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Cabibbo’s legacy

This is the paper we are celebrating today, 
which paved the way to FLAVOR PHYSICS
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Cabibbo’s legacy
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but in this talk I want to start from another paper, which also paved a way

1984



Cabibbo’s legacy
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1984

Renormalization 
and mixing

BK ≃ 1

K0 − K0  MIXING

“In good agreement in sign and magnitude with the VIA”

M𝜋 ≃ 1.2 GeV

BK ≃ 0.33  from 
PCAC + SU(3)



Cabibbo’s legacy
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BK = 0.756 (16) 2 %

See talk by L. Silvestrini

1984



Cabibbo’s legacy
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K 𝜋 𝜋 , ΔI = 1/2, 3/2

In the same paper, a much more difficult problem is also addressed: 

Not computed
The penguin operators 
Q5 and Q6 couldn’t be 

really evaluated

[ Shifman, Veinshtein, Zakharov (1976) ]

It was too early...

1984



Performing the lattice study of 𝐾 → 𝜋𝜋 decays required more than 30 years
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

[Only one 
collaboration 

so far ]



• Use non-perturbative renormalization methods and step-scaling techniques to 
control the accuracy of renormalization and mixing of the 7 operators and 
subtraction of power divergences  (for non precisely matched kinematics)
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

• Contribution of 10 operators (7 independent) to the effective ΔS=1 weak 
Hamiltonian and calculation of 48 Wick contractions

Many difficult theoretical and technical problems had to be solved:

• Use of anti-periodic (for ΔI=3/2) and sophisticated G-parity (for ΔI=1/2) boundary 
conditions to match the physical two-pion state with the ground state, solving 
the problem posed by the Maiani-Testa theorem

• Subtraction of finite volume corrections which, due to the presence of two pions 
in the final state, decrease as inverse powers of the volume

• Use of multi-state and multi-operator techniques to control unexpectedly large 
excited state contamination

I will not discuss the details, 
but I want to give you the idea 

of the complexity of the calculation
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

• Contribution of 10 operators (7 independent) to the effective ΔS=1 weak 
Hamiltonian and calculation of 48 Wick contractions

Many difficult theoretical and technical problems had to be solved:

+ very large statistics: 5000 MD 
trajectories, 1300 measurements
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

• Contribution of 10 operators (7 independent) to the effective ΔS=1 weak 
Hamiltonian and calculation of 48 Wick contractions

Many difficult theoretical and technical problems had to be solved:

• Use of anti-periodic (for ΔI=3/2) and sophisticated G-parity (for ΔI=1/2) boundary 
conditions to match the physical two-pion state with the ground state, solving 
the problem posed by the Maiani-Testa theorem

1990
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

• Contribution of 10 operators (7 independent) to the effective ΔS=1 weak 
Hamiltonian and calculation of 48 Wick contractions

Many difficult theoretical and technical problems had to be solved:

• Use of anti-periodic (for ΔI=3/2) and sophisticated G-parity (for ΔI=1/2) boundary 
conditions to match the physical two-pion state with the ground state, solving 
the problem posed by the Maiani-Testa theorem

zz
• Use non-perturbative renormalization methods and step-scaling techniques to 

control the accuracy of renormalization and mixing of the 7 operators and 
subtraction of power divergences  (for non precisely matched kinematics)

1995

ZRI←LAT(4.0 GeV)



• Use non-perturbative renormalization methods and step-scaling techniques to 
control the accuracy of renormalization and mixing of the 7 operators and 
subtraction of power divergences  (for non precisely matched kinematics)
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

• Contribution of 10 operators (7 independent) to the effective ΔS=1 weak 
Hamiltonian and calculation of 48 Wick contractions

Many difficult theoretical and technical problems had to be solved:

• Use of anti-periodic (for ΔI=3/2) and sophisticated G-parity (for ΔI=1/2) boundary 
conditions to match the physical two-pion state with the ground state, solving 
the problem posed by the Maiani-Testa theorem

• Subtraction of finite volume corrections which, due to the presence of two pions 
in the final state, decrease as inverse powers of the volume

2001



• Use non-perturbative renormalization methods and step-scaling techniques to 
control the accuracy of renormalization and mixing of the 7 operators and 
subtraction of power divergences  (for non precisely matched kinematics)
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

• Contribution of 10 operators (7 independent) to the effective ΔS=1 weak 
Hamiltonian and calculation of 48 Wick contractions

Many difficult theoretical and technical problems had to be solved:

• Use of anti-periodic (for ΔI=3/2) and sophisticated G-parity (for ΔI=1/2) boundary 
conditions to match the physical two-pion state with the ground state, solving 
the problem posed by the Maiani-Testa theorem

• Subtraction of finite volume corrections which, due to the presence of two pions 
in the final state, decrease as inverse powers of the volume

• Use of multi-state and multi-operator techniques to control unexpectedly large 
excited state contamination

2015

2020
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

RESULTS

Re ( A2 ) = 1.50 (4) (14) × 10−8 GeV

Re ( A0 ) = 2.99 (0.32) (0.59) × 10−7 GeV

Re ( A0 )
= 19.9 (2.3) (4.4)Re ( A2 )

Expt:  Re ( A0 ) = 3.3201 (18) × 10−7 GeV

Expt:  Re ( A2 ) = 1.4787 (31) × 10−8 GeV

Expt = 22.45 (6)

Q2 ≃ 97%
Q1 ≃ − Q6 ≃ 13%

Main errors due to finite lattice spacing 
and Wilson coefficients

The ΔI = 1/2 rule 
is explained 

Significant cancelation 
by the two dominant 

contributions
Important !
(see next)
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

RESULTS • In the calculation of Re(A2) a surprising 
cancellation has been found

C1 C2

Re ( A2 ) = C1 + C2 and C2 ≃ − C1 In the 
VIA: C2 ≃ + 1/3 C1 
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

RESULTS • In the calculation of Re(A2) a surprising 
cancellation has been found

C1 C2

Re ( A2 ) = C1 + C2 and C2 ≃ − C1 In the 
VIA: C2 ≃ + 1/3 C1 

[N. Carrasco, VL, L.Silvestrini, 
PLB 736, 2014]

A similar result 
observed in K-K, but 
not in D-D and B-B
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K 𝜋𝜋 , 𝛥I = 1/2 rule and 𝜀’/𝜀

RESULTS

Im ( A0 ) = −6.98 (0.62) (1.44) × 10−11 GeV

Im ( A2 ) = −6.99 (20) (84) × 10−13 GeV

Re ( 𝜀’/𝜀 ) = 2.17 (26) (62) (50) × 10−3

Expt:  Re ( 𝜀’/𝜀 ) = 1.66 (23) × 10−3

Q6≃ 123%
Q4≃ −17%

Isospin breaking correction
V.Cirigliano et al., JHEP 02, 2020

Direct CP violation is explained in the SM From



The Standard Model parameters

Quark masses CKM matrix elements

Cabibbo-Kobayashi-Maskawa

A crucial task for Lattice QCD is to determine the Standard Model 
fundamental parameters in the quark sector
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1 2

6 quark masses, 4 CKM parameters          10 fundamental parameters



ms = 93.14(55) MeV

0.6%
ms / mud = 27.287(89)

0.3%
mud= 3.399(31) MeV

0.9%

mc = 1.2917(48) GeV mb = 4.196(14) GeV 

0.4% 0.3%

The accuracy 
is at the 

permille level !

Unthinkable 
without lattice ...
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Quark masses



The Cabibbo angle

sin 𝜗! = 𝜆 ≃ 𝑉"# K
Vus 
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Quark masses CKM matrix elements

Cabibbo-Kobayashi-Maskawa

1 2

K π
Vus I will concentrate on the  Cabibbo angle



The Cabibbo angle

sin 𝜗! = 𝜆 ≃ 𝑉"#

K π

Vus 

K

Vus 

Γ 𝐾 → 𝜋ℓ𝜈ℓ 𝛾 ∝ 𝑉#$ 𝑓%&'(0) ( 1 + 𝛿𝑅&'ℓ

Γ 𝐾 → ℓ𝜈ℓ 𝛾
Γ 𝜋 → ℓ𝜈ℓ 𝛾

∝
𝑉#$ 𝑓&
𝑉#) 𝑓'

(

1 + 𝛿𝑅&'

21

The most precise determinations of Vus come from 
leptonic and semileptonic kaon decays



The first row unitarity test:  𝑉#$ ( + 𝑉#) ( + 𝑉#* ( = 1
22

The Cabibbo angle

PDG,  arXiv:1509.02220 M. Moulson, arXiv:1704.04104

< 0.2%

See talk by 
V. Cirigliano

K π

Vus 

K

Vus 

Γ 𝐾 → 𝜋ℓ𝜈ℓ 𝛾 ∝ 𝑉#$ 𝑓%&'(0) ( 1 + 𝛿𝑅&'ℓ

Γ 𝐾 → ℓ𝜈ℓ 𝛾
Γ 𝜋 → ℓ𝜈ℓ 𝛾

∝
𝑉#$ 𝑓&
𝑉#) 𝑓'

(

1 + 𝛿𝑅&'

𝑉!" 𝑓#
𝑉!$ 𝑓%

= 0.2760(4) 𝑉!" 𝑓&#% 0 = 0.21654(41)

Experiments

sin 𝜗! = 𝜆 ≃ 𝑉"#
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The Cabibbo angle

2004

The first lattice study 
of 𝑓%&'(0) with the 
required accuracy

𝑓&#% 0 = 0.960(9)
𝑓&#% 0 = 0.961(8)

Quark model, 1984
Leutwyler and Roos

𝑓&#% 0 = 0.970(2) Lattice QCD today

K π

Vus 

Γ 𝐾 → 𝜋ℓ𝜈ℓ 𝛾 ∝ 𝑉#$ 𝑓%&'(0) ( 1 + 𝛿𝑅&'ℓ

sin 𝜗! = 𝜆 ≃ 𝑉"#



The Cabibbo angle

𝑓&#%(0) = 0.9692(14) 𝑓#± /𝑓%± = 1.1930(17)0.14 %

The accuracy is comparable with the experimental one 
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To achieve better than 1% final accuracy, however, 
an important issue must also be addressed 



Isospin breaking effects

Γ 𝐾 → 𝜋ℓ𝜈ℓ 𝛾 ∝ 𝑉#$ 𝑓%&'(0) ( 1 + 𝛿𝑅&'ℓ

Γ 𝐾 → ℓ𝜈ℓ 𝛾
Γ 𝜋 → ℓ𝜈ℓ 𝛾

∝
𝑉#$ 𝑓&
𝑉#) 𝑓'

(

1 + 𝛿𝑅&'

K π

Vus 

K

Vus 
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Qu ≠ Qd : O (αem) ≈ 1/100 Electromagnetic

mu ≠ md : O [(md-mu)/ΛQCD] ≈ 1/100 Strong

Isospin breaking effects are induced by:

For many observables in flavor physics IB effects cannot be neglected

Isospin breaking effects

Γ 𝐾 → 𝜋ℓ𝜈ℓ 𝛾 ∝ 𝑉#$ 𝑓%&'(0) ( 1 + 𝛿𝑅&'ℓ

Γ 𝐾 → ℓ𝜈ℓ 𝛾
Γ 𝜋 → ℓ𝜈ℓ 𝛾

∝
𝑉#$ 𝑓&
𝑉#) 𝑓'

(

1 + 𝛿𝑅&'

K π

Vus 

K

Vus 

26
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Isospin breaking effects

A strategy for Lattice QCD: the isospin breaking part of 
the Lagrangian is treated as a perturbation

Expand in:

2011 2013

For present accuracy, only the leading order of the expansion is required 

md– mu αem

RM123 Collaboration



28

B

Only two QED diagrams 
at the leading order

𝑀!! −𝑀!"

Frezzotti, Gagliardi, VL, Martinelli, Sanfilippo, Simula, 
PRD 106 (2022) 1𝑀%" −𝑀%# = 4.622 95 MeV

𝑀%" −𝑀%# = 4.534 60 MeV

Expt: = 4.5936 5 MeV

Feng, Jin, Riberdy, PRL 128 (2022) 052003

Two examples:
IB corrections to the hadronic spectrum



B
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B

Only two QED diagrams 
at the leading order

𝑀!! −𝑀!"

Frezzotti, Gagliardi, VL, Martinelli, Sanfilippo, Simula, 
PRD 106 (2022) 1

𝑚" - 𝑚#
From the kaon mass 
difference

QED

[ RM123 Collaboration, D.Giusti et al., PRD 95 (2017) 1 ]

𝑚+/𝑚, = 0.513(30) QCD

𝑚+ = 2.50 17 MeV
𝑚, = 4.88 20 MeV

𝑀%" −𝑀%# = 4.622 95 MeV

𝑀%" −𝑀%# = 4.534 60 MeV

Expt: = 4.5936 5 MeV

Feng, Jin, Riberdy, PRL 128 (2022) 052003

Two examples:
IB corrections to the hadronic spectrum
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QED corrections to hadronic processes

For instance, at O(α) for leptonic pion decays, one has to consider:

with 0 ≤ 𝐸' ≤ Δ𝐸. The sum is infrared finite  [Bloch and Nordsieck, 1937]

... + ...

Γ- Γ. Δ𝐸

MORE CHALLENGING:
Infrared divergences appears in the intermediate step of the calculation

Γ Δ𝐸 = Γ 𝜋 → ℓ𝜈ℓ + Γ 𝜋 → ℓ𝜈ℓ𝛾 Δ𝐸 ≡ Γ- + Γ. Δ𝐸
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QED corrections to hadronic processes
RM123+Southampton (RM123S) Collab.

cont.
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QED corrections to hadronic processes
RM123+Southampton (RM123S) Collab.

2023RBC-UKQCD 
Collaboration
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QED corrections to hadronic processes

... + ...

Γ- Γ. Δ𝐸

Γ Δ𝐸 = lim
/!"→-

Γ- + Γ. Δ𝐸 =

= lim
1→2

Γ- 𝐿 − Γ-
34 𝐿

+ lim
5#→-

Γ-
34(𝑚6) + Γ.

34 𝑚6, Δ𝐸

= Γ()* Δ𝐸 + Γ(+,- Δ𝐸

1

2

3 + lim
1→2

Γ. Δ𝐸 − Γ.
34 Δ𝐸

Universal 1/L corrections also
cancel in the difference

Computed in 
perturbation theory

Structure dependent

THE STRATEGY

RM123S Collab.
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QED corrections to hadronic processes

Γ 𝐾 → ℓ𝜈ℓ 𝛾
Γ 𝜋 → ℓ𝜈ℓ 𝛾

∝
𝑉!" 𝑓#
𝑉!$ 𝑓%

/

1 + 𝛿𝑅#%RESULTS

𝛿𝑅#% = 𝛿𝑅# − 𝛿𝑅%

𝛿𝑅% = 0.0153(19)

𝛿𝑅# = 0.0024(10)

𝛿𝑅#% = −0.0126(14)

0.0176(21)

0.0064(24)

Lattice ChPT

RM123S Collaboration 
M. Di Carlo et al., PRD 100, 2019

V. Cirgliano, H. Neufeld
PLB 700, 2011

−0.0112(21)

𝛿𝑅#% = −0.0086(41) RBC-UKQCD Collaboration 
P. Boyle et al., JHEP 02, 2023

Lattice results in 
GOOD AGREEMENT

with ChPT, with 
smaller uncertainties

For heavy mesons 
only the lattice

approach is available
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QCD+QED on the lattice

Inclusive leptonic decays 
(P =𝜋, K)

RM123S, RBC-UKQCD.

Radiative leptonic decays 
(P =𝜋, K, Ds)

RM123S, RBC-UKQCD

Virtual photon emission 
in leptonic decays (P = K)

Tuo, Feng, Jin, Wang;
RM123S

Electroweak box contribution to 
semileptonic decays (H =𝜋, K, N)

Ma, Feng, Gorchtein, Jin, Seng et al.

Isospin breaking corrections to 
the HVP contribution to g𝜇−2

BMW, ETM, Mainz, RBC-UKQCD

+ ...
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Inclusive hadronic 𝜏 decay on the lattice

𝜌!"
#$(𝑞)

where 𝜌%(𝑠) and 𝜌&(𝑠) are the form factors of the spectral density

The hadronic                                        of the 𝜏-lepton can be written asinclusive decay rate

𝜌#(𝑠) 𝜌$(𝑠)

It is related to the Euclidean
lattice correlator by:

The inverse problem can be solved with the [Hansen, Lupo, Tantalo, 
PRD 99 2019]HLT method

NEW!
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Inclusive hadronic 𝜏 decay on the lattice
Thanks to G.GagliardiRESULTS

𝑅!$
(1)/ 𝑉!$ / = 3.650 (28)

𝑅!"
(1)/ 𝑉!" / = 3.403 (18)

𝑉#) ( = 0.9752(37)lat(10)exp [39]TOT

𝑉#$ ( = 0.2191(6)lat(18)exp [19]TOT

Preliminary

0.215 0.22 0.225 0.23 0.235 0.24

|Vus|

⌧ ! Xus ⌫⌧

K`2/⇡`2 +K`3

⌧ ! K ⌫⌧

0.965 0.97 0.975 0.98 0.985 0.99 0.995 1

|Vud|

⌧ ! Xud ⌫⌧

⌧ ! ⇡ ⌫⌧

⇡`3

K`2/⇡`2 +K`3

Superallowed � decays

𝜏 → 𝑋%& 𝜈' 𝜏 → 𝑋%( 𝜈'
𝜏 → 𝜋 𝜈'

𝜏 → 𝐾 𝜈'𝜋ℓ*

𝐾ℓ+/𝜋ℓ+ + 𝐾ℓ*
𝐾ℓ+/𝜋ℓ+ + 𝐾ℓ*

Superallowed
𝛽 decays

NEW!

Dominated by the EXP error
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The R-ratio on the lattice

Using the same HLT method 
to solve the inverse problem

2023
1970



The muon anomalous magnetic moment

2020

R-ratio

Lattice QCD

EXP. ’21

EXP. ’23
( BMW )

2023

Agreement between lattice and muon g-2. 
But 4.5𝜎 discrepancy in the window between 

lattice and e+e− data (except for CMD-3)NEW PHYSICS ?

An essential contribution 
from Lattice QCD (+QED)
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Cabibbo 60
• A lot of progress has been done  since 

the first paper of weak interactions on 
the lattice

• I have tried to summarize some of the 
most recent and interesting results

• For most of these quantities, lattice predictions have the accuracy 
of precision physics 

𝛥I = 1/2 rule
and  𝜀’/𝜀

The Cabibbo
angle Isospin breaking 

effects

Inclusive 
𝜏 decays

The muon g-2 Radiative 
decays
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Cabibbo 60

Grazie Nicola!
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BACKUP SLIDES

Cabibbo 60



1995 2023

Increase by > 10 2

every 10 years

1st in the list

500 in the list

Frontier
Rpeak = 1,680 PFlop/s

Fugaku
Rpeak = 537 PFlop/s

LUMI
Rpeak = 429 PFlop/s

Leonardo
Rpeak = 305 PFlop/s

The increasing of computational power

The precision era of Lattice QCD

ExaFlop = 109 GFlop
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APE-
100 .

APE



In the last 30 years, many lattice calculations have been performed. 
NPR methods have proven to be an essential ingredient for high accuracy

Quark masses

44

1994

The first study of 
quark masses 

on the lattice at NLO

The renormalized 
quark mass

The bare quark mass 
fixed from the hadronic spectrum
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Inclusive 𝜏 decay on the lattice

∝

Hansen, Lupo, Tantalo, 
PRD 99 2019

𝐾$% 𝑥 = 𝑓 𝑥 ,

• One looks for an approximation of the 
kernel in terms of a basis function

• The coefficients are obtained by minimizing: 

THE HLT METHOD

, where

where

,

∝• Then: 

•



46

Inclusive 𝜏 decay on the lattice

HFLAV compilations


