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• Brief intro on recent Pulsar Timing Array (PTA) observations  

• Constraints on cosmological sources: 

• (Model-independent) role of QCD thermal history 

• Second-order induced GWs and primordial black hole bounds 

• Estimate future sensitivity to sub-dominant GW backgrounds
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Pulsar Timing Array observations
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“Recent” Pulsar Timing Array (PTA) observations
the EPTA collaboration: EPTA-DR2

Fig. 2: Overview of the full EPTA DR2 dataset. Empty circles denote legacy data, while filled squares show new EPTA backends.
Vertical lines bound the range of the ‘DR2new’ dataset. Readers can refer to Sec. 3 and A for details.
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Figure 1. Observing times of the PPTA DR3. The vertical dashed line indicates the beginning of UWL observations. The top, middle, and lower lines in
pre-UWL observations of each pulsar represent observations in 10 cm, 20 cm, and 40 cmwave-bands indicated by blue, green, and gold colours respectively.
Observations taken with the UWL are split into the UWL sub-bands (see Table 2). UWL sub-bands A, B, and C cover the 40 cm band, D, E, F cover the 20 cm band,
and G, H cover the 10 cm band.Zic et al. [arXiv:2306.16230]
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Figure 1. Epochs of all TOAs in the data set. The observatory and observing frequency are indicated by color: Arecibo
observations are red (327MHz), orange (430MHz), light blue (1.4GHz), and purple (2.1GHz); GBT observations are green
(800MHz) and dark blue (1.4GHz); and VLA observations are brown (1.4GHz) and pink (3GHz). The Arecibo and GBT data
acquisition systems are indicated by symbols: open circles are ASP or GASP, and closed circles are PUPPI or GUPPI. Only a
single backend (YUPPI) was used at the VLA.

Agazie et al. [arXiv:2306.16217]
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Figure 5. Narrowband timing residuals for 14 pulsars. The timing residuals obtained from Band 3 and Band 5 data using the narrowband timing technique
for 14 pulsars are plotted against corresponding epochs. Red points represent Band 3 and blue points represent Band 5 residuals. Pulsar names and their
respective post-fit weighted RMS residuals are mentioned at the bottom of the respective panels. Epochs in terms of Modified Julian Date are depicted on
the consolidated horizontal axes at the bottom. The corresponding years are also shown on the horizontal axes at the top of the consolidated panels for
convenience.

addition, Figure 7 clearly shows that the epoch-wise DM esti-
mates from simultaneous multi-band observations provided by
the InPTA observations, even with their short time-lag cov-
erage, are complementary to other PTA e�orts for modeling
DM noise despite its shorter time baseline.

Given the short span of our data and the a priori unknown

o�set between the InPTA and IPTA DM time series, rigorous
investigations in this direction will become possible as more
data gets collected and the InPTA data is combined with the
other PTA datasets for the third IPTA data release. In addition,
it will be illuminating to investigate the behaviour of the DM
structure functions at shorter lags (⇠1 day) by performing

Tarafdar et al. [arXiv:2206.09289]

InPTA

Correlation between pulsar pairs: Hellings-Downs curve

• Pulse frequency variation induced by GWs

4 The NANOGrav Collaboration
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. Throughout we refer to the
68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoid zeros of the Hellings–Downs curve. This binned
reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed black
line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.

>3 sigma evidence for HD in PTA datasets

G. Agazie et al. [NANOGrav], Astrophys. J. Lett. 951 (2023) no.1, L8 [arXiv:2306.16213]
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Evidence for HD found most recent datasets

• Results compatible with each other 
• NANOGrav 15 currently giving the most stringent constraint

SGWB tilt: 
<latexit sha1_base64="GTUpvu7EgBPcr8t7MFsS8ZTaIOo=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIHVGfC2LLnRnhb6gU4dMmmlDk8yQZIQyzE+48VfcuFDEreDOvzF9LLR6IHA4515uzgliRpV2nC8rNze/sLiUXy6srK6tb9ibWw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g8HlyG/eE6loJGp6GJMORz1BQ4qRNpJvH3g3nPSQn3qSw6tmBr1YRrGOYCk8DCfqUGb7d6nwa5lvF52yMwb8S9wpKYIpqr796XUjnHAiNGZIqbbrxLqTIqkpZiQreIkiMcID1CNtQwXiRHXScaoM7hmlC8NImic0HKs/N1LElRrywExypPtq1huJ/3ntRIfnnZSKONFE4MmhMGHQpB5VBLtUEqzZ0BCEJTV/hbiPJMLaFFkwJbizkf+SxlHZPS2f3B4XKxfTOvJgB+yCEnDBGaiAa1AFdYDBA3gCL+DVerSerTfrfTKas6Y72+AXrI9v08+eog==</latexit>

⌦GW / (f/fyr)
nTSGWB spectrum: 
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nT = 2/3
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Figure 1. Left : Free spectral posteriors for each PTA showing the measured HD correlated GWB power in several frequency
bins under no spectral shape assumption. Each PTA used a di↵erent Fourier basis set by their own maximum observing time.
The dashed line shows a power law spectrum as determined by the joint 2D power law posterior median. Right : 2D posterior
for HD correlated power law GWB parameters. Contours show 68, 95, and 99.7% of the posterior mass. The vertical dotted
line is at � = 13/3.

Figure 2. Di↵erence distributions for GWB parameters between pairs of PTAs as computed by tensiometer. The contours
show 68 and 95% of the distribution mass.

4.2. Comparing the GWB sensitivity of PTAs

A commonly used measure of GW detector perfor-
mance is a frequency-dependent ‘sensitivity curve’. This
metric, which estimates the smallest amplitude of a GW
induced signal that a detector would detect, is often used
in the GW community to assess detector performance
(see Moore et al. 2014; Hazboun et al. 2019b; Kaiser &
McWilliams 2021, and references therein). The hasasia
(Hazboun et al. 2019a) package o↵ers a means to e�-
ciently compute such curves for PTAs. Specifically, the
sensitivity curves we compare here are the sensitivity to
interpulsar cross-correlations induced in the PTA by a
GWB. As input, hasasia uses the original time of ar-
rival data and the median noise parameters for all noise

processes, including the GWB auto-correlations which
act as noise when trying to detect the cross-correlations.
In order to generate sensitivity curves for

EPTA+InPTA and PPTA, we made a few modifica-
tions to hasasia. This is because hasasia accounts
for white noise and achromatic RN only. For analyses
like NANOGrav, which modeled DM variations using
DMX (which appears in the timing model) this is suf-
ficient, but it is not for analyses that use DMGP, like

IPTA [arXiv:2309.00693]
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Figure 3. Estimated sensitivity to the characteristic strain
induced by a GWB as a function of GW frequency. The
dashed line shows a power law spectrum as determined by
the joint 2D power law posterior median from the right panel
of Figure 1.

EPTA+InPTA and PPTA. The system and band noise
models used by PPTA must also be accounted for3.
The three resulting sensitivity curves are presented in

Figure 3 and show the relative sensitivity of the PTA
data sets. The general behavior of the curves follows
the simple expectations based on the intrinsic prop-
erties of each data set. The di↵ering low frequency
sensitivity supports the reported evidence from each
PTA for the presence of an HD correlated GWB sig-
nal. The NANOGrav data set shows the best low fre-
quency sensitivity, reaching slightly lower frequencies
than EPTA+InPTA due to the longer observing baseline
of analyzed data. The PPTA data set which spans the
longest time extends to the lowest frequencies but does
not achieve the same low frequency sensitivity as the
other two. At the higher frequencies, the EPTA+InPTA
and PPTA data sets are more sensitive than NANOGrav
due to their higher observing cadences with observa-
tions occurring every ⇠ 3 and ⇠ 7 days, respectively.
NANOGrav su↵ers at the high frequency end due to its
lower observing cadence of roughly 30 or 14 days, de-
pending on the pulsar.

3
The PPTA also included a model for the variable DM delay from

the solar wind, which has been left out in this analysis for sim-

plicity, and produces the small ‘bump’ at ⇠2.76 nHz in the PPTA

sensitivity curve.

Figure 4. Amplitudes of CURN recovered using the factor-
ized likelihood method. Extended data sets are also shown,
where the pulsars of one data set are added to the another,
without repeating pulsars. The boxes contain 68% of the dis-
tribution mass, and the center line marks the median. The
whiskers contain 95% of the distribution mass.

4.3. Comparison using standardized noise models

4.3.1. Common uncorrelated red noise amplitude

In order to make a fair comparison of the observed
GWB properties we reanalyzed each PTA’s data us-
ing the standardized noise models described in subsec-
tion 3.2. In place of a full Bayesian analysis search-
ing for HD correlated GWB, which is computationally
expensive, we used the factorized likelihood approach.
Using this method individual pulsars were analyzed in-
dependently in parallel and the results combined to ar-
rive at a posterior distribution for the amplitude of
CURN, log

10
ACURN, assuming a fixed spectral index

of �CURN = 13/3. This method did not include inter-
pulsar cross-correlations, but acted as a good proxy to
quickly determine the spectral properties of a common
signal like the GWB.
We applied the standardized noise model described

in subsection 3.2 to every pulsar with a timing base-
line longer than 3 years. Only 4 pulsars were dropped
due to this time cuto↵: J0614�3329 from NANOGrav
and J0900�3144, J1741+1351, and J1902�5105 were
dropped from PPTA. Each pulsar was independently an-
alyzed and the posteriors for the pulsars from a given
PTA were combined, resulting in the CURN posteriors
shown in color in Figure 4. There is broad agreement
between the PTAs, and these new results agree well with
the fixed spectral index GWB amplitude reported by the
PTAs and stated in section 2. The black boxes in Fig-
ure 4 are based on extending the individual PTA data
sets and will be discussed in subsection 6.2.

PTA optimal range

<latexit sha1_base64="+jKZ7Lh1rB8eKJD0VHZ/18afinM=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjO+Fy4KblxWsA+Y1pJJM21oJgnJHaEM/Qw3LhRx69e4829M21lo9UDgcM695J4TacEt+P6XV1haXlldK66XNja3tnfKu3tNq1JDWYMqoUw7IpYJLlkDOAjW1oaRJBKsFY1upn7rkRnLlbyHsWbdhAwkjzkl4KSwo43SoHD8cNorV/yqPwP+S4KcVFCOeq/82ekrmiZMAhXE2jDwNXQzYoBTwSalTmqZJnREBix0VJKE2W42O3mCj5zSx7Ey7knAM/XnRkYSa8dJ5CYTAkO76E3F/7wwhfiqm3GpU2CSzj+KU4FdyGl+3OeGURBjRwg13N2K6ZAYQsG1VHIlBIuR/5LmSTW4qJ7fnVVq13kdRXSADtExCtAlqqFbVEcNRJFCT+gFvXrgPXtv3vt8tODlO/voF7yPb+ydkQM=</latexit>

/ f3
<latexit sha1_base64="4Pa3+9yH/89Wxtm8uVA7eMSRhos=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr4WLghuXFewD2rFk0kwbmklCkhHK0M9w40IRt36NO//GtJ2Fth4IHM65l9xzIsWZsb7/7RVWVtfWN4qbpa3tnd298v5B08hUE9ogkkvdjrChnAnasMxy2laa4iTitBWNbqd+64lqw6R4sGNFwwQPBIsZwdZJna7SUlmJ4ke/V674VX8GtEyCnFQgR71X/ur2JUkTKizh2JhO4CsbZlhbRjidlLqpoQqTER7QjqMCJ9SE2ezkCTpxSh/FUrsnLJqpvzcynBgzTiI3mWA7NIveVPzP66Q2vg4zJlRqqSDzj+KUIxdymh/1mabE8rEjmGjmbkVkiDUm1rVUciUEi5GXSfOsGlxWL+7PK7WbvI4iHMExnEIAV1CDO6hDAwhIeIZXePOs9+K9ex/z0YKX7xzCH3ifP+gRkQA=</latexit>

/ f0

(See also Hazboun et al [arXiv:1907.04341])
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GWs sources in the nHz frequency range

SMBH binaries formed 
in galaxy mergers

L. Mayer et al. Science 316 (2007), 1874-1877 [arXiv:0706.1562]Image: NASA, ESA

Hubble+Keck observations Numerical simulations of galaxy mergers
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Astrophysics:

“New” physics:

GW backgrounds of 
cosmological origin

J. Ellis, G.F. , et al. [arXiv:2308.08546]



Role of the QCD thermal history
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Coincidence of scales: PTA and QCD

• Relevant scale for cosmological GWs: Hubble sphere 
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RH =
1

H(T )
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H ⇠ T
2

Mp
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RH

<latexit sha1_base64="JDcDVNHtHQDMslTda1pS9NbAP5s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6GPZGvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wdOeI3U</latexit>

hk

Frequencies of modes crossing the Hubble sphere

2

II. Standard Model features in the causality tail of

primordial GW backgrounds

For cosmological SGWBs, a powerful property is
ensured in a broad class of primordial sources where
GWs are generated locally, independently in each spatial
patch, and in a limited amount of time. We denote by fct
the frequency of GWs entering the Hubble radius when
emission shuts o↵. The remarkable property of the CT is
that GWs with frequencies f < fct evolve independently
of the source, because the corresponding wavelengths are
larger than the source’s correlation length. The evolution
of each tensor mode hk(t) in this regime is sensitive only
to the expansion of the Universe and GW propagation
[40, 46–75]. Cosmological PTs are a typical example
[58, 66, 76, 77]. In this case, bubble collisions, sound
waves, and plasma turbulence act as causality-limited
sources, each with its own finite correlation length.

The GW energy fraction is customarily defined as

⌦gw(f) ⌘ 1

⇢cr

d⇢gw(f)

d ln f
(1)

where ⇢cr is the critical energy density today. ⌦gw(f)
exhibits a spectral shape, that is typically peaked at some
frequency f? > fct. The CT of the spectrum behaves
as ⌦gw(f . fct) / f3 in a universe filled by a perfect
relativistic fluid with EoS w(t) = p/⇢ = 1

3 , see e.g. [50].
This tilt of the CT can be modified by two e↵ects:

(i) the GW energy density ⇢gw(f) in the CT is
determined by the Universe’s expansion history and the
GW propagation [42]; (ii) the critical energy density
⇢cr = ⇢�,0/⌦�,0 in Eq. (1) (where ⌦�,0h2 = 2.47 ⇥
10�5 is the SM radiation abundance today and h ⌘
H0/(100 km/s/Mpc) is the reduced Hubble constant),
is a↵ected by entropy injections originating e.g. from
freeze-out processes occurring for (B-)SM particles in the
thermal bath [40].

The first e↵ect concerns the evolution of super-Hubble
tensor modes [42]. After the GW source shuts o↵,
the emitted super-Hubble modes freeze due to Hubble
friction, remain practically constant until horizon re-
entry, and then proceed with under-damped oscillations
diluted as 1/a. As a result, the CT scales as
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for a generic w. This scaling is additionally a↵ected by
relativistic free-streaming particles, as discussed below.

The second e↵ect concerns only the SM radiation bath,
since GWs are decoupled. This leads to a temperature-
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and entropy (s) densities respectively, and a(a0) is the
scale factor (today). From the thermodynamical relation
sT = p + ⇢ one infers the temperature-dependent EoS
w(T ) = 4

3 (g⇤,s(T )/g⇤(T )) � 1.
During the QCD crossover, heavy hadrons form and

both g⇤,s(T ) and g⇤(T ) decrease rapidly. Their values,
and the EoS shown in Fig. 1, are precisely determined
with lattice QCD techniques [39]. The temporary
decrease of w(T ) is due to the pressureless contribution of
QCD matter to the thermal bath, followed by its rapid
depletion. Therefore, the CT is distinctively modified,
when the corresponding GWs with wavenumber k re-
enter the Hubble horizon during the QCD crossover.
Their frequency is set by f = k/2⇡ = aH/2⇡, which
in terms of temperatures reads (see App. A)

f ' 3.0 nHz ·
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g⇤,s(T )

20

◆1/6✓ T

150MeV

◆
. (4)

We solve the equations of motion for hk(t) (see
App. B), accounting for the temperature dependence of
w and g⇤, and obtain the spectrum shown in Fig. 1.
A clear deviation from the commonly employed f3

approximation is found, accidentally located in the nHz
range where PTA experiments are most sensitive.
Beside the SM e↵ects presented above, a nHz CT signal

probes the cosmic expansion history back to ⇠ TQCD.
In particular, the possible presence of a fraction ffs ⌘
⇢fs/⇢tot of free-streaming species is easily accounted for,
by multiplying the ⌦gw spectrum shown in Fig. 1 by a
factor f16ffs/5, for ffs . 15% [42].
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and entropy (s) densities respectively, and a(a0) is the
scale factor (today). From the thermodynamical relation
sT = p + ⇢ one infers the temperature-dependent EoS
w(T ) = 4

3 (g⇤,s(T )/g⇤(T )) � 1.
During the QCD crossover, heavy hadrons form and

both g⇤,s(T ) and g⇤(T ) decrease rapidly. Their values,
and the EoS shown in Fig. 1, are precisely determined
with lattice QCD techniques [39]. The temporary
decrease of w(T ) is due to the pressureless contribution of
QCD matter to the thermal bath, followed by its rapid
depletion. Therefore, the CT is distinctively modified,
when the corresponding GWs with wavenumber k re-
enter the Hubble horizon during the QCD crossover.
Their frequency is set by f = k/2⇡ = aH/2⇡, which
in terms of temperatures reads (see App. A)
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We solve the equations of motion for hk(t) (see
App. B), accounting for the temperature dependence of
w and g⇤, and obtain the spectrum shown in Fig. 1.
A clear deviation from the commonly employed f3

approximation is found, accidentally located in the nHz
range where PTA experiments are most sensitive.
Beside the SM e↵ects presented above, a nHz CT signal

probes the cosmic expansion history back to ⇠ TQCD.
In particular, the possible presence of a fraction ffs ⌘
⇢fs/⇢tot of free-streaming species is easily accounted for,
by multiplying the ⌦gw spectrum shown in Fig. 1 by a
factor f16ffs/5, for ffs . 15% [42].
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Figure 1: The e↵ective degrees of freedom for the energy density (g⇢) and for the entropy density (gs).
The line width is chosen to be the same as our error bars at the vicinity of the QCD transition where we
have the largest uncertainties. At temperatures T < 1 MeV the equilibrium equation of state becomes
irrelevant for cosmology, because of neutrino decoupling. The EoS comes from our calculation up to
T = 100 GeV. At higher temperatures the electroweak transition becomes relevant and we use the results
of Ref. [13]. Note that for temperatures around the QCD scale non-perturbative QCD e↵ects reduce g⇢
and gs by 10-15% compared to the ideal gas limit, an approximation which is often used in cosmology.
For useful parametrizations for the QCD regime or for the whole temperature range see [17].

One of them took the pion decay constant the other applied the w0 scale [10]. 32 di↵erent analyses
(e.g. the two di↵erent scale setting procedures, di↵erent interpolations, keeping or omitting the coarsest
lattice) entered our histogram method [12, 8] to estimate systematic errors. We also calculated the
goodness of the fit Q and weights based on the Akaike information criterion AICc [8] and we looked
at the unweighted or weighted results. This provided the systematic errors on our findings. In the low
temperature region we compared our results with the prediction of the Hadron Resonance Gas (HRG)
approximation and found perfect agreement. This HRG approach is used to parametrize the equation of
state for small temperatures. In addition, we used the hard thermal loop approach [1] to extend the EoS
to high temperatures.

In order to have a complete description of the thermal evolution of the early universe we supplement
our QCD calculation for the EoS by including the rest of the Standard Model particles (leptons, bottom
and top quarks, W , Z, Higgs bosons) and results on the electroweak transition [17]. As a consequence,
the final result on the EoS covers four orders of magnitude in temperature from MeV to several hundred
GeV.

Figure 1 shows the result for the e↵ective numbers of degrees of freedom as a function of temperature.
The widths of the lines represent the uncertainties. The tabulated data are also presented in [17]. Both
the figure and the data can be used (similarly to Figure 22.3 of Ref. [14]) to describe the Hubble rate and
the relationship between temperature and the age of the universe in a very broad temperature range.

We now turn to the determination of another cosmologically important quantity, �(T ). In general the
Lagrangian of QCD should have a term proportional to LQ = 1/(32⇡2)✏µ⌫⇢�Fµ⌫F⇢�, the four-dimensional
integral of which is called the topological charge. This term violates the combined charge-conjugation and
parity symmetry (CP). The surprising experimental observation is that the proportionality factor of this
term ✓ is unnaturally small. This is known as the strong CP problem. A particularly attractive solution
to this fundamental problem is the so-called Peccei-Quinn mechanism [15]. One introduces an additional
(pseudo-)scalar U(1) symmetric field. The underlying Peccei-Quinn U(1) symmetry is spontaneously
broken –which can happen pre-inflation or post-inflation– and an axion field A acts as a (pseudo-)Goldstone
boson of the broken symmetry [19, 20]. Due to the chiral anomaly the axion also couples to LQ. As a
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II. Standard Model features in the causality tail of

primordial GW backgrounds

For cosmological SGWBs, a powerful property is
ensured in a broad class of primordial sources where
GWs are generated locally, independently in each spatial
patch, and in a limited amount of time. We denote by fct
the frequency of GWs entering the Hubble radius when
emission shuts o↵. The remarkable property of the CT is
that GWs with frequencies f < fct evolve independently
of the source, because the corresponding wavelengths are
larger than the source’s correlation length. The evolution
of each tensor mode hk(t) in this regime is sensitive only
to the expansion of the Universe and GW propagation
[40, 46–75]. Cosmological PTs are a typical example
[58, 66, 76, 77]. In this case, bubble collisions, sound
waves, and plasma turbulence act as causality-limited
sources, each with its own finite correlation length.

The GW energy fraction is customarily defined as

⌦gw(f) ⌘ 1

⇢cr

d⇢gw(f)

d ln f
(1)

where ⇢cr is the critical energy density today. ⌦gw(f)
exhibits a spectral shape, that is typically peaked at some
frequency f? > fct. The CT of the spectrum behaves
as ⌦gw(f . fct) / f3 in a universe filled by a perfect
relativistic fluid with EoS w(t) = p/⇢ = 1

3 , see e.g. [50].
This tilt of the CT can be modified by two e↵ects:

(i) the GW energy density ⇢gw(f) in the CT is
determined by the Universe’s expansion history and the
GW propagation [42]; (ii) the critical energy density
⇢cr = ⇢�,0/⌦�,0 in Eq. (1) (where ⌦�,0h2 = 2.47 ⇥
10�5 is the SM radiation abundance today and h ⌘
H0/(100 km/s/Mpc) is the reduced Hubble constant),
is a↵ected by entropy injections originating e.g. from
freeze-out processes occurring for (B-)SM particles in the
thermal bath [40].

The first e↵ect concerns the evolution of super-Hubble
tensor modes [42]. After the GW source shuts o↵,
the emitted super-Hubble modes freeze due to Hubble
friction, remain practically constant until horizon re-
entry, and then proceed with under-damped oscillations
diluted as 1/a. As a result, the CT scales as

d⇢gw(f)

d ln f

����
f<fct

/ f3+2 3w�1
3w+1 , (2)

for a generic w. This scaling is additionally a↵ected by
relativistic free-streaming particles, as discussed below.

The second e↵ect concerns only the SM radiation bath,
since GWs are decoupled. This leads to a temperature-
dependent modulation
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g⇤(T ) = ⇢/(⇡2T 4/30) and g⇤,s(T ) = s/(2⇡2T 3/45) being
the e↵ective number of degrees of freedom in energy (⇢)
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FIG. 1: Top: EoS during the QCD crossover. The inset
shows w in an expanded range of temperatures. Bottom:
Impact of the variation of w(T ), g?(T ) on the CT of a
primordial SGWB (plotted with an arbitrary amplitude).
The dashed line shows the f3 scaling obtained in a pure
radiation-dominated universe.

and entropy (s) densities respectively, and a(a0) is the
scale factor (today). From the thermodynamical relation
sT = p + ⇢ one infers the temperature-dependent EoS
w(T ) = 4

3 (g⇤,s(T )/g⇤(T )) � 1.
During the QCD crossover, heavy hadrons form and

both g⇤,s(T ) and g⇤(T ) decrease rapidly. Their values,
and the EoS shown in Fig. 1, are precisely determined
with lattice QCD techniques [39]. The temporary
decrease of w(T ) is due to the pressureless contribution of
QCD matter to the thermal bath, followed by its rapid
depletion. Therefore, the CT is distinctively modified,
when the corresponding GWs with wavenumber k re-
enter the Hubble horizon during the QCD crossover.
Their frequency is set by f = k/2⇡ = aH/2⇡, which
in terms of temperatures reads (see App. A)

f ' 3.0 nHz ·
✓
g⇤,s(T )

20

◆1/6✓ T

150MeV

◆
. (4)

We solve the equations of motion for hk(t) (see
App. B), accounting for the temperature dependence of
w and g⇤, and obtain the spectrum shown in Fig. 1.
A clear deviation from the commonly employed f3

approximation is found, accidentally located in the nHz
range where PTA experiments are most sensitive.
Beside the SM e↵ects presented above, a nHz CT signal

probes the cosmic expansion history back to ⇠ TQCD.
In particular, the possible presence of a fraction ffs ⌘
⇢fs/⇢tot of free-streaming species is easily accounted for,
by multiplying the ⌦gw spectrum shown in Fig. 1 by a
factor f16ffs/5, for ffs . 15% [42].
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10�5 is the SM radiation abundance today and h ⌘
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and entropy (s) densities respectively, and a(a0) is the
scale factor (today). From the thermodynamical relation
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w(T ) = 4

3 (g⇤,s(T )/g⇤(T )) � 1.
During the QCD crossover, heavy hadrons form and

both g⇤,s(T ) and g⇤(T ) decrease rapidly. Their values,
and the EoS shown in Fig. 1, are precisely determined
with lattice QCD techniques [39]. The temporary
decrease of w(T ) is due to the pressureless contribution of
QCD matter to the thermal bath, followed by its rapid
depletion. Therefore, the CT is distinctively modified,
when the corresponding GWs with wavenumber k re-
enter the Hubble horizon during the QCD crossover.
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A clear deviation from the commonly employed f3
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range where PTA experiments are most sensitive.
Beside the SM e↵ects presented above, a nHz CT signal

probes the cosmic expansion history back to ⇠ TQCD.
In particular, the possible presence of a fraction ffs ⌘
⇢fs/⇢tot of free-streaming species is easily accounted for,
by multiplying the ⌦gw spectrum shown in Fig. 1 by a
factor f16ffs/5, for ffs . 15% [42].
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since GWs are decoupled. This leads to a temperature-
dependent modulation

⌦�(T ) = ⌦�,0

✓
g⇤,s(T0)

g⇤,s(T )

◆4/3 ✓ g⇤(T )

g⇤(T0)

◆⇣a0
a

⌘4
, (3)

g⇤(T ) = ⇢/(⇡2T 4/30) and g⇤,s(T ) = s/(2⇡2T 3/45) being
the e↵ective number of degrees of freedom in energy (⇢)

FIG. 1: Top: EoS during the QCD crossover. The inset
shows w in an expanded range of temperatures. Bottom:
Impact of the variation of w(T ), g?(T ) on the CT of a
primordial SGWB (plotted with an arbitrary amplitude).
The dashed line shows the f3 scaling obtained in a pure
radiation-dominated universe.

and entropy (s) densities respectively, and a(a0) is the
scale factor (today). From the thermodynamical relation
sT = p + ⇢ one infers the temperature-dependent EoS
w(T ) = 4

3 (g⇤,s(T )/g⇤(T )) � 1.
During the QCD crossover, heavy hadrons form and

both g⇤,s(T ) and g⇤(T ) decrease rapidly. Their values,
and the EoS shown in Fig. 1, are precisely determined
with lattice QCD techniques [39]. The temporary
decrease of w(T ) is due to the pressureless contribution of
QCD matter to the thermal bath, followed by its rapid
depletion. Therefore, the CT is distinctively modified,
when the corresponding GWs with wavenumber k re-
enter the Hubble horizon during the QCD crossover.
Their frequency is set by f = k/2⇡ = aH/2⇡, which
in terms of temperatures reads (see App. A)

f ' 3.0 nHz ·
✓
g⇤,s(T )

20

◆1/6✓ T

150MeV

◆
. (4)

We solve the equations of motion for hk(t) (see
App. B), accounting for the temperature dependence of
w and g⇤, and obtain the spectrum shown in Fig. 1.
A clear deviation from the commonly employed f3

approximation is found, accidentally located in the nHz
range where PTA experiments are most sensitive.
Beside the SM e↵ects presented above, a nHz CT signal

probes the cosmic expansion history back to ⇠ TQCD.
In particular, the possible presence of a fraction ffs ⌘
⇢fs/⇢tot of free-streaming species is easily accounted for,
by multiplying the ⌦gw spectrum shown in Fig. 1 by a
factor f16ffs/5, for ffs . 15% [42].

Evolution of the equation 
of state of the universe

30% deviation from perfect radiation 
induced by QCD crossover

PTA optimal range

RD: w = 1/3
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Class of GW spectra: transient sources

• Model independent effect of QCD thermal history on transient sources 

• Source active for timescale <latexit sha1_base64="YT7CjV/Vvwca/xi7a7SbYjmjb14=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx6yTEuWSAZQk+nkjTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBEx8UPN6roqpeEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHslHM47RD+lA8j5n1Fjp4b5b7RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWdm7LF/cnZcqN1kceTiCYzgFD66gAlWoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A99mNmw==</latexit>

RH

<latexit sha1_base64="JDcDVNHtHQDMslTda1pS9NbAP5s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6GPZGvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wdOeI3U</latexit>

hk

• First-order cosmological phase transitions 
• Second-order GWs with peaked spectrum 
• Spectator fields 
• ….

2 The spectrum of causality-limited gravity waves

2.1 The physical intuition

Throughout this work we will be exploring “causality-limited” GWs, that we define as follows.

Consider a source that is active for a short amount of time 1/�. The causality-limited part

of the GW spectrum consists of the waves whose period and wavelength are much longer

than the source’s temporal and spatial correlations respectively. In other words, � � 1/�,

where � is the wavelength and 1/� is the duration of the process generating the GWs. The

standard example of such causality-limited GWs is the low frequency part of the GW spectrum

generated by a cosmological phase transition.

Using conformal time ⌧ and conformal Hubble rate H = a
0
/a, the equation of motion for

a comoving mode k of the graviton hij is (we follow a notation close to the one of [46])

@
2
⌧hij + 2H@⌧hij + k

2
hij = a

2 32⇡G⇢

3
⇧ij ⌘ Jij , (2.1)

where ⇧ij is the dimensionless anisotropic stress of the sector generating the GWs, ⇢ is the

energy density of that sector, and the normalization of ⇧ij follows that of [46] with a prefactor

of 32⇡G/3. We will project both hij and Jij onto the two independent (+,⇥) polarisations,

and assume that the respective amplitudes J and h of the two polarisations are equal. We

will also assume that the GWs are produced on a time scale fast compared to Hubble so

that we can approximate H as a constant over its production and the time over which ⇧ is

non-zero to be small. The time at which the phase transition occurs will be denoted by ⌧?.

The solution to Eq. (2.1), assuming h(⌧) = 0 for ⌧ < ⌧?, can be found using Green’s

functions to be

h(k, ⌧) =

Z
d⌧ 0

e
�H(⌧�⌧

0)

p
k2 �H2

sin
⇣
(⌧ � ⌧

0)
p
k2 �H2

⌘
J(k, ⌧ 0) . (2.2)

We will be interested in the initial conditions right afterwards ⌧
0 = ⌧? + ✏ assuming that J

occurs fast so that we can take J(k, ⌧ 0) = J?(k)�(⌧ 0 � ⌧?), and we will drop the k dependence

from here on. The approximation of the source as a Dirac delta simplifies the analysis and

holds for modes whose period is much longer than the duration of the source, and thus cannot

resolve details of the time dependence. The range of modes for which the approximation holds

will vary depending on the exact dynamics of what sources the gravitational wave. Using this

approximation and Eq. (2.2), we find that

h(k, ⌧? + ✏) = 0 , @⌧h(k, ⌧? + ✏) = J? . (2.3)

Afterwards, we have the second order di↵erential equation and initial conditions

@
2
⌧h+ 2H@⌧h+ k

2
h = 0 ,

h(k, ⌧?) = 0 , @⌧h(k, ⌧?) = J? .
(2.4)
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Example of transient sources:

Over longer time-scales:
e.g. bubbles collisions from PTs
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GW spectra for transient sources

Frequencies:
<latexit sha1_base64="hu3W5nwmviDE/v4PLYNutqn7eDs=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9wVXwcPAS8eI5gHJEuYnfQmQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XaWlldW19YLG8XNre2d3dLefkPHqWJYZ7GIVSugGgWXWDfcCGwlCmkUCGwGw7uJ33xCpXksH80oQT+ifclDzqixUjMkZyTsnnZLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m547JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeGNn3GZpAYlmy0KU0FMTCa/kx5XyIwYWUKZ4vZWwgZUUWZsQkUbgjf/8iJpnFe8q8rlw0W5epvHUYBDOIIT8OAaqnAPNagDgyE8wyu8OYnz4rw7H7PWJSefOYA/cD5/AMHJjog=</latexit>
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Source dependentSource independent 

Super-Hubble emission
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�GW � 1/H⇤
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f ⌧ f⇤

Model independent feature of 
transient cosmological sources:

[‘03 Seto, Yokoyama; ‘05 Boyle, Steinhardt; ‘06 Watanabe, Komatsu; ‘09 
Caprini, Durrer, Konstandin, Servant; ‘18 Caprini, Figueroa; ‘18 Saikawa, 
Shirai; ‘18 Cui, Lewicki, Morrissey, Wells; ‘19 D’Eramo, Schmitz;…]

Model dependent, may require 
numerical simulations, potential 
degeneracy with other sources

“Causality Tail”
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Derivation of the causality tail

• On scales:

5

is found to be always valid on superhorizon scales where
the source disappears (k ≪ (aeHe)−1). This can be ex-
plained by causality [197–199]: Suppose the source of the
GWs peaks at a characteristic scale 1/k∗. For an infrared
scale 1/k > 1/k∗, at the horizon crossing of 1/k∗, there
are N = (k∗/k)3 causally disconnected patches where
the amplitude of the tensor perturbation is h∗. As a
random variable, h∗(i) obeys the Poisson distribution,
which means on scale of 1/k, hk =

∑

i h∗(i)/N . The two-
point function of the tensor perturbation at the forma-
tion is then ⟨hkhk⟩ = N−2

∑

ij⟨h∗(i)h∗(j)⟩ = N−1|h∗|2 =

(k/k∗)3|h∗|2. hk stays a constant on superhorizon scales,
but decays as 1/a after horizon crossing. It evolves to
hk(η0) at present by a redshift factor ak/a0 ∼ 1/k, which
is canceled by the k factor in the definition of the energy
density of GWs: ρGW ∼ ⟨ḣ2

k⟩ ∼ (k/a)2⟨h2
k⟩. Thus we

obtain the scaling ΩGW ∝ ρGW ∝ k3|h∗|2.
Beyond causality argument, our discussion actually

showed that during the radiation-dominated era, ΩGW ∝
k3 can still hold well inside the horizon, as long as k is
smaller than all the scales of the source, especially the
inverse time duration for which the source exists. The
condition that integral (20) is positive and finite can be
guaranteed easily if the source is spiky and transient.
But there will be some subtleties if the source is highly
oscillating for a long period of time. We also briefly dis-
cussed such physical cases when the integral (20) contains
a highly oscillating part, and found that the resonance
between Green function and the oscillating source term
becomes crucial. k3 law will be valid for those modes
which are superhorizon at the moment when the source
term disappears or stops oscillating, otherwise it will be
model-dependent. We believe our result can clarify some
confusing understanding on the infrared power of SGWB,
which is helpful in the future search for the SGWB sig-
nals.
Finally, we comment on Condition (III). It is easy

to extend our discussion to constant equation of state
w = P/ρ for the background evolution when hk reenters
Hubble horizon. From the causality argument we see that
the k3 factor from space dimension and k2 factor from
the definition of ρGW are universal, yet the redshift factor
ak/a0 depends on the background evolution. Assuming
both Conditions (I) and (II) hold, with ηk ∼ 1/k and
a(η) ∼ η2/(1+3w), we immediately obtain

ΩGW(η0, k) ∝ k3+2 3w−1
3w+1 . (25)

If the source reenters the horizon in the matter domi-
nated epoch (w = 0), (25) predicts ΩGW ∝ k, which
has been shown in Refs.[89, 90, 95, 107, 126]. An in-
teresting case is that the power of k becomes nega-
tive when −1/3 < w < −1/15, which we leave for fu-
ture studies. Another interesting case is that even in
the radiation-dominated universe, there will be devia-
tion from w = 1/3 due to the sudden change of the

relativistic degrees of freedom, say, in the QCD phase
transition [141]. Such transient deviation will cause a
sudden flattening in ΩGW ∝ k3, but only in a very nar-
row frequency band. Therefore our main result will not
be altered.
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[8] S. Clesse and J. Garćıa-Bellido, Phys. Dark Univ.
18, 105 (2017) doi:10.1016/j.dark.2017.10.001
[arXiv:1610.08479 [astro-ph.CO]].

[9] S. Wang, Y. F. Wang, Q. G. Huang and
T. G. F. Li, Phys. Rev. Lett. 120, no. 19,
191102 (2018) doi:10.1103/PhysRevLett.120.191102

5

is found to be always valid on superhorizon scales where
the source disappears (k ≪ (aeHe)−1). This can be ex-
plained by causality [197–199]: Suppose the source of the
GWs peaks at a characteristic scale 1/k∗. For an infrared
scale 1/k > 1/k∗, at the horizon crossing of 1/k∗, there
are N = (k∗/k)3 causally disconnected patches where
the amplitude of the tensor perturbation is h∗. As a
random variable, h∗(i) obeys the Poisson distribution,
which means on scale of 1/k, hk =

∑

i h∗(i)/N . The two-
point function of the tensor perturbation at the forma-
tion is then ⟨hkhk⟩ = N−2

∑

ij⟨h∗(i)h∗(j)⟩ = N−1|h∗|2 =

(k/k∗)3|h∗|2. hk stays a constant on superhorizon scales,
but decays as 1/a after horizon crossing. It evolves to
hk(η0) at present by a redshift factor ak/a0 ∼ 1/k, which
is canceled by the k factor in the definition of the energy
density of GWs: ρGW ∼ ⟨ḣ2
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which is helpful in the future search for the SGWB sig-
nals.
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nated epoch (w = 0), (25) predicts ΩGW ∝ k, which
has been shown in Refs.[89, 90, 95, 107, 126]. An in-
teresting case is that the power of k becomes nega-
tive when −1/3 < w < −1/15, which we leave for fu-
ture studies. Another interesting case is that even in
the radiation-dominated universe, there will be devia-
tion from w = 1/3 due to the sudden change of the

relativistic degrees of freedom, say, in the QCD phase
transition [141]. Such transient deviation will cause a
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[8] S. Clesse and J. Garćıa-Bellido, Phys. Dark Univ.
18, 105 (2017) doi:10.1016/j.dark.2017.10.001
[arXiv:1610.08479 [astro-ph.CO]].

[9] S. Wang, Y. F. Wang, Q. G. Huang and
T. G. F. Li, Phys. Rev. Lett. 120, no. 19,
191102 (2018) doi:10.1103/PhysRevLett.120.191102

• The GW amplitude over super-Hubble scales is

one finds                      independent patches 

<latexit sha1_base64="KPr+tZBVX9hvH0n7sHHxUq84fLk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr4OHgBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00r13MuqVK27VnYH8JV5OKpCj3it/dvsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsduqEHFmlT8JY21JIZurPiYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwVt8+S9pnla9i+r53Vmldp3HUYQDOIRj8OASanALdWgAgwE8wQu8OtJ5dt6c93lrwcln9uEXnI9vr+GNZw==</latexit>

1/k <latexit sha1_base64="Z8P05lY64uot3O82S1r3M5LTyVg=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhDEIt6JX4VFwMYygpcEkiPsbTbJkr29Y3dOCEd+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEihUHX/XaWlldW19YLG8XNre2d3dLeft3EqWbcZ7GMdTOkhkuhuI8CJW8mmtMolLwRDu8mfuOJayNi9YijhAcR7SvRE4yilXzvbNg57ZTKbsWdgiwSLydlyFHrlL7a3ZilEVfIJDWm5bkJBhnVKJjk42I7NTyhbEj7vGWpohE3QTY9dkyOrdIlvVjbUkim6u+JjEbGjKLQdkYUB2bem4j/ea0UezdBJlSSIldstqiXSoIxmXxOukJzhnJkCWVa2FsJG1BNGdp8ijYEb/7lRVI/r3hXlcuHi3L1No+jAIdwBCfgwTVU4R5q4AMDAc/wCm+Ocl6cd+dj1rrk5DMH8AfO5w/LW44E</latexit>

1/k⇤

• The GW two point function:

5
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Beyond causality argument, our discussion actually
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k3 can still hold well inside the horizon, as long as k is
smaller than all the scales of the source, especially the
inverse time duration for which the source exists. The
condition that integral (20) is positive and finite can be
guaranteed easily if the source is spiky and transient.
But there will be some subtleties if the source is highly
oscillating for a long period of time. We also briefly dis-
cussed such physical cases when the integral (20) contains
a highly oscillating part, and found that the resonance
between Green function and the oscillating source term
becomes crucial. k3 law will be valid for those modes
which are superhorizon at the moment when the source
term disappears or stops oscillating, otherwise it will be
model-dependent. We believe our result can clarify some
confusing understanding on the infrared power of SGWB,
which is helpful in the future search for the SGWB sig-
nals.
Finally, we comment on Condition (III). It is easy

to extend our discussion to constant equation of state
w = P/ρ for the background evolution when hk reenters
Hubble horizon. From the causality argument we see that
the k3 factor from space dimension and k2 factor from
the definition of ρGW are universal, yet the redshift factor
ak/a0 depends on the background evolution. Assuming
both Conditions (I) and (II) hold, with ηk ∼ 1/k and
a(η) ∼ η2/(1+3w), we immediately obtain
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If the source reenters the horizon in the matter domi-
nated epoch (w = 0), (25) predicts ΩGW ∝ k, which
has been shown in Refs.[89, 90, 95, 107, 126]. An in-
teresting case is that the power of k becomes nega-
tive when −1/3 < w < −1/15, which we leave for fu-
ture studies. Another interesting case is that even in
the radiation-dominated universe, there will be devia-
tion from w = 1/3 due to the sudden change of the

relativistic degrees of freedom, say, in the QCD phase
transition [141]. Such transient deviation will cause a
sudden flattening in ΩGW ∝ k3, but only in a very nar-
row frequency band. Therefore our main result will not
be altered.
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is found to be always valid on superhorizon scales where
the source disappears (k ≪ (aeHe)−1). This can be ex-
plained by causality [197–199]: Suppose the source of the
GWs peaks at a characteristic scale 1/k∗. For an infrared
scale 1/k > 1/k∗, at the horizon crossing of 1/k∗, there
are N = (k∗/k)3 causally disconnected patches where
the amplitude of the tensor perturbation is h∗. As a
random variable, h∗(i) obeys the Poisson distribution,
which means on scale of 1/k, hk =

∑

i h∗(i)/N . The two-
point function of the tensor perturbation at the forma-
tion is then ⟨hkhk⟩ = N−2

∑

ij⟨h∗(i)h∗(j)⟩ = N−1|h∗|2 =

(k/k∗)3|h∗|2. hk stays a constant on superhorizon scales,
but decays as 1/a after horizon crossing. It evolves to
hk(η0) at present by a redshift factor ak/a0 ∼ 1/k, which
is canceled by the k factor in the definition of the energy
density of GWs: ρGW ∼ ⟨ḣ2

k⟩ ∼ (k/a)2⟨h2
k⟩. Thus we

obtain the scaling ΩGW ∝ ρGW ∝ k3|h∗|2.
Beyond causality argument, our discussion actually

showed that during the radiation-dominated era, ΩGW ∝
k3 can still hold well inside the horizon, as long as k is
smaller than all the scales of the source, especially the
inverse time duration for which the source exists. The
condition that integral (20) is positive and finite can be
guaranteed easily if the source is spiky and transient.
But there will be some subtleties if the source is highly
oscillating for a long period of time. We also briefly dis-
cussed such physical cases when the integral (20) contains
a highly oscillating part, and found that the resonance
between Green function and the oscillating source term
becomes crucial. k3 law will be valid for those modes
which are superhorizon at the moment when the source
term disappears or stops oscillating, otherwise it will be
model-dependent. We believe our result can clarify some
confusing understanding on the infrared power of SGWB,
which is helpful in the future search for the SGWB sig-
nals.
Finally, we comment on Condition (III). It is easy

to extend our discussion to constant equation of state
w = P/ρ for the background evolution when hk reenters
Hubble horizon. From the causality argument we see that
the k3 factor from space dimension and k2 factor from
the definition of ρGW are universal, yet the redshift factor
ak/a0 depends on the background evolution. Assuming
both Conditions (I) and (II) hold, with ηk ∼ 1/k and
a(η) ∼ η2/(1+3w), we immediately obtain

ΩGW(η0, k) ∝ k3+2 3w−1
3w+1 . (25)

If the source reenters the horizon in the matter domi-
nated epoch (w = 0), (25) predicts ΩGW ∝ k, which
has been shown in Refs.[89, 90, 95, 107, 126]. An in-
teresting case is that the power of k becomes nega-
tive when −1/3 < w < −1/15, which we leave for fu-
ture studies. Another interesting case is that even in
the radiation-dominated universe, there will be devia-
tion from w = 1/3 due to the sudden change of the

relativistic degrees of freedom, say, in the QCD phase
transition [141]. Such transient deviation will cause a
sudden flattening in ΩGW ∝ k3, but only in a very nar-
row frequency band. Therefore our main result will not
be altered.
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II. Standard Model features in the causality tail of

primordial GW backgrounds

For cosmological SGWBs, a powerful property is
ensured in a broad class of primordial sources where
GWs are generated locally, independently in each spatial
patch, and in a limited amount of time. We denote by fct
the frequency of GWs entering the Hubble radius when
emission shuts o↵. The remarkable property of the CT is
that GWs with frequencies f < fct evolve independently
of the source, because the corresponding wavelengths are
larger than the source’s correlation length. The evolution
of each tensor mode hk(t) in this regime is sensitive only
to the expansion of the Universe and GW propagation
[40, 46–75]. Cosmological PTs are a typical example
[58, 66, 76, 77]. In this case, bubble collisions, sound
waves, and plasma turbulence act as causality-limited
sources, each with its own finite correlation length.

The GW energy fraction is customarily defined as

⌦gw(f) ⌘ 1

⇢cr

d⇢gw(f)

d ln f
(1)

where ⇢cr is the critical energy density today. ⌦gw(f)
exhibits a spectral shape, that is typically peaked at some
frequency f? > fct. The CT of the spectrum behaves
as ⌦gw(f . fct) / f3 in a universe filled by a perfect
relativistic fluid with EoS w(t) = p/⇢ = 1

3 , see e.g. [50].
This tilt of the CT can be modified by two e↵ects:

(i) the GW energy density ⇢gw(f) in the CT is
determined by the Universe’s expansion history and the
GW propagation [42]; (ii) the critical energy density
⇢cr = ⇢�,0/⌦�,0 in Eq. (1) (where ⌦�,0h2 = 2.47 ⇥
10�5 is the SM radiation abundance today and h ⌘
H0/(100 km/s/Mpc) is the reduced Hubble constant),
is a↵ected by entropy injections originating e.g. from
freeze-out processes occurring for (B-)SM particles in the
thermal bath [40].

The first e↵ect concerns the evolution of super-Hubble
tensor modes [42]. After the GW source shuts o↵,
the emitted super-Hubble modes freeze due to Hubble
friction, remain practically constant until horizon re-
entry, and then proceed with under-damped oscillations
diluted as 1/a. As a result, the CT scales as

d⇢gw(f)

d ln f

����
f<fct

/ f3+2 3w�1
3w+1 , (2)

for a generic w. This scaling is additionally a↵ected by
relativistic free-streaming particles, as discussed below.

The second e↵ect concerns only the SM radiation bath,
since GWs are decoupled. This leads to a temperature-
dependent modulation

⌦�(T ) = ⌦�,0

✓
g⇤,s(T0)

g⇤,s(T )

◆4/3 ✓ g⇤(T )

g⇤(T0)

◆⇣a0
a

⌘4
, (3)

g⇤(T ) = ⇢/(⇡2T 4/30) and g⇤,s(T ) = s/(2⇡2T 3/45) being
the e↵ective number of degrees of freedom in energy (⇢)
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FIG. 1: Top: EoS during the QCD crossover. The inset
shows w in an expanded range of temperatures. Bottom:
Impact of the variation of w(T ), g?(T ) on the CT of a
primordial SGWB (plotted with an arbitrary amplitude).
The dashed line shows the f3 scaling obtained in a pure
radiation-dominated universe.

and entropy (s) densities respectively, and a(a0) is the
scale factor (today). From the thermodynamical relation
sT = p + ⇢ one infers the temperature-dependent EoS
w(T ) = 4

3 (g⇤,s(T )/g⇤(T )) � 1.
During the QCD crossover, heavy hadrons form and

both g⇤,s(T ) and g⇤(T ) decrease rapidly. Their values,
and the EoS shown in Fig. 1, are precisely determined
with lattice QCD techniques [39]. The temporary
decrease of w(T ) is due to the pressureless contribution of
QCD matter to the thermal bath, followed by its rapid
depletion. Therefore, the CT is distinctively modified,
when the corresponding GWs with wavenumber k re-
enter the Hubble horizon during the QCD crossover.
Their frequency is set by f = k/2⇡ = aH/2⇡, which
in terms of temperatures reads (see App. A)

f ' 3.0 nHz ·
✓
g⇤,s(T )

20

◆1/6✓ T

150MeV

◆
. (4)

We solve the equations of motion for hk(t) (see
App. B), accounting for the temperature dependence of
w and g⇤, and obtain the spectrum shown in Fig. 1.
A clear deviation from the commonly employed f3

approximation is found, accidentally located in the nHz
range where PTA experiments are most sensitive.
Beside the SM e↵ects presented above, a nHz CT signal

probes the cosmic expansion history back to ⇠ TQCD.
In particular, the possible presence of a fraction ffs ⌘
⇢fs/⇢tot of free-streaming species is easily accounted for,
by multiplying the ⌦gw spectrum shown in Fig. 1 by a
factor f16ffs/5, for ffs . 15% [42].

Relevant modulation for all 
early-universe sources of GWs 
active before QCD crossover.

<latexit sha1_base64="/kGT+JFYlbgjAYou9oiuUWBgnQw="></latexit>

d⌦GW

d ln f
=

1

⇢c
⇥ d⇢GW

d ln f
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entropy injection to SM bath only

Change of background equation of state
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FIG. 3: IPTA-DR2 [11], NG15 and EPTA-DR2
posteriors for a power-law model, the last two enforcing
HD correlations in the analyses [2, 4]. The vertical
lines indicate approximations of the CT. The yellow star
shows the best fitting CT amplitude. We show current
and future �Ne↵ bounds a↵ecting any power-law signal
extending up to f? = 1, 3, 10 fyr.

temperatures T & GeV. Some macroscopic properties
of the corresponding GW source can be estimated rather
model-independently (see App. C). Denoting by ↵? ⌘
[⇢DS/(3H2M2

p )]T=T? the energy fraction of the source at
T?, and by ✏? . 1 the model-dependent suppression
(e.g. the sub-Hubble size of the source, see App. C),
the posteriors (2�) in Fig. 3 imply the lower bound

↵? & (0.1 � 0.4)✏�1/2
? , for 15 nHz . fct . fyr. The

required fraction is even larger for larger fct. This may
be problematic for sources with ✏? ⌧ 1, as the DS would
then dominate over the SM background (↵? ' 1), and
thus suggests that the source should be relativistic and
Hubble-sized. We discuss further the PT scenario and its
challenges in App. C (see also [23, 25, 95]).

Such a large abundance should decay to the visible
sector (or be in the SM, if e.g. QCD confinement
proceeds via a first order PT in the early Universe,
although this scenario requires additional ingredients, see
e.g. [96]), because if it remains in dark relativistic species
it contributes as [23]

�NDS
e↵ ' 0.28

✓
74

g⇤(T?)

◆1/3⇣ ↵?

0.1

⌘
, (8)

where we normalised to the current 2� constraints from
CMB. Interestingly, the required couplings between the
SM and the dark sector may be additionally probed
at colliders, laboratory experiments and astrophysical
environments. For non-CT cgw signals, NG15 gives a
2� bound Acgw & 10�14.6 to explain the current excess,

thus requiring ↵? & 0.07✏�1/2
? , well within the reach of

upcoming CMB and LSS surveys [90–92, 97].

Finally, in our work we have conservatively employed
the SM prediction for the EoS of the Universe. We
notice that the measurement of the CT at PTAs o↵ers a
probe of the whole cosmological expansion history up to
TQCD, as encapsulated by Eq. (4). Modifications to the
CT could occur in BSM scenarios where w(T ), g⇤(T ) or
ffs are varied, or if the Universe undergoes a phase of
matter domination below the QCD crossover (we present
a search for this scenario in App. D). Additionally, PTAs
could test the EoS of hot QCD matter in the early
Universe (see e.g. [96, 98]), in the presence of a CT signal.

The near-future detection of a SGWB at PTAs could
disclose a unique window around the epoch of the
QCD crossover. As highlighted in this paper, this
coincidence of scales provides a robust feature to assist
in the discrimination between the astrophysical and
cosmological origin of the SGWB.
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collapse bounces and the cosmological perturbation is
dispersed into the surrounding medium.

To compute the value of the threshold one needs to
specify initial conditions of the numerical simulations on
super-horizon scale, when the asymptotic form of the
space-time metric is given by

ds
2 = ≠dt

2 + a
2(t)e2’(r) #

dr
2 + r

2d�2$
(4)

where a(t) is the scale factor, while ’(r) is the conserved
comoving curvature perturbations defined on a super-
Hubble scale, converging to zero at infinity where the
Universe is taken to be unperturbed and spatially flat.

In this regime, using the so called gradient expansion
or long wavelength approximation [87–89], the energy
density contrast ”fl/flb for adiabatic perturbations (the
ones generated by a curvature profile ’(r)) can be written
as [90]

”fl

flb

(r, t) = ≠
4
3�

3
1

aH

42
e

≠5’(r)/2
Ò

2
e

’(r)/2
, (5)

where H © ȧ/a is the Hubble parameter, while the func-
tion �(t) depends on the equation of state of the Universe
and is obtained by solving the following equation [88]

1
H

d�(t)
dt

+ 5 + 3w(t)
2 �(t) ≠

3
2(1 + w(t)) = 0 (6)

integrated from past infinity to the time when the ampli-
tude of the perturbation is computed. In standard models
of the very early Universe (i.e. just after inflation) this
is assumed to be dominated by a radiation dominated
medium, with EoS p = wfl and w = 1/3.

When a constant w(t) = w̄ characterises the fluid
dominating the energy budget of the Universe, we have
d�(t)/dt = 0 and one obtains

�̄ = 3(1 + w̄)
(5 + 3w̄) , (7)

yielding �̄ = 2/3 for a radiation fluid with w̄ = 1/3.
Equation (7) is an attractor solution of Eq. (6), i.e. if
w(t) slowly varies in time, d�(t)/dt ƒ 0 and the evolution
of � approaches the value given by Eq. (7). The behavior
of � across the QCD phase transition, obtained by solving
Eq. (6), di�ers from the average �̄, particularly in the
region where w and c

2
s

are quickly varying with respect
MH . This is shown in the middle panel of Fig. 1.

It was shown that a consistent way to define the thresh-
old for PBH formation is in terms of the smoothed den-
sity contrast ”m computed at horizon crossing time, i.e.
aH = 1/rm. Using a top-hat window function with areal
radius R = a(t) exp[’(rm)]rm, where rm indicates the
location of the maximum of the mass excess, also called
compaction function, the amplitude of spherically sym-
metric peaks in the smoothed density field is related to
the curvature perturbation as [91]

”m = ≠� rm’
Õ(rm) [2 + rm’

Õ(rm)] . (8)

FIG. 1: Top panel: the EoS parameter w = p/fl (red)
and squared speed of sound (blue) as functions of the cos-
mological horizon mass MH . Central panel: Evolution
of the EoS dependent parameter �, relating the density
contrast to the curvature perturbation as functions of the
cosmological horizon mass MH . Bottom panel: Same
as above but showing the threshold for PBH formation.
The dashed horizontal lines refer to the values obtained
in the perfect radiation-fluid case.

Although strictly speaking the gradient expansion ap-
proach is valid only on super horizon scales, to com-
pute the perturbation amplitude ”m it is useful to extend
this approach up to the cosmological horizon crossing
time. Since then the region involved in the formation of a
PBH becomes causally connected, and the collapse starts
shortly afterwards. This gives a well defined criterion
to quantify the amplitude of cosmological perturbations,
comparing di�erent initial configuration collapsing at dif-
ferent epochs.

small scales
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Emission of induced GWs at second-order

h00
ij + 2Hh0

ij �r
2hij t Sij (⇣⇣)

<latexit sha1_base64="yrK5smIp6zcT7FIpZiKFOK+1S58="></latexit><latexit sha1_base64="yrK5smIp6zcT7FIpZiKFOK+1S58="></latexit><latexit sha1_base64="yrK5smIp6zcT7FIpZiKFOK+1S58="></latexit>

K. Tomita, Prog. Theor. Phys. 54, 730 (1975). 
S. Matarrese, O. Pantano, and D. Saez, Phys. Rev. Lett. 72, 320 (1994), [arXiv:9310036]. 
V. Acquaviva, et al. Nucl. Phys. B 667, 119 (2003), [arXiv:0209156]. 
S. Mollerach, D. Harari, and S. Matarrese, Phys. Rev. D 69, 063002 (2004), [arXiv:0310711]. 
K. N. Ananda, C. Clarkson, and D. Wands, Phys. Rev. D 75, 123518 (2007), [arXiv:0612013]. 
…

Super-Hubble scales

Sub-Hubble scales

Sij ⇠ @i⇣@j⇣ ⇠ (k/H)2 ⌧ 1
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Hubble crossing RH = 1/H
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Characterization of the spectrum

At second-order in comoving curvature perturbation, after 
averaging over the fast oscillating pieces:

1

h
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• Double peak feature for narrow spectra 

• Universal IR slope (super-Hubble modes) 

• UV model dependent: 
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SIGW can fit PTA data well
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holes (PBH) at horizon re-entry [72–74] (see [75, 76] for
recent reviews).

In general, PTA experiments are sensitive to frequen-
cies of the SGWB associated with the production of
PBHs near the stellar mass range. The possibility of
PBHs constituting all dark matter (DM) is restricted
in this mass range by optical lensing [77–82] and GW
observations [83–88] and accretion [89–95]. However,
the merger events involving binary PBHs can poten-
tially account for some of the observed black hole merg-
ers detected by LIGO/Virgo, provided they comprise
O(0.1%) of DM [83–88, 96–99]. Crucially, requiring no
PBH overproduction strongly limits the maximum am-
plitude of the SIGW from this scenario, as we will see
in detail.

Large primordial fluctuations are possible in a wide
range of scenarios including single-field inflation with
specific features in the inflaton’s potential [100–124],
the most common being a quasi-inflection-point, hybrid
inflation [72, 125–130] and models with spectator field,
i.e., the curvaton [131–150]. Even if the models gener-
ate similar peaks in the curvature power spectrum and
thus also similar SIGW spectra, they may vary in the
amount of non-Gaussianity (NG) which has a notable
impact on the PBH abundance. We aim to extend the
analysis reported by the NANOGrav collaboration [59]
by performing a state-of-the-art estimate of the PBH
abundance and, most importantly, by considering in
detail the impact of NGs in various inflationary models
predicting enhanced spectral features.

Scalar-induced gravitational waves – Scalar per-
turbations capable of inducing an observable SGWB
and a sizeable PBH abundance must be strongly en-
hanced when compared to the CMB fluctuations. In
the following, we aim to be as model-independent as
possible and assume ansätze for spectral peaks applica-
ble for classes of models.

A typical class of spectral peaks encountered, for in-
stance, in single-field inflation and curvaton models can
be described by a broken power-law (BPL)

P
BPL

⇣
(k) = A

(↵+ �)�⇣
� (k/k⇤)

�↵/� + ↵ (k/k⇤)
�/�

⌘� , (1)

where ↵,� > 0 describe respectively the growth and
decay of the spectrum around the peak. One typically
has ↵ . 4 [151]. The parameter � characterizes the
flatness of the peak. Additionally, in quasi-inflection-
point models producing stellar-mass PBHs, we expect
� & 0.5, while for curvaton models � & 2. Another
broad class of spectra can be characterized by a log-
normal (LN) shape

P
LN

⇣
(k) =

A
p
2⇡�

exp

✓
�

1

2�2
ln2(k/k⇤)

◆
(2)

Such spectra appear, e.g., in a subset of hybrid infla-
tion and curvaton models. We find, however, that our

conclusions are only weakly dependent on the details of
peak shape.
The present-day SIGW background emitted during

radiation domination is gauge independent [152–155]
and possesses a spectrum

h
2⌦GW(k)=

h
2⌦r

24

✓
g⇤
g0⇤

◆✓
g⇤s
g0⇤s

◆� 4
3

Ph(k), (3)

where g⇤s ⌘ g⇤s (Tk) and g⇤ ⌘ g⇤ (Tk) are the e↵ective
entropy and energy degrees of freedom (evaluated at
the time of horizon crossing of mode k and at present-
day with the superscript 0), while h2⌦r = 4.2⇥ 10�5 is
the current radiation abundance. Each mode k crosses
the horizon at the temperature Tk given by the relation

k=1.5⇥107Mpc�1

⇣
g⇤
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⌘ 1
2
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◆
,

(4)
while corresponding to a current GW frequency

f = 1.6 nHz

✓
k

106 Mpc�1

◆
. (5)

The tensor mode power spectrum is [156, 157]

Ph(k) =4

Z 1

1

dt

Z
1

0

ds


(t2 � 1)(1 � s

2)

t2 � s2

�2

⇥ I
2

t,s
P⇣

✓
k
t � s

2

◆
P⇣

✓
k
t+ s

2

◆
, (6)

where the transfer function
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In order to speed up the best likelihood analysis, we as-
sume perfect radiation domination and do not account
for the variation of sound speed during the QCD era
(see, for example, [158, 159]) which also leads specific
imprints in the low-frequency tail of any cosmological
SGWB [160]. On top of that, cosmic expansion may ad-
ditionally be a↵ected by unknown physics in the dark
sector, which can, e.g., lead to a brief period of mat-
ter domination of kination [161–166]. Both SIGW and
PBH production can be strongly a↵ected in such non-
standard cosmologies [167–172].
Eq. (6) neglects possible corrections due to primor-

dial NGs. This is typically justified because, contrary
to the PBH abundance which is extremely sensitive to
the tail of the distribution, the GW emission is mostly
controlled by the characteristic amplitude of perturba-
tions, and thus well captured by the leading order. In
general, the computation of the SGWB is dominated
by Eq. (6) and remains the in the perturbative regime
if A(3fNL/5)2 ⌧ 1, where fNL is the coe�cient in front
of the quadratic piece of the expansion (see Eq. (11)

The IR tail of a SIGW scenario can fit well the data

Assuming BPL curvature spectrum:
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Large curvature perturbations are required
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Large curvature perturbations: primordial black hole formation

Emission of II order GWs

Large curvature perturbations PBH collapse

GW
PBH

Mass and frequency related by the Hubble scale at formation

<latexit sha1_base64="3FL1cjkZIB92P+QBFG4Vlo+LfyI="></latexit>

fGW ⇡ 3 · 10�9
Hz

✓
mPBH

M�

◆�1/2

R.Saito and J.Yokoyama, Phys. Rev. Lett. 102 (2009), 161101 [arXiv:0812.4339] 
J. Garcia-Bellido, M. Peloso and C. Unal, JCAP 09 (2017), 013 [arXiv:1707.02441] 
N. Bartolo, et al, Phys. Rev. Lett. 122 (2019) no.21, 211301 [arXiv:1810.12218] 
…



GW probes of FP - 23

Review: B. Carr, K. Kohri, Y. Sendouda and J. Yokoyama, Rept. Prog. Phys. 84, no.11, 116902 (2021) [arXiv:2002.12778]
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Primordial black hole mass MPBH [M�]

<latexit sha1_base64="lmM9QtJv16Yxv/Dw3bhFt6qYd3Q=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsCu+yhiblBHMA5IQZid3kyGzs8vMXTEs+QAbf8XGQhFbP8DOv3HyKDTxwMDhnHO5c48fS2HQdb+dpeWV1bX1zEZ2c2t7Zze3t18zUaI5VHkkI93wmQEpFFRRoIRGrIGFvoS6P7gZ+/V70EZE6g6HMbRD1lMiEJyhlTq5fAvhAdNrP1FdpjjQUdCZSi0UakgrpfLIptyCOwFdJN6M5MkMlU7uq9WNeBKCQi6ZMU3PjbGdMo2CSxhlW4mBmPEB60HTUsVCMO10csyIHlulS4NI26eQTtTfEykLjRmGvk2GDPtm3huL/3nNBIOrdipUnCAoPl0UJJJiRMfN0K7QwFEOLWFcC/tXyvtMM462v6wtwZs/eZHUTgveReH89ixfLM3qyJBDckROiEcuSZGUSYVUCSeP5Jm8kjfnyXlx3p2PaXTJmc0ckD9wPn8ASkubxQ==</latexit> A
b
u
n
d
an

ce
f P

B
H

Complementary constraints from PBH overproduction



GW probes of FP - 24

Detailed computation of the PBH abundance

Formation criterion:
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Threshold for collapse sensitive to the following:

• Shape of the collapsing peak (controlled by curvature spectrum)
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As discussed in Ref. [182] and Refs. therein, the gravitational collapse that triggers the formation of a PBH takes
place when the maximum of the compaction function C(rm) is larger than a certain threshold value. Using Eq. (S3),
we can relate threshold values in the compaction Cth to the threshold for the density contrast �th.

In full generality, the threshold Cth (or �th) depends on the shape of the collapsing overdensities, which is
controlled by the curvature power spectrum [182, 215, 221]. In this work, we follow Ref. [215], where a prescription
of how to compute the collapse parameter as a function of the curvature spectrum is derived. For completeness,
we briefly report here the main steps to compute the threshold �th and the shape parameter ↵s. First of all, the
maximum of the compaction function is located the the radius rm, which can be found solving numerically the
integral equation
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Consequently, the shape parameter ↵s is obtained using
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to shorten the notation.

Finally, once we determined shape parameter ↵s, we can compute the threshold �th using the relation [222]
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In Fig. S2 we show how the threshold �th and the shape parameter ↵s change respect the shape of the power
spectrum for a BPL (right panel) and a LN (left panel). It is worth emphasizing a general trend. As the spectrum

FIG. S2. Threshold �th and NG shape parameter ↵s for di↵erent shape of the power spectrum for a BPL (left panel) and
a log-normal (right panel).

becomes narrower, the threshold for collapse rises up to O(20)% larger values. This is because, for broader spectra,
more modes participate to the evolution of the collapsing overdensity, leading to a reduction of pressure gradients
that facilitates the PBH formation, see Ref. [215] for more details. It is important to note that the prescription
outlined in Ref. [215] to compute the threshold for PBH collapse only accounts for NGs arising from the non-
linear relation between the density contrast and the curvature perturbations. In principle, also primordial NGs

• QCD era: softening of the equation of state
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Cosmological horizon mass MH [M�]
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• Non-linearities: �(~x, t) = � 8
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• Primordial non-Gaussianities: e.g. different models predict local-type NGs

4

II. PRIMORDIAL NG UP TO ALL ORDERS

The aim of this paper is to consider the impact of local primordial NG on PBH abundance in the most general

way. To this end, we will consider the following functional form

⇣(~x) = F (⇣G(~x)) , (2)

where F is a generic non-linear function of the Gaussian component ⇣G and the attribute of locality refers to the

fact that the value of ⇣ at the point ~x is fully determined by the value of ⇣G at the same spatial point.1 Whenever

unnecessary, we will drop the explicit functional dependence from the spatial coordinates in ⇣ and ⇣G.

There is a number of relevant cases in the literature of PBH formation that can be traced back to eq. (2), as

summarized in the schematic below.

⇣ = F (⇣G)

power-series expansion [28–34, 36–39]

⇣ = ⇣G + 3

5
fNL⇣2G + 9

25
gNL⇣3G + . . .

curvaton [48, 49]

⇣ = log [X(rdec, ⇣G)]

ultra slow-roll [42]

⇣ = �
�
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5
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�
1� 6

5
fNL⇣G

�

ultra slow-roll
with an upward step [50]

⇣ = � 2

|h|

hp
1� |h|⇣G � 1

i

(3)

In the course of this paper, and in particular in section III, we will describe the main results of our analysis using the

generic functional form ⇣ = F (⇣G). However, in order to present and discuss explicit examples of phenomenological

relevance, we will apply our formulas to the physics-case of the curvaton field. Let us, therefore, explore in more

detail this specific theoretical set-up.

A. Primordial NG in curvaton models

When presenting results inspired by the curvaton model, we will focus on primordial NG with the following

functional form [48]

⇣ = log
⇥
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1
In other words, the function F in eq. (2) must be independent on spatial derivatives of ⇣G since the latter would make the value of

⇣ at ~x determined by the values of ⇣G in a certain neighborhood of ~x.
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In other words, the function F in eq. (2) must be independent on spatial derivatives of ⇣G since the latter would make the value of

⇣ at ~x determined by the values of ⇣G in a certain neighborhood of ~x.

Curvaton model:
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In other words, the function F in eq. (2) must be independent on spatial derivatives of ⇣G since the latter would make the value of
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USR models:

See talk by I. Musco on Friday



GW probes of FP - 25

Non-Gaussian effects on the SGWB
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Appendix A: Second-order induced gravitational waves with non-Gaussianities

We summarize here the formulas used to compute the spectrum of SIGWs when non-Gaussianities are included,
referring the reader to Refs. [314–321] for more details. We assume that the curvature perturbation can be written in
terms of its Gaussian component, as ⇣ = ⇣G+FNL⇣

2

G
. The non-linear parameter is often normalised as FNL = (3/5)fNL.

The higher-order corrections to the GW power spectrum can then be written as

⌦GW(T ) = ⌦(0)

GW
(T ) + ⌦(1)

GW
(T ) + ⌦(2)

GW
(T ) , (A1)

where each contribution scales as Ph(k, ⌘)(n)(⌘, k) / A
2(AF

2

NL
)n and the first order is given in Eq. (26). The energy-

density fraction spectrum of SIGW at the current epoch is then given by Eq. (9).

FIG. 18. Contributions to the SIGW spectrum from the leading orders in perturbation theory, where we have factored out the
relevant combination of the amplitude A and non-Gaussianity FNL. This plot assumes a log-normal curvature power spectrum
centered at k⇤ that is characterised by a width � = 0.4.

In accordance with Refs. [317, 321–324], the higher-order terms in (A1) can be expressed as
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Appendix A: Second-order induced gravitational waves with non-Gaussianities

We summarize here the formulas used to compute the spectrum of SIGWs when non-Gaussianities are included,
referring the reader to Refs. [314–321] for more details. We assume that the curvature perturbation can be written in
terms of its Gaussian component, as ⇣ = ⇣G+FNL⇣

2

G
. The non-linear parameter is often normalised as FNL = (3/5)fNL.

The higher-order corrections to the GW power spectrum can then be written as

⌦GW(T ) = ⌦(0)
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(T ) + ⌦(2)

GW
(T ) , (A1)

where each contribution scales as Ph(k, ⌘)(n)(⌘, k) / A
2(AF 2
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)n and the first order is given in Eq. (26). The energy-

density fraction spectrum of SIGW at the current epoch is then given by Eq. (9).

FIG. 18. Contributions to the SIGW spectrum from the leading orders in perturbation theory, where we have factored out the
relevant combination of the amplitude A and non-Gaussianity FNL. This plot assumes a log-normal curvature power spectrum
centered at k⇤ that is characterised by a width � = 0.4.
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• No additional features generated by NGs in the IR 

• A-fNL degeneracy in the posterior distribution 

• Expansion parameter              small in realistic models considered
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Assuming a log-normal curvature power spectrum of the form (27), as done in Section III D, we can compute the
di↵erent contributions to the SGWB, factoring out the overall scaling with the spectral amplitude A and the non-linear
parameter FNL, as shown in Fig. 18.

The presence of higher-order corrections to the SIGW spectrum could be inferred from a modulation of the peak
close to k ⇡ k⇤, if the combination AF

2

NL
is su�ciently large. On the other hand, the shape of the low-frequency tail

at k ⌧ k⇤ is maintained, i.e.,

⌦GW(k ⌧ k⇤) / k
3(1 + Ã ln2(k/k̃)) , (A6)

where Ã and k̃ = O(k⇤) are parameters that depend mildly on the shape of the curvature power spectrum.
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FIG. 19. Same as Fig. 10 (left panel) and same as Fig. 11 (right panel) but including the possibility of non-Gaussian curvature
perturbations with a non-linear parameter FNL.

As the PTA observations could only be compatible with the infra-red tail of a SIGW, due to the preference for a
positive tilt of the spectrum, we conclude that higher-order corrections do not a↵ect significantly the results presented
in the main text, while, in full generality, current GW observations are not able to break the degeneracy in the (A,F 2

NL
)

plane. As a by-product of our analysis, at odds with the claim in Refs. [65, 89], we conclude that current data are
not able to constrain the presence of non-Gaussianities at PTA scales, beyond the reach of large-scale structure and
CMB probes. This is because large values of FNL remain possible, provided the curvature power spectral amplitude
is su�ciently small. This is confirmed by the posterior distributions shown in Fig. 19, where we report results for

P.Adshead, K.D.Lozanov and Z.J.Weiner, JCAP 10 (2021), 080 [arXiv:2105.01659]
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Assuming a log-normal curvature power spectrum of the form (27), as done in Section III D, we can compute the
di↵erent contributions to the SGWB, factoring out the overall scaling with the spectral amplitude A and the non-linear
parameter FNL, as shown in Fig. 18.
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where Ã and k̃ = O(k⇤) are parameters that depend mildly on the shape of the curvature power spectrum.
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perturbations with a non-linear parameter FNL.
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positive tilt of the spectrum, we conclude that higher-order corrections do not a↵ect significantly the results presented
in the main text, while, in full generality, current GW observations are not able to break the degeneracy in the (A,F 2
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plane. As a by-product of our analysis, at odds with the claim in Refs. [65, 89], we conclude that current data are
not able to constrain the presence of non-Gaussianities at PTA scales, beyond the reach of large-scale structure and
CMB probes. This is because large values of FNL remain possible, provided the curvature power spectral amplitude
is su�ciently small. This is confirmed by the posterior distributions shown in Fig. 19, where we report results for
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Appendix A: Second-order induced gravitational waves with non-Gaussianities

We summarize here the formulas used to compute the spectrum of SIGWs when non-Gaussianities are included,
referring the reader to Refs. [314–321] for more details. We assume that the curvature perturbation can be written in
terms of its Gaussian component, as ⇣ = ⇣G+FNL⇣

2

G
. The non-linear parameter is often normalised as FNL = (3/5)fNL.

The higher-order corrections to the GW power spectrum can then be written as

⌦GW(T ) = ⌦(0)

GW
(T ) + ⌦(1)

GW
(T ) + ⌦(2)

GW
(T ) , (A1)

where each contribution scales as Ph(k, ⌘)(n)(⌘, k) / A
2(AF 2

NL
)n and the first order is given in Eq. (26). The energy-

density fraction spectrum of SIGW at the current epoch is then given by Eq. (9).
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FIG. 18. Contributions to the SIGW spectrum from the leading orders in perturbation theory, where we have factored out the
relevant combination of the amplitude A and non-Gaussianity FNL. This plot assumes a log-normal curvature power spectrum
centered at k⇤ that is characterised by a width � = 0.4.
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FIG. 18. Contributions to the SIGW spectrum from the leading orders in perturbation theory, where we have factored out the
relevant combination of the amplitude A and non-Gaussianity FNL. This plot assumes a log-normal curvature power spectrum
centered at k⇤ that is characterised by a width � = 0.4.
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relevant combination of the amplitude A and non-Gaussianity FNL. This plot assumes a log-normal curvature power spectrum
centered at k⇤ that is characterised by a width � = 0.4.
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NGs can alleviate PBH overproduction bounds

G. Franciolini, A. Iovino, Junior., V. Vaskonen and H. Veermae, PRL [arXiv:2306.17149]
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fPBH ⇢ [10�3, 1]

Gaussian

USR

Negative NGs

Band corresponds to 

• SIGWs amplitude constrained by PBH overproduction, possible tension if it is the only source 

• One needs scenarios in which the PBH abundance is suppressed 

• On the other hand, current observations do not constrain PBHs in the (sub-)solar mass range

* beware of remaining uncertainties on PBH formation (De Luca et al [arXiv: 2307.13633])

(Beta = 3)
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where M is the design matrix that describes the lin-
earized timing model and ✏ are the o↵sets from the nom-
inal timing model parameters. The parameters nWN

and nRN describe the white and red noise respectively
in a particular pulsar, while nCURN represents a com-
mon (spatially) uncorrelated red noise (CURN) signal
present in all pulsars. More details on these noise mod-
els can be found in Agazie et al. (2023d). The GW signal
of an individual binary (often called a continuous wave
signal, or CW, due to its minimal frequency evolution)
can be expressed as (see e.g., Arzoumanian et al. 2023):

s(t)=F+(✓,�, ) [s+(tp) � s+(t)]

+F⇥(✓,�, ) [s⇥(tp) � s⇥(t)] , (2)

where s+,⇥(t) and s+,⇥(tp) correspond to the so called
Earth and pulsar terms, respectively; t is the time mea-
sured at the Solar System barycenter; tp is the corre-
sponding time at the pulsar, which depends on both the
sky location and the distance of the pulsar; and F+,⇥

is the antenna pattern function, which depends on the
sky location of the binary (✓, �) and the GW polariza-
tion angle ( ), and describes how the signal appears in
a given pulsar (see eq. (5) of Arzoumanian et al. 2023).
For a circular binary, at zeroth post-Newtonian (0-

PN) order, s+,⇥ is given by:

s+(t)=�
M

5/3

dL !(t)1/3
sin 2�(t)

�
1 + cos2 ◆

�
, (3)

s⇥(t)=
M

5/3

dL !(t)1/3
2 cos 2�(t) cos ◆ , (4)

where ◆ is the inclination angle of the SMBHB, dL
is the luminosity distance to the source, and M ⌘

(m1m2)3/5/(m1 +m2)1/5 is a combination of the black
hole masses m1 and m2 called the “chirp mass”.
The reference angular frequency of the Earth term is

denoted as !0 = !(t0) = 2⇡fGW. The time-dependent
angular frequency is given by:

!(t) = !0


1 �

256

5
M

5/3!8/3
0

(t � t0)

��3/8

. (5)

The frequency evolution within the observing time span
is typically small. However, the pulsar terms are e↵ec-
tively sampling the waveform at earlier times depending
on the pulsar distance and the relative position of the
pulsar and the source on the sky. This means that the
pulsar terms can have significantly lower frequencies, es-
pecially for high M and fGW values. Note that both M

and !(t) are observer-frame quantities, which are related
to their rest-frame equivalents as Mr = M/(1 + z) and
!r = !(1 + z).

The phases in eq. (3) and (4) are given by:

�(t)=�0 +
1

32
M

�5/3
h
!�5/3
0

� !(t)�5/3
i
, (6)

where �0 is the initial Earth term phase, and a simi-
lar expression holds for each pulsar phase with initial
pulsar phases �i. We can also define the overall signal
amplitude as:

h0 =
2M5/3(⇡fGW)2/3

dL
. (7)

Thus the signal model can be described with eight global
parameters (✓, �,  , ◆, �0, fGW, M, h0) and two ad-
ditional parameters for each pulsar: the distance to the
pulsar (Li), and the phase of the signal at the pulsar
(�i).
The white noise is modeled separately for each pul-

sar and backend-receiver combination and is described
by three parameters (EFAC, EQUAD, ECORR), which
we fix to their best-fit values found without modeling
an individual binary, following previous searches (see
e.g., Arzoumanian et al. 2023). We allow individual pul-
sar red noise to vary. An improvement over the previous
search is that we also marginalize over the parameters
of a CURN process.

2.3. Sampler

A key improvement over previous searches comes from
using QuickCW (Bécsy et al. 2022; Bécsy et al. 2023), a
software package that builds on the enterprise (Ellis
et al. 2019) and enterprise extensions (Taylor et al.
2021) libraries, but uses a custom likelihood calculation
and a Markov chain Monte Carlo (MCMC) sampler tai-
lored to the search for individual binaries. The idea is
that the expensive-to-calculate inner products needed
for the likelihood can be stored and reused to calculate
the likelihood at di↵erent values of the so-called projec-
tion parameters ( , ◆, �0, h0, �i), when the rest of the
parameters (shape parameters: ✓, �, fGW, M, Li) are
held fixed. This results in an O(104) speed-up when up-
dating projection parameters, which roughly translates
to a 100-fold speed-up of the entire search. For more
details see Bécsy et al. (2022).
This increased e�ciency also allows us to improve the

search in several ways that were previously computa-
tionally prohibitive:

1. Instead of fixing the amplitude and spectral index
of the common red noise process as was done in Ar-
zoumanian et al. (2023), we can marginalize over
those parameters. This is important due to the
strong covariance between a low-frequency binary
and the GWB.
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parameters (✓, �,  , ◆, �0, fGW, M, h0) and two ad-
ditional parameters for each pulsar: the distance to the
pulsar (Li), and the phase of the signal at the pulsar
(�i).
The white noise is modeled separately for each pul-

sar and backend-receiver combination and is described
by three parameters (EFAC, EQUAD, ECORR), which
we fix to their best-fit values found without modeling
an individual binary, following previous searches (see
e.g., Arzoumanian et al. 2023). We allow individual pul-
sar red noise to vary. An improvement over the previous
search is that we also marginalize over the parameters
of a CURN process.

2.3. Sampler

A key improvement over previous searches comes from
using QuickCW (Bécsy et al. 2022; Bécsy et al. 2023), a
software package that builds on the enterprise (Ellis
et al. 2019) and enterprise extensions (Taylor et al.
2021) libraries, but uses a custom likelihood calculation
and a Markov chain Monte Carlo (MCMC) sampler tai-
lored to the search for individual binaries. The idea is
that the expensive-to-calculate inner products needed
for the likelihood can be stored and reused to calculate
the likelihood at di↵erent values of the so-called projec-
tion parameters ( , ◆, �0, h0, �i), when the rest of the
parameters (shape parameters: ✓, �, fGW, M, Li) are
held fixed. This results in an O(104) speed-up when up-
dating projection parameters, which roughly translates
to a 100-fold speed-up of the entire search. For more
details see Bécsy et al. (2022).
This increased e�ciency also allows us to improve the

search in several ways that were previously computa-
tionally prohibitive:

1. Instead of fixing the amplitude and spectral index
of the common red noise process as was done in Ar-
zoumanian et al. (2023), we can marginalize over
those parameters. This is important due to the
strong covariance between a low-frequency binary
and the GWB.
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• Spectral fluctuations
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FIG. 2. The probability (7) for upward fluctuations in the
SMBH model with environmental e↵ects (green line) and the
fluctuations measured in the NG15 data (orange line).

and treat pBH,↵ and fref as parameters to be constrained
using PTA data. This three-parameter model provides a
significantly better fit to the NG15 data than the single-
parameter GW-only model, with �2�` = �11.3 relative
to the GW-driven SMBH model.3 The posterior proba-
bilities for the three parameters, computed in Ref. [14],
are shown in Fig. 1. The best fit is at

pBH = 0.84, ↵ = 2.0, fref = 34nHz . (4)

Throughout the rest of the paper, this best-fit environ-
mentally driven SMBH scenario sets the baseline to which
other models are compared.

We note that our analysis assumes circular orbits that
emit GWs at twice the orbital frequency. The eccen-
tricity of the orbits would a↵ect the GW spectrum by
introducing higher harmonics, increasing the total power
emitted in GWs and modifying the frequency spectral
index [115].4 However, big eccentricities e > 0.9 would
lead to an attenuation of the background due to the
acceleration of the binary inspiral [117]. The GW sig-
nal from SMBHs could also be a↵ected by modifications
to small-scale structures compared to standard ⇤CDM,
which could lead to the earlier formation of galaxies and
SMBHs. The observation of high-redshift galaxies with
surprisingly high stellar masses by the JWST [118–122]
provides a potential hint for this possibility [47, 64, 123–
128].

3 We estimate the log-likelihood for observing the data ~d given a
model characterised by ~✓ by

`(~d|~✓) =
X

j

ln

Z
d⌦Pex,j(⌦|~d)Pth,j(⌦|~✓) , (3)

where the sum runs over the first 14 NG15 bins and Pex,j and
Pth,j denote the probability distributions of ⌦ in bin j in the
NG15 data and in the given model.

4 There is no indication of eccentric binaries in current (O3)
LIGO/Virgo/KAGRA (LVK) data [116].

C. Fluctuations in the GW spectrum

As already mentioned, the SMBH signal may exhibit
significant fluctuations between frequency bins, which ap-
pear because around half of the signal strain is produced
by O(10) sources. Since the spectral fluctuations in the
SGWB for every cosmological BSM model are expected
to be negligible, the appearance of fluctuations would be
a smoking gun for an astrophysical component in the sig-
nal.

Spectral fluctuations can be quantified by the second
finite di↵erence

�2⌦(f) ⌘ ⌦(f + �f) + ⌦(f � �f) � 2⌦(f) , (5)

where the step size �f can, for instance, be taken to cor-
respond to the width of a bin. The probability of an
upward fluctuation in the ith bin can be estimated as 5

Pfluct,i ⌘ P (��2⌦(fi) > ⌦th(fi)) , (7)

where fi is the bin frequency and we choose

⌦th(fi) = ◆ [⌦(fi�1) + ⌦(fi+1)] , (8)

with ◆ = 0.2. This choice of threshold can help dis-
tinguish SMBH binaries from cosmological GW sources,
which are expected to produce smooth spectra. We find
that for all of the cosmological sources discussed in the
next Section the probability (7) is zero in all NG15 bins.
When the GW signal arises from an admixture of cos-
mological sources and SMBH binaries the probability
of fluctuations will be smaller than in the pure SMBH
model. The optimal threshold ⌦th that can filter out
cosmological models depends on the frequency binning
– while for smooth cosmological signals, the finite dif-
ference (5) decreases with increased spectral resolution
(since �2⌦(f) / �f

2 as �f ! 0), it can be sizeable for
SMBH binaries as long as their frequency changes less
than �f during the observational period.

In Fig. 2 we show the probability (7) for the best-fit pa-
rameters of the SMBH binary model with environmental
e↵ects. We find that P ⇡ 0.3 across all the bins and the
probability of not having fluctuations that exceed this
threshold in any of the 11 bins considered in Fig. 2 is
roughly

Q
Pfluct,i ⇡ 1.3%, while the expected number of

upward fluctuations in the NG15 bins is
P

i
Pfluct,i ⇡ 4

for both the NG15 data and the SMBH binary model.
The NG15 data indicates that the 8th bin at f ⇡ 16 nHz
shows an upward fluctuation at the 91% CL.

5 Neglecting correlations between bins, this probability is given by

P (��2⌦(fi) > ⌦th) =

Z
d⌦d⌦0

Pi+1(⌦� ⌦0)Pi�1(⌦
0)

⇥
Z

2⌦i�⌦>⌦th(⌦,fi)
d⌦iPi(⌦i)

(6)

where Pi denote the theoretical ⌦GW distributions in individual
bins (see [14, 112]).

3

FIG. 2. The probability (7) for upward fluctuations in the
SMBH model with environmental e↵ects (green line) and the
fluctuations measured in the NG15 data (orange line).
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J. Ellis, G.F. , et al. [arXiv:2308.08546]

• SMBHs models predict spectral 
fluctuations due to Poisson effects 
(most relevant at high-f) 

• Cosmological signals mostly smooth 
over the relevant PTA scales

Taylor et al. [arXiv:1903.08183]
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Figure 11. Normalized spherical harmonic coe�cients
C`/C0 of the gravitational wave sky as produced by simu-
lated populations of SMBHBs, filtered by consistency with
the 15 yr isotropic gravitational wave background estimation
(Agazie et al. 2023b). The di↵erent colors correspond to in-
dividual harmonics from ` = 1 to ` = 6. The solid lines rep-
resent the median realization of the median samples and the
shaded regions represent the 68% confidence intervals across
all samples’ median realizations. The circles connected by
dashed lines represent the Bayesian upper limits as in Fig-
ure 5.

detector to anisotropy in the GWB will increase (Taylor
et al. 2020; Pol et al. 2022) and allow us to conclusively
determine if the features observed in the reconstructed
GWB sky maps in this dataset are real. The Interna-
tional Pulsar Timing Array’s (IPTA, Hobbs et al. 2010)
third data release (DR3), currently under preparation,
will combine the NANOGrav 15 yr dataset with the lat-
est datasets from the Eurpoean (Kramer & Champion
2013), Indian (Joshi et al. 2018), and Parkes (Hobbs
2013) PTAs. This combined dataset is projected to have
approximately 80 pulsars (an increase of ⇡20% over the
NANOGrav 15 yr dataset) and a maximum baseline of
24 yr (an increase of ⇡60% over the NANOGrav 15 yr
dataset), and should consequently have better sensitiv-
ity to any anisotropy that might be present in the GWB.
As we head into this new era in nanohertz GW astron-

omy with PTA datasets growing their timing baselines
and quantity of pulsars, new methods will need to be
developed in order to e�ciently search for anisotropy
in these PTA datasets. The frequentist analyses imple-
mented in this work are computationally e�cient and
have a small turnaround time for producing end-to-
end results. However, the current implementation of
the optimal statistic does not account for inter-pulsar-

pair covariance (Romano et al. 2021; Allen & Romano
2022) and cosmic variance (Allen 2023), and does not in-
clude information contained in the auto-correlations of
the pulsar dataset. While the Bayesian analyses do not
su↵er from these drawbacks, they are computationally
expensive and can take ⇠weeks for the MCMC chains
to burn-in and converge for the power-law anisotropy
models, and even longer when searching for frequency-
resolved anisotropy. It also takes a significant amount of
time to scan across an Nside = 8 sky in the Bayesian ra-
diometer pixel analyses, and this time will increase with
increasing values of Nside.
One possible solution, currently under development,

would be to formulate a method that can leverage
Fourier basis coe�cients used to model the GWB in the
Bayesian analysis to directly calculate both the auto-
and cross-correlations between the pulsars in the array.
The frequentist framework developed in Pol et al. (2022)
and used in this work is agnostic to the method used
to calculate the correlations and can be adapted to in-
clude the auto-correlation information. Another solu-
tion would be to implement more sophisticated MCMC
sampling techniques, such as reversible-jump MCMC
(RJMCMC), which has already been implemented for
single-source searches (Bécsy & Cornish 2020), and ap-
ply them to searches for anisotropy. RJMCMC, in par-
ticular, has the potential to significantly boost the e�-
ciency of the Bayesian frequency-resolved and radiome-
ter pixel searches since it has the capability to simul-
taneously search over multiple models (in this case fre-
quencies or pixels respectively) as well as calculate the
odds ratios between these models. Additionally, future
mock data challenges like those carried out by the IPTA
(Ellis et al. 2012; Hazboun et al. 2018) will be crucial in
developing new methods as well as testing the e�cacy
of current methods to detect anisotropy in realistic PTA
datasets.
As the evidence for an isotropic GWB continues to

grow with future datasets (Pol et al. 2021), it will
become more prudent to search for the presence of
anisotropy in the GWB. Since cosmological sources of
a nanohertz GWB like cosmic strings are unlikely to
produce an anisotropic GWB (Ölmez et al. 2012), detec-
tion of anisotropy will be an important piece of evidence
in support of SMBHBs as the origin of the nanohertz
GWB. A detection of pixel-scale anisotropy could pro-
vide the first indication of a single inspiraling SMBHB
system which could then be subjected to targeted follow-
up using both PTA GW and electromagnetic observato-
ries. A detection of large scale anisotropy could indicate
an over-density of SMBHB systems in a cluster envi-
ronment, or might point to an extrinsic e↵ect (Chung

NANOGrav 15 upper bound on 
anisotropies normalized w.r.t. monopole
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of the correlations (e.g., Romano & Cornish 2017). If
P (⌦̂) = 1, 8 ⌦̂, Equation 1 is proportional to the HD
curve.
The integral in Equation 1 can be rewritten as a sum

over equal-area pixels (Gair et al. 2014; Taylor et al.
2020) indexed by k,

�ab /
X

k

Pk

h
F+

a,kF
+
b,k + F⇥

a,kF
⇥
b,k

i
�⌦̂k. (3)

To model GWB anisotropy and compute the ORF,
we must choose an appropriate basis on the 2-sphere to
represent the GWB power. Here we model the GWB
angular power dependence using a spherical-harmonic
basis (Mingarelli et al. 2013; Gair et al. 2014; Taylor &
Gair 2013; Taylor et al. 2015) and a pixel basis (Cornish
& van Haasteren 2014).

2.1.1. Radiometer pixel basis

In the radiometer pixel basis (Ballmer 2006; Mitra
et al. 2008), the sky is divided into equal-area pixels
using HEALPix (Górski et al. 2005):

P (⌦̂) =
X

⌦̂0

P
⌦̂0 �

2(⌦̂, ⌦̂
0
), (4)

such that the ORF for a given independently-modeled
pixel is

�ab,⌦̂ / P⌦̂

h
F+

a,⌦̂
F+

b,⌦̂
+ F⇥

a,⌦̂
F⇥

b,⌦̂

i
�⌦̂. (5)

The number of pixels on the sky is set byNpix = 12N2
side,

where Nside defines the tessellation of the HEALPix sky
(Górski et al. 2005). For PTAs, the rule of thumb is to
have Npix  Ncc when counting pieces of information
(Romano & Cornish 2017). Given that Nside needs to
be a power of 2 (Zonca et al. 2019), this imposes a choice
of Nside = 8 for the 15 yr dataset with its 67 pulsars,
resulting in an angular resolution of ⇡ 7.3�. This ba-
sis is ideally suited for detecting widely separated point
sources, since we assume that the power between any
two neighbouring pixels is not correlated.

2.1.2. Spherical and square-root spherical harmonic basis

In the spherical-harmonic basis (Allen & Ottewill
1997), GWB power is written as a linear expansion
over the spherical-harmonic functions, which form an
orthonormal basis on the 2-sphere, such that

P (⌦̂) =
1X

l=0

lX

m=�l

clmYlm(⌦̂) (6)

where Ylm are the real valued spherical harmonics.
Without prior restrictions or model regularization on the

coe�cients clm, the linear spherical-harmonic basis al-
lows the GWB power to assume negative values, which
is an unphysical model of the GWB. We can address
this problem by instead modeling the square-root of the
GWB power, P (⌦̂)1/2, rather than the power itself. This
technique was introduced in a Bayesian context in Payne
et al. (2020) for LIGO, Banagiri et al. (2021) for LISA
and Taylor et al. (2020) for PTAs, while Pol et al. (2022)
applied this method in a frequentist context for PTAs.
The square-root of the power can be decomposed onto
the spherical harmonic basis,

P (⌦̂) = [P (⌦̂)1/2]2 =

" 1X

L=0

LX

M=�L

bLMYLM (⌦̂)

#2

, (7)

where YLM are the real valued spherical harmonics and
bLM are the search coe�cients. Banagiri et al. (2021)
showed that the search coe�cients in the square-root
spherical-harmonic basis can be related to the coe�-
cients in the linear basis via

clm =
X

LM

X

L0M 0

bLMbL0M 0�
LM,L0M 0

lm , (8)

where �
LM,L0M 0

lm is defined as

�
LM,L0M 0

lm =

s
(2L+ 1)(2L0 + 1)

4⇡(2l + 1)
C

lm
LM,L0M 0C

l0
L0,L00,

(9)
with C

lm
LM,L0M 0 being Clebsch-Gordon coe�cients. This

approach imposes control on the spherical-harmonic co-
e�cients to inhibit the proposal of GWB power distri-
butions with negative regions.
We quantify our results from the spherical harmonic

basis in terms of Cl, which is the squared angular power
in each multipole mode l,

Cl =
1

2l + 1

lX

m=�l

|clm|2 . (10)

Cl is thus a measure of the amplitude of the statisti-
cal fluctuations in the angular power of the GWB at
scales ✓ = 180�/l. An isotropic GWB will only have
power in the l = 0 multipole (typically referred to as
the monopole), while an anisotropic GWB will have
power at higher-l multipoles. As shown in Boyle & Pen
(2012), the di↵raction limit defines the highest multi-
pole, lmax, that can be probed in an anisotropic search,
which for PTAs scales as lmax ⇠

p
Npsr (Romano &

Cornish 2017), and is lmax ⇡ 8 for the NANOGrav
15 yr dataset, giving a maximum angular resolution of
✓ = 22.5�, which is approximately three times larger
than the resolution of the radiometer pixel basis. Thus,

• Astrophysical SGWB is anisotropic, 
due to finite number of emitting sources

Predicted 95 % C.I. for anisotropies SMBHs pop
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• Cosmological SIGW background predicts very small anisotropies

• small scales at emission (unless large local NGs correlating to large scale modes) 

• propagation effects (analogue of the SW effect)

Following the notation of [45], one can define the two-point function as
⌦
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which has been evaluated for value of the non-linear parameter close to its upper bound (3.2)
and using the CMB value for the power spectrum of the long modes.

3.2 Three-point function

For the computation of the three-point function we need to go to the next-to-leading order
in the non-linear parameter fNL, such that the expression of the initial condition term �I in
the `, m space becomes
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(3.22)

At this order in the long perturbations ⇣L, also the propagation term gets a contribution
proportional to the non-linear parameter as 3/5fNL⇣

2
L, so that the total term becomes
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where we stress once again that all the long modes ⇣L in this expression are Gaussian fields.
We can now start the evaluation of the three-point function
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After having performed the contractions of the long modes with the Wick theorem, one
can introduce the bispectrum of the modes in momentum space B�, such that the previous
expression becomes
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Other probes of large SIGWs: sub-solar mergers

• Assuming no large non-Gaussianities in the model 

• Mass distribution that could be tested with ground based 
detectors searching for PBH mergers 

• Cyan band compatible with some PBHs in the LVK band
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Disentangle multiple contributions to the spectrum?

• Steep growth of SNR with time in the weak signal limit, slow afterwords10 Kaiser et al.

Figure 6. Comparison of medians and 95% CIs in terms of the logarithmic GWB delay (eqn. 8) of three models for 50
realizations: the free spectrum (blue dots and lines) in both panels, the BPL in the left panel, with its median (solid orange line)
and 95% CI (vertically striped orange shaded region), and the EBPL in the right panel, with its median (dashed red line) and
95% CI (horizontally striped red shaded region). We compare each model to the injected SMBHB GWB (↵ = �2/3, � = 13/3)
at our nominal amplitude of 2⇥ 10�15 at fref = 1/yr in the dotted grey line and the injected PGW GWB (↵ = �1, � = 5) of
density ratio ⌦PGW/⌦SMBHB = 0.25 in the dashed-dotted black line.

spite these restrictions, there is no preferred break fre-
quency in either the high or low frequency regimes.

While there is still evidence that there is a break fre-
quency in some realizations based on the 95% CI of the
BPL in figures 6 and 10, the medians of all 50 real-
izations do not prefer a break in the PL. Even for the
case of the EBPL, the 95% CI is still consistent with
the 95% CI of the free spectral model except for the
highest few frequencies in the single PGW GWB injec-
tion shown in figure 10. Since the free spectral model
only encompasses the RN at each individual frequency,
it has no assumption of the spectrum’s shape. The BPL
and EBPL require more parameters than a simple free
PL, but there seems to be little evidence over the whole
spectrum to require the additional parameters.

We suspect that the injected GWBs together are
strong enough to prefer inclusion of all 30 frequencies
in a simple free PL despite the WN at higher frequen-
cies. Similarly, no low-frequency break is preferred for
the EBPL. We suspect this is because of the closeness
in spectral indices between � = 5 and � = 13/3, but
expect with baselines of greater than 20 years, evidence
for the low-frequency break will increase.

Since there is the possibility of GWBs containing shal-
lower spectral indices than the SMBHB GWB (e.g. a
population of eccentric binaries (Taylor et al. 2017; Chen
et al. 2019), or PGWs), we inject a ⌦PGW/⌦SMBHB =
0.5 PGW GWB with a spectral index of ↵ = �1/2
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Figure 7. Hypermodel A on an injected density ratio of
⌦PGW/⌦SMBHB = 0.5 corresponding to a SMBHB GWB
(↵ = �2/3, � = 13/3) at an amplitude of ASMBHB,Inj =
2 ⇥ 10�15 and a PGW GWB (↵ = �1/2, � = 4) at
APGW,Inj = 1.4 ⇥ 10�15 both at fref = 1/yr. All parame-
ter amplitude panels corresponding to the re-parameterized
posteriors in terms of a lower reference frequency of fref =
1/(10yr). The second from the top plot more closely ex-
amines the narrow region of the fixed PL only signal model
shown in the top panel.

(� = 4). The resulting medians and CIs of a hypermodel
A for 50 realizations is shown in figure 7. We find that
even using the largest amplitude injection from our anal-

A. R. Kaiser, Astrophys. J. 938 (2022) no.2, 115 [arXiv:2208.02307]
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and 95% CI (vertically striped orange shaded region), and the EBPL in the right panel, with its median (dashed red line) and
95% CI (horizontally striped red shaded region). We compare each model to the injected SMBHB GWB (↵ = �2/3, � = 13/3)
at our nominal amplitude of 2⇥ 10�15 at fref = 1/yr in the dotted grey line and the injected PGW GWB (↵ = �1, � = 5) of
density ratio ⌦PGW/⌦SMBHB = 0.25 in the dashed-dotted black line.
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Simulated injection of SMBHs spectrum + cosmological SGWB
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at our nominal amplitude of 2⇥ 10�15 at fref = 1/yr in the dotted grey line and the injected PGW GWB (↵ = �1, � = 5) of
density ratio ⌦PGW/⌦SMBHB = 0.25 in the dashed-dotted black line.

spite these restrictions, there is no preferred break fre-
quency in either the high or low frequency regimes.

While there is still evidence that there is a break fre-
quency in some realizations based on the 95% CI of the
BPL in figures 6 and 10, the medians of all 50 real-
izations do not prefer a break in the PL. Even for the
case of the EBPL, the 95% CI is still consistent with
the 95% CI of the free spectral model except for the
highest few frequencies in the single PGW GWB injec-
tion shown in figure 10. Since the free spectral model
only encompasses the RN at each individual frequency,
it has no assumption of the spectrum’s shape. The BPL
and EBPL require more parameters than a simple free
PL, but there seems to be little evidence over the whole
spectrum to require the additional parameters.

We suspect that the injected GWBs together are
strong enough to prefer inclusion of all 30 frequencies
in a simple free PL despite the WN at higher frequen-
cies. Similarly, no low-frequency break is preferred for
the EBPL. We suspect this is because of the closeness
in spectral indices between � = 5 and � = 13/3, but
expect with baselines of greater than 20 years, evidence
for the low-frequency break will increase.

Since there is the possibility of GWBs containing shal-
lower spectral indices than the SMBHB GWB (e.g. a
population of eccentric binaries (Taylor et al. 2017; Chen
et al. 2019), or PGWs), we inject a ⌦PGW/⌦SMBHB =
0.5 PGW GWB with a spectral index of ↵ = �1/2

Figure 7. Hypermodel A on an injected density ratio of
⌦PGW/⌦SMBHB = 0.5 corresponding to a SMBHB GWB
(↵ = �2/3, � = 13/3) at an amplitude of ASMBHB,Inj =
2 ⇥ 10�15 and a PGW GWB (↵ = �1/2, � = 4) at
APGW,Inj = 1.4 ⇥ 10�15 both at fref = 1/yr. All parame-
ter amplitude panels corresponding to the re-parameterized
posteriors in terms of a lower reference frequency of fref =
1/(10yr). The second from the top plot more closely ex-
amines the narrow region of the fixed PL only signal model
shown in the top panel.

(� = 4). The resulting medians and CIs of a hypermodel
A for 50 realizations is shown in figure 7. We find that
even using the largest amplitude injection from our anal-
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Pg(f) ⌧ 2�2�t

Pg(f) � 2�2�t
strong signal limit

weak signal limit

intermediate regime

Figure 1. Schematic of the three scaling regimes. The weak-signal limit,
where Eq. 22 is valid, is appropriate when the power spectrum of the stochastic
background is lower than the white noise for all frequencies. The strong-signal
limit, where Eq. 24 is valid, is appropriate in the opposite limit, when the power
spectrum of the background is larger than the white noise at all frequencies.
The intermediate regime, where Eq. 27 is valid, is appropriate when the lowest
frequencies of the background are above the white noise level.

There is an intermediate regime, where the low frequencies of the background are
above the white noise level, but the highest frequencies are below it. In this regime
Pg(fL) = bT � � 2�2�t and 2�2�t � b(2T/N)� = Pg(fH). The integral involved in
the SNR calculation, Eq. 20, can be written as

Z
fH

fL

df
b2f�2�

(bf�� + 2�2�t)2
=

Z
fH

0
df

b2f�2�

(bf�� + 2�2�t)2
�
Z

fL

0
df

b2f�2�

(bf�� + 2�2�t)2
,

(25)
and each of these integrals evaluated via

Z
f⇤

0
df

b2f�2�

(bf�� + 2�2�t)2
=

f⇤
�

 
1

1 + 2�2�tf
�

⇤
b

+ (� � 1)2F1(1, ��1, 1 + ��1, �2�2�tf�

⇤

b

!
.

(26)

The argument of the hypergeometric function for the second integral of the RHS of
Eq. 25 is small, and the hypergeometric function can be approximated to be unity.
For the first integral, the situation is somewhat more complicated, the argument is
large and we need to make an asymptotic expansion of the hypergeometric function.

(                                    )
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M = 20, c = 20yr�1, � = 100ns

Figure 2. Plot of the SNR versus time in years for a stochastic background with
amplitude A = 10�15, M = 20, c = 20 yr�1, � = 100 ns. The solid curve is
computed using Eq. 14 in the time domain using a quadratic subtraction timing
model. The dashed curves are computed using Eqs. 33 and 34 at late times as
indicated in the plot. Approximating the timing model with a low frequency cuto↵
of fL = 1/T is not quite correct, though it does yield the correct dependence on
the various PTA properties. In this plot we took T ! 1.55T for both Eq. 33 and
34.

GW red noise, rather than the white noise, and this changes the scaling dramatically:
the un-correlated part of the gravitational-wave stochastic background is interfering
with our ability to detect the correlated piece via cross-correlations. The most e↵ective
way to beat down the uncorrelated part of the GW signal is to add more pulsars to
the PTA.

PTA data sets are now reaching 20 year time spans with pulsar RMSs at the level
of a few µs, so the regime where Eq. 34 is valid is probably already relevant or will
soon be. This is critical when considering the kinds of decisions the pulsar timing
community will have to make in terms of observing strategies to ensure a prompt and
confident detection of the stochastic GW background.

In Fig. 3 we illustrate this point. We plot the SNR for a number of di↵erent
PTA configurations and a SMBBH stochastic background with amplitude A = 10�15

and slope � = 13/3. The canonical PTA configuration, with M = 20 pulsars with
� = 100 ns, and a cadence of c = 20 yr�1 is shown in gray. The dashed curve shows
the same PTA with a cadence of c = 5 yr�1, and though at early times the SNR for the
gray higher-cadence curve is larger than the dashed curve, at late times the cadence
becomes un-important as can be gleaned from Eqs. 33 and 34. The solid curve shows

Time:

SN
R

:

Siemens et al [arXiv:1305.3196]
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For each pulsar we assume Gaussian and stationary data:
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hd̃2i = hs̃2i+ hñ2i = RPh + Pn

Response function:

3

where we normalised e
+,◊
ab (k̂) © ‘

+,◊
ab (k̂, 0). We assume

that the GWB is stationary, unpolarized, and isotropic,
which means

Èh̃P (f ; k̂)h̃ú
P Õ(f Õ; k̂

Õ)Í = 1
16fi

Sh(f)”(f ≠ f
Õ)”P P Õ”

2(k̂, k̂
Õ) ,

(8)
where P = {+, ◊} and Sh(f) is the (one-sided) strain
power spectral density of the GWB.

We define the SGWB energy density (per logaritmic
frequency interval) as (see e.g. [85])

�GWh
2 = h

2

flc

dflGW
d log f

, (9)

where flc/h
2 = 3(H0/h)2

/(8fiG) is the universe critical
energy density and H0/h = 1/(9.78Gyr) is the Hubble
parameter today. This is associated to the strain power
spectral density Sh as

�GWh
2 = 2fi

2
f

3

3H
2
0 /h2 Sh. (10)

GF: Report eq. for �T and define response.

1. GW contribution to the covariant matrix

The signal covariant matrix is

Ch,IJ = ‰IJ Ch , (11)

where we introduced the Hellings (HD) and Downs func-
tion [86] for a pair of pulsars separated by angle ’IJ ,
which takes the analytic expression

‰IJ © ‰HD(cos ’IJ) = 1
2 + 3

2›IJ

5
ln ›IJ ≠ 1

6

6
+ 1

2 ”IJ ,

(12)
where, for convenience, we introduced

›IJ ©
3

1 ≠ cos(’IJ)
2

4
. (13)

Also, one has

Ph(f) = R(f)Sh(f), with R(f) = 1
12fi2f2 . (14)

For convenience, one can also define Pn © Sn/R(f).
The characteristic frequency fú = (2fiL/c)≠1 associated

to a distance L of order kpc is of order 2◊10≠12Hz, so for
the frequencies of our interest the frequency-dependent
term in the response function techniques is well approxi-
mated by a 1/f

2 dependency.
To estimate the sensitivity to the HD angular correla-

tion function, it is useful in the following to decompose the
HD function. Following Ref. [3], we adopt the following
templates

• Binned correlation function: we model the corre-
lation function as constant over n bins in the angular
variable ›IJ .

• Legendre polynomial expansion: following [3, 87],
we expand the HD function as

‰HD(cos ’IJ) =
nÿ

¸=0
a¸P¸(cos ’IJ). (15)

Using the standard normalization of the Legendre poly-
nomials, the coe�cients are found by [87, 88]

a¸ = 2¸ + 1
2

⁄ 1

≠1
‰HD(x)P¸(x)dx

= 3
2

(2¸ + 1)
(¸ + 2)(¸ + 1)¸(¸ ≠ 1) . (16)

for ¸ Ø 2, and a0 = a1 = 0. We will estimate the
sensitivity to HD curve by constraining the expansion
parameters a¸. We impose priors on a¸ to be Gaussian
with width ‡a¸ = 1.

C. Likelihood function and Fisher information

The log-likelihood for Gaussian and zero mean data d̃
k,

k running over frequency bins fk, described only by their
variance, dubbed C(fk, ◊), can be written as [89, 90]

≠2 ln L(d̃|◊) Ã
ÿ

k,IJ

ln [CIJ(fk, ◊)] + d̃
k
I C

≠1
IJ (fk, ◊)d̃kú

J ,

(17)
which is also known as Whittle likelihood. We include
in the vector ◊ = {◊s, ◊n} both parameters for the signal
◊s and the noise ◊n models respectively. This likelihood
function for ◊ corresponds to the probability of the data
d̃ given ◊.

1. Fisher information matrix estimates

Here we brifly summmarise the main ingredients of
the Fisher Information Matrix (FIM) formalism, which is
often used in the limit of large signal-to-noise ratio (SNR)
to speed up the computation and generate approximated
posterior distributions and parameter uncertainties.

The FIM F–— is defined as

F–— © ≠ ˆ
2 log L

ˆ◊–ˆ◊—

----
◊=◊0

=
ÿ

k

Tr
5
C

≠1 ˆC
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C

≠1 ˆC

ˆ◊—

6

◊=◊0

,

(18)
where, ◊0 represent the best-fit set of parameters, deter-
mined by imposing

ˆ log L
ˆ◊–
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◊=◊0
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k

ˆC
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#
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(19)

GW power spectrum:
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Figure 6. The excess timing residual delay as a function of frequency for PSR B1937+21. See Figure 3 for details. Bayes factors for these
parameters, shown in the bottom panel, are fairly insignificant across all frequencies. The lowest frequencies are dominated by RN intrinsic to
the pulsar.
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Figure 7. Free spectral (orange) and excess noise (blue) model Bayes factors for all 67 pulsars used in the 15-yr GWB search. The orange dots
with arrows represent posteriors where the detection is too significant to use the Savage-Dickey approximation. The blue and orange circles
represent the same frequencies, but the blue circles are offset slightly to the left of the orange for ease of viewing. The vertical dashed black
line demarcates the 14th frequency. Only the lowest 14 frequencies were used in the GWB search.

Figure 8b shows three separate curves in residual power. The dotted line shows the WN power spectral density, P (WN)
R , where

P (WN)
R =

1
2Tspan

P
i,j C(WN)

ij ei2⇡(ti�tj). This only includes the WN described in Section 3.1 and shows what the WN power
would look like without the effects of the transmission function. The orange dashed line shows the effects of the transmission
function on the WN power. It is calculated by replacing C in Equation 21 with C(WN). The solid blue line includes all of the
modeled noise, modeling the same power as shown in the black solid line of Figure 3.

The power spectral density in terms of pulsar residuals, PR, can be converted into strain power spectral density,

S(f) =
PR(f)

R
= 12⇡2f2PR(f), (22)

NANOGRAV 15-YR NOISE BUDGET 21

�10

�9

�8

�7

�6

�5

�4

�3

�2

lo
g
1
0
(
E

x
c
e
s
s

T
im

in
g

D
e
la

y
[s

])

NG15yr Noise Budget: B1937+21 (Tspan=15.9 yrs)

10
�8

Frequency (Hz)

0.1

1

10

B

Excess Noise Bayes Factor

Excess Noise Posteriors

Free Spectral Posteriors

Individual Red

White Noise

Total

curn

Figure 6. The excess timing residual delay as a function of frequency for PSR B1937+21. See Figure 3 for details. Bayes factors for these
parameters, shown in the bottom panel, are fairly insignificant across all frequencies. The lowest frequencies are dominated by RN intrinsic to
the pulsar.

0 10 20 30 40 50 60

Frequency [nHz]

1

10

100

1000

B

3 3 4 1 2 1 3 1 1 1 1 1 1 Excess Noise

Free Spectral
Model
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with arrows represent posteriors where the detection is too significant to use the Savage-Dickey approximation. The blue and orange circles
represent the same frequencies, but the blue circles are offset slightly to the left of the orange for ease of viewing. The vertical dashed black
line demarcates the 14th frequency. Only the lowest 14 frequencies were used in the GWB search.

Figure 8b shows three separate curves in residual power. The dotted line shows the WN power spectral density, P (WN)
R , where

P (WN)
R =

1
2Tspan

P
i,j C(WN)

ij ei2⇡(ti�tj). This only includes the WN described in Section 3.1 and shows what the WN power
would look like without the effects of the transmission function. The orange dashed line shows the effects of the transmission
function on the WN power. It is calculated by replacing C in Equation 21 with C(WN). The solid blue line includes all of the
modeled noise, modeling the same power as shown in the black solid line of Figure 3.

The power spectral density in terms of pulsar residuals, PR, can be converted into strain power spectral density,

S(f) =
PR(f)

R
= 12⇡2f2PR(f), (22)
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where we normalised e
+,◊
ab (k̂) © ‘

+,◊
ab (k̂, 0). We assume

that the GWB is stationary, unpolarized, and isotropic,
which means
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Õ)Í = 1
16fi

Sh(f)”(f ≠ f
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(8)
where P = {+, ◊} and Sh(f) is the (one-sided) strain
power spectral density of the GWB.

We define the SGWB energy density (per logaritmic
frequency interval) as (see e.g. [85])

�GWh
2 = h

2

flc

dflGW
d log f

, (9)

where flc/h
2 = 3(H0/h)2

/(8fiG) is the universe critical
energy density and H0/h = 1/(9.78Gyr) is the Hubble
parameter today. This is associated to the strain power
spectral density Sh as

�GWh
2 = 2fi

2
f

3

3H
2
0 /h2 Sh. (10)

GF: Report eq. for �T and define response.

1. GW contribution to the covariant matrix

The signal covariant matrix is

Ch,IJ = ‰IJ Ch , (11)

where we introduced the Hellings (HD) and Downs func-
tion [86] for a pair of pulsars separated by angle ’IJ ,
which takes the analytic expression

‰IJ © ‰HD(cos ’IJ) = 1
2 + 3

2›IJ

5
ln ›IJ ≠ 1

6

6
+ 1

2 ”IJ ,

(12)
where, for convenience, we introduced

›IJ ©
3

1 ≠ cos(’IJ)
2

4
. (13)

Also, one has

Ph(f) = R(f)Sh(f), with R(f) = 1
12fi2f2 . (14)

For convenience, one can also define Pn © Sn/R(f).
The characteristic frequency fú = (2fiL/c)≠1 associated

to a distance L of order kpc is of order 2◊10≠12Hz, so for
the frequencies of our interest the frequency-dependent
term in the response function techniques is well approxi-
mated by a 1/f

2 dependency.
To estimate the sensitivity to the HD angular correla-

tion function, it is useful in the following to decompose the
HD function. Following Ref. [3], we adopt the following
templates

• Binned correlation function: we model the corre-
lation function as constant over n bins in the angular
variable ›IJ .

• Legendre polynomial expansion: following [3, 87],
we expand the HD function as

‰HD(cos ’IJ) =
nÿ

¸=0
a¸P¸(cos ’IJ). (15)

Using the standard normalization of the Legendre poly-
nomials, the coe�cients are found by [87, 88]

a¸ = 2¸ + 1
2

⁄ 1

≠1
‰HD(x)P¸(x)dx

= 3
2

(2¸ + 1)
(¸ + 2)(¸ + 1)¸(¸ ≠ 1) . (16)

for ¸ Ø 2, and a0 = a1 = 0. We will estimate the
sensitivity to HD curve by constraining the expansion
parameters a¸. We impose priors on a¸ to be Gaussian
with width ‡a¸ = 1.

C. Likelihood function and Fisher information

The log-likelihood for Gaussian and zero mean data d̃
k,

k running over frequency bins fk, described only by their
variance, dubbed C(fk, ◊), can be written as [89, 90]

≠2 ln L(d̃|◊) Ã
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k,IJ

ln [CIJ(fk, ◊)] + d̃
k
I C

≠1
IJ (fk, ◊)d̃kú

J ,

(17)
which is also known as Whittle likelihood. We include
in the vector ◊ = {◊s, ◊n} both parameters for the signal
◊s and the noise ◊n models respectively. This likelihood
function for ◊ corresponds to the probability of the data
d̃ given ◊.

1. Fisher information matrix estimates

Here we brifly summmarise the main ingredients of
the Fisher Information Matrix (FIM) formalism, which is
often used in the limit of large signal-to-noise ratio (SNR)
to speed up the computation and generate approximated
posterior distributions and parameter uncertainties.

The FIM F–— is defined as
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2 log L
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(18)
where, ◊0 represent the best-fit set of parameters, deter-
mined by imposing
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Whittle likelihood:

S. Babak, M. Falxa, G. Franciolini, M. Pieroni, to appear

Covariant matrix: 

4

with C(fk, ◊0) = d̃
k
d̃

kú. In practice, the discrete sum
over finite frequencies can be replaced with a continuous
integral over the frequency range as

F–— © Td

ÿ

fk

ˆ log C

ˆ◊–

ˆ log C

ˆ◊—
df , (20)

where fmin, fmax are the minimal and maximal frequencies
measured by the detector, defined above.

Keeping all indices fully expressed, one obtains

F–— © Td

ÿ

fk

C
≠1
IJ C

≠1
KL

ˆ(RJKPh)
ˆ◊–

ˆ(RLIPh)
ˆ◊—

(21)

and we defined RJK from the covariance matrix

CIJ = ”IJCn,J + Ch,IJ © ”IJPn,J + RIJPh, (22)

and therefore can be written as

RIJ =
Ú

TIJ

Td
TI(f)TJ(f) § ‰IJ , (23)

where we defined TIJ = min[TI , TJ ]. Finally, the covari-
ance matrix C–— , is obtained by inverting the FIM, from
which one can estimate the 1 ≠ ‡ uncertainties as

‡– ©


F
≠1
–– (24)

D. E�ective sensitivity

One can also define the signal-to-noise ratio (SNR) as

SNR2 © Td

ÿ

fk

!
C

≠1
IJ C

≠1
KLRJKRLI

"
P

2
h df. (25)

With current EPTA (DRNew) dataset, we obtain an SNR
= 4.5, compatible with the observations [3].

It is instructive to define an e�ective strain sensitivty,
as

Se�(f) =
!
C

≠1
IJ C

≠1
KLRJKRLI

"≠1/2
. (26)

This curve is plotted in Fig. 1 for di�erent detector de-
signs.

In the weak signal limit (Sh π Sn), one can expand
the correlation matrix above to find

Se�(f) =

Q

a
ÿ

I ”=J

TIJ

Td

TI(f)TJ(f)R2(f)‰2
IJ

Pn,I(f)Pn,J(f)

R

b
≠1/2

, (27)

which includes contributions from the Hellings and Downs
factors ‰IJ and the individual pulsar strain-noise power
spectral densities. This corresponds to the result of
Ref. [82].

III. ASTROPHYSICAL AND COSMOLOGICAL
SGWB TEMPLATES

A. Supermassive BH mergers

GF: Few words abouth them. Mention that

we parameterise them as a power-law. Spectral

fluctuations due to finite source number may also

be present at relatively "high" frequency in the

band, and also power-law deviations.

The foreground (FG) signal is fixed to the best fit ob-
tained using NANOGrav dataset, which means we define

�GWh
2 = AGWB

3
f

fyr

4nT

(28)

with AGWB = 6.3◊10≠8 and nT = 2 [3]. This corresponds
to a strain amplitude at f = fyr of A

strain
CGW = 10≠14.

B. Cosmological signals

We parametrise the cosmological models as a function
of an overall amplitude ACGWB and a model dependent
shape function S

�CGWh
2 = 10–S

3
f

fr

4
, (29)

normalised to unity at the reference frequency S(fr) = 1.
We parametrise the reference frequency in log scale by
defining fr © 10“ .

We consider few di�erent scenarios:

• Lognormal bump:

SLN(f) = exp
#
≠ ln2(f/10“)/(2 · 102—)

$
. (30)

• Broken power law (inspired by PT signals [21]):

SPT(f) = (a + b)c

(bx≠a/c + axb/c)c
, (31)

with x © f/10“ .

• second-order induced GWs:

SSIGW (32)

IV. FORECASTING FUTURE SENSITIVITY
CURVES

GF: Here describe the properties of the future

PTA configuration considered.

• EPTA-like with 50 pulsars and 20 yr observations
SNR = 29.2.

• SKA-like with 50 pulsars and 10 yr observations
SNR = 184.

Fisher matrix estimates on measurement uncertainties: 
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Figure 8. Hellings and Downs curve. Plotted is the expected
correlation for the timing residuals induced in a pair of dis-
tinct Earth-pulsar baselines by an unpolarized, isotropic GW
background.

IV. SENSITIVITY CURVES

Ultimately, a detection sensitivity curve should tell us
how likely it is to detect a particular type of GW signal.
So it should depend not only on the properties of the noise
in the detector, but also on the type of signal that one
is searching for and the method that one uses to search
for it. So here we extend the formalism of the previous
two sections to define sensitivity curves for searches for
a deterministic GW signal from a circular binary and an
unpolarized, isotropic stochastic GW background. We
begin by writing down expressions for the optimal detec-
tion statistics for these two di↵erent sources and their
corresponding expected signal-to-noise ratios (SNRs). We
will see that from these expected SNRs, we can read o↵
an e↵ective strain-noise power spectral density, which has
the interpretation of a detection sensitivity curve.

A. Matched filtering for a deterministic GW signal

For a deterministic GW signal, we can use the method
of matched filtering to construct an optimal detection
statistic. This method has been used extensively in the
PTA literature, [28, 33–35] and is also the basis for the
approximate deterministic sensitivity curves in [26]. Let-
ting QI denote the filter function for pulsar I (where
I = 1, 2, · · · , Np), we define

Ŝ ⌘
X

I

Q
T
I rI =

X

I

X

↵

QI↵rI↵ , (65)

where rI ⌘ G
T
I �tI are the TMM residuals for pulsar I.

The filter function is determined by maximizing the expec-
ted signal-to-noise ratio, ⇢ ⌘ µ/�, of Ŝ. The expectation
value of Ŝ is given by

µ ⌘ hŜi =
X

I

Q
T
I G

T
I hI(✓) (66)

and its variance is given by

�
2 ⌘ hŜ2i � hŜi2 =

X

I

Q
T
I ⌃n,IQI , (67)

where ⌃n,I ⌘ G
T
I Cn,IGI is the noise covariance matrix

for rI . This result for the variance assumes that the
only GW contribution to the timing residuals is from a
deterministic GW source, and not from a stochastic GW
background. The presence of a stochastic background
would contribute to both the diagonal and o↵-diagonal
block matrices (see (64)). In what follows, we will assume
that the o↵-diagonal terms are small compared to the
diagonal (auto-correlated) terms. But we will replace
⌃n,I by ⌃I ⌘ G

T
I CIGI , where CI ⌘ Cn,I + Ch, thereby

allowing a stochastic background to contribute to the
auto-correlated noise (sometimes called GW self-noise).

Using the above results for the mean and variance of
Ŝ, the square of the expected signal-to-noise ratio is

⇢
2 ⌘ µ

2

�2
=

P
I,J Q

T
I G

T
I hI(✓)QT

J G
T
J hJ(✓)

P
K Q

T
K⌃KQK

, (68)

with the optimal filter given by

�⇢
2

�QI
= 0 ) QI = ⌃�1

I G
T
I hI(✓) . (69)

Note that QI is a noise-weighted version of the TMM
signal waveform, as expected for a matched-filter statistic.
Using this expression, the expected signal-to-noise ratio
becomes

⇢
2(✓) =

X

I

hI(✓)
T
GI⌃

�1
I G

T
I hI(✓)

=
X

I

hI(✓)
T
GI(G

T
I CIGI)

�1
G

T
I hI(✓) .

(70)

This last expression can be evaluated in the frequency
domain by using (19) for N �1

I (f, f
0) and restricting to the

diagonal component N �1(f) as discussed in Section II D:

⇢
2(✓) ' 4

Z fNyq

0
df

X

I

|h̃I(f ; ✓)|2 N �1
I (f) . (71)

Recall that ✓ denote the set of GW parameters. For
the case of a circular binary discussed in Section IIIA 1,
✓ = {k̂, ◆, ,�0}.

1. Detection sensitivity curve for sky and
inclination-averaged sources

To proceed further, we first consider the case of GWs
from a single binary system averaged over the initial phase,
inclination of the source, as well as its sky location. Using

Hellings & Downs (1983)
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Recover results with “state-of-the-art” PTA data analyses
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✓

f

fyr

◆nT

Power-law model:

S. Babak, M. Falxa, G. Franciolini, M. Pieroni, to appear
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Future sensitivity to subdominant CGWB

(If the dominant SGWB is astro, can one subtract resolved mergers?)

10-9 10-8 10-7
10-12
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
10-3

Current EPTA: 10yrs, 25 pulsars Future SKA: 10yrs, 50 pulsars

Foreground will strongly degrade future sensitivity!

Best fi
t GWB
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Multiple SGWB signals at future observatories

Future SKA: 10yrs, 50 pulsars
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Power-law model (e.g. SMBHs) + lognormal bump (e.g. CGWB)
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• PTA observations provide unprecedented ways to test the GW spectrum at nHz 

• Astrophysical models can fit the data, with constraining power for new physics  

• New physics could also fit the data well, no smoking gun signature detected so far 

• QCD thermal history could leave detectable imprints, if there was a transient source of 

GW at slightly larger temperatures 

• Primordial black hole overproduction constrains the amplitude of SIGWs, 

complementarity with ground based detectors bounds 

• Future sensitivities will be limited by the observed foregrounds (can this be reduced?)

Conclusions
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