6zI8TCxTxGA2Xik9F/L2RgrZ2pINsUgPd2XlvIv7ntRPqX/qpDOOEMBSTQyQVTg9ZYWTWBvKeNEgEk+TIZcgFGCBCIzkIkYlJVk8+68Ob/36RNE7L3nnZvT0rVq5mzeTYITtiJeaxC1ZhN6zK6kywe/bEntmL8+i8Om/O+8/okjPbOWB/4Hx8AwYylkI=</latexit>

a(T�)

<latexit sha1_base64="lzDoF1om10aAvqj5NCZ2bYXqzl0=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIGioUJPKQHCs6X9bhlDvbulsjRVbEV9BCRYdo+RYK/gXbuICEqUYzu9rZ8WMpDNr2p1VZWl5ZXauu1zY2t7Z36rt7XRMlmkOHRzLSfZ8ZkCKEDgqU0I81MOVL6PmTq9zvPYA2IgrvcBqDp9g4FIHgDDPJvRmmA60oBMFsWG/YTbsAXSROSRqkRHtY/xqMIp4oCJFLZozr2DF6KdMouIRZbZAYiBmfsDG4GQ2ZAuOlReQZPUoMw4jGoKmQtBDh90bKlDFT5WeTiuG9mfdy8T/PTTC48FIRxglCyPNDKCQUhwzXIusC6EhoQGR5cqAipJxphghaUMZ5JiZZObWsD2f++0XSPWk6Z0379rTRuiybqZIDckiOiUPOSYtckzbpEE4i8kSeyYv1aL1ab9b7z2jFKnf2yR9YH9/cDJWj</latexit>

Ne↵

<latexit sha1_base64="caSpwMTbBwbKMNSAbAmSkmr9a3I=">AAACFXicbZA9SwNBEIb3/DZ+RS1tVoMQQcKdiFoGbSwVjAaSEOY2Y1zc3Tt254RwpPYn+CtstbITW2sL/4t3MYImTvXs+84wO28YK+nI9z+8icmp6ZnZufnCwuLS8kpxde3SRYkVWBORimw9BIdKGqyRJIX12CLoUOFVeHuS+1d3aJ2MzAX1Ymxp6Bp5LQVQJrWLmxfttNkFraFfpp3d/GWSH6zn0C6W/Io/KD4OwRBKbFhn7eJnsxOJRKMhocC5RuDH1ErBkhQK+4Vm4jAGcQtdbGRoQKNrpYNT+nw7cUARj9FyqfhAxN8TKWjnejrMOjXQjRv1cvE/r5HQ9VErlSZOCI3IF5FUOFjkhJVZRsg70iIR5D9HLg0XYIEIreQgRCYmWWiFLI9g9PpxuNyrBAcV/3y/VD0eJjPHNtgWK7OAHbIqO2VnrMYEu2eP7Ik9ew/ei/fqvX23TnjDmXX2p7z3L8c7nh0=</latexit>

T�(t), T⌫(t), TX(t)

<latexit sha1_base64="N6KfV3ywneXtHFZv6RC8/32x/ww=">AAACA3icbVA9SwNBEN3zM8aPRC1tFoNgIeFORC1FG8sISRSSEOY2k7i4u3fszgpypPRX2GplJ7b+EAv/i5czhV+verw3w7x5caqkozB8D2Zm5+YXFktL5eWV1bVKdX2j7RJvBbZEohJ7FYNDJQ22SJLCq9Qi6FjhZXxzNvEvb9E6mZgm3aXY0zAycigFUC71q5VmP+uOQGvY413jx/1qLayHBfhfEk1JjU3R6Fc/uoNEeI2GhALnOlGYUi8DS1IoHJe73mEK4gZG2MmpAY2ulxXBx3zHO6CEp2i5VLwQ8ftGBtq5Ox3nkxro2v32JuJ/XsfT8LiXSZN6QiMmh0gqLA45YWXeCPKBtEgEk+TIpeECLBChlRyEyEWfV1TO+4h+f/+XtPfr0WE9vDionZxOmymxLbbNdlnEjtgJO2cN1mKCefbAHtlTcB88By/B69foTDDd2WQ/ELx9AibVl2A=</latexit>

T�,⌫
<latexit sha1_base64="VQec1bjmF4o/JnK5cl/hvNk55rI=">AAAB93icdVDLSgNBEJz1GeMr6tHLYBA8LZso2c0t6MVjhLwgCWF20olDZh/M9AphyTd41ZM38ernePBfnF0jqGidiqpuurr8WAqNjvNmrayurW9sFraK2zu7e/ulg8OOjhLFoc0jGamezzRIEUIbBUroxQpY4Evo+rOrzO/egdIiCls4j2EYsGkoJoIzNFK7NUp7i1Gp7Nh179xzq9QQt+a4tYx4dbdaoxXbyVEmSzRHpffBOOJJACFyybTuV5wYhylTKLiERXGQaIgZn7Ep9A0NWQB6mOZhF/Q00QwjGoOiQtJchO8bKQu0nge+mQwY3urfXib+5fUTnHjDVIRxghDy7BAKCfkhzZUwLQAdCwWILEsOVISUM8UQQQnKODdiYmopmj6+nqb/k07VrtRs5+ai3LhcNlMgx+SEnJEKcUmDXJMmaRNOBLknD+TRmltP1rP18jm6Yi13jsgPWK8fMAGTqg==</latexit>

TX

2.93 ± 0.29 @ 68 % CL
Constraint from “Planck 2018”

Primordial abundances  
affected in a 3-fold way:

H , Γn↔p , nB

2001.04466



Reason # 2 Weak Rates Γn↔p

Primordial  &  precisely measured: BBN precision tool4He D/H

PRIMAT code offers a wonderful ab-initio computation, but takes time …

BLUE SWORD   VS  RED SWORD

LO: easy-peasy in Born … … but finite mass effects + O(𝛼) corrections relevant for precision !

 and  

relevant here !Tγ
Tν

Both



Reason # 3 Nuclear Rates ⟨σv⟩nucl

Key reactions to study primordial 
light elements are only O(10). 

Even those vary from group to group  
though, unless data driven (LUNA)

<latexit sha1_base64="9nMBL6NTaRZlfvaRXLrHeLvnAas="></latexit>

D + p ! 3
He + � or D(p, �)3He

Exploring these systematics crucial, 
but a ready-to-use tool been missing!

Existing codes implement  
own recipe for O(100)  

rates as function of T … 

Nuclear net 

 dependent also

on  η(t)



PRyMordial: Overview

Fully Python-based,  user-friendly & numerically fast … 

PRyMordial A new package for BBN phenomenology

Featuring: — simplified, but precise, method for  decoupling ν
— ab-initio efficient computation of n <—> p
— a customizable up-to-date nuclear network

Meets precision for state-of-the-art SM predictions.

Opens up uncharted territory for BSM in BBN era.

— several built-in options for New Physics

DiffEq.jl  from Sci Machine Learning kit in
github.com/vallima/PRyMordial

http://github.com/vallima/PRyMordial
http://github.com/vallima/PRyMordial


PRyMordial: wikiHow
PRyM_init.py: 
Initializes all the 
parameters and 
options for the 
study of the         
BBN era

PRyM_main.py: 
Takes information 
from all other 
modules and 
computes all the 
key observables 
at the end of BBN

1. PRyM_thermo.py: 
Contains all the quantities 
characterizing the 
background 
thermodynamics

2. PRyM_nTOp.py: Imports 
the evaluated weak rates for 
neutron freeze out

PRyM_evalnTOp.py: Contains a 
state-of-the-art computation of. 
n ⇔ p rates

3. PRyM_nuclear_net12(63).py: 
Implements the nuclear network 
for the evolution of the 
primordial abundances

PRyM_jl_sys.py: 
Optional module 
that re-elaborates 
all the ODE 
systems of the 
code in Julia



BBN  OBSERVATIONS

Primordial light elements predicted:   D, 3He, 4He, 7Li

Helium-4 observed in extragalactic HII regions

Deuterium observed in Quasar absorption systems

Helium-3 observed in the Solar neighborhood

Lithium-7 in the atmosphere of dwarf halo stars

Solar winds, meteorites, ISM … stellar nucleosynthesis uncertainties!

✅

✅

❌

Physics of convection, depletion indicators … needs support from data 

Emission spectra of gas clouds (detailed line modeling required) 

arXiv:2204.03167 

?

Damped Lyman-  spectra from intervening gas along l.o.s.α



4He

% level  
measurement

PDG  2021: YP = 0.245 ± 0.003

arXiv: 2005.12290



D % level  
measurement

arXiv: 1703.06656

astro-ph/9803071arXiv: 1710.11129

PDG  2021: (D/H) × 105 = 2.547 ± 0.025



PRyMordial: SM state-of-the-art
[Burns, Tait, Valli `23]



Minimal  QCD Axion
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ma ≤ 0.18 eV @ 95 %
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CMB temperature measurements
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Minimal  QCD Axion
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( TD < Tc)

ma ≤ 0.16 eV
@ 95 % HDI

30% improvement 

with respect to


[Notari, Rompineve,  
Villadoro`23 ]



Γa = ∫ d4x eikx⟨𝒬(x)𝒬(0)⟩

  

Thermal
QCDIm {                         }

Boltzmann Equation and Thermalization Rate >Boltzmann Equation and Thermalization Rate >

4
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This work [2 + 1 QCD]

FIG. 1: Sphaleron rate for 2+1 full QCD at the physical point
as a function of temperature T (diamond points). Dashed
line and uniform shaded area represent best fit of our results
according to (15). Previous quenched determinations of the
rate are also shown: Refs. [7, 8] (square points), Ref. [10]
(round points) and Ref. [11] (starred point). Top plot: x-
axis expressed in terms of absolute temperature T converted in
MeV. Bottom plot: x-axis expressed in terms of T/Tc, where
Tc = 155 MeV and Tc = 287 MeV for full QCD and quenched
results respectively. Starred shaded area depicts semiclassical
prediction (14).

As a final remark, we would also like to mention that,
despite a semiclassically-inspired logarithmic power-law
fits well our full QCD results for the sphaleron rate, also
other functional forms could describe the T -behavior of
our data. For example, a fit function of the type:

ΓSphal

T 4
= Ã

(
T

Tc

)−b

, (16)

works perfectly fine as well, yielding a reduced chi-
squared of 0.48/3, cf. Fig. 2, where the best fit with (16)
is depicted as a dashed line and a shaded area. Fit pa-
rameters turn out to be Ã = 0.71(23) and b = 2.19(38).
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FIG. 2: Same as Fig. 1, but using (16) to fit our data.

CONCLUSIONS

In this letter we presented the first computation of the
sphaleron rate in 2 + 1 full QCD with physical quark
masses as a function of the temperature in the range
200 MeV ! T ! 600 MeV.

The sphaleron rate was obtained from the inversion
of finite lattice spacing and finite smoothing-radius lat-
tice Euclidean topological charge density correlator from
the modified Backus–Gilbert method recently introduced
by the Rome group. Then, the physical value of the
sphaleron rate was obtained performing a continuum
limit at fixed smoothing radius, followed by a zero-
smoothing limit.

Concerning the comparison of our full QCD determi-
nations with previous quenched results, we found them
to be larger. Concerning instead the temperature behav-
ior of our data, our results for ΓSphal/T 4 can be fitted
well by semiclassically-inspired functional form, predict-
ing a logarithmic power-law decay of the rate. However,

Minimal  QCD Axion ( TD > Tc)



Γa = ∫ d4x eikx⟨𝒬(x)𝒬(0)⟩
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Boltzmann Equation and Thermalization Rate >Boltzmann Equation and Thermalization Rate >

Minimal  QCD Axion ( TD > Tc)

[Bonanno, D’Angelo, D’Elia,  
Maio, Naviglio `23]

Recipe for a (reasonably) optimistic forecast:

( I ) Axion initially in eq.: 

( II ) (Under)Estimate rate at non-zero momentum via: 

( III ) Set initial condition @ Tc from :  

150 MeV < T < 600 MeV



arXiv: 2005.05290 The Art of Forecasts



Cosmo Present & Future of QCD Axion
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Minimal QCD axion : “unavoidable” Hot Dark Matter

Take Home

W/ linear Cosmology + improved  PT, we found :  χ

Promising future: cosmo bound competitive w/ current astro ones

*
Crucial aspects for “what’s next” :

< Q(x) Q(0) > @ the crossover 

* Cosmology in the non-linear regime

(CMB + LSS + BBN)ma < 0.16 eV @ 95 % probability_


