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Dynamical Friction (DF) in structure formation

Solving circular DF with a multipole expansion

Perfect fluid vs. ULA dark matter

Including eccentricity and density profiles



Dynamical Friction (DF)

• Pioneering work by Chandrasekhar (1943)

• The density wake is global (far-field matters)

• The medium can be anything (stars, DM, gas…)

Figure @ Luke Leisman



DF in structure formation

• The merging of DM halos, galaxies, 
Globular clusters

• The slow-down of spinning galactic bars

• The coalescence of compact objects

DF is a key mechanism which controls

Fornax Globular clusters

coalescing AGNs



Signature of DF in GW data

tDF ' 1.3 · 1017 yr

✓
µ

M�

◆✓
M

M�

◆� 1
2 ⇣ r0

AU

⌘� 3
2

✓
⇢

0.01 M�pc�3

◆�1

I�1

tGW ' 5.8⇥ 1017 yr

✓
µ

M�

◆�1 ✓ M

M�

◆�2 ⇣ r0
AU

⌘4

Keplerian binary:

Here's why discovering
gravitational waves would be a
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There's a rumor circulating that

physicists may have 5nally

discovered ripples in the fabric

of spacetime known as

"gravitational waves."

Scientists at the Laser

Interferometer Gravitational-

Wave Observatory (LIGO) — a

lab in California that is hunting these waves — have not announced

or con5rmed anything, though.

"We will share results when ready but have nothing yet — it takes

months to analyze the data, interpret results and review them,"

Gabriela Gonzalez, physicist and spokesperson for LIGO, told Tech

Insider in an email.
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Analytical approaches to DF

[Chandrasekhar 43; Dokuchaev 64; Ruderman+ 71; Rephaeli+ 80; Just+ 91; Ostriker 99, …]

• Linear response theory

• The perturber is a point mass in straight-line 
motion at constant velocity

• Infinite, homogeneous and isotropic medium

• Self-gravity of the medium is ignored

Standard assumptions:
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FIG. 3.ÈSolid lines : DF force in a gaseous medium as a function of
Mach number Curves correspond to 6, 8, . . . ,M \ V /c

s
. ln(c

s
t/rmin) \ 4,

16. Dashed lines : Corresponding DF force in a collisionless medium with
particle velocity dispersion andp \ c

s
rmax 4 V t \ Mc

s
t.

with The integrals are straight-k
C

4 (1 [ M2 [ x2)/(2xM).
forward ; the result is
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1 [ M
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The implicit assumptions in deriving this equation are that
exceeds the e†ective size of the perturber and(c

s
[ V )t (rmin),that is smaller than the e†ective size of the sur-(c

s
] V )t

rounding gaseous medium Under these conditions,(rmax).the dynamical drag is time independent and nonzero. The
steady state result that zero net force results from the front-
back symmetry of the density distribution is misleading ;
because of the long-range nature of the Coulomb potential,
the total drag force at any time depends on the unchanging
ratio between the(c

s
t ] vt)/(c

s
t [ vt) \ (1 ] M)/(1 [ M)

semiminor axes of the furthest and closest perturbing partial
spheroids. The gravitational drag is always dominated by
the far Ðeld, and at any time the perturber is located ahead
of center of the sonic sphere. Physically, we can associate
the energy loss arising from the drag force with the rate at
which the expanding sound wave does work on the back-
ground medium. In the limit of a very slow perturber
M > 1, so that the drag force is pro-Isubsonic ] M3/3,
portional to the perturberÏs speed V .

For the supersonic case, the whole of the perturbed
density distribution lags the perturber. The angular integra-
tion limits are k \ [1, for to (M2 [ 1)1@2,k

M
x \ rmin/(cs

t)
and k \ [1, for x \ (M2 [ 1)1@2 to M ] 1 ; takes onk

C
S
Hvalues 2 and 1 in regions 2 and 1. The result of the integra-

tion is
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We have assumed that and that the e†ec-V t [ c
s
t [ rmin,

tive size of the background medium exceeds InV t ] c
s
t.

the limit M ? 1, we have withIsupersonic ] ln (V t/rmin) ;this recovers the steady state result.4V t ] rmax,In Figure 3, we plot the DF force as a function of the
Mach number for several values of c

s
t/rmin.

3. DISCUSSION

The main formal result of this paper is the evaluation, in
linear perturbation theory, of the gravitational drag force

on a massive perturber moving on a straight-lineFDF M
ptrajectory through an inÐnite, homogeneous, gaseous

medium of density and sound speed Together with theo0 c
s
.

deÐnition in equation (12), equations (14) and (15) give the
DF drag forces on subsonic and supersonic perturbers,
respectively. Figure 3 presents the same results graphically,
showing how the drag force varies with the Mach number
M of the perturber, and the time over which the perturber
has been moving with Ðxed speed V \ c

s
M.

For comparison, we have also included in Figure 3 the
result for the gravitational drag on a particle of mass M

pmoving through a collisionless medium with the same
density as the gaseous medium we have considered, ando0with a Maxwellian distribution of particle velocities with

From equation (7-18) of Binney & Tremaine (1987),p \ c
s
.

the collisionless DF drag force is given by equation (12)
with

Icollisionless \ ln
Armax

rmin

BC
erf (X) [ 2X

Jn
e~X2D , (16)

where From Figure 3, it is clear that (1) forX 4 V /(pJ2).
M ? 1, the collisionless and gaseous DF forces are identical
(as has been previously noted) ; (2) for M \ 1, the drag force
is generally larger in a collisionless medium than in a
gaseous medium, because in the latter case pressure forces
create a symmetric distribution in the background medium
in the vicinity of the perturber ; (3) the functional form of the
gaseous DF drag is much more sharply peaked near M \ 1
than it is for the collisionless DF dragÈperturbers moving
at speeds near Mach 1 resonantly interact with the pressure
waves that they launch in the background medium; and (4)
for a given value of the peak value ofln(") 4 ln(rmax/rmin),the gaseous DF force is much larger than the corresponding
peak value of the collisionless DF force ; at M B 1, there is a
factor of 4 di†erence in the force between the two cases. We
explore some potential consequences of these results in a
variety of astronomical systems below.

As a consequence of the stronger gaseous DF force than
collisionless DF drag force for supersonic motion, massive
objects may make their way more rapidly to the center of a
star cluster or galaxy if they arrive at the outer edge before,
rather than after, the gas is turned into stars. For a particu-
lar example, we consider the decay of a massive perturberÏs
near-circular orbit in a spherical density distribution with a
singular isothermal sphere proÐle soo(r) \ c

s
2/(2nGr2),

(here denotes the sound speed or theM(r) \ 2c
s
2 r/G c

svelocity dispersion for a gaseous or stellar distribution,
respectively). For this density proÐle, the circular speed is
constant, By equating the rate of decrease ofV \ c

s
J2.

angular momentum to the torqued(M
p
V r)/dt qDF \ rFDF,

4 As pointed out by the referee S. Tremaine, the notion that the
maximum impact parameter increases as V t was earlier introduced
by Ostriker & Davidsen (1968) in a time-dependent analysis of stellar
relaxation.
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[Chandrasekhar 43; Dokuchaev 64; Ruderman+ 71; Rephaeli+ 80; Just+ 91; Ostriker 99, …]
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• Linear response theory

• The perturber is a point mass in straight-line 
motion at constant velocity

• Infinite, homogeneous and isotropic medium

• Self-gravity of the medium is ignored



Compact binary coalescence: DF on bound eccentric orbits



DF for perturbers on circular orbits

• Few analytical results

• Several semi-analytical studies [Kim+ 07; Kim +08, …]

[Tremaine+ 84]

for supersonic perturbers, while it is independent of rmin for
subsonic perturbers. This dependence of I’ on small rmin for
circular-orbit perturbers is exactly the same as in the linear
trajectory cases, which makes sense, because the curvature of
a circular orbit is almost negligible in a tiny volume near the
perturber.

We plot in Figure 8 the steady state drag forces for a circular-
orbit perturber as functions of the Mach number. For all the
points, rmin ¼ Rp/10 is taken and numerical convergence is
checked. Filled circles give I’/M2, while open circles are for
IR/M2, which can be compared with Figure 3 of O99. For
practical use, we fit the data using

IR ¼
M2103:51M"4:22 for M < 1:1;

0:5 ln 9:33M2 M2 " 0:95
! "! "

for 1:1 # M < 4:4;

0:3M2 for 4:4 # M;

8
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>:
ð13Þ

and
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1:0004" 0:9185M

# $

"1:4703M for M < 1:0;

ln 330 Rp=rmin

! "!

; (M" 0:71)5:72M"9:58
"

for 1:0 # M < 4:4;

ln
Rp=rmin

0:11Mþ 1:65

# $
for 4:4 # M;

8
>>>>>>>>>><

>>>>>>>>>>:

ð14Þ

which are drawn as solid lines in Figure 8. The fits are within
4% of our semianalytic results forM < 4:4 and within 16% for
M > 4:4. Both components of the drag force peak at M '
1:2Y1:4, analogous to the linear-trajectory cases, and I’ dom-
inates over IR for transonic perturbers. Although IR is larger
than I’ forMk 2:2, its effect on the orbital decay of a perturber
is insignificant (see x 4). The local bumps in the drag forces at
M ( 4:6 and 7.8 are due to the self-overlapping of a wake tail,
explained in x 3.1.1.
Figure 8 also plots as dotted curves the results of O99 for

the drag force on linear-trajectory perturbers. Despite the differ-
ence in the shape of the orbits, the agreement between I’ and
Ostriker’s formula is excellent for the subsonic case. This pre-
sumably reflects the fact that other than bending, the wake
structure created by a subsonic circular-orbit perturber is not
significantly different from the linear-trajectory counterpart (see
x 3.1.2). Note also that Ostriker’s formula for the supersonic
case, for which Vpt ¼ 2Rp is adopted to fit our numerical results,
is in overall good agreement with I’ for a range of M. It is
remarkable that the subsonic and supersonic drag formulae (with
Vpt chosen adequately in supersonic cases) obtained from per-
turbers moving straight still give a reasonably good estimate for
the drag even on circular-orbit perturbers.

4. SUMMARY AND DISCUSSION

We have used a semianalytic approach to study the gravita-
tional wake and the associated drag force on a perturber mov-
ing on a circular orbit in an infinite, uniform gaseous medium.
This work extends Ostriker (1999), who studied the cases with
straight-line trajectory perturbers. The circular orbit generally
causes the wake to bend along the orbit and creates a trailing
tail. For a subsonic perturber, the density wake has a weak tail
and is distributed quite smoothly (see Fig. 5). On the other hand,
a supersonic perturber can catch up with its own wake, possibly
multiple times depending on the Mach number, forming a very
pronounced trailing tail across which density changes abruptly
(see Fig. 3). Although the region influenced by the perturber
keeps expanding with time into the surrounding medium, the
drag force promptly saturates to a steady state value within less
than the crossing time of sound waves over the distance equal
to the orbital diameter.
Because of asymmetry in the density wake, it is desirable

to decompose the drag force into two components: IR and I’

in the radial and azimuthal directions, respectively (eq. [11]).
Figure 8 plots our main results for IR and I’ as functions of the
Mach numberM; equations (13) and (14) give the algebraic fits
to the numerical results. The azimuthal drag force, which varies
rather steeply with M, peaks at M ' 1:2Y1:4, while the radial
force is highly suppressed atM < 1 and exceeds the azimuthal
drag atMk 2:2. It is remarkable that the drag on linear-trajectory
perturbers given in O99 is almost identical to I’ for subsonic
cases, and gives a good approximation for supersonic cases too,
provided Vpt ¼ 2Rp.
A striking feature in gravitational wakes formed by circular-

orbit perturbers is a long tail in a trailing spiral shape. Such a tail
structure is indeed commonly seen in recent hydrodynamic sim-
ulations for black holemergers in a gaseousmedium (e.g., Escala
et al. 2004, 2005; Dotti et al. 2006; see also Sánchez-Salcedo
& Brandenburg 2001). Albeit much weaker, it is also apparent
inN-body simulations for satellite orbital decay in a collisionless
background (e.g., Weinberg 1989; Hernquist &Weinberg 1989).
For supersonic perturbers, the tail is a curved Mach cone and
bounded by the shock fronts that propagate radially outward.
As explained in Appendices B and C, the outer edge of the tail

Fig. 8.—Gravitational drag force on a circular-orbit perturber in a gaseous
medium as a function of the Mach numberM. The open and filled circles give
the results of our semianalytic calculation for the drag in the radial and azi-
muthal directions, respectively. For all the points, rmin/Rp ¼ 0:1 is taken. Solid
lines show the fits, eqs. (13) and (14), to the semianalytic results. The dotted line
corresponding to the force formula with Vpt ¼ 2Rp in O99 for the case of linear-
trajectory perturbers is in quite good agreement with the azimuthal drag for
circular-orbit perturbers.

KIM & KIM440 Vol. 665

Perfect fluid (Kim+ 07)



DF for perturbers on circular orbits

from high-density regions near the perturber. This is markedly
different from the purely steady state linear-trajectory cases
where a subsonic perturber experiences no drag due to the front-
back symmetry of a wake about the perturber (e.g., Rephaeli &
Salpeter 1980). Even if the finite interaction time between the
straight-line perturber and the background gas is considered,
regions with symmetric perturbed density close to the perturber
exert zero net force (O99). Nevertheless, the resulting drag force

in the backward direction of motion on a circular-orbit perturber
is almost the same as that in the linear-trajectory cases, as we
show in the next subsection. Compared with supersonic cases,
the tail in a subsonic wake is short, loosely wound, and veryweak,
suggesting that its contribution to the drag force is negligible.

3.2. Gravitational Drag Force

As sonic perturbations launched from a perturber at t ¼ 0
propagate radially outward, the volume of space exerting the
gravitational drag on the perturber grows with time. Figure 6
plots the drag force as functions of time for a few chosen Mach
numbers. The solid and dotted lines are for I’ and IR, respec-
tively. Since D(x; t) is singular at x ¼ xp, only the region with
r > rmin ¼ Rp/10 is taken into account in the force computation,
where r is the three-dimensional distance measured from the
perturber; the dependence on rmin is checked below. The drag
force on a subsonic perturber increases almost linearly with time
before turning abruptly to a constant value, whereas a supersonic
wake with a high-density tail gives rise to slow fluctuations in the
drag at early times. In any event, both components of the drag
force converge to respective steady state values, typically within
the sound crossing time over the distance equal to the orbital
diameter or within about an orbital period when M is of order
unity. The primary reason for this is of course because the per-
turbed density decreases quite rapidly with r, and also because
gravity is an inverse-square force. This is unlike the case of a
straight-line trajectory, where the drag increases secularly as
ln (Vpt) for M > 1. The fast convergence of the drag force
guarantees that one can use the steady state values of I’ and IR

for all practical purposes.
Next, we check the dependence of the drag force on rmin(TRp).

Figure 7 shows the results for M ¼ 0:5, 2.0, and 4.0. The sizes
of error bars associated with finite grid resolution are smaller
than the radius of a solid circle at each data point. First of all, the
drag force IR in the radial direction converges to a constant value
as rmin decreases for both subsonic and supersonic cases. On
the other hand, the drag force I’ in the opposite direction of
the orbital motion varies as ln(1/rmin ) with decreasing rmin

Fig. 6.—Time evolution of the drag force forM ¼ 0:5, 1.2, 2.0, 4.0, and 5.0.
Solid curves show the azimuthal drag I’, while dashed curves are for the radial
drag IR. For all cases, rmin ¼ Rp/10 is taken. Note that both I’ and IR converge
typically within the sound crossing time across 2Rp, indicating that a steady
state is reached quite rapidly.

Fig. 7.—Dependence on rmin of the steady state drag force for M ¼ 0:5, 2.0, and 4.0. Left: For Rp/rmin > 10, the radial drag force IR converges to a respective
constant value marked by a dotted line. Right: The azimuthal drag force I’ varies as ln (Rp/rmin) for small rmin whenM > 1, while it is independent of rmin forM < 1.
Dotted lines indicate a slope of unity.
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• Few analytical results

• Several semi-analytical studies

[Tremaine+ 84]
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Perfect fluid (Kim+ 07)



Circular DF in a perfect fluid

• Linear response theory:

• Multipole expansion:

�̈⇢� c2sr2�⇢ = 4⇡G⇢̄ ⇢p
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[VD, Nusser, Buehler ApJ, arXiv: 2111.07366]



Circular DF in a perfect fluid
[VD, Nusser, Buehler ApJ, arXiv: 2111.07366]



Circular DF in a perfect fluid

from high-density regions near the perturber. This is markedly
different from the purely steady state linear-trajectory cases
where a subsonic perturber experiences no drag due to the front-
back symmetry of a wake about the perturber (e.g., Rephaeli &
Salpeter 1980). Even if the finite interaction time between the
straight-line perturber and the background gas is considered,
regions with symmetric perturbed density close to the perturber
exert zero net force (O99). Nevertheless, the resulting drag force

in the backward direction of motion on a circular-orbit perturber
is almost the same as that in the linear-trajectory cases, as we
show in the next subsection. Compared with supersonic cases,
the tail in a subsonic wake is short, loosely wound, and veryweak,
suggesting that its contribution to the drag force is negligible.

3.2. Gravitational Drag Force

As sonic perturbations launched from a perturber at t ¼ 0
propagate radially outward, the volume of space exerting the
gravitational drag on the perturber grows with time. Figure 6
plots the drag force as functions of time for a few chosen Mach
numbers. The solid and dotted lines are for I’ and IR, respec-
tively. Since D(x; t) is singular at x ¼ xp, only the region with
r > rmin ¼ Rp/10 is taken into account in the force computation,
where r is the three-dimensional distance measured from the
perturber; the dependence on rmin is checked below. The drag
force on a subsonic perturber increases almost linearly with time
before turning abruptly to a constant value, whereas a supersonic
wake with a high-density tail gives rise to slow fluctuations in the
drag at early times. In any event, both components of the drag
force converge to respective steady state values, typically within
the sound crossing time over the distance equal to the orbital
diameter or within about an orbital period when M is of order
unity. The primary reason for this is of course because the per-
turbed density decreases quite rapidly with r, and also because
gravity is an inverse-square force. This is unlike the case of a
straight-line trajectory, where the drag increases secularly as
ln (Vpt) for M > 1. The fast convergence of the drag force
guarantees that one can use the steady state values of I’ and IR

for all practical purposes.
Next, we check the dependence of the drag force on rmin(TRp).

Figure 7 shows the results for M ¼ 0:5, 2.0, and 4.0. The sizes
of error bars associated with finite grid resolution are smaller
than the radius of a solid circle at each data point. First of all, the
drag force IR in the radial direction converges to a constant value
as rmin decreases for both subsonic and supersonic cases. On
the other hand, the drag force I’ in the opposite direction of
the orbital motion varies as ln(1/rmin ) with decreasing rmin

Fig. 6.—Time evolution of the drag force forM ¼ 0:5, 1.2, 2.0, 4.0, and 5.0.
Solid curves show the azimuthal drag I’, while dashed curves are for the radial
drag IR. For all cases, rmin ¼ Rp/10 is taken. Note that both I’ and IR converge
typically within the sound crossing time across 2Rp, indicating that a steady
state is reached quite rapidly.

Fig. 7.—Dependence on rmin of the steady state drag force for M ¼ 0:5, 2.0, and 4.0. Left: For Rp/rmin > 10, the radial drag force IR converges to a respective
constant value marked by a dotted line. Right: The azimuthal drag force I’ varies as ln (Rp/rmin) for small rmin whenM > 1, while it is independent of rmin forM < 1.
Dotted lines indicate a slope of unity.
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Compact circular binary

L34 KIM, KIM, & SÁNCHEZ-SALCEDO Vol. 679

Fig. 1.—Density distributions, , in a steady state for (a) ,log D M p 0.6
(b) 1.2, (c) 2.0, and (d) 3.2 on the orbital plane ( ). The perturbers ofz p 0
equal mass located at are moving in the counterclockwise(x, y) p (!R , 0)p

direction along a circular orbit marked by the black circle in each frame.

We work in cylindrical coordinates with the origin(R, J, z)
lying at the orbital center and the z-axis perpendicular to the
orbital plane. Assuming that the perturbers with mass andMp

each (with f denoting the mass ratio) are introducedfMp

at and at , respectively, one can(R , 0, 0) (R , p, 0) t p 0p p

write rext(x, t) p MpH(t)d(R ! Rp)d(z) # {d[Rp(J ! Qt)] "
fd[Rp(J ! p ! Qt)]}, where is the Heaviside step functionH(t)
and is the angular speed of the perturbers. SinceQ { V /Rp p

equation (1) is linear, a is given by a simple superposition of
the wakes of both perturbers. Solving equation (1) for a based
on the retarded Green’s function technique yields

GMpa(x, t) p D(R, J, z, t), (2)2c Rs p

where with and denoting the dimen-D p D " fD D D1 2 1 2

sionless wake, given by equation (8) in Paper I, of the perturber
with mass and , respectively. Note thatM fM D (R, J, z,p p 2

for the perturbers in consideration.t) p D (R, J ! p, z, t)1

The gravitational drag force exerted on the perturber of mass
located at the position can be obtained by directly eval-M xp p

uating the integral

a(x, t)(x ! x )p3F p GM r d x p F " F , (3)DF p 0 ! DF,1 DF,23Fx ! x Fp

where andˆ ˆˆF p !F(I R " I J) F p !Ff (I R "DF,1 1,R 1,J DF,2 2,R

, with . Here, and are the2ˆI J) F { 4pr (GM /V ) I I2,J 0 p p 1,R 1,J

dimensionless drag forces on a perturber by its own wake in
the radial and azimuthal directions, respectively, while andI2,R

refer to those from the wake of its companion. The formerI2,J

was evaluated and widely discussed in Paper I. We here focus
on and defined by equations (12) of Paper I, exceptI I2,R 2,J

for replacing for the perturbed density.D D2

As in Paper I, we calculate and on a three-D(x, t) FDF

dimensional Cartesian mesh centered at the center of the orbit.
We checked that the grid spacing of ∼ and the box sizeR /640p

of ∼(20–100) are sufficient to give converged results.R p

3. RESULTS

3.1. Density Wake

In this section, we limit our presentation to the cases with
equal-mass perturbers; the cases with will be brieflyf ( 1
discussed in § 4. As the perturbers introduced at movet p 0
along a circular orbit, they continuously launch sound waves
that propagate and affect the surrounding medium that would
otherwise be uniform and static. Any location inside the causal
region is able to receive sonic perturbations from both pertur-
bers, possibly multiple times, creating a density wake that dif-
fers significantly depending on the Mach number M {

of the perturbers. Figure 1 displays the distributions ofV /cp s

the dimensionless wake for some selected Mach numbers.D
For subsonic perturbers ( ), the perturbed density isM ! 1

smooth without involving a shock. The bending of the wakes
caused by the circular motions leads to slight overdensities at
the trailing sides (Fig. 1a), producing nonvanishing drag forces.
In the steady state, which is achieved at , a parcel of gast r #
at any position receives one sonic perturbation from each per-
turber. For supersonic cases ( ), on the other hand, theM 1 1
wake of each perturber initially consists of a sonic sphere and
a Mach cone, the interiors of which are influenced by sonic
disturbances once and twice, respectively. Because of the cir-

cular motion, a perturber (and the head of its Mach cone) is
able to overtake its own sonic sphere and subsequently the
other sonic sphere from the companion, both of which are
expanding radially outward. This in turn provides additional
perturbations to the wakes and thus forms long high-density
tails that loosely wrap the perturbers in a trailing spiral fashion
(Fig. 1b–1d). The tails in fact trace the regions bounded by
shock discontinuities where the gas has received sonic signals
four times (three from one perturber and one from the other)
and do not overlap with each other, provided the Mach number
is less than 2.972 (see below). The densest parts of a tail are
located at the immediate trailing side of a perturber, which
indicates that the companion wake generally reduces the net
DF force, as we show in § 3.2.

The wake tails thicken as the Mach number increases from
unity. In Paper I we showed that a tail from a single perturber
becomes fat enough to make the inner edge contact the outer
edge at . The self-overlapping of a tail developsM p 4.6031

a new thin tail that becomes thicker with increasing andM
again overlaps itself at , and so on. In double-M p 7.7902

perturber cases, however, one tail is able to mutually overlap
with the other even before it undergoes self-overlapping. The
critical Mach numbers for the mutual overlapping of tailsMn

are determined by equation (B3) in Paper I for half-integer n.
A few critical Mach numbers are ,M p 2.972 M p1/2 3/2

, and . The high-density narrow tails shown6.202 M p 9.3715/2

in Figure 1d for are constructed by combining sixM p 3.2
sonic disturbances emitted by the perturbers.

3.2. Gravitational Drag Force

While the volume of space influenced by the perturbers
steadily increases with time, the resulting drag forces quickly
converge to their steady-state values typically within one orbital
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Fig. 2.—Drag forces on a perturber in a double system in the radial (blue)
and azimuthal (red) directions against . The dashed curves adopted fromM
Paper I with represent the forces ( ) originated from the waker /R p 0.1 Imin p 1

of the perturber itself, while those ( ) from the companion wake are plottedI2

as dotted lines. The solid lines give the net DF forces ( ) for equal-massI ! I1 2

perturbers. The inset plots the ratio which is positive and less than"I /I2,J 1,J

unity for all .M

period. Figure 2 plots the various steady-state drag forces as
functions of . In order to avoid a divergence of the forceM
integral, only the region with the distance r 1 r p R /10min p

from the perturber is considered in the force computation. Note
that only depends on the Coulomb logarithmI ln (r /R )1,J min p

for supersonic perturbers; the other three ( , , and )I I I1,R 2,R 2,J

are independent of . The local bumps in and arer I Imin 2,R 2,J

caused by the overlapping of the tails occurring at the critical
Mach numbers, as discussed in § 3.1.

Figure 2 shows that has opposite sign to for allI I2,J 1,J

. This implies that, regardless of the Mach number, oneM
perturber in a double-perturber system gains angular momen-
tum from the gravitational torque exerted by the companion
wake, while its own wake always takes away angular momen-
tum from it. For equal-mass perturbers, the net drag force in
the azimuthal direction is thus smaller than the isolated coun-
terpart. The contribution of the companion wake to the azi-
muthal DF force is delineated in the inset of Figure 2. For

, the ratio is on average ∼40%, and drops toM 1 1 "I /I2,J 1,J

∼12% at where the net azimuthal drag is maximized.M ∼ 1.2
Since increases with decreasing for , theI ln (r /R ) M 1 11,J min p

effect of the companion wake on the orbital decay of a su-
personic perturber would diminish as the perturber size nom-
inally represented by decreases relative to the orbital radius.rmin

Interestingly, in the subsonic case, the ratio , which"I /I2,J 1,J

does not depend on , is ∼50% at and steeplyr M ∼ 0.7min

approaches unity as , suggesting that the effect of theM r 0
companion wake is larger as the speed of perturbers decreases.

On the other hand, and are of comparable amplitudeI I1,R 2,R

over a wide range of , thus making a net radial drag twiceM
as large as in the corresponding single-perturber cases. They
affect the orbital eccentricity rather than removing angular mo-
mentum, which may have a gravitational wave signature de-
tectable with LISA (Armitage & Natarajan 2005).

For practical purposes, we fit our results for andI I2,R 2,J

using

I2,R
2M

"0.360.5 " 0.43[1 " cosh (2.2M)] if M ! 2.97,
"1p 0.76 " 0.08[M ! (M " 2.76) ] if 2.97 ≤ M ! 6.2,{ "10.56 " 0.027[M ! (M " 6) ] if M ≥ 6.2,

(4)

and

I "0.022(10 " M) tanh (3M/2) if M ! 2.97,2,J p "12 {"0.13 ! 0.07 tan (5M " 15) if M ≥ 2.97,M
(5)

which are accurate to within 6% of the numerical results for
all . The algebraic fits to and are given by equationsM I I1,R 1,J

(13) and (14) of Paper I. It can be shown that I ≈ "I r1,J 2,J

in the limit of small .3M /3 M

4. DISCUSSION

For a system composed of two perturbers moving on co-
planar circular orbits, we have found that a perturber is dragged
backward by its own induced wake, while it is simultaneously
pulled forward by the wake of its companion. For equal-mass
perturbers, the ratio of the forward torque to the negative torque

varies between 0.1 to 1.0, and has a mean value at about 0.4.
This indicates that, since the wake tails are a large-scale per-
turbation, the effect of a companion wake on the orbital decay
of a double system is by no means negligible except perhaps
at . When the perturbers have different orbital radii,M ∼ 1.2
the positive torque would be enhanced if the companion has a
larger orbital radius. In order to quantify this effect, we have
computed the drag force, for instance, on a body with M p

at when the companion is at and (to have1 R 2R M p 2p p

the same Q), and found that the positive torque increases by a
factor of 1.4. If the perturbers have different orbital frequencies
so that one perturber completes several orbits in the orbital
period of the companion, the orbit-averaged torque exerted by
the companion wake is likely to be reduced. In the limit of
very different frequencies, the orbit-averaged torque becomes
negligible.

The results of this Letter can be immediately applied to the
numerical models of Escala et al. (2004) for DF-induced merg-
ers of supermassive black holes. In their model, two black holes
of equal mass are initially separated from each other widely
and orbit at near-transonic speed under an external gravitational
potential. Our results in § 3.2 suggest that the companion wake
presumably plays a minor role in this early phase of the orbital
decay. Escala et al. (2004) reported that at some point when
the binary separation is reduced to ∼7 pc, it produces a wake
in the surrounding medium that is well approximated by an
ellipsoid with an axis ratio of 2 : 1. The major axis of the
ellipsoid lags behind the binary axis by ∼22.5!. Since the wake
configuration of this sort can be obtained by blurring the per-
turbed density shown in Figure 1a, we infer that the black holes
have at this time. The binary keeps hardening by anM ∼ 0.6
ellipsoidal torque, and the effect of the companion wake is now
completely nonnegligible.

[Kim+ 08]

Equal-mass binary: q1 = q2 =
1
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Compact circular binary: friction coefficient
[VD, Nusser, Buehler ApJ, arXiv: 2111.07366]

Equal-mass binary: q1 = q2 =
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Ultra-light dark matter (ULDM)

[Ruffini+ 68; Baldeschi+83; Sin 92; Hu+ 99; Chavanis 11; Hui+ 17]

• Wave-like description (Gross-Pitaevskii-Poisson):

• Hydrodynamic description (Madelung): 
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ULDM is a Bose-Einstein condensate characterized by a wave function



Circular DF in ULDM
[Buehler & VD PRD, arXiv: 2207.13740]
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FIG. 10. Top panel : radial (r̂) and tangential ('̂) components of the DF force in the finite time perturbation case for our

fiducial single perturber. The DF force is normalized to ⇢R⌦

⇣
GM
⌦r0

⌘2
. The cross symbols are the outcome of a numerical

implementation of the Lippmann-Schwinger approach on a 3-dimensional grid, whereas the solid and dashed curves show the
analytic predictions obtained from the Madelung approach (see text for details). We have adopted a cut-o↵ wavenumber
k̃min = 1/8 which matches the size of our simulation boxes. The steady-state tangential DF is shown as the horizontal dashed
line. In the radial direction, the steady-state DF is ' �76.6 for k̃min = 1/8. Hence, it is not visible on the figure. Bottom

panel : fractional di↵erence between our wave and hydrodynamic predictions of the radial and tangential DF.

on a regular cubical of size 8r0 with 643 mesh points (see
Sec. §III C 1 for the details of the numerical implemen-
tation). Splines are used to interpolate this data and
numerically evaluate Eq. (57).

The resulting DF is shown in the top panel of Fig. 10
as the cross symbols for our fiducial single perturber (i.e.
R⌦ = 4 and R� = 0.1 ) turned on at t = 0. It is com-
pared to the steady state solution Eqs. (49) – (51) ob-
tained from the Madelung approach (dashed curves) and
to the finite perturbation time result Eq. 54 (solid curves)
assuming a lower cut-o↵ k̃min = 1/8. This wavenumber
value corresponds to a scale equal to the side length 8r0
of the cubical box. This choice is motivated by the ab-
sence of power on scales larger than the simulation box.
The bottom panel of Fig. 10 displays the fractional di↵er-
ence between the numerical prediction of the Lippmann-
Schwinger approach and the analytic prediction of the
Madelung formulation.

As expected, the radial DF strongly depends on the
behavior of the purely real amplitude SFtp

1,0 . At early

times, SFtp
1,0 is not very sensitive to the exact choice of

k̃min ⇠ 0.1 (see Fig. 8). Notwithstanding, a low cut-o↵
wavenumber implies that the radial DF grows through
di↵usion for a longer time before oscillating around the
steady-state solution. For k̃min = 1/8, the steady-state
radial DF is ⇡ �76.6 in the scales of the figure and,
therefore, does not appear on it. As a result, the radial,
steady-state solution is a poor approximation to the fi-
nite time perturbation result so long as t̃ . O(10� 100)
rotations. By contrast, the tangential part rapidly initi-
ates damped oscillation around the steady state solution.
One should however bear in mind that neither the radial
nor the tangential DF attain the equilibrium steady-state
regime in a finite time.
The finite time perturbation results agree very well for

both the tangential and radial DF component. Although

time
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FIG. 9. Contour levels of <(I)/R2
⌦ (top panel) and =(I)/R⌦ in the plane (R⌦, q1) where q1 is the (normalized) mass of the

first binary component. A value of k̃min = 0.3 is assumed for the computation of I(R⌦). The green contours indicate the zero
level. The increase in the magnitude of <(I) towards smaller R⌦ is artificially caused by the normalization <(I)/R2
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here. <(I) linearly depends on R⌦ for R⌦ . 1, but exhibits a quadratic dependence / R2

⌦ for R⌦ � 1. Both <(I) and =(I)
can be positive or negative depending on (R⌦, q1).

to its convenient hydrodynamic form. More specifically,
wave interference in the atmosphere of virialized halos
creates a haze of fluctuating granules or wave packets
with a distribution of velocities [25, 26, 29]. Such an
interference pattern can be easily accounted for in the
Lippmann-Schwinger formulation. However, this inclu-
sion is less straightforward in the Madelung approach,
and our implementation of the latter assumes zero veloc-
ity dispersion. Therefore, it is instructive to compare the
DF obtained in both implementations.

To compute DF in the Lippmann-Schwinger approach,
we calculate the overdensity ↵ directly from Eqs. (37)
and (41) over the simulation box before integrating
Eq. (44) numerically. Namely, on rewriting Eq. (44) in
terms of dimensionless variables, we arrive at

FDF(t̃) =

✓
GM

⌦r0

◆2

⇢R⌦

Z
d3ũ

✓
ũ

ũ3

◆
↵(ũ, t̃)

↵0
. (57)

where ↵0 is the characteristic amplitude of the overden-
sity wake, Eq. (25). The field ↵(ũ, t̃) is then computed

Friction coe�cient for a compact circular binary

[Buehler & VD PRD, arXiv: 2207.13740]
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Eccentric evolution in perfect fluid

-3

-2

-1

 0

 1

 2

 3

 4

y 
/ a

0

η = 3π/2

32 1

0.5
0

-0.5

-1

-8

-4

0

4

8

-8 -4 0 4 8

η = 4π/2

21
0.5

0

-0.5

-1

-8

-4

0

4

8

-8 -4 0 4 8

-4

-3

-2

-1

0

1

2

3

4

-4 -3 -2 -1 0 1 2 3 4

y 
/ a

0

x / a0

η = 5π/2

3
2 10.5

0
-0.5

-1

-8

-4

0

4

8

-8 -4 0 4 8

-3 -2 -1 0 1 2 3 4
x / a0

-2

-1

 0

 1

 2

 3

 4

 5

η = 6π/2

32

1
0.5

0

-0.5

-1 -8

-4

0

4

8

-8 -4 0 4 8

-2

-1

 0

 1

 2

 3

 4

 5

[Buehler, Kolyada & VD, arXiv: 2310.05244]

Ma = 0.9, e = 0.9 (Ma = ⌦a/cs)
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Circular DF in isothermal density profiles
w/ Gali Eytan and Robin Buehler

P = c2s⇢

⇢0(r) =
c2s

2⇡G
r�2

�0(r) = 2c2s ln(r) + const

Singular Isothermal Sphere (SIS):

I #
(M

)/
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Outlook

• Linear response theory DF can be solved analytically in the circular case

• Provide (i) useful physical insights and (ii) a versatile tool to explore DF 
for a wide range of media and dynamical systems (single perturber, 
binaries …)

• Include eccentric orbits, inhomogeneous backgrounds, other matter 
“excitations”


